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PREFACE 


The  Fifth  International  Conference  on  Numerical  Ship  Hydrodynamics  (INC5)  was  held 
in  Japan  on  24-28  September  1989  at  Hiroshima  International  Conference  Center. 
The  Conference  was  sponsored  jointly  by  the  Shipbuilding  Research  Association  of 
Japan,  and  the  following  agencies  in  the  Washington  D.C.  area:  David  Taylor 
Research  Center,  Office  of  Naval  Research  and  Naval  Studies  Board  of  the  National 
Research  Council. 

Over  one  hundred  and  ninety  distinguished  researchers  from  eighteen  countries 
gathered  for  this  conference  and  forty-six  well-qualified  papers  were  presented. 
Four  keynote  speakers  were  invited  from  outside  the  ship  hydrodynamics  community. 
Their  presentations  provided  a  good  balance  between  the  computational  fluid 
dynamics  and  the  experimental  aspects  of  ship  hydrodynamics.  Because  of  the  rapid 
progress  in  the  computational  fluid  dynamics  and  the  rather  long  time  span  of  four 
years  since  the  previous  meeting,  a  large  number  of  papers  was  submitted.  For  the 
first  time  in  these  conferences,  several  parallel  sessions  were  held.  Even  so, 
many  good  papers  had  to  be  rejected.  A  special  session  for  group  discussions  was 
arranged  to  allow  extended  interchange  of  ideas  among  the  specialists  and  to 
deepen  knowledge  of  ongoing  research. 

It  was  the  paper  committee's  position  that  the  validation  of  the  computational 
fluid  dynamics  was  of  primary  importance.  Thus,  the  committee  asked  all  the 
authors  as  a  matter  of  policy  to  carry  out  an  accuracy  analysis  with  respect  to 
grid  sizes  and/or  time  steps,  convergence  check  or  test  computations  for  less 
complicated  cases.  This  request  influenced  the  content  of  the  papers  and  resulted 
in  more  careful  numerical  analysis,  including  comparisons  with  other  results.  It 
was  realized  that  this  would  entail  additional  expense  and  extra  work  for  the 
authors,  but  the  committee  believed  that  the  resulting  papers  would  reflect  a 
higher  academic  standard. 

The  committee  enthusiastically  supported  the  Workshop  on  Computational  Fluid 
Dynamics  Validation  organized  by  the  International  Towing  Tank  Committee  (ITTC) 
Validation  Panel  and  Hiroshima  University.  This  was  a  very  well  attended  and 
highly  productive  workshop.  The  results  should  have  an  impact  bn  the  three 
components  of  CFD:  analysis,  computation,  and  experiment  -  the  ACE  of  numerical 
ship  hydrodynamics. 

The  success  of  the  Conference  was  due  to  the  collective  efforts  of  a  large  number 
of  individuals.  The  members  of  the  Numerical  Towing  Tank  Research.  Group  in  Japan 
(NTG)  helped  greatly  in  hosting  the  conference  in  Hiroshima.  Grateful 
acknowledgements  are  also  extended  to  the  staff  of  Hiroshima  University  for  their 
devoted  assistance.  Special  thanks  go  to  Ms.  Chizuko  Koceca  for  her  invaluable 
organizing  efforts.  Without  her  skills  the  conference  could  not  have  been  such  a 
technical  success  and  a  very  pleasant  experience. 
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WELCOMING  ADDRESS 


Katsuro  Horinokita, 

Chief  Executive,  Shipbuilding  Research  Association  of  Japan 


Ladies  and  gentie.nen,  on  behalf  of  the  Japanese  sponsoring  organization,  it  is  of 
my  great  pleasure  to  welcome  all  of  you  to  Japan  and  tothe  Fifth  International 
Conference  on  Numerical  Ship  Hydrodynamics. 

Four  keynote  lectures  and  forty  six  papers  will  be  presented  by  international 
authorities  during  the  four-day  conference.  More  than  190  participants  attend  the 
conference  from  sixteen  countries.  This  is  actually  an  international  conference.  We 
are  much  delighted  with  such  a  positive  reaction. 

Behind  such  a  positive  reaction,  I  guess,  there  is  a  potential  expectation  for  the 
computational  fluid  dynamics,  CFD.  As  you  may  know,  when  we  started  to  work  out  to 
host  the  conference  in  Japan,  four  years  ago,  the  shipbuilding  industries  in  Japan 
were  suffering  from  a  serious  setback.  Now  they  are  expanding  their  activities  into 
various  fields  and  cultivating  new  frontier  problems  such  as  ocean  engineering, 
environmental  sciences,  high  speed  marine  vehicles  with  new  concepts  and  so  on.  This 
may  be  the  case  internationally. 

The  computational  dynamics  or  simulation  is  a  promising  tool  for  such  unkown 
problems  in  new  fields.  CFD  in  marine  hydrodynamics  is  expected  not  only  to  predict 
the  flows  around  the  marine  vehicles  or  ocean  structures  but  for  more  global  aspects 
such  as  energy  or  environmental  problems. 

On  the  other  hand  the  high  speed  computers  are  becoming  much  popular  and  easy  to 
access.  Their  capability  seems  unbounded.  CFD,  with  complementary  use  of  the 
conventional  tanks,  will  make  us  possible  to  make  further  steps  into  new  frontier 
fields. 

Thus  much  is  expected  for  this  conference.  I  believe  the  conference  will  be 
successful  and  fruitful.  And  I  hope  also  that  the  conference  may  be  a  good  occasion 
for  international  human  channel. 

Finally  I  would  like  to  express  our  cordial  gratitude  to  our  co-sponsors.  As  you 
know,  this  conference  has  initiated  and  has  been  supported  by  David  Taylor  Research 
Center.  Without  their  foresight  and  continuous  efforts  the  conference  has  not  existed. 
My  gratitude  should  be  extended  to  Office  of  Naval  Research  and  Naval  Studies  Board 
National  Research  Council  for  their  consistent  supports. 

Again  I  would  like  to  say  welcome  to  the  Fifth  International  Conference  on 
Numerical  Ship  Hydrodynamics.  Thank  you. 
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OPENING  ADDRESS 


Hisashi  Kajitani 

Professor,  The  University  of  Tokyo 


The  Fifth  International  Conference  on  Numerical  Ship  Hydrodynamics  is  now  open  at 
the  newly  built  Hiroshima  International  Conference  Center,  gathering  over  one  hundred 
and  ninety  distinguished  researchers  from  eighteen  countries.  The  Conference  is 
sponsored  by  David  Taylor  Research  Center,  Office  of  Naval  Research,  Naval  Studies 
Board  of  the  National  Research  Council  and  the  Shipbuilding  Research  Association  of 
Japan.  We  appreciate  heartily  their  continuous  encouragement  and  financial  support. 

This  is  the  fifth  Conference.  The  first  two  were  held  in  the  United  States  in 
1975  and  1977,  the  third  in  France  in  1981  and  the  fourth  again  in  the  United  States, 
Washington  DC  in  1985.  With  increasing  the  time,  the  remarkable  progress  was  made  in 
exchanging  knowledge  and  new  arts  in  the  field  of  ship  hydrodynamics  and  ocean 
engineering.  It  was  about  four  years  ago  that  a  group  of  Japanese  colleagues 
proposed  first  to  invite  this  conference  to  Japan.  Since  then,  Ms.  Joanna  Schot  has 
endeavored  on  the  US  side  greatly  as  a  co-chairperson,  and  Prof.  Kazu-hiro  Mori  of 
Hiroshima  University  worked  hard  as  the  main  coordinator  for  the  management  of  the 
Conference.  It  is  hard  to  express  our  full  acknowledgement  for  their  contributions. 

As  you  know  through  the  program,  four  keynote  lectures  and  high  quality  forty-six 
papers  are  presented.  They  deal  with  mainly  1)  the  flow  simulation  by  Navier-Stokes 
solver,  2)  simulation  of  free  surface  flow  and  forces  by  boundary  element  or  boundary 
integral  method  including  Rankine  source  method,  3)  motion  of  ships  or  bodies  among 
waves  including  waves  of  radiation  and  diffraction,  and  4)  several  important  topics 
about  turbulent  flow,  ray  theory,  treatment  of  Green  function  for  free  surface  flow, 
soliton,  squat,  free  surface  boundary  layer  with  surface  tension,  image  processing, 
cavitation,  hull-appendage  juncture  flow  and  so  on.  Many  papers  were  received  for  the 
proposed  topics  of  the  program.  We  endeavored  to  accept  as  many  as  possible  by 
compressing  the  presentation  time  and  setting  up  some  parallel  sessions.  Even  so, 
still  some  good  papers  could  not  be  accepted.  However,  we  earnestly  expect  hot  and 
ample  discussions  by  all  the  participants.  For  this  purpose  and  to  deepen  our 
understanding,  we  decided  to  devote  the  final  session,  though  optional,  for  group 
discussions.  Participants  may  choose  either  of  the  three  topics,  i.e.  Rankine  source 
method,  N-S  solver  and  BIM  for  radiation  and  diffraction  problems.  I  am  expecting 
that  a  lot  of  free  and  dreamful  discussions  will  be  take  place  there. 

Our  interest  to  know  the  fluid  dynamics  phenomena  is  expanding  widely  and 
profoundly.  We  know  that  many  new  problems  to  be  studied  are  arising  and  range  from 
micro  scale  fluid  flow  for  the  resistance  reduction  to  global  scale  flow  as  one  of  the 
importance  in  environmental  science  and  technology. 

Hiroshima,  a  cultural  center  of  mid-west  of  Japan,  is  a  reborn  but  historical 
city,  A  history  around  Hiroshima  conveys  a  famous  story  of  "three  arrows"  that  has 
been  transferred  from  a  Samurai  general  M.  Mohri  of  this  district  to  his  three  sons 
of  battle  age  about  450  years  ago.  The  very  old  general  Mohri  said  to 
his  three  sons;  one  arrow  is  easy  to  be  broken  down  but  three  arrows  are  not  if  they 
are  bounded  together  tightly.  Thereby  he  asked  his  sons  to  cooperate  each  other  for 
the  best  results.  We  admit  that  the  development  is  great  in  numerical  ship 
hydrodynamics.  However,  we  recognize  at  the  same  time  that  the  final  target  is  to 
grasp  the  fundamental  and  fine  knowledge  about  the  fluid  flow  physics.  For  this  end 
the  cooperation  and  binding  together  of  three  arrows  —  analysis,  computation  and 
experiment  —  is  essential. 

I  hope  you'll  enjoy  the  Conference  as  well  as  the  scenery  and  the  history  of 
Hiroshima. 
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Developing  an  Accurate  and  Efficient  Method 
for  Compressible  Flow  Simulations 
-  An  Example  of  CFD  in  Aeronautics  - 


K.  Ftgii 

The  Institute  of  Space  and  Astronautical  Science 
Sagamihara,  Japan 


Abstract 

Capability  of  the  current  CFD  technology  in  the 
aeronautical  society  is  discussed  with  one  of  the  rep¬ 
resentative  Navier-Stokes  codes  in  Japan,  as  an  exam¬ 
ple.  The  code  is  named  LANS3D  and  was  developed 
for  the  numerical  simulation  of  high-Reynolds  number 
compressible  Hows.  The  algorithm  used  in  this  code 
is  briefly  described  first  and  then  the  applications  for 
aircraft  simulation,  vortical  how  simulation  and  space- 
plane  simulation  are  presented.  These  example  show 
how  the  code  has  been  improved  to  satisfy  two  impor¬ 
tant  requirements  of  the  computational  fluid  dynamics 
(CFD)  codes;  efficiency  and  accuracy.  Importance  of 
developing  a  supporting  system  on  graphic  worksta¬ 
tions  is  finally  discussed. 

1.  Introduction 

Computational  Fluid  Dynamics  (CFD)  is  begin¬ 
ning  to  play  an  important  role  in  the  aeronautical 
industry  all  over  the  world.  People  now  realize  that 
CFD  can  be  a  new  and  effective  design  tool  with  the 
aid  of  supercomputer.  At  the  same  time,  CFD  is  be¬ 
coming  an  important  scientific  tool  for  the  fluid  dy¬ 
namics  research.  As  high-speed  supercomputers  with 
large  memory  become  popular,  the  research  now  is 
focused  on  the  Navier-Stokes  simulations  for  under¬ 
standing  fluid  physics  as  well  as  for  the  future  use  as 
a  design  tool  in  engineering. 

In  the  application  of  the  CFD  to  the  aeronautical 
problems,  there  are  two  important  remarks  to  note. 
First,  representative  Reynolds  number  is  large  com¬ 
pared  to  many  of  the  other  CFD  applications.  Even 
though  viscous  equations  are  solved,  contribution  of 
viscous  terms  is  small  in  most  of  the  flow  field.  Thus, 
computational  algorithms  that  have  been  dev  'oped 
for  the  Euler  equations  are  mainly  used.  Physically, 
viscous  effect  is  confined  to  the  thin  layers  near  the 
body  surface  and  to  evaluate  viscous  effect  properly 
with  the  Navier-Stokes  simulations,  grid  spacing  near 
the  body  surface  should  be  very  small.  For  instance, 
typical  Ay  for  the  transonic  flow  simulation  is  o(10”®- 
10"®).  Thus,  explicit  time  integration  is  not  appropri¬ 
ate  and  implicit  time  integration  is  indispensable. 


At  the  same  time,  adding  high-order  artificial  dissipa¬ 
tion  is  required  to  keep  the  compulation  stable  espe¬ 
cially  when  the  central  difference  is  used  for  convective 
terms. 

Second,  accurate  prediction  of  aerodynamic  co- 
eflicients  is  required.  A  few  percent  of  the  drag  re¬ 
duction  is  important  for  aircraft  design,  and  the  ef¬ 
fect  of  Reynolds  number  and  other  parameters  should 
be  accurately  evaluated.  TVansition  and  turbulence 
modeling  are  also  important.  Simulation  results  for 
lower  Reynolds-number  flows  can  not  be  extrapolated 
to  high  Reynolds  numbers.  In  some  applications  such 
as  leading-edge  separation  flow  field  over  a  della  wing 
as  shown  later,  strong  separation  vortices  become  key 
factor  for  the  aerodynamic  coefficients.  Since  the 
Reynolds  number  is  high,  flow  field  away  from  the 
body  surface  is  considered  to  be  rotational  inviscid 
in  such  applications.  However,  as  is  the  case  of  an¬ 
other  applications,  viscous  effect  near  the  body  surface 
should  be  properly  evaluated  because  that  is  the  key 
factor  to  determine  the  location  and  the  strength  of 
the  separation  vortices. 

The  present  author  has  been  engaged  in  devel¬ 
oping  an  efficient  and  accurate  method  for  the  simu¬ 
lation  of  complicated  flows  by  solving  the  compress¬ 
ible  Navier-Stokes  equations.  In  the  initial  stage  of 
the  development,  main  effort  was  laid  on  improving 
the  efficiency.  With  the  progress  of  supercomputer 
capability,  recent  effort  tends  to  be  focused  on  the 
improvement  of  the  accuracy.  In  the  present  paper, 
the  method  and  the  developed  Navier-Stokes  computer 
code  named  LANS3D  ( ‘LANS’  stands  for  the  LU-ADI 
Navier-Stokes  code)  is  briefly  described  first.  Some  of 
the  application  examples  are  then  presented.  First  ex¬ 
ample  is  the  transonic  flow  over  transport  aircraft  con¬ 
figuration.  Second  example  is  the  simulation  of  vortex 
breakdown  over  a  strake-delta  wing  conducted  when 
the  author  was  a  research  associate  at  NASA  Ames 
Research  Center.  In  this  simulation,  the  importance 
of  the  grid  resolution  and  the  accuracy  of  the  numeri¬ 
cal  algorithm  was  realized  and  the  computer  code  was 
modified.  Finally,  recent  application  to  the  spaceplane 
configuration  is  presented.  The  spacecraft  design  is  so 
critical  that  the  simulation  should  be  accurate  for  the 
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complicated  Ilow  Held.  These  examples  will  show  how 
the  accuracy  and  efiiciency  of  the  code  have  been  im¬ 
proved  and  what  problems  are  left  to  be  improved. 

2.  Governing  Equations  and  Numerical  Algo¬ 
rithm 

Compressible  Navier-Stokes  Eouations 

The  basic  equations  under  consideration  are  the 
unsteady  Navier-Stokes  equations  written  for  a  body- 
fitted  coordinate  system 

djQ  d^E  -p  d^G  =  Rt~^d^S  (1) 

In  Eq.(l),  the  thin-layer  appro.ximation  has  been 
introduced.  The  use  of  thin-layer  Navier-Stokes  equa¬ 
tions  is  justified  because  the  viscous  effects  are  con¬ 
fined  to  a  thin  layer  near  the  wall  and  are  dominated 
by  the  viscous  terms  associated  with  the  strain  rates 
normal  to  the  wall,  and  because  the  flow  away  from  the 
body  is  essentially  inviscid.  It  should  be  noted  that  all 
the  viscous  terms  are  not  properly  evaluated  in  the 
viscous  layers  even  by  the  full  Navier-Stokes  equations 
because  of  the  grid  deficiency. 

The  pressure,  density,  and  velocity  components 
are  related  to  the  energy  for  an  ideal  gas  by 

p=(7-l)[e-ip(u®-t-u®  +  u/’))  (2) 

As  will  be  mentioned  later,  thin-layer  approximation 
is  sometimes  extended  in  two  directions.  In  that  ca.se, 
additional  terms  appear  in  Eq.(l)  although  there  is  no 
essential  change  in  the  solution  process. 

Numerical  Algorithm 

The  algorithm  is  called  LU-ADI  (or  ADI-LU) 
factorization  method  proposed  by  Obayashi  et  al.[l) 
and  the  3-D  Navier-Stokes  code  based  on  this  algo¬ 
rithm  was  developed  by  Fujii  and  Obayashi[2].  Note 
that  this  LU-ADl  algorithm  is  different  from  the  orig¬ 
inal  algorithm  presented  in  Refs.  3  and  4.  Since  the 
applications  are  focused  on  the  Navier-Stokes  simula¬ 
tions,  LU-ADI  algorithm  uses  the  Euler  implicit  inte¬ 
gration  in  time.  With  the  aid  of  factorization,  most 
of  the  implicit  schemes  avoid  the  memory  problem  of 
inverting  huge  matrices.  They  are  usually  classified 
into  two  categories  based  on  how  to  factorize  the  im¬ 
plicit  operator.  One  is  the  ADI  factorization  and  the 
other  is  the  LU  factorization.  In  the  ADI  factoriza¬ 
tion  method,  the  left-hand-side  implicit  operator  is 
split  into  three  components  for  each  direction  using 
approxim.atc  factorization.  In  the  LU  factorization, 
the  operator  is  split  into  two  components  based  on 
the  positive  and  negative  flux  Jacobian  matrices.  The 
ADI  factorization  is  efficient  but  has  large  factoriza¬ 
tion  error  and  stability  problem,  and  the  LU  factor¬ 
ization  has  more  arithmetic  op .  rations  and  difficulty 
for  the  efficient- veclorization.  LU-ADI  algorithm  tries 


to  decrease  the  arithmetic  operations  and  can  be  con¬ 
sidered  as  the  compromise  of  the  ADI  and  -LU  f^tor- 
ization  algorithms  as  pointed  out  by  Jameson[5].  In 
this  algorithm,  LU  factorization  is  introduced ^in  ad¬ 
dition  to  the  ADI  factorization,.  Each  ADI  operalo?- 
which  is  obtained  by  the  so  called  Beam- Warming  mi 
gorithm[6]  is  first  diagonalized  and  then  decomposed, 
into  two  parts  using  the  flux  vector  splitting  idpa[7]. 
To  keep  the  diagonally  dominance,  approximate  LDU 
decomposition  is  used- instead  of  simple  LU  decompo¬ 
sition. 

The  Beam- Warming  factorization  applied  to  Eq. 
(1)  is  written  as 

(/  +  hSiA"  -  Dili)  (/  +  h6r,B”  -  DiU)  X 

{^I  +  hSid"  -  hRe-^6(J-^Trj  -  D.|{)  AQ" 

=  -h  (e^E"  +  -f  6(0"  - 

-(D.h  +  Dd,  -1-  Ddc)^" 

where  h  is  the  time-step,  and  6  is  a  central  finite- 
difference  operator.  The  D;  and  Dc  terms  are  implicit 
and  explicit  artificial  dissipation  terms  which  should 
be  added  to  the  left-hand  side  and  the  right-hand  side, 
respectively,  to  maintain  stability.  The  basic  algorithm 
is  first-order  accurate  in  time  and  second-order  accu¬ 
rate  in  space. 

In  the  LU-ADI  algorithm,  each  ADI  operator  is 
diagonalized  and  then  decomposed  into  two  parts  us¬ 
ing  the  technique  of  flux  vector  splitting.  For  example, 
in  the  {-direction, 

/  -P  hd^A 

=  2W+h6lDt  +  h6(D-^)Tf^ 

=  T((/  -  ahD^j  +  h6\D\){I  -f 

xi(lA-ahDij  +  h6lDJ)Tf^ 

where  q  is  a  coefficient  appearing  on  the  j-index  for 
the  upwind  differencing.  In  other  words,  a  =  1.0  when 
first-order  differencing  is  used  for  the  {-derivative,  and 
1.5.  when  second-order  differencing  is  used.  Currently, 
a  is  set  to  be  1.0  to  eliminate  additional  arithmetic  op¬ 
erations.  The  decomposition  in  Eq.  (4)  can  be  called 
approximate  LDU  factorization,  or  diagonally  domi¬ 
nant  factorization.  This  decomposition  is  more  stable 
than  simple  LU  factorization  because  the  diagonal  el¬ 
ement  always  has  \Da\- 

In  the  solution  process,  an  inversion  in  one  di¬ 
rection  consists  of  one  scalar  forward  sweep,  and  one 
scalar  backward  sweep.  Thus,  LU-ADI  algorithm  re¬ 
quires  little  additional  memory  and  is  easily  vector¬ 
ized.  Note  that  an  operator  in  each  direction  can 
be  considered  to  be  a  single  iteration  of  a  symmet¬ 
ric  Gauss  Seidel  relaxation  in  one  dimension.  The  D* 
terms  arc  modified  to  include  an  implicit  artificial  dis- 
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sipation  term.  Another  modification  is  necessary  in 
the  (-direction  to  evaluate  implicit  viscous  terms.  Ad¬ 
ditional  details  of  the  derivation  of  the  LU-ADI  algo¬ 
rithm  are  given  in  Ref.  1.  In  the  right-hand  side,  ex¬ 
plicit  artificial  dissipation  is  necessary,  the  dissipation 
model  was  changed  time  to  time,  but  currently,  non¬ 
linear  second-order  and  fourth-order  mixed  dissipation 
model  is  implemented.  The  idea  comes  from  the  TVD 
scheme  and  the  model  is  called  simplified  TVD-type 
dissipation.  Again,  the  details  are  found  in  Ref.  1. 

High-order  upwind  differencing  has  become  pop¬ 
ular  in  recently-developed  Euler  methods  for  com¬ 
pressible  inviscid  flow  simulations.  This  feature  has 
been  extended  in  the  straightforward  manner  for  the 
evaluation  of  convective  terms  of  Navier-Stokes  com¬ 
putations.  Lately,  the  matrix  form  of  the  dissipation 
terms  implicitly  introduced  by  upwind  methods  was 
studied[8,9]  and,  it  was  shown  that  such  terms  in  the 
upwind  schemes  such  as  Roe’s  flux  difference  splitting 
became  small  in  the  viscous  layers.  Thus  the  use  of 
the  proper  upwind  could  improve  the  accuracy  in  the 
viscous  layer  as  well  as  make  the  discontinuities  sharp. 

Convective  terms  in  the  right-hand  side  of  the 
code  was  recently  modified  and  the  code  includes  the 
option  to  choose  either  original  central  differencing 
with  artificial  dissipation  or  flux  difference  splitting 
with  Roe’s  average[10].  Higher-order  extension  of 
flux  difference  splitting  using  the  MUSCL  approach 
is  found  in  Ref.  8,  but  is  briefly  described  again. 
When  the  convectiye  terms  are  differenced  with  the 
flu-x-differenco  splitting  of  Roc,  the  spatial  derivatives 
are  written  in  the  conservative  form  as  a  flux  balance. 
For  instance  in  the  (-direction, 

dt:  (Sjj-i/z  - ^j-1/2) 

- 

The  numerical  flux  S^±i/2  can  bs  wriltcli  as  fbe 
solution  to  an  approximate  Riemann  problem  and  the 
necessary  metric  terms  are  evaluated  ai  the  cell  inter¬ 
faces  j-1-1/2. 


E,nn  =  \\mi)  +  EiQR)-\M{QK-QL)Uii:^,  (6) 

where  li  is  the  flux  vector  and  A  is  the  corre¬ 
sponding  Jacobian  matrix  computed  using-the  Roe’s 
average  state  -.  Qj,  and  Qp  are  the  stale  vari¬ 
ables  to  the  left  and  right  of  the  half-cell  interface. 
These  state  variables  are  determined  from  the  locally 
one-dimensional  non-oscillatofy  interpolations  callerl 
MUSCL  approach.  Primitive  varjables  <?ip,t',v,u/,pp 
are  uocd  for  that  purpose,  and  higli-order  accurate 
monotone  differencing  is  given  by  a  onc-pflrameter  a.  . 


{n)j+il2  =  9;  +  |l(l  -  Ks)A.  (1  k«)A+),- 

(9n);-f»/2  =  7;-H  “  “  Ks)A.^  -b  (1  -b  Ks)A_]y+i, 

(V) 

where 

=  9i+i  -  9j.  (^-)j  =  9j  -  9r-i 

and 

2A+A_  -b  c 
"=(A+)2.b  (A_p.be 

s  is  the  Van  Albada’s  limiter  and  c  is  a  small  constant 
to  prevent  zero  division.  For  all  the  results  here,  third- 
order  accuracy  corresponding  to  x  =  1/3  is  used.  Near 
the  boundary,  the  MUSCL  interpolation  goes  back  to 
the  first-order. 

The  flux  evaluation  for  the  central  difference 
method  is  written  in  the  same  form  as  Eq.(6)  con¬ 
sidering  the  artificial  dissipation  into  account. 

S/+1/2  =  -^[Ej  +  Ej+i 
-  ((1  -  ip)e2  -  lPC4^£A£)j+i/2(Qy+i  -  Qj)] 
where  w  is  a  kind  of  limiter  function. 

The  first  two  terms  Ej  and  correspond  to 
the  second-order  central  difference  and  the  last  term 
corresponds  to  the  dis.sipation  model.  The  same  is  true 
for  Eq.(6).  The  first  two  terms  construct  central  dif¬ 
ference  and  the  last  term  is  dissipative  term  implicitly 
added  by  upwinding.  Without  limiter  functions,  first 
two- terms  become  second-order  central  difference  for 
first-order  upwind  m.ethod,  and  become  fourth-order 
central  difference  for  third-order  upwind  method.  The 
point  here  is  the  form-of  the  dissipation  terms.  In  the 
artificial  dissipation'model  used  with  the  central  differ¬ 
ence,  rnagnilude  of  the  coefficient  is  the  same  for  all  the 
equations.  Suppose  we  decompose  the  Euler  equations 
into  a  sol  of  independent  equations  for  the  waves  with 
the  characteristic  speed  u,  u-bc,  u-c,  the  magnitude  of 
coefficient vshoultl  be  chosen  to  be  large  enough  for  any 
of  the-waves,  In  the  flux  evaluation  of  the  Roe’s  flux 
difference  splitting,  this  coefficient  is  in  the  form  of  ma¬ 
trix  A.  if  you  rewrite  this  dissipation  term,  it  is  recog¬ 
nized  tliat  dissipation  depends  on  the  strength  of  each 
wave  and  the  magnitude  is  automatically  determined 
for  each  wave  by  upwinding.  Thus,  artificial  dissipa¬ 
tion  included  in  the  high  resolution  upwind  methods 
could  be  smaller  than  the  dissipation  used  with  the 
central  difference  methods.  It  should  also  be  noted 
that  Vat.sa  et  al.  demonstrated  this  djsssipation  terms 
become  automatically  i>mall  in  the  viscous  layers  near 
the  body  surface[8).  On  the  other  hand,  some  kind 
of  scaling  to  decrease  the  dissipation  is  necessary  near 
the  body  surface  for  the  central  difference  approach. 
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3.  Application  Examples 

3.1  Aircraft  Simulation 
-  Toward  Efficient  Code  - 


Following  the  several  trial  computations  to  eval¬ 
uate  the  code  capability[4],  the  developed  3-D  Navier- 
Stokes  code  based  on  the  LU-ADI  algorithm  was  first 
used  for  the  simulation  of  an  isolated  wing  named  W- 
14[2].  This  wing  geometry  was  developed  as  a  wing  for 
the  transonic  transport  aircraft  by  Mitsubishi  Heavy 
Industries.  The  purpose  of  this  study  was  to  compare 
the  computed  result  with  the  experiment,  and  thus, 
several  computations  were  carried  out  for  the  angles 
of  attack  varying  from  0°  to  7.5°.  The  Mach  number 
was  fixed  to  be  the  design  Mach  number  0.82.  Total 
number  of  the  grid  points  was  200,000.  The  angles 
of  attack  assigned  for  the  computations  were  slightly 
modified  from  those  of  the  experiment  by  MHI  design¬ 
ers,  and  the  computers:  Pujii  and  Obayashi,  were  not 
informed  of  the  experimental  data  in  advance.  The 
flow  was  assumed  to  be  fully  turbulent  and  the  so- 
called  Baldwin  and  Lomax  turbulence  model[ll]  was 
used.  The  comparison  of  the  surface  Cp  distribution 
with  the  experiment  for  2.46-  deg.  case  is  shown  in 
Fig.  1.  The  computed  result  shows  the  same  tendency 
as  the  experiment.  The  data  agreement  for  both  up¬ 
per  and  lower  surface  is  good  at  every  station  and,  in 
addition  the  pressure  at  the  trailing  edge  is  well  pre¬ 
dicted,  which  is  important  for  the  design  process  of  a 
new  wing. 

In  early  1986,  the  code  was  modified  for  the  sim¬ 
ulation  of  wing-fuselage  combination[12).  Again,  the 
used  geometry  named  W-18  was  designed  by  the  Mill 
and  seven  angle  of  attacks  (from  0.0°  to  6.0°)  that  were 
shifted  a  little  from  the  experiment  by  the  empirical 
way  were  suggested  to  the  computers  who  were  not 
informed  of  the  experimental  data.  Figure  2  shows 
the  grid  for  the  upper  half  volume  of  the  computa¬ 
tional  domain.  Since  not  only  the  viscous  layers  over 
the  wing  but  also  the  viscous  layers  over  the  fuselage 
should  be  considered,  the  thin-layer  approximation  is 
now  adopted  for  two  directions  and  thus,  the  basic 
equations  (1)  are  modified.  The  turbulence  model  was 
also  modified  near  the  wing-fuselage  junction.  The 
computational  grid  was  generated  by  Takanashi  us¬ 
ing  his  modified  conformal  mapping  technique,  and 
the  number  of  the  grid  points  was  increased  to  about 
800,000. 

Figures  3a-3b  show  the  surface  pressure  contour 
plots  for  the  6  0-deg  case.  There  occurs  a  large  shock- 
induced  separation  near  the  root  section,  and  shock 
wave  exists  even  at  the  fuselage  surface.  The  shock 
wave  has  a  strong  spanwise  curvature  as  in  the  case  of 
isolated  wing,  but  remarkable  difference  exists  near  the 
wing- fuselage  junction.  For  an  isolated  wing,  the  shock 


wave  is  always  perpendicular  to  the  center  symmetry 
plane.  On  the  other  hand,  the  shock  wave  curves  for¬ 
ward  at  the  root  section  because  of  the  large  recircu¬ 
lating  region  induced  by  the  wing-fuselage  interaction. 
Computed  off-body  particle  path  traces  are  presented 
in  Fig.  4.  The  strong  spiral  is  created  and  moved  out¬ 
board  behind  the  shock  wave  over  the  wing.  Near  the 
wing-fuselage  junction,  there  exists  a  large  recirculat¬ 
ing  region,  where  the  vortical  flow  resembles  the  coiled 
spring  bent  90°.  The  vortex  axis  is  perpendicular  to 
both  the  wing  and  the  fuselage  surface.  The  Cp  dis¬ 
tributions  over  the  wing  and  the  fuselage  surfaces  for 
4.0-deg  case  are  compared  with  the  experiment  in  Figs. 
5a  and  5b  respectively.  The  overall  agreement  is  fairly 
good,  not  only  for  the  wing  but  also  for  the  fuselage. 
Note  that  the  discrepancy'  in  the  pressure  level  at  the 
tip  section  can  be  explained  by  the  elastic  deformation 
of  the  test  model  in  the  experiment.  It  is  po.‘«ible  that 
the  tip  section  of  the  steel  model  was  twisted  by  aero¬ 
dynamic  forces,  since  the  aspect  ratio  of  the  wing  is 
very  high.  The  discrepancy  in  the  inboard  region  may 
be  due  to  the  poor  turbulence  model.  The  details  of 
the  computations  are  found  in  Ref.  12. 

In  1988,  along  with  the  parametric  study  for 
several  wing-fuselage  combinations,,  the  flow  simula¬ 
tion  over  an  almost  complete  aircraft  was  tried  by 
Tckanashi  et  al[13).  In  addition  to  the  wing  and  fuse¬ 
lage,  vertical  and  horizontal  tails  were  added.  The 
centerline  symmetry  plane  was  modified  to  include 
the  viscous  effect  of  the  vertical  tail.  The  horizon¬ 
tal  tail  wing  were  sandwiched  between  two  chordwise 
grid  lines  and  the  effect  of  viscous  layers  over  the  tail 
surface  was  introduced  there.  Only  the  coarse  grid 
simulation  using  about  600,000  grid  points  was  carried 
out.  The  surface  grid  distribution  and  the  computed 
surface  pressure  contours  are  plotted  in  Fig.  6  and  7, 
respectively.  The  Mach  number  is  0.6,  the  angle  of 
attack  is  0  deg  and  the  Reynolds  number  is  3.5x10® 
for  this  case.  Reference  13  shows  the  details  of  the 
computation. 

All  the  computations  above  were  carried  out 
within  the  specified  time  frame,  as  they  should  be  for 
the  design  purpose.  The  reliable  solutions,  thus,  had 
to  be  obtained  within  reasonable  computer  time  and 
the  efficiency  was  the  matter  of  concern.  Initially,  wing 
simulation  required  roughly  two  hours  on  Fujitsu  VP 
supercomputer,  and  now  requires  20  min.  to  40  min. 
of  computer  time.  Wing-fuselage  simulation  could  be 
carried  out  within  2  to  3  hours.  However,  for  the  de¬ 
sign  purpose,  twice  as  much  should  be  considered  for 
safety.  Checking  the  effect  of  parameters  such  as  grid 
spacing  or  artificial  dissipation  model  is  also  necessary. 

3.2  Vortex  Breakdown  Simulation 
-  Toward  Accurate  Code  - 

The  flow  over  aircraft  and  missiles  at  moderate 
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to  liigli  angles  of  attack  is  characterized  by  the  pres¬ 
ence  of  large  spiral  vortices  on  the  leeward  side  of  the 
body.  These  separation  vortices  induce  low  pressure 
on  the  body  upper  surface,  and  this  low  pressure  is 
the  predominant  factor  of  the  resulting  aerodynamic 
characteristic  of  the  body.  Research  on  such  flow  is 
of  great  importance  practically  as  well  as  physically 
because  understanding  of  the  separated  and  vortical 
flow  fields  may  lead  to  the  control  of  vortex  behav¬ 
ior  and  eventually  to  the  enhancement  of  flight  vehicle 
performance. 

To  understand  vortical  flow  field  structure  over 
a  strake-delta  wing  configuration,  a  series  of  computa¬ 
tions  was  conducted  when  the  author  was  a  NRC  re¬ 
search  associate  at  NASA  Ames  Research  Center[14]. 
Two  types  of  vortex  breakdown  -  bubble  and  spiral 
shaped  -  were  successfully  simulated  and  the  differ¬ 
ence  of  the  flow  structure  of  each  breakdown  was  char¬ 
acterized.  However,  the  result  at  the  same  time  in¬ 
dicated  still  better  grid  resolution  and  reducing  the 
artificial  dissipation  are  critically  important  for  an  ac¬ 
curate  simulation  of  vortical  flow  field.  In  all  the  air¬ 
craft  simulations  shown  above  ,  central  difference  was 
used  for  the  convective  terms.  High-resolution  upwind 
difference  might  have  less  dissipation  as  noted  in  the 
section  2,  and  was  implemented  as  an  option.  Here, 
some  of  the  resultsflS)  are  presented  and  compared 
with  the  result  by  central  difference  computation  (note 
that  central  difference  always  requires  some  artificial 
dissipation  model  with  it).  The  flow  field  is  the  sub¬ 
sonic  flow  over  a  strake-delta  wing.  The  freestream 
Mach  number  is  0.3,  and  the  Reynolds  number  based 
on  the  root  chord  is  1.3x10®  in  the  following  computa¬ 
tions. 


In  the  first  example,  the  total  number  of  grid 
points  is  about  850,000;  119  points  in  the  chordwise 
direction,  101  point  circumferentially  and  71  points 
in  the  normal  direction.  Details  of  the  grid  genera¬ 
tion  and  the  grid  distribution  can  be  found  in  Ref. 
14.  Figure  8  shows  the  overall  view  of  the  spanwise 
total  pressure  contour  plots  at  several  chordwise  sta¬ 
tions  at  the  angle  of  attack  12  degrees.  The  contours 
are  plotted  at  35%  to  95  %  chordwise  stations  with  10 
%  increase.  At  this  angle  of  attack,  there  exist  two 
vortices  over  the  upper  surface  of  the  wing;  one  ema¬ 
nating  from  the  strake  leading  edge  and  the  other  from 
the  main-wing  leading  edge.  These  two  vortices  merge 
together  over  the  main-wing  surface  because  of  the  mu¬ 
tual  interaction.  Both  rc.snlts  indicate  the  existence  of 
two  vortices  over  the  wing  surface  and  their  interac¬ 
tion.  It  seems  that  the  merging  of  the  two  vortices 
occurs  more  downstream  in  the  upwind  solution.  The 
corresppnding  particle  path  traces  showing  the  vortex 
trajectories  are  shown  in  Fig.  9  for  the  upwind  result. 
The  computed  vortex  trajectories  are  presented  in  Fig. 
9.  Also  presented  are  the  experiment  and  the  result 


by  the  central  difference  computation.  It  is  clear  that 
merging  of  two  vortices  occurs  downstream  in  the  up¬ 
wind  result,  but  still  upstream  than  the  experiment  at 
the  same  Reynolds  number. 

The  same  computation  was  carried  out  using 
smaller  number  of  grid  points  (about  120,0,00  in  to¬ 
tal).  Compared  to  the  previous  grid,  the  number  of 
the  grid  points  are  decreased  in  all  the  directions.  Fig¬ 
ures  10a  and  10b  represent  the  total  pressure  contour 
plots  obtained  by  the  upwind  and  central  difference 
computations,  respectively.  The  contours  are  again 
plotted  at  35%  to  95  %  chordwise  stations  with  10  % 
increase.  The  upwind  result  shown  in  Fig.  10a  indi¬ 
cates  the  existence  of  two  vortices  and  their  merging 
process  although  the  inner  vortex  is  not  as  distinct  as 
the  fine  grid  result.  On  the  other  hand,  the  central 
difference  result  in  Fig.  10b  shows  only  one  flattened 
vortex  instead  of  two  vortices. 


Final  example  is  the  result  at  30  degrees.  The 
previous  study  in  Ref.  15  showed  that  vortex  break¬ 
down  takes  place  near  the  trailing  edge  both  in  the  ex¬ 
periment  and  in  the  computational  results  on  the  fine 
grid.  Here  medium  grid  (previously  mentioned  grid 
of  about  120,000  points)  computations  are  carried  out 
both  with  the  central  differencing  and  the  upwind  dif¬ 
ferencing.  The  computed  total  pressure  contour  plots 
are  presented  in  Figs.  11a  and  11b.  An  abrupt  in¬ 
crease  of  the  vortex-core  is  observed  near  the  trailing 
edge  in  the  upwind  result  shown  in  Fig.  11a.  This  in¬ 
dicates  that  the  vortex  has  undergone  breakdown.  In 
fact,  the  plot  of  the  streamwise  velocity  (although  not 
shown  here)  showed  that  there  exists  the  reverse  flow 
region  near  the  trailing  edge.  The  central  difference 
result  shown  in  Fig.  11b,  on  the  other  hand,  does  not 
show  such  a  sudden  change.  Again,  the  resolution  is 
enhanced  by  the  use  of  the  present  upwind  scheme  at 
least  on  the  grid  used  here  (although  a  slight  increase 
of  the  number  of  grid  points  may  introduce  breakdown 
phenomenon  also  in  the  central  difference  result). 


It  is  recognized  from  these  results  that  the 
present  upwind  scheme  has  better  resolution  than  the 
conventional  central  difference  scheme  on  the  same 
grid  although  grid  resolution  itself  is,  of  course,  an 
important  factor  for  an  accurate  flow  simulation.  Up¬ 
wind  scheme  is  more  "vortex-preserving”  than  central 
differencing  scheme  (  with  added  dissipation  )  since  it 
has  a  lower  level  of  dissipation.  In  the  present  upwind 
scheme  where  the  dissipation  terms  are  constructed 
in  the  matrix  form,  each  characteristic  wave  has  its 
own  minimum  dissipation.  On  the  other  hand,  cen¬ 
tral  difference  scheme  where  dissipation  terms  are  con¬ 
structed  in  the  scalar  form,  requires  amount  of  dissi¬ 
pation  which  is  large  enough  for  all  the  waves. 

Of  course,  solutions  of  both  central  and  upwind 
difference  schemes  should  converge  to  the  solution  of 
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the  original  partial  dilTerential  equations  as  the  compu¬ 
tational  grid  is  refined.  The  point  here  is  that  the  accu¬ 
racy  estimation  based  on  the  idea  of  the  Taylor  expan¬ 
sion  is  important  but  not  good  enough  for  the  system 
of  nonlinear  equations.  What  we  need  in  numerical 
schemes  is  the  better  representation  of  the  properties 
of  original  partial  differential  equations  and,  in  that 
sense,  upwind  difference  scheme  shows  better  result 
than  that  of  the  central  difference  scheme  for  the  grid 
distributions  feasible  under  the  memory  restriction  of 
the  current  supercomputers. 

3.3  Soacenlane  Simulation 

-  Accuracy  and  Efficiency  Required  - 

Since  February  1985,  when  U.S.  President  Rea¬ 
gan  announced  the  NASP  project,  there  occurred  a 
strong  acceleration  on  the  research  of  orbiting  or  hy¬ 
personic  flight  vehicle.  The  CFD  is  one  of  the  im¬ 
portant  areas,  necessary  for  the  development,  and  the 
computations  have  been  carried  out  for  transonic  to 
hypersonic  flow  regime  for  the  spaceplane  configura¬ 
tion  proposed  for  the  research  at  the  NAL  in  Japan. 

Following  the  comparison  of  the  original  central 
differencing  and  the  new  upwind  differencing  that  is 
described  above[15l,  a  series  of  simulations  were  con¬ 
ducted.  One  of  the  result  is  presented  in  Fig.  12 
where  the  computed  surface  density  contours  at  the 
Mach  number  1.5,  the  Reynolds  number  4  xlO®,  and 
the  angle  of  attack  15  °  are  plotted.  The  contours  on 
the  wing  surface  and  the  fuselage  surface  indicate  the 
vortical  flow  generated  above.  The  surface  pressure 
distributions  at  one  cross  section  is  compared  with  the 
e.\periment  in  Fig.  13.  The  disagreement  in  the  lower 
surface  Cp  at  the  final  station  is  due  to  the  model  sup¬ 
port,  and  otherwise  pretty  good  agreement  was  ob¬ 
tained  with  the  experiment.  The  details  of  the  series 
of  computations  and  the  effect  of  each  element  such  as 
tail  fins  will  appear  in  Ref.  16. 

3.4  Strategy  for  Comnlex  Configurations 

One  of  the  important  items  to  be  solved  in  or¬ 
der  to  apply  the  CFD  to  practical  problems  is  how 
to  handle  complex  configurations.  Although  the  so¬ 
phisticated  grid  generation  programs  have  been  de¬ 
veloped  by  many  researchers,  the  application  of  the 
flow  solution  codes  is  still  restricted  to  relatively  sim¬ 
ple  configurations,  and  a  method  is  needed  to  make 
the  code  applicable  to  the  flow  simulation  over  truly 
complex  configurations  (say,  complete  aircraft  with  na¬ 
celles,  engines  and  so  on).  Another  important  item  is 
the  problem  of  the  grid  resolution.  As  is  seen  in  the 
result  shown  above,  even  with  the  high-resolution  up¬ 
wind  scheme,  total  number  of  grid  points  necessary 
for  accurate  flow  simulations  becomes  enormous.  As 
the  number  of  the  grid  points  becomes  large,  computer 
time  also  becomes  large  and,  as  a  result,  supercomput¬ 


ers  with  much  large  memory  and  faster  speed  would 
be  required. 

Recent  effort  to  solve  these  problems  seems  to  be 
in  two  directions.  One  is  the  use  of  unstructured  mesh. 
Using  the  unstructured  mesh,  handling  complex  geom¬ 
etry  is  easier  and  such  grid  system  is  combined  with 
the  finite  element  method  or  finite  volume  method  for 
arbitrary  cell  shapes.  So  far  as  the  Euler  equations 
are  concerned,  such  approach  may  be  a  good  choice 
since  explicit  time  integration  can  be  used.  However, 
for  viscous  flow  simulations,  implicit  time  integration 
may  be  necessary  and  the  problem  how  to  apply  the 
implicit  time  integration  and  how  to  adopt  turbulence 
models  should  be  solved.  The  other  approach  is  the 
zonal  method.  In  this  method,  computational  grid  is 
constructed  for  each  element  of  the  geometry.  For  in¬ 
stance  in  aircraft  simulation,  each  of  the  wing,  fuselage 
and  engine  has  its  own  grid  distributions.  Although 
modification  of  the  existing  finite  difference  codes  to 
the  zonal  codes  is  relatively  easy,  accurate  and  robust 
interface  method  to  transfer  the  data  for  each  zonal 
region  should  be  developed.  In  this  approach,  num¬ 
ber  of  the  grid  points  is  also  easily  increased  locally. 
One  of  the  example[17)  is  shown  in  Fig.  14.  The  flow 
field  and  the  solution  algorithm  are  the  same  as  Fig. 
10b.  Number  of  the  grid  points  is  globally  decreased 
but  is  locally  increase  in  the  vortical  flow  region,  and 
the  result  seems  to  be  better  than  Fig.  10b  although 
the  total  number  of  the  grid  points  is  almost  the  same. 
Currently  the  effort  to  develop  the  zonal  interface  algo¬ 
rithm  such  as  Chimera  method  (18)  is  underway.  With 
such  method,  the  zonal  code  can  handle  complex  body 
configuration,  and  the  applicability  of  the  code  to  the 
practical  problems  is  to  be  improved. 

4.  Supporting  System  Development 

With  the  increase  of  the  data  obtained  by  the 
CFD  research,  importance  of  visualization  of  the  com¬ 
puted  results  began  to  be  recognized.  To  help  people 
to  understand  what  happens  in  the  flow  field  from  the 
obtained  data,  we  have  to  visualize  the  flow  and  the 
u.«e  of  graphic  workstations  has  an  important  role  for 
that  purpose.  Compared  to  the  circumstances  sev¬ 
eral  years  ago,  the  level  of  the  graphic  software  is  im¬ 
proved,  ?,nd  visualizing  complex  flow  field  in  realistic 
image  now  is  not  a  difficult  task.  However,  in  most 
cases,  such  softwares  are  used  qnly  to  create  nice  and 
beautiful  pictures.  That  may  be  only  important  to  ad¬ 
vertise  the  CFD  capability.  What  is  really,  important 
is  the  development  of  the  software  to  help  understand¬ 
ing  the  result.  Such  softwares  should  be  interactively 
used  without  requiring  researcher’s  effort  and  can  dis¬ 
play  the  plots  they  want  quickly.  Displaying  beautiful 
and  real-image  pictures  does  not  have  the  first  priority. 

The  computer  programs  that  satisfy  some  of  the 
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requirement  mentioned  above  have  been  developed 
at  NASA  Ames  Research  Center.  They  are  called 
‘  PbOr3D’,  ‘GAS’  and  ‘RIP’  and  each  of  them  has 
its  own  unique  feature[19,20).  For  instance  in  RIP, 
particle  trajectories  are  computed  on  the  CRAY-2  su¬ 
percomputer  and  the  result  is  displayed  on  the  IRIS 
workstation.  The  graphic  process  is  carried  out  inter¬ 
actively  on  the  IRIS  display. 

Graphic  workstations  are  also  useful  for  grid  gen¬ 
eration.  Sometimes,  grid  generation  process  requires 
more  human  time  than  flow  computation  itself.  Inter¬ 
active  use  of  graphic  workstation  will  reduce  amount 
of  effort  for  the  grid  generation  process. 

One  of  the  super  Graphic  Workstation  has  been 
introduced  at  our  laboratory  lately  and  the  preproces¬ 
sor  (grid  generation)  and  postprocessor  (flow  visual¬ 
ization  programs)  for  Navier-Stokes  and  other  solvers 
having  the  features  discussed  in  this  paper  are  in  the 
process  of  being  built  up  on  that  machine(21].  Here 
some  of  the  display  examples  for  the  post  processor  are 
presented.  First,  it  has  various  function,  not  only  con¬ 
tour  plotters  but  also  particle  path  tracer,  shock  wave 
detector  and  so  on.  Two  or  more  flow  functions  can  be 
displayed  not  only  on  the  same  window  but  also  on  the 
two  or  more  windows  respectively  because  displaying 
two  or  more  functions  at  the  same  time  would  help 
undenstanding  of  the  physical  phenomenon.  One  of 
these  examples  are  shown  in  Figure  15.  It  shows  pres¬ 
sure  contours  of  the  flow  field  around  a  double  delta 
wing  (discussed  above)  on  the  left  window  and  total 
pressure  contours  on  the  right  window.  The  picture 
are  obtained  in  the  following  simple  manner.  Firstly, 
the  grid  and  flow  data  are  read  in.  Then  two  windows 
are  opened.  The  left  window  is  selected  to  display 
the  pressure  contours  and  then  the  right  window  is  se¬ 
lected  to  display  the  total  pressure  contours.  The  third 
window  can  be  opened  and  on  which  another  function 
can  be  displayed  if  necessary.  Also  the  transforma¬ 
tions,  which  are  the  translation,  the  rotation  and  the 
scaling,  can  interactively  be  done  as  will  be  described 
later. 

Next  is  the  other  way  of  using  the  multi- windows. 
We  use  GWS  because  output  list  of  enormous  numbers 
obtained  by  the  CFD  computation  is  too  difficult  to 
understand.  However,  after  displaying  the  computed 
results  on  the  screen  we  frequently  find  that  we  want 
to  extract  the  digital  numbers  from  the  result  on  the 
screen.  One  example  is  the  three-dimensional  posi¬ 
tions  such  as  the  center  of  a  vortex.  Figure  16  shows 
an  example  of  three-dimensional  positioning  using  the 
multi-windows.  The  left  window  is  the  front  view  and 
the  right  window  is  the  side  vievv  of  the  same  objects. 
Hair  cursors  move  corresponding  to  the  movement  of 
the  mouse.  If  you  want  to  know  the  position  of  the 
vortex  center  of  the  third  cross  section,  for  instance,  it 
is  achieved  by  setting  the  hair  cursors  crossed  at  the 


center  of  vortex  on  the  two  windows  as  shown  in  Fig¬ 
ure  16.  Because  the  right  window  is  perpendicular  to 
the  left  one,  the  three-dimensional  position  is  uniquely 
defined  by  the  two  set  of  the  hair  cursors. 

The  viewing  of  any  windows  can  be  modified  by 
mouse  input  while  the  viewing  has  its  own  default  val¬ 
ues.  Users  do  not  need  to  know  the  exact  definitions 
of  viewing  but  move  the  mouse  till  the  desired  viewing 
is  achieved. 

5.  Summary 

The  computer  code  named  LANS3D,  one  of  the 
representative  Navier-Stokes  codes  in  Japan,  is  taken 
as  an  example  and  the  capability  of  the  current  CFD 
technology  was  discussed.  This  code  was  developed 
for  the  numerical  simulation  of  high-Reynolds  num¬ 
ber  compressible  flows.  The  algorithm  used  in  this 
code  and  how  it  has  been  improved  so  far  explained 
two  important  aspects  of  the  computational  fluid  dy¬ 
namics  (CFD)  codes;  elficiency  and  accuracy.  Some 
of  the  application  examples  showed  the  capability  of 
the  code  for  engineering  problems.  The  code  and  its 
modified  versions  have  been  extensively  used  by  many 
researchers.  Reference  22  reviews  such  applications. 
There  are  many  problems  (such  as  turbulence  model, 
unsteady  effect)  to  be  solved  before  making  the  CFD 
codes  an  engineering  tool,  but  imminent  problem  is 
the  treatment  of  complex  configurations.  To  use  the 
best  of  the  CFD,  supporting  system  is  important  and 
the  graphic  software  development  for  fluid  dynamic  re¬ 
search  on  the  workstations  should  have  attention. 
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OA  EXPERIMENT 
—  PRESENT  RESULT 


Fig.  1  Cornpw'ison  of  the  computed  Cp  distributions  with  the  experimental  data  at  several 
spanwise  stations 

:  M„  =  0.82,  cr  =  2.46%  and  Re  =  2.0  x  10®. 


Fig.  2  Overall  view  of  the  discretized  region  of  the  grids  (upper  half  of  the  computational 
volume). 
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a)  overall  view 


b)  close-up  view 


Fig.  3  Computed  surface  pressure  contour  plots 

:Mco  =  0.82,  Of  =  6.00°,  and  Re  =  1.67  x  10®. 
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Fig.  5a  Cliordwiso  Cp  distributions  over  a  wing  surface  at  several  span-wise  stations 
:  Afeo  =  0.82,  a  =  4.00°,  and  Re  =  1.67  x  10®. 


Fig.  5b  Cliordwise  Cp  distributions  over  a  fu.selage  surface  at  several  circumfer^tial  stations 
:  =  0.82,  a  -  4.00°,  and  Re  =  1.67  x  Ifi®. 
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upwind  difference  result 


central  difference  result 


Fig.  8  Computed  total  pressure  contour  plots  at  several  chordwise  stations 
:  =  0.30,  a  =  12.0*,  and  Re  =  1.3  x  10®. 


upwind  result 


central  dilFerence 
result 


EXPERIMENT  BY 
BRENNENSTUHL&  HUMMEL: 

Re  =  1.3  X  106 


Fig.  9  Computed  vortex  position  compared  with  experiment 
.  :  M^=  0.30,  a  =  12.0*,  and  Re  =  1.3  x  10®. 
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upwind  difference  result  central  difference  result 

Fig.  10  Computed  total  pressure  contour  plots  at  several  cliordwise  stations  -medium  grid- 
:  =  0.30,  a  =  12.0%  and  Re  =  1.3  x  10®. 


PMAX  =  0.9900 


upwind  difference  result 


Fig.  11  Computed  total  pressure  contour  plots  at  several  chordwlse  stations  -medium  grid- 
;  Moo  =  0.30,  a  =  30.0°,  and  Re  —  1.3  x  10®. 


Fig.  15  Pressure  and  Total  pressure  contour  plots  over  double  delta  wing 
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Fig.  16  Three  dimensional  positioning  using  multi-windows 
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DISCUSSION 
by  F.  Stern 

Most  of  the  effort  to  improve  the 
calculation  results  has  been  devoted  to  the 
discretization  procedures  (ie,  upwind  or 
central  differencing)  and  grid  resolution  as 
opposed  to  the  removal  of  the  thin  layer 
assumption;  however,  for  the  complex  points 
considered  in  the  paper,  I  do  not  believe  that 
the  thin  layer  approximation  is  appropriate. 
Please  provide  justification  and  evidence  for 
its  case.  Also,  what  modifications  were  made 
to  the  Baldwin-Lomax  turbulence  model  in 
junction  regions? 

Author's  Reply 

Your  question  is  very  important.  Please 
read  the  paragraph  after  Eq.(l),  P.2  in  the 
manuscript.  Computational  grids  usually  used 
for  high  Reynolds  number  flow  simulations  have 
very  small  spacing  from  the  body  surface 
outward  but  have  relatively  large  spacing 
along  the  body  surface.  In  other  words,  cell 
aspect  ratio  is  quite  large.  With  such  grid, 
we  would  never  be  able  to  resolve  viscous 
terms  associated  with  the  strain  rates  along 
the  body  even  though  we  included  all  the 
viscous  terms  in  the  program.  This  was  chec)ced 
by  many  research  scientists  at  NASA  Ames  Re¬ 
search  Center  several  years  ago. 

The  same  is  true  for  the  region  away  from 
the  body  surface.  Since  grid  spacing  is  not  as 
fine  as  that  near  the  body  surface,  viscous 
terms  are  not  properly  evaluated  even  though 
the  program  computes  viscous  ierms  there. 
Thus,  we  can  say  that  we  are  just  simulating 
rotational  inviscid  flow  in  the  region  away 
from  the  body  surface  even  when  we  are  solving 
the  Navier-Stokes  equations.  Again,  I  have 
checked  how  large  the  contribution  by  the 
viscous  terms  is  compared  to  other  terms,  and 
the  result  said  no  contribution.  Hov ever, 
because  of  the  artificial  dissipation,  the 
solution  tends  to  be  dissipative  there.  For 
instance,  strength  of  the  vortex  tends  to 
decay  easily  even  with  the  Euler  computations. 
Thus  before  trying  to  evaluate  viscous  terms 
properly,  we  have  to  minimize  the  artificial 
dissipation  effect  and  this  can  be  realized  by 
the  use  of  high-resolution  upwind  method. 

Inclusion  of  all  the  viscous  terms  is  not 
a  difficult  task  and  probably  would  require 
only  10  to  20%  more  computational  time.  Number 


of  computational  grid  points  is  becoming 
larger  and  larger.  With  such  background,  I 
think  it  is  the  time  to  evaluate  all  the 
viscous  terms  to  remove  ambiguity.  Thin-layer 
approximation  is  only  a  practical 
approximation  and  should  be  given  up  soon  with 
the  increase  of  the  computational  grid 
points. 

Please  refer  [All  about  modification  of 
turbulence  model  at  juncture. 

(Al)  Hung,  C.M.  and  Buning,  P.G.,  "Simulation 
of  Blunt-Fin  Induced  Shock  Wave  and 
Turbulent  Boundary  Layer  Interaction",  J. 
Fluid  Mech.,  Vol.154,  pp.163-185,  1985. 


DISCUSSION 
by  Y.  Kodama 

You  showed  comparison  of  "coarse  grid" 
case  and  "fine  grid"  case.  But  in  some  cases 
"fine  grid"  is  not  fine  enough  to  resolve  the 
flow  field.  When  you  compute  a  flow,  on  what 
principle  do  you  determine  the  number  of  grid 
points? 

Author's  Reply 

The  best  way  to  determine  the  number  of 
the  grid  points  is  to  compute  the  flow  field 
until  the  solution  does  not  change  with 
further  increase  of  the  grid  points.  However, 
in  practice,  it  is  impossible  to  do  so 
especially  in  the  case  of  large  scale  com¬ 
putation.  The  fine  grid  I  used  in  the 
computation  was  the  maximum  number  of  the 
grid  points  that  fitted  into  the  main  memory 
of  the  super-computer  used  for  that 
computation.  We  considered  that  the  solution 
resolved  at  least  the  global  feature  of  the 
flow  by  comparing  it  with  the  experiment.  It 
is  true  that  the  solution  I  have  shown  lacks 
capturing  small  scales  and  thus,  did  not  go 
into  the  quantitative  comparison  of  the  detail 
(See  AIAA  J.  Sept.,  1989  by  Fuji!  and  Schiff). 
Besides,  there  were  many  more  assumptions  such 
as  flow  symmetry  (which  never  realize  when 
breakdown  takes  place)  and  no  turbulence 
model.  We  can  st..ll  say  that  vortical  flow 
requires  fine  grid  resolution  from  the  fact 
that  the  solution  depended  on  the  grid 
resolution.  Further  research  in  the  near 
future  using  more  grid  points  will  show  how 
reasonable  the  current  solution  is. 
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Boundary-Layer  Stability  and  Transition 


W.  S.  Saric 

Arizona  State  University 
Tempe,  USA 


Abstract 

Within  the  last  five  years,  increased  emphasis  on 
secondary  instability  analysis  along  with  the 
experimental  observations  of  subharmonic  instabilities 
have  changed  the  picture  of  the  transition  ptocess  for 
boundary  layers  in  low-disturbance  environments. 
Additional  efforts  with  Navier-Stokes  computations 
have  formed  an  impressive  triad  of  tools  that  are 
beginning  to  unravel  the  details  of  the  early  stages  of 
transition.  This  paper  reviews  these  recent  efforts. 

Symbols 

a  chordwise  complex  wavenumber  normalized  by 
L 

A  disturbance  amplitude 

Ao  amplitude  at  R=Ro,  usually  Branch  I 

Cp  pressure  coefficient 

F  (o/R  =  6.28fvAJo2:  dimensionless  frequency 

f  dimensional  frequency  [hz] 

L  '7vx*AJo:  boundary-layer  reference  length. 

N  ln(A/Ao):  amplification  factor 

R  "VRj;  =  UJVv:  boundary-layer  Reynolds  number 

Ro  initial  boundary-layer  Reynolds  number,  usually 
Branch  I 

Rx  UoX*/v:  x-Reynolds  number  or  chord  Reynolds 
number 

U  basic-state  chordwise  velocity  normalized  by  Uo 
Uo  freestream  velocity,  [m/s] 

V  kinemaiic  viscosity  [mVs] 

(0  dimensionless  circular  frequency 

X*  dimensional  chordwise  coordinate  [m] 

chordwise  coordinate  normalized  with  L 


y  normal-to-the-wall  coordinate 

z  spanwise  coordinate 


1.  Introduction 

The  problems  of  understanding  the  origins  of 
turbulent  flow  and  transition  to  turbulent  flow  are  the 
most  important  unsolved  problems  of  fluid  mechanics 
and  aerodynamics.  There  is  no  dearth  of  applications 
for  information  regarding  transition  location  and  the 
details  of  the  subsequent  turbulent  flow.  A  few 
examples  can  be  given  here.  (1)  Nose  cone  and  heat 
shield  requirements  on  reentry  vehicles  and  the 
“aerospace  airplane"  are  critical  bnctions  of  transition 
altitude.  (2)  Vehicle  dynamics  and  "observables"  are 
modulated  by  the  occurrence  of  laminar-turbulent 
transition.  (3)  Should  transition  be  delayed  with 
Laminar  Flow  Control  on  the  wings  of  large  transport 
aircraft,  a  25%  savings  in  fuel  will  result.  (4)  Lack  of  a 
reliable  transition  prediction  scheme  hampers  efforts  to 
accurately  predict  airfoil  surface  heat  transfer  and  to 
cool  the  blades  and  vanes  in  gas  Uirbine  engines.  (S) 
The  performance  and  detection  of  submarines  and 
torpedoes  are  significantly  influenced  by  turbulent 
bound^-layer  flows  and  efforts  directed  toward  drag 
reduction  require  the  details  of  the  turbulent  processes. 
(6)  Separation  and  stall  on  low-Reynolds-number 
airfoils  and  turbine  blades  strongly  depend  on  whether 
the  boundary  layer  is  laminar,  transitional,  or  turbulent. 

The  common  thread  connecting  each  of  these 
applications  is  the  fact  that  they  all  deal  with  bounded 
shear  flows  (boundary  layers)  in  open  systems  (with 
different  upstream  or  initial  amplitude  conditions).  It  is 
well  known  that  the  stability,  transition,  and  turbulent 
characteristics  of  bounded  shear  layers  are 
fundamentally  different  from  those  of  free  shear  layers 
(Morkovin.  1969;  Tani,  1969;  Reshotko,  1976). 
Likewise,  the  stability,  transition,  and  turbulent 
characteristics  of  open  systems  are  fundamentally 
different  from  those  of  closed  systems  (Tatsumi,  1984). 
The  distinctions  are  vital.  Because  of  the  influence  of 
indigenous  disturbances,  surface  geometry  and 
roughness,  sound,  heat  transfer,  and  ablation,  it  is  not 
possible  to  develop  general  prediction  schemes  for 
transition  location  and  the  nature  of  turbulent  structures 
in  boundary-layer  flows. 
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There  have  been  a  number  of  recent  advances  in 
the  mathematical  theory  of  chaos  that  have  been 
applied  to  closed  systems.  Sreenivasan  and  Strykowsid 
(1984),  among  others,  discuss  the  extension  of  these 
ideas  to  open  systems  and  conclude  that  the  relationship 
is  still  uncertain.  It  appears  from  a  recent  workshop 
and  panel  discussion  ^iepmann  et  al.  1986)  that  the 
direct  application  of  chaos  theory  to  open  systems  is 
still  some  distance  away.  However,  the  prospect  of 
incorporating  some  of  the  mathematical  ideas  of  chaos 
into  open  system  problems  and  of  encouraging  the 
transfer  of  data  to  ^e  mathematicians  is  good.  Since 
there  is  still  some  uncertainty  in  the  direct  application 
of  chaos  theory  to  transition  no  further  mention  of  this 
will  be  given  here. 

The  purpose  of  this  report  is  to  bring  into 
perspective  certain  advances  to  our  understanding  of 
laminar-turbulent  transition  that  have  occurred  within 
the  last  five  years.  In  particular,  these  advances  have 
been  made  by  simultaneous  experimental,  theoretical, 
and  computational  efforts. 


1.1  Basic  Ideas  of  Transition 

With  the  increased  interest  in  turbulent  drag 
reduction  and  in  large  scale  structures  within  the 
turbulent  boundary  layer,  researchers  in  turbulence 
have  been  required  to  pay  attention  to  the  nature  of 
laminar-turbulent  transition  processes.  It  is  generally 
accepted  that  the  transition  from  laminar  to  turbulent 
flow  occurs  because  of  an  incipient  instability  of  the 
basic  flow  field.  This  instability  intimately  depends  on 
subtle,  and  sometimes  obscure,  details  of  the  flow.  The 
process  of  transition  for  boundary  layers  in  external 
flows  can  be  qualitatively  described  using  the  following 
(albeit,  oversimplified)  scenario. 

Disturbances  in  the  freestream,  such  as  sound  or 
vorticity,  enter  the  boundary  layer  as  steady  and/or 
unsteady  fluctuations  of  the  basic  state.  This  part  of  the 
process  is  called  receptivity  (Morkovin,  1969)  and, 
although  it  is  still  not  well  understood,  it  provides  the 
vital  initial  conditions  of  amplitude,  frequency,  and 
phase  for  the  breakdown  of  laminar  flow.  Initially 
these  disturbances  may  be  too  small  to  measure  and 
they  are  observed  only  after  the  onset  of  an  instability. 
The  type  of  instability  that  occurs  depends  on  Reynolds 
number,  wall  curvature,  sweep,  roughness,  and  initial 
conditions.  The  initial  growth  of  these  disturbances  is 
described  by  linear  stability  theory.  This  growth  is 
weak,  occurs  over  a  viscous  length  scale,  and  can  be 
modulated  by  pressure  gradients,  mass  flow, 
temperature  ^adients,  etc.  As  the  amplitude  grows, 
three-dimensional  and  nonlinear  interactions  occur  in 
the  form  of  secondary  instabilities.  Disturbance  growth 
is  very  rapid  in  this  case  (now  over  a  convective  length 
scale)  and  breakdowr  .o  turbulence  occurs. 

For  many  years,  linear  stability  theory,  with  the 
Orr-Sommerfeld  equation  as  its  keystone,  served  as  the 
basic  tool  for  predictors  and  designers.  Since  the  ihitiai 
growth  is  linear  and  its  behavior  can  be  easily 
calculated,  uransition  prediction  schemes  are  usually 
based  on  linear  theory.  However,  since  the  initial 
conditions  (receptivity)  are  not  generally  known,  only 
correlations  are  possible  and,  most  importantly,  these 
correlations  must  be  between  two  systems  with  similar 


environmental  conditions.  The  impossibility  of 
matching  or  fully  understanding  these  environmental 
conditions  has  led  to  the  failure  of  any  absolute 
transition  prediction  scheme  for  even  the  simple  Blasius 
flat-plate  boundary  layer. 

The  preceding  does  not  always  follow  the  observed 
behavior.  At  times,  the  initial  instability  cani  be  so 
strong  that  the  growth  of  linear  disturbances  is  by¬ 
passed  (Morkovin,  1969)  in  such  a  way  that  turbulent 
spots  appear  or  secondary  instabilities  occur  and  the 
flow  quickly  becomes  turbulent.  This  phenomenon  is 
not  well  understood  but  has  been  documented  in  cases 
of  roughness  and  high  freestream  turbulence  (Reshotko, 
1986).  In  this  case,  transition  prediction  schemes  based 
on  linear  theory  fail  completely. 


1.2  Review  of  the  Literature 

The  literature  review  follows  the  outline  of  the 
process  described  above  and  begins  with  Reshotko 
(1984a,  1986)  on  receptivity  (i.e.  the  means  by  which 
freestream  disturbances  enter  the  boundary  layer).  In 
these  papers,  Reshotko  summ.irizes  the  recent  work  in 
this  area  and  points  out  the  difficulties  in  understanding 
the  problem.  Indeed,  the  receptivity  question  and  the 
knowledge  of  the  initial  conditions  are  the  key  issues 
regarding  a  transition  prediction  scheme.  Of  particular 
concern  to  the  transition  problem  are  the  quantitative 
details  of  the  roles  of  freestream  sound  and  turbulence. 
Aside  from  some  general  correlations,  this  is  still  an 
opaque  area.  However,  in  section  3.2  below,  a 
demonstration  of  the  role  of  initial  conditions  on  the 
observed  transition  phenomenon  is  discussed. 

The  details  of  linear  stability  theory  are  given  in 
Mack  (1984b).  This  is  actually  a  monograph  on 
boundary-layer  stability  theory  and  should  be 
considered  required  reading  for  those  interested  in  all 
aspects  of  the  subject.  It  covers  58  pages  of  text  with 
170  references.  In  particular,  his  report  updates  the 
three-dimensional  (3-D)  material  in  Mack  (1969), 
covering  in  large  part  Mack’s  own  contributions  to  the 
area. 

The  foundation  paper  with  regard  to  nonlinear 
instabilities  is  Klebanoff  et  al.  (1962).  This  seminal 
work  spawned  numerous  experimental  and  theoretical 
works  (not  all  successful)  for  the  period  of  20  years 
after  its  publication.  It  was  not  until  the  experimental 
observations  of  subharmonic  instabilities  by  Kachanov 
et  al.  (1977),  Kachanov  and  Levchenko  U984X  and 
Saric  and  Thomas  (1984),  along  with  the  work  on 
secondary  instabilities,  that  additional  progress  was 
made  in  this  area.  Recent  papers  of  Herbert  (1984a,b,c; 
1985;  1986a,b)  cover  the  problems  of  secondary 
instabilities  and  noniinearities,  i.e.  those  aspects  of  the 
breakdown  process  that  succeed  the  growth  of  linear 
disturbances.  It  should  be  emphasized  that  two- 
dimensional  waves  do  not  completely  represent  the 
breakdown  process  since  the  transition  process  is 
always  three-dimensional  in  bounded,  shear,  flows. 
Herbert  describes  the  recent  efforts  in  extending  the 
stability  analysis  into  regions  of  wave  interactions  that 
produce  higher  harmonics,  three-dimensionality, 
subharmonics,  and  large  growth  ratcs-all  harbingers  of 
transition  to  turbulence.  Recent  3-D  Navier-Stokes 
computations  by  Fasel  (1980,1986),  Spalart  (1984), 
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Spalart  and  Yang  (1986),  Kleiser  and  Laurien  (1985, 
1986)  Reed  and  co-workers  (Singer  et  al.  1986,  1987; 
Yang  ct  a!.  1987)  have  added  additional  understanding 
to  the  phenomena.  More  is  said  about  this  in  section 
3.2, 

The  paper  by  Antal  (1984)  is  an  extensive 
description  and  review  of  transition  prediction  and 
correlation  schemes  for  two-dimensional  flows  that 
covers  34  pages  of  text  and  over  1(X)  citations.  An 
analysis  of  the  different  mechanisms  that  cause 
transition  such  as  Tollmien-Schlichting  (T-S)  waves, 
GOrtler  vortices,  and  turbulent  spots  is  given.  The 
effects  that  modulate  the  transition  behavior  are 
presented.  These  include  the  influence  of  freestream 
turbulence,  sound,  roughness,  pressure  gradient, 
suction,  and  unsteadiness.  A  good  deal  of  the  dtta 
comes  from  the  work  of  the  group  at  ONERA/CERT 
part  of  which  has  only  been  available  in  report  form. 
The  different  transition  criteria  that  have  been 
developed  over  the  years  are  also  described  which  gives 
an  overall  historical  perspective  of  transition  prediction 
methods. 

In  a  companion  paper.  Poll  (1984b)  extends  the 
description  of  transition  to  3-D  flows.  When  the  basic 
State  is  three-dimensional,  not  only  are  3-D 
disturbances  important,  but  completely  different  types 
of  instabilities  can  occur.  Poll  concentrates  on  the 
problems  of  leading-edge  contamination  and  crossflow 
vortices,  both  of  which  are  characteristic  of  swept-wing 
flows.  'Hie  history  of  these  problems  as  well  as  the 
recent  work  on  transition  prediction  and  control 
schemes  for  3-D  flows  are  discussed  by  Reed  and  Saric 
(1989). 

Reshotko  (1984b,  1985,  1986)  and  Saric  (1985b) 
review  the  application  of  stability  and  transition 
information  to  problems  of  drag  reduction  and  in 
particular,  laminar  flow  control.  They  discuss  a  variety 
of  the  laminar  flow  control  and  transition  control  issues 
which  will  not  be  covered  here. 


2.  Review  of  T-S  Waves 

The  disturbance  stats  is  restricted  to  two 
dimensions  with  a  one-dimensional  basic  state.  The  2- 
D  instability  to  be  considered  is  a  viscous  instability  in 
that  tlie  boundary-layer  velocity  profile  is  stable  in  the 
inviscid  limit  and  thus,  an  increase  in  viscosity  (a 
decrease  in  Reynolds  number)  causes  the  instability  to 
occur  in  the  form  of  2-D  traveling  waves  called  T-S 
waves.  All  of  this  is  contained  within  the  framework  of 
the  Oir-Sommerfeld  equation,  OSE.  The  historical 
development  of  this  work  is  given  in  Mack  (1984b)  and 
a  tutorial  is  given  by  Saric  (1985a). 

The  OSE  is  linear  and  homogeneous  and  forms  an 
eigenvalue  problem  which  consists  of  detentlining  the 
wavenumber,  a,  as  a  function  of  frequency,  ©, 
Reynolds  number,  R,  and  the  basic  state,  lf(y).  The 
Reynolds  number  is  usually  defined  as  R  =  VaVv  = 
nRI  and  is  used  to  represent  j^i.stancc  along  the 
surface.  In  general,  L  =  Vvx  AJo  is  niost 
straightforward  reference  length  to  use  because  of  the 
simple  form  of  R  and  because  the  Blasius  variable  is 
the  same  as  y  in  the  OSE,  When  comparing  the 
solutions  of  the  OSE  with  experiments,  the 


dimensionless  frequency,  F,  is  introduced  as  F  =  (O/R  = 
2jtfv/Uo2  where  f  is  the  frequency  in  Hertz. 

Usually,  an  experiment  designed  to  observe  T-S 
waves  and  to  verify  the  2-D  theory  is  conducted  in  a 
low-turbulence  wind  tunnel  (u'AJo  from  0.02%  to 
0.06%)  on  a  flat  plate  with  zero  pressure  gradient 
(determined  from  the  shape  factor  =  2.59  and  not  from 
pressure  measurements!)  where  the  virtual-leading- 
edge  effect  is  taken  into  account  by  carefully  controlled 
boundary-layer  measurements.  Disturbances  are 
introduced  by  means  of  a  2-D  vibrating  ribbon  using 
single-frequency,  multiple-fiequency,  step-function,  or 
random  inputs  (Pupator  and  Saric,  1989)  taking  into 
account  finite-span  effects  (Mack,  1984a).  Hot  wires 
measure  the  U  +  u'  component  of  velocity  in  the 
boundary  layer  and  d-c  coupling  separates  the  mean 
from  the  fluctuating  part.  The  frequency,  F,  for  single¬ 
frequency  waves  remains  a  constant. 

When  the  measurements  of  are  repeated  along  a 
scries  of  chordwise  stations,  the  maximum  amplitude  of 
the  waves  varies.  At  constant  frequency,  the 
disturbance  amplitude  initially  decays  until  the 
Reynolds  number  at  which  the  flow  first  becomes 
unstable  is  reached.  This  point  is  called  the  Branch  I 
neutral  stability  point  and  is  given  by  Ri.  The 
amplitude  grows  exponentially  until  the  Branch  II 
neutral  stability  point  is  reached  which  is  given  by  Rn. 
The  locus  of  Ri  and  Rij  points  as  a  function  of 
frequency  gives  the  neutral  stability  curve.  If  the 
growth  rate  of  the  disturbances  is  defined  as  a  = 
o(R,F),  Fig.  1  is  the  locus  of  o(R,F)  =0.  For  R  >  6(X) 
the  theory  and  experiment  agree  very  well  for  Blasius 
flow.  For  R  <  600  the  agreement  is  not  as  good 
because  the  theory  is  influenced  by  nonparallel  effects 
and  the  experiment  is  influenced  by  low  growth  rates 
and  nearness  to  the  disturbance  source.  Virtually  all 
problems  of  practical  interest  have  R  >  1000  in  which 
case  the  parallel  theory  seems  quite  adequate  (Caster, 
1974;  Saric  and  Nayfeh,  1977). 

By  assuming  that  the  growth  rate,  a  =  o(R,F),  to 
hold  locally  (within  the  quasi-parallel  flow 
approximation),  the  disturbance  equations  arc 
Integrated  along  the  surface  with  R  =  R(x)  to  give: 

A/Ao  =  exp(N) 

where  dN/dR  =  a,  A  and  A^  are  the  disturbance 
amplitudes  at  R  and  Ri,  respectively,  and  Rj  is  the 
Reynolds  number  at  which  the  constant-frequency 
disturbance  first  becomes  unstable  (Branch  I  of  the 
neutral  stability  curve). 

The  basic  design  tool  is  the  correlation  of  N  with 
transition  Reynolds  number,  Ry,  for  a  variety  of 
observations.  The  correlation  will  produce  a  number 
for  N  (say  9)  which  is  now  used  to  predict  Rt  for  cases 
in  which  experimental  data  are  not  available.  This  is 
the  celebrated  cw  method  of  Smith  and  von  Ingen  (e.g. 
Amal,  1984;  Mack,  1984b).  The  basic  LFC  technique 
changes  the  physical , parameters  and  keeps  N  within 
reasonable  limits  in  order  to  prevent  transition.  As  long 
as  laminar  flow  is  maintained  and  the  disturbances 
remain  linear,  this  method  contains  all  of  the  necessary 
physics  to  accurately  predict  disturbance  behavior.  As 
a  transition  prediction  device,  the  eN  method  is  certainly 
the  most  popular  technique  used  today.  It  works  within 


some  error  limits  only  if  comparisons  are  made  with 
experiments  with  identical  disturbance  environments. 
Since  no  account  can  be  made  of  the  initial  disturbance 
amplitude  this  method  will  always  be  suspect  to  large 
errors  and  should  be  used  with  extreme  care.  When 
bypasses  occur,  this  method  does  not  work  at  all.  Mack 
(1984b)  and  Arnal  (1984)  give  examples  of  growth-rate 
and  eN  calculations  showing  the  effects  of  pressure 
gradients,  Mach  number,  wall  temperature,  and  three 
dimensionality  for  a  wide  variety  of  flows.  These 
reports  contain  the  most  up-to-date  stability 
information. 


3.  Secondary  Instabilities  and  Transition 

There  are  different  possible  scenarios  for  the 
transition  process,  but  it  is  generally  accepted  that 
transition  is  the  result  of  the  uncontrolled  ^owth  of 
unstable  three-dimensional  waves.  Secondary 
instabilities  with  T-S  waves  are  reviewed  in  some  detail 
by  Herbert  (1984b,  1985,  1986),  Saric  and  Thomas 
(1984)  and  Saric  et  al.(1984).  Therefore,  only  a  brief 
outline  is  given  in  section  3.1  in  order  to  give  the  reader 
some  perspective  of  the  different  types  of  breakdown. 
Section  3.2  discusses  the  very  recent  results. 


3.1  Secondary  Instabilities 

The  occurrence  of  three-dimensional  phenomena  in 
an  otherwise  two-dimensional  flow  is  a  necessary 
prerequisite  for  transition  (Tani,  1981).  Such 
phenomena  were  observed  in  detail  by  Klebanoff  et  al. 
(1962)  and  were  attributed  to  a  spanwise  differential 
amplification  of  T-S  waves  through  corrugations  of  the 
boundary  layer.  The  process  leads  rapidly  to  spanwise 
alternating  "peaks"  and  "valleys",  i.e.,  regions  of 
enhanced  and  reduced  wave  amplitude,  and  an 
associated  system  of  streamwise  vortices.  The  peak- 
valley  structure  evolves  at  a  rate  much  faster  than  the 
(viscous)  amplification  rates  of  T-S  waves.  The 
schematic  of  a  smoke-streakline  photograph  (Saric  et 
al.  1981)  in  Fig.  1  shows  the  sequence  of  events  after 
the  onset  of  "peak-valley  splitting".  This  represents  the 
path  to  transition  under  conditions  similar  to  Klebanoff 
et  al.  (1962)  and  is  called  a  K-type  breakdown.  TOe 
lambda-shaped  (Hama  and  Nutant,  1963)  spanwise 
corrugations  of  streaklines,  which  correspond  to  the 
peaJc-valley  structure  of  amplitude  variation,  are  a  result 
of  weak  3-D  displacements  of  fluid  particles  across  the 
critical  layer  and  precede  the  appearance  of  Klebanoff’s 
"hair-pin"  vortices.  This  has  been  supported  by  hot¬ 
wire  measurements  and  Lagrangian-type  streakline 
prediction  codes  (Saric  et  al.,1981;  Herbert  and 
Bertolotti,  1985).  Note  that  the  lambda  vortices  are 
ordered  in  that  peaks  follow  peaks  and  valleys  follow 
valleys. 

Since  the  pioneering  work  of  Nishioka  et  al.(19t5, 
1980),  it  is  accepted  that  the  basic  transition 
phenomena  observed  in  plane  channel  flow  are  the 
same  as  those  observed  in  boundary  layers.  Tlierefore, 
little  distinction  will  be  given  here  as  to  whether  work 
was  done  in  a  channel  or  a  boundary'  layer.  From  the 
theoretical  and  computational  viewpoint,  the  plane 
channel  is  particularly  convenient  since  the  Reynolds 
number  is  constant,  the  mean  flow  is  strictly  parallel, 
certain  symmetry  conditions  apply,  and  one  is  able  to 


do  temporal  theory.  Thus  progress  has  been  first  made 
with  the  channel  flow  problem. 

Different  types  of  three-dimensional  transition 
phenomena  recently  observed  (e.g.  Kachanov  et  al. 
1977;  Kachanov  and  Levchenko,  1984;  Saric  and 
Thomas,  1984;  Saric  et  al.  1984,  Kozlov  and 
Ramanosov,  1984)  are  characterized  by  staggered 
patterns  of  peaks  and  valleys  (see  Fig.  2)  and  by  their 
occurrence  at  ve^  low  amplitudes  of  the  fundamental 
T-S  wave.  This  pattern  also  evolves  rapidly  into 
transition.  These  experiments  showed  that  the 
subharmonic  of  the  fundamental  wave  (a  necessary 
feature  of  the  staggered  pattern)  was  excited  in  the 
boundary  layer  and  produced  either  the  resonant  wave 
interaction  predicted  by  Craik  (1971)  (called  the  C- 
type)  or  the  secondary  instability  of  Herbert  (1983) 
(called  the  H-type).  Spectral  broadening  to  turbulence 
with  self-excited  subharmonics  has  been  observed  in 
acoustics,  convection,  and  free  shear  layers  and  was  not 
identified  in  boundary  layers  until  the  results  of 
Kachanov  et  al.  (1977).  This  paper  reinitiated  the 
interest  in  subharmonics  and  prompted  the 
simultaneous  verification  of  C-type  resonance  (Thomas 
and  Saric,  1981;  Kachanov  and  Levchenko,  1984). 
Subharmonics  have  also  been  confirmed  for  channel 
flows  (Kozlov  and  Ramazanov,  1984)  and  by  direct 
integration  of  the  Navier-Stokes  equations  (Spalart, 
1984).  There  is  visual  evidence  of  subharmonic 
breakdown  before  Kachanov  et  al.  (1977)  in  the  work 
of  Hama  (1959)  and  Knapp  and  Roache  (1968)  which 
was  not  recognized  as  such  at  the  time  of  their 
publication.  The  recent  work  on  subharmonics  is  found 
in  Herbert  (1985,  1986a,b),  Saric,  Kozlov  and 
Levchenko  (1984),  and  Thomas  (1986). 

The  important  issues  that  have  come  out  of  the 
subharmonic  research  is  that  the  second^  instability 
depends  not  only  on  disturbance  amplitude,  but  on 
phase  and  fetch  as  well.  Fetch  means  here  the  distance 
over  which  the  T-S  wave  grows  in  the  presence  of  the 
3-D  background  disturbances.  If  T-S  waves  are 
permitted  to  grow  for  long  distances  at  low  amplitudes, 
subliarmonic  secondary  instabilities  are  initiated  at 
disturbance  amplitudes  of  less  than  0.3%Uo.  Whereas, 
if  larger  amplitudes  are  introduced,  the  breakdown 
occurs  as  K-type  at  amplitudes  of  1%  Uo.  Thus,  there 
no  longer  exists  a  "magic"  amplitude  criterion  for 
breakdown. 

A  consequence  of  this  requirement  of  a  long 
enough  fetch  for  the  subharmonic  to  be  entrained  from 
the  background  disturbances  is  that  the  subharmonic 
interaction  will  occur  at  or  to  the  right  of  the  Branch  n 
neutral  stability  point.  Since  this  is  in  the  stable  region 
of  the  fundamental  wave,  it  was  not  likely  to  be 
observed  because  the  experimenters  quite  naturally 
concentrated  their  attention  of  measurements  between 
Branch  I  and  Branch  II. 


3.2  Recent  Results 

The  surprise  that  results  from  the  analytical  model 
of  Herbert  (1986a,b)  and  the  Navier-Stokes 
computations  of  Singer,  Reed,  and  Ferziger  (1986),  is 
that  under  conditions  of  the  experimentally  observed  K- 
Type  breakdown,  the  subhaimonic  H-Type  is  still  the 
dominant  breakdown  mechanism  instead  of  the 
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fundamental  mode.  This  is  in  contrast  to  Klcbanoff’s 
experiment,  confirmed  by  Nishioka  et  al.  (1975, 
1980), Kachanov  et  al.  (1977),  Saric  and  Thomas 
(1984),  Saric  et  al.  (1984),  and  Kozlov  and  Ramazanov 
(1984)  where  only  the  bieakdown  of  the  fundamental 
into  higher  harmonics  was  observed.  Only  Kozlov  and 
Ramazanov  (1984)  observed  the  H-type  in  their  channel 
experiments  and  only  when  they  artifieially  introduced 
the  subharmonic. 

This  apparent  contradiction  was  resolved  by 
Singer,  Reed,  and  Ferziger  (1987).  Here  the  full  three- 
dimensional,  time-dependent  incompressible  Navier- 
Stokes  equations  are  solved  with  no-slip  and 
impermeability  conditions  at  the  walls.  Periodicity  was 
assumed  in  both  the  streamwise  and  spanwise 
directions.  The  implementation  of  the  method  and  its 
validation  are  described  by  Singer,  Reed  and  Ferziger 
(1986).  Initial  conditions  include  a  two-dimensional  T- 
S  wave,  random  noise,  and  streamwise  vortices.  No 
shape  assumptions  are  necessary,  the  spectrum  is  larger, 
and  random  disturbances  whether  freestream  or  already 
in  the  boundary  layer  can  be  introduced  and  monitored 
for  growth  and  interactions  (Singer,  Reed,  and  Ferziger, 
1986).  Other  advantages  realized  by  computations  are 
1)  the  inclusion  of  boundary-layer  growth,  neglected  in 
linear  theory  but  important  to  the  growth  of  secondary 
instabilities,  2)  the  generation  of  ensemble  averages,  3) 
the  visualization  of  flow  phenomena  for  comparison 
with  experiments  (advanced  graphics  capability),  and  4) 
the  calculation  of  vorticity  and  energy  spectra,  often 
unavailable  from  experiments. 

The  streamwise  vortices  can  alter  the  relative 
importance  of  the  subharmonic  and  fundamental 
modes.  Streamwise  vortices  of  approximately  the 
strength  of  those  that  might  be  found  in  transition 
experiments  can  explain  the  difficulty  in  experimentally 
identifying  the  subharmonic  route  to  turbulence 
(Herbert  1983). 

The  corresponding  computational  visualizations  of 
Singer  et  al.  (1987)  ate  shown  in  Figs.  3  and  4;  flow  is 
from  lower  right  to  upper  left.  Figure  4  shows  the 
vortex  structures,  commonly  seen  in  the  transition 
process,  under  the  conditions  of  a  forced  2-D  T-S  wave 
and  random  noise  as  initial  conditions.  The 
subharmonic  mode  is  present  as  predicted  by  theory  but 
not  seen  experimentally.  Other  views  of  the  vortical 
structure  are  given  by  Herbert  (1986a).  However,  when 
streamwise  vorticity  (as  is  present  in  the  flow  from  the 
turbulence  screens  upstream  of  the  nozzle)  is  also 
included,  the  subharmonic  mode  is  overshadowed  by 
the  fundamental  mode  (as  in  the  experiments!).  The 
resulting  pattern,  ordered  peak-valley  structure,  is  seen 
in  Fig.  Here  is  a  case  in  which  the  computations 
have  explained  discrepancies  between  theory  and 
experiments. 

In  the  presence  of  streamwise  vorticity,  the 
fundamental  mode  is  preferred  over  the  subharmonic; 
this  agrees  with  experimental  observations,  but  not  with 
thcorj'  (which  docs  not  ?.ccounl  for  this  presence). 
Without  streamwise  vorticity,  the  subharmonic  modes 
dominate,  as  predicted  by  theory  and  confirmed  by 
computational  simulations.  In  the  presence  of 
streamwise  vorticity  characteristic  of  wind-tunnel 
experiments,  the  K-type  instability  dominates  and  the 
numerical  simulations  predict  the  experimental  results. 


Direct  numerical  simulations  ate  playing  an 
increasingly  important  role  in  the  investigation  of 
transition;  the  literature  is  Rowing,  especially  recently. 
This  trend  is  likely  to  continue  as  considerable  progress 
is  expected  towards  the  development  of  new,  extremely 
powerful  supercomputers.  In  such  simulations,  the  full 
Navicr-Stokes  equations  are  solved  directly  by 
employing  numerical  methods,  such  as  finite-difference 
or  spectral  methods.  The  direct  simulation  approach  is 
widely  applicable  since  it  avoids  many  of  the 
restrictions  that  usually  have  to  be  imposed  in 
theoretical  models. 

The  Navier-Stokes  solutions  are  taken  hand-in- 
hand  with  the  wind  tunnel  experiments  in  a 
complementary  manner.  The  example  of  Singer,  Reed, 
and  Ferziger  (1987)  illustrates  that  these  two  techniques 
cannot  be  separated.  The  next  step  in  the  simulations 
will  be  to  predict  the  growing  body  of  detailed  data 
being  developed  by  Nishioka  et  al.  (1980,  1981,  1984, 
1985)  on  the  latter  stages  of  the  breakdown  process. 


4.  Transition  Pi-ediction  and  Control 

When  the  recent  work  on  subharmonics  is  added  to 
the  discussion  at  the  end  of  section  3  on  the  limitations 
of  the  eN  method,  one  indeed  has  an  uncertainly 
principle  for  transition  (Morkovin,  1978).  Transition 
prediction  methods  will  remain  conditional  until  the 
receptivity  problem  is  adequately  solved  and  the  bypass 
mechanisms  are  well  understood.  In  the  mean  time, 
extreme  care  must  be  exercised  when  using  correlation 
methods  to  predict  transition.  Additional  problems  of 
transition  prediction  and  laminar  flow  control  are 
discussed  by  Reshotko  (1985,  1986).  The  main 
principle  of  laminar  flow  control  is  to  keep  the 
disturbance  levels  low  enough  so  that  secondary 
instabilities  and  transition  do  not  occur.  Under  these 
conditions,  linear  theory  is  quite  adequate  and  eN 
methods  can  be  used  to  calculate  the  effectiveness  of  a 
particular  LFC  device. 

The  idea  of  transition  control  through  active 
feedback  systems  is  an  area  that  has  received 
considerable  recent  attention  (Liepmann  and 
Nosenchuck,  1982;  Thomas,  1983;  Kleiser  and  Laurien, 
1984,  1985;  Metcalfe  et  al.,  1985).  The  technique 
consists  of  first  sensing  the  amplitude  and  phase  of  an 
unstable  disturbance  and  then  introducing  an 
appropriate  out-of-phase  disturbance  that  cancels  the 
original  disturbance.  In  spite  of  some  early  success, 
this  method  is  no  panacea  for  the  transition  problem. 
Besides  the  technical  problems  of  the  implementation 
of  such  a  system  on  an  aircraft,  the  issue  of  three- 
dimensional  wave  cancellation  must  be  addressed.  As 
Thomas  (1983)  showed,  when  the  2-D  wave  is 
canceled,  all  of  the  features  of  the  3-D  disturbances 
remain  to  cause  transition  at  yet  another  location. 
Some  clear  advantages  over  passive  systems  have  yet  to 
be  demonstrated  for  this  technique. 
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DISCUSSIOM 
by  F.  Stern 

Please  comment  on  the  influence  of  the 
type  of  breakdown  on  the  state  of  the 
resulting  turbulent  boundary  layer,  which  is 
quite  important  both  in  experiments  and 
calculations.  Also,  are  there  any 
similarities  between  the  processes  you  have 
classified  for  transition  and  those  associated 
with  relaminarization? 

Author's  Reply 

The  first  part  of  this  question  hits  to 
the  heart  of  the  motivation  for  doing  work  on 
the  latter  stages  of  transition. 

The  type  of  transition  is  importa.nt 
because  of  its  influence  on  the  large-scale 


structure  in  "low"  Reynolds  number  turbulent 
boundary  layers.  The  control  of  turbulent 
boundary  layers  then  rests  on  the  type  of 
large  scale  structure  that  may  be  present. 
For  "high"  Reynolds  number  turbulent  boundary 
layers,  the  situation  is  not  so  clear  i.e.  it 
is  hard  to  imagine  that  the  details  of  the 
transition  process  influence  the  structure  of 
fully  developed  turbulence. 

It  is  unlikely  that  any  of  the  structure 
of  the  transition  process  is  recovered  during 
relaminarization  of  a  turbulent  flow.  I 
believe  relaminarization  to  be  highly 
dissipative  due  to  large  changes  in  the  basic 
state  which  cause  a  loss  in  the  turbulence 
production  mechanisms.  Unfortunately,  there 
is  a  dearth  of  detailed  experiments  in  this 
area. 
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Abstract 

In  this  paper,  we  combine  RNG  modeling  tech¬ 
niques  with  spectral  element  discretization  proce¬ 
dures  to  formulate  an  algorithm  appropriate  for 
simulating  high  Reynolds  number  turbulent  flows 
in  complex  geometries.  Three  different  approaches 
of  modeling  are  followed  based  on  RNG  algebraic, 
differential  k  -  <,  and  subgrid-scale  models  for  the 
turbulent  viscosity.  Results  obtained  for  the  fully 
developed  channel  flow,  and  for  the  separated  floV 
in  a  cavity  and  over  a  backwards-  facing  step  sug¬ 
gest  that  all  three  formulations  are  suitable  for  tur¬ 
bulent  flow  simulations.  The  implementation  of 
RNG  models  within  the  framework  of  a  high-order 
discretization  scheme  (i.e.  spectral  element  meth¬ 
ods)  is  essential,  as  it  results  in  resolution  of  fine 
turbulence  structures  even  with  the  simple  differ¬ 
ential  k  ~  e  model  at  relatively  small  number  of 
degrees  of  freedom. 

1.  RENORMALIZATION  GROUP  FORMULATION 

Renormalization  Group  Theory  (RNG)  has  proven  to  be  a 
very  useful  tool  in  theoretical  physics  and  statistical  me¬ 
chanics  to  study  systems  with  a  very  large  number  of  de¬ 
grees  of  freedom.  The  most  prominent  use  of  this  approach 
was  in  developing  the  theory  of  phase  transitions  of  the 
second  kind.  Although  RNG  theoij  has  fouuu  lU  way  into 
fluid  mechanics  relatively  recently,  particularly  in  develop¬ 
ing  turbulence  theory  (1],  it  has  already  proved  to  be  a 
valuable  research  tool,  and  it  has  provided  a  series  of  inter¬ 
esting  theoretical  and  numerical  results.  A  milestone  for 
RNG  theory  in  fluid  mechanics  was  the  establishment  of 
the  so-called  correspondence  principle,  stating  that  in  the 
inertial  range  the  behavior  of  the  small-scale  Navier-Stokes 
turbulence  is  statistically  equivalent  to  the  modeled  Navier- 


Stokes  equation  with  the  addition  of  a  random  noise  term. 
This  principle  makes  it  possible  to  use  all  the  formalism  of 
classical  RNG  theory. 

Recently,  renormalization  group  methods  have  been  devel¬ 
oped  (1),  [2]  to  analyse  a  variety  of  turbulent  flow  problems. 
For  homogeneous  turbulent  flows,  such  important  quanti¬ 
ties  as  the  Kolmogrov  constant,  Batchelor  constant,  tur¬ 
bulent  Prandtl  number,  rate  of  decay  to  isotropy,  .skewnes 
factor,  etc.  have  been  obtained  directly  from  this  theory  in 
good  agreement  with  available  data.  Efforts  in  developing 
RNG  methods  for  sub-grid  (large-eddy  simulation)  model 
constants  have  also  been  notably  successful  [3]. 

RNG  methods  involve  systematic  approximations  to  the 
full  Navier-Stokes  equations  that  are  obtained  by  using 
perturbation  theory  to  eliminate  or  decimate  infinitesimal 
bands  of  small  scale  modes,  iterating  the  perturbation  pro¬ 
cedure  to  eliminate  finite  bands  of  modes  by  constructing 
recursion  relations  for  the  renormalized  transport  coeffi¬ 
cients,  and  evaluating  the  parameters  at  a  fixed  point  in  the 
lowest  order  of  a  dimensional  expansion  around  a  certain 
critical  dimension.  The  decimation  procedure,  when  ap¬ 
plied  successively  to  the  entire  wavenumber  spectrum  leads 
to  the  RNG  equivalent  of  full  closure  of  the  Reynolds  av¬ 
eraged  Navier-Stokes  equations.  The  resulting  RNG  trans¬ 
port  coefficients  are  differential  in  character  as  opposed  to 
ad  hoc  algebraic  coefficients  of  conventional  closure  meth¬ 
ods.  All  constants  and  functions  appearing  in  the  RNG 
closures  are  fully  determined  by  the  RNG  analysis. 

In  essence,  the  RNG  method  proviucs  an  analytical  niciuod- 
to  eliminate  small  scales  from  the  Navier-Stokes  equations, 
thus  leading  to  a  dynamically  consistent  description  of  the 
large-scales.  The  formal  process  of  successive  elimination  of 
small  scales  together  with  re-scaling  of  the  resulting  equa¬ 
tions  results  in  a  calculus  for  the  derivation  of  transport 
approximations  in  turbulent  flows. 
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The  renormalization  group  method  has  been  used  to  derive 
three  different  types  of  models:  an  algebraic  eddy  viscos¬ 
ity  model,  a  differential  k-e,  and  a  subgrid  scale  turbulence 
model  for  large  eddy  simulations[l].  The  governing  equa¬ 
tions  for  the  flow  motion  are  the  Navier-Stokes  equations: 


dvj  dvj  _  dp  d  .  dvj. 
dt^'^’dxj  9xi 

along. with  the  incompressibility  constraint 


(1) 

(2) 


Here  1/  is  the  total  viscosity  defined  as.  v  =  I'o-f-i'r  (the  sum 
of  the  molecular  and  turbulent  viscosity,  respectively). 


RNG  Algebraic  Model 

This  model  is  the  simplest  of  all,  however  it  is  not  very 
general  as  it  requires  the  a  priori  postulation  of  the  charac¬ 
teristic  integral  length  scale,  and  thus  an  assumption  needs 
to  be  made  based  on  physical  considerations.  The  eddy  vis¬ 
cosity  V  is  obtained  from  the  following  relation: 


where  Hix)  is  the  Heaviside  function  defined  by  H{x)  =  x 
for  X  >  0  and  //(x)  =  0  otherwise,  and  A  is  an  integral 
length  scale  of  the  turbulence  in  the  inertial  range.  The 
constants  o  =  0.120  and  C  =  100  are  derived  in  [1).  The 
mean  dissipation  rate  e  can  be  expressed  entirely  through 
the  resolvable  field  as 


2'9xy  dxi 


(4) 


The  total  viscosity  is  then  obtained  by  solving  an  algebraic 
cubic  equation  at  every  node  of  the  computational  domain 
at  each  time  step. 


RNG  k-e  Model 


This  is  a  differential  model  based  on  differential  recursion 
relations  discussed  in  [1].  It  is  free  of  adjustable  parame¬ 
ters,  however  two  additional  equations  are  derived  for  the 
turbulent  kinetic  energy  k,  and  the  rate  of  dissipation  e. 


Dt  ax;  ax;' 

(5) 

De  0  V  A.  ^  t 

(6) 

Here  we  define  the  production  term  P  based  on  the  turbu¬ 
lent  viscosity 

-  VT.dvi  , 

and  the  terms  P,  Y  are  defined  subsequently  from: 


The  RNG  procedure  provides  the  additional  two  differ¬ 
ential  equations  for  Ye  and  which  can  be  integrated  as 
follows 


Y,ul'^  -ny  TV  (^3  _  Qy,t 
ife.  _  4. 


(8a) 

(8b) 


Here  the  coefficients  (oviTv)  and  (a*,  7*)  are  known  con¬ 
stants  derived  from  the  asymptotic  behavior  of  the  model, 
while  the  parameter  a  involved  in  equations  (5-6)  is  the 
inverse  total  Prandtl  number  defined  from  the  RNG  alge¬ 
braic  relation  (qq  refers  to  molecular  properties) 

I  01  —  1.3929  |0.633t|  Q  -b  2.3929  |0.3678_  /q\ 

'  Qa  -  1.3929  '  '  ao  +  2.3929  '  v 

The  total  viscosity  u  is  implicitly  defined  from  equations 
(8)  at  each  node  of  the  computational  domain.  In  the  high 
Reynolds  number  region  where  u  »  vo)  we  obtain 

V  =  0.0845^  (10) 

This  high  Reynolds  number  approximation  is  similar  to 
that  commonly  used  in  algebraic  models.  Thus,  the  al¬ 
gebraic  models  contain  terms  like  which  diverge  when 
1;  — >  0  (i.e.,  near  wall  regions  or  separation  zones)  thus 
creating  immense  difficulties  computationally.  The  differ¬ 
ential  relations  obtained  via  RNG  techniques,  however,  do 
not  contain  such  singular  behavior  and  thus  have  great  po¬ 
tential  for  success  with  separating  flows.  The  differential 
relations  provide  definitive  interpolation  formulae  to  con¬ 
nect  low  and  high  Reynolds  regions  of  the  flow. 


RNG  subgrid-scale  Model 

In  large  eddy  simulations  (LBS)  the  velocity  field  v,-  is  de¬ 
composed  into  large  scales  v,'  and  subgrid  components  v|. 
It  is  the  modeling  of  terms  involved  these  latter  compo¬ 
nents  that  is  crucial  for  accurate  computations  as  previous 
attempts  using  various  subgrid  models  [4]  have  indicated. 
The  RNG  subgrid  model  is  derived  by  elimination  of  modes 
from  the  interval  Ao  A,  where  A  =  7(^)*/^  (7  =  0.20)  is 
a  dissipation  cut-off  limit,  and  the  wavevector  Ao  =  Ae"’’ 
can  be  expressed  through  the  computational  mesh  size  A. 
The  general  RNG  derived  viscosity  given  by 

•'r  =  i'o(l  +  ;;gj(e^^-l))‘/*  (n) 

can  then  be  expressed  in  terms  of  a  length  scale  A,  which 
in  LES  represents  the  width  of  a  suitably  chosen  Gaussian 


as  in  (3),  where  A  is  given  by  the  integral 


A<=f/’r 


dkdpdq 

(fc2+p2  + ,3)7/3 


P  =  O.OSOe'/’r.P 
Y  =  ^/X 


(7b) 

(7c) 
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(12) 


Here  Ai  =  w/A,-  (for  i  =  1, 2, 3)  and  Aj  =  2A,-.  The  above 
integral  can  be  readily  evaluated  by  breaking  it  up  to  three 
asymptotic  integrals  and  a  Unite  triple  integral  that  can 
be  computed  numerically.  In  cases  of  simple  geometries 
(i.e.  plane  channels)  the -integral  can  be  evaluated  through 
algebraic  relations  [3]. 


2.  SPECTRAL  ELEMENT  METHODOLOGY 


Let  us  denote  by  0  the  three-dimensional  computational 
domain,  and  by  dfl  the  computational  boundary-surface; 
we  can  then  rewrite  the  governing  equations  (1)  in  the  form, 


dv; 

It 


d  .  dvi. 


in  (I 


(13) 


where  ffi  includes  all  nonlinear  and  forcing  terms  (e.g.  the 
random  force  to  be  included  in  LBS).  The  separation  of 
linear  and  nonlinear  terms  in  the  above  equation  leads 
naturally  to  a  mixed  (explicit-implicit)  time  advancement 
scheme.  The  temporal  discretization  proceeds  by  employ¬ 
ing  the  splitting  scheme;  accuracy  and  relative  advantages 
of  the  scheme  in  the  current  applications  are  discussed  in 
[5].  The  resulting  system  of  equations  is  a  system  of  sepa¬ 
rately  solvable  elliptic  equations  for  pressure  and  velocity. 
The  discretization  of  these  equations  in  space  is  obtained 
through  the  spectral  element  method.  For  simplicity  we 
only  present  the  two-dimensional  equations,  however  our 
implementation  is  general  for  truly  three-dimensional  ge¬ 
ometry  and  flow.  Here  we  follow  a  ’layered’  approach,  ac¬ 
cording  to  which  the  discretizations  and  solvers  are  con¬ 
structed  on  the  basis  of  a  hierarchy  of  nested  operators 
proceeding  from  the  highest  to  the  lowest  derivatives.  This 
approach  is  motivated  by  the  fact  that  the  highest  deriva¬ 
tives  in  an  equation  govern  the  continuity  requirements, 
conditioning,  and  stability  of  the  system.  Given  the  brevity 
of  the  current  paper  we  shall  limit  our  description  of  spec¬ 
tral  element  methods  to  the  innermost  layer,  the  elliptic 
’kernel’,  which  represents  both  the  pressure  equation  and 
the  viscous  corrections  in  equation  (13). 

A  typical  elliptic  equation  for  a  fleld  variable  ^  can  be 
put  in  a  standard  Helmholtz  equation  form  with  variable 
coefficients  as  follows 

^(^^)_A’^  =  /  in  n  for  i  =  l,2  (14) 

In  addition,  let  us  assume  homogeneous  boundary  condi¬ 
tions  ^  =  0  on  dSl.  Equation  (14)  can  then  be  further 
discretized  using  planar  spectral  elements  in  plane  x  —  y. 
If  we  define  the  standard  Sobolev  space  that  contains 
functions  which  satisfy  homogeneous  boundary  conditions, 
and  introduce  testfunctions  tl>  (■  can  then  write  the 

equivalent  variational  statement  of  (14)  as. 


The  spectral  element  discretization  corresponds  to  nmner- 
ical  quadrature  of  the  vn-iational  form  (15)  restricted  to 
the  space  Xk  C  Hq-  discrete  space  Xh  is  defined 
in  terms  of  the  spectral  element  discretization  parameters 
{K,Ni,  Wj),  where  K  is  the  number  of  ’’spectral  elements", 
and  Ni,Ni  are  the  degrees  of  piecewise  high-order  polymo- 
mials  in  the  two  directions  respectively  that  fill  the  space 
Xk.  By  selecting  appropriate  Gauss-Lobatto  points  and 
corresponding  weights  =  PpP„  equation  (15)  can  be  re¬ 
placed  by, 

K  N,  N, 

knlpmOfsO 
K  Hi  K, 

jkBlpaOfsO 

Here  is  the  Jacobian  of  the  transformation  from  global 
to  local  coordinates  (x,y)  =t-  (r,  r),  for  the  two-dimensional 
element  k.  The  Jacobian  is  easily  calculated  from  the  par¬ 
tial  derivatives  of  the  geometry  transformation  r*,  r^,  s„ 

The  next  step  in  implementing  (16)  is  the  selection  of  a 
basis  which  reflects  the  structure  of  the  piecewise  smooth 
space  Xk‘  We  choose  an  interpolant  basis  with  components 
defined  in  terms  of  Legendte-Lagrangian  interpolants,  hi{rf)  = 

Sij.  Here,  r,-  represents  local  cordinate  and  is  the  Kronecker- 
delta  symbol.  It  was  shown  in  [6],  [7]  that  such  a  spectral 
element  implementation  converges  spectrally  fast  to  the  ex¬ 
act  solution  for  a  fixed  number  of  elements  K  and  W  — »  oo, 
for  smooth  data  and  solution,  even  in  non-rectilinear  ge¬ 
ometries. 

Having  selected  the  basis  we  can  proceed  in  writing  the 
local  to  the  element  k  spectral  element  approximations  for 
^*,(or  ^*)  as  follows, 

=  ^IUftm(r)h„(s)  Vm,n  6  (0 . N,),(0 . W,), 

(17a) 

where  is  the  local  nodal  value  of  The  geometry  is 
also  represented  via  similar  type  tensozial  products  with 
sazne-order  polynomial  degree,  i.e. 

(®,y)*  =  (x*„,y*„)/!m(r)hn(s)  Vm,n 

e(0,...,Wi),(0 . Ni),  (17b) 

Here  are  the  global  physical  coordinates  of  the- 

node  mn  in  the  k  element.  This  isoparametric  mapping 
leads  to  a  compatible  pressure  formulation  without  the 
presence  of  spurious  modes  [5]. 

We  now  insert  (17)  into  (16)  and  choose  test  functions 
which  are  non-vanishing  at  only  one  global  node  to  arrive 
at  the  discrete  matrix  system.  This  procedure  is  straight¬ 
forward  and  here  we  cite  the  final  matrix  system. 


E  E  E 

UlpoOfcO  OXjOXj 


yj 


hi: 

fcsl  msOmsO 

=  -'£'!:  Z^BLsyL, 

ksl  msOmsO 

where  l  denotes  direct  stiffness  summation  for  the  global 
system  to  insure  that  the  ensemble  is  performed  in  space 
/f*.  The  x-component,  for  example,  of  the  Helmholtz  op¬ 
erator  is  defined  as  follows, 

~  ^^^ftPqPqn^mp 

+  ^^^^f(PpPqrfmp  ■*■  ^’'^^pPqPpnfn^  (18b) 

Here  Vf^  =  and  Dij  =  ^(^i);  all  other  parame¬ 

ters  have  been  defined  previously.  The  mass  matrix  is 
diagonal  and  is  defined  as  Bf'j  =  piSij.  The  y-component 
of  the  Helmholtz  operator  is  defined  similarly. 

The  natural  choice  of  solution  algorithm  for  a  time-  and 
space-dependent  viscosity  i>{x,y,t)  is  an  iterative  proce¬ 
dure;  to  date  both  conjugate  gradient  techniques  and  multi¬ 
grid  methods  have  been  implemented  for  elliptic  equations 
(6],[8].  The  advandage  of  the  formulation  proposed  here 
as  compared  to  the  formulation  in  (6]  is  that  the  splitting 
scheme  results  in  separate,elliptic  equations  for  the  pres¬ 
sure  and  velocity  that  can  be  very  efRciently  solved  using 
those  iterative  techniques.  We  have  found  that,  for  spec¬ 
tral  element  discretizations  involving  elements  of  low  as¬ 
pect  ratio,  multigird  methods  converge  much  faster  than 
conjugate  gradient  methods;  their  convergence  rate,  how¬ 
ever,  is  greatly  deteriorated  for  large  aspect  ratio  or  very 
deformed  spectral  elements.  A  mote  quantitative  analysis 
of  the  computational  complexity  as  well  as  of  the  conver¬ 
gence  properties  of  the  aforementioned  iterative  methods 
in  spectral  element  approximations,  and  in  particular  in 
the  context  of  parallel  implementation,  is  given  in  (8]. 

3.  NUMERICAL  RESULTS 

In  this  section  we  first  present  results  for  the  flow  in  a 
lid-driven  cavity  obtained  using  the  algebraic  model  and 
two-dimensional  spectral  element  simulations.  We  then 
validate  the  RNG  methodology  by  simulating  two  different 
flows  for  which  detailed  experimental  data  and  results  from 
direct  numerical  simulations  are  available:  the  fully  devel¬ 
oped  turbulent  channel  flow,  and  the  flow  over  a  backwards- 
facing  step.  These  results  are  obtained  using  the  k  —  e  and 
the  subgrid-scale  RNG  models. 

Turbulent  Flow  in  a  Lid-Driven  Cavity 

Here  we  consider  a  square  two-dimensional  cavity  in  s  —  y 
with  mean  flow  being  two-dimensional  also.  The  exact 
geometry  and  the  corresponding  spectral  element  mesh  is 


Fig.  1  Spectral  Element  Mesh  employed  for  the 
simulation  of  flow  in  a  lid-driven  cavity 


shown  in  figure  1.  Flow  is  generated  by  driving  the  lid  of 
the  cavity  in  the  x-direction  at  a  constant  velocity  U  =\. 
To  avoid  the  spurious  effects  due  to  the  step  changes  of  the 
velocity  at  the  two  upper  corners  a  sufficiently  smooth  ve¬ 
locity  profile  that  asymptotes  to  U  in  the  immediate  vicin¬ 
ity  of  the  corners  was  imposed.  Experimental  evidence 
suggests  that  the  flow  in  the  cavity  becomes  turbulent  at 
a  Reynolds  number  slightly  above  R  =  5,000  with  the  ini¬ 
tiation  point  of  transition  being  at  the  downstream  lower 
corner  [9]. 


Fig.  2  Velocity  vectors  of  mean  turbulent  flow  at 
Reynolds  number  R  =  50,000 
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We  si-Tiulate  the  lid-driven  cavity  flow  at  Reynolds  num¬ 
ber  R  =  50,000  with  the  algebraic  model  (equation  (3)) 
employed  in  the  computation.  As  a  characteristic  length 
A  needed  for  the  model  at  each  nodal  point  we  consider 
the  distance  from  the  point  to  the  nearest  wall  which  is 
proportional  to  the  characteristic  size  of  the  largest  eddies 
of  turbulence  in  this  flow.  In  figure  2  we  plot  the  velocity 
vectors  of  the  mean  turbulent  flow  and  in  figure  3  several 
x-velocity  profiles  in  the  neighborhood  of  the  right  lower 
corner  of  the  cavity.  It  is  seen  that  the  flow  undergoes  sep¬ 
aration  as  we  move  from  the  center  of  the  cavity  to  the 
corner,  as  expected.  However,  the  size  of  the  recirculation 
zone  as  well  as  the  strength,  of  the  reverse  flow  is  weak  due 
to  the  effects  of  the  increased  apparent  viscosity.  Indeed, 
direct  numerical  simulations  on  the  same  mesh  at  Reynolds 
number  R  =  10,000  shows  regions  of  multiple  small  and 
large  size  instantaneous  eddies  (figure  4);  the  time-averaged 
flow  however  exhibits  only  very  small  recirculation  zones 
similar  to  the  ones  shown  in  figures  2-3. 


MTTOM  WM.I. 

Fie.  3  Velocity  (x-component)  profiles  at  station 
x=  0.85  (a)|  0.90  (b);  0.95(c)  in  the 
neighborhood  of  the  downstream  secondary 
eddy 

To  examine  the  spatial  variation  of  the  eddy-viscosity  after 
a  stationary  state  is  reached  we  plot  in  figure  5a  the  total 
viscosity  at  a  vertical  station  through  the  center  of  the 
cavity.  We  see  that  the  distribution  is  smooth  and  peaks 
at  the  lid  where  there  is  enhanced  mixing,  while  it  achieves 
a  minimum  at  the  wall  (molecular  viscosity)  and  in  the 
region  close  to  the  center  of  the  cavity  where  the  fluid  is 
almost  stagnant.  Thus,  the  total  viscosity  increases  by 
almost  three  orders  of  magnitude  from  its  molecular  to  its 
maximum  value  at  the  moving  wall.  In  figure  5b  we  plot 
the  total  viscosity  at  the  same  position  as  in  figure  5a  but  at 
Reynolds  number  R  =  25, 000.  We  see  in  this  case  that  the 
region  close  to  the  bottom  wall  where  the  fluid  motion  is 
weaker  the  region  of  molecular  viscosity  is  broader,  whereas 
the  outside  distribution  is  similar  to  the  one  in  figure  5a. 


Fig.  4  Instantaneous  velocity  vectors  at 
R  =  10.000:  The  flow  is  computed  via  direct 
spectru  element  simulation 


Fig.  5  Total  viscosity  variation  at  a  vertical  station 
through  the  cavity  center 

(a)  R  =  50,000 

(b)  R  =  25,000 
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k-e  Modeling  of  Turbulent  Channel  Flow 

We  simulate  first  fiow  in  a  plane  channel  at  Reynolds  num¬ 
ber  R,  =  1000.  Here  the  Reynolds  number  is  based  on 
the  wall-shear  velocity  U,  and  the  channel  half  width.  The 
computational  domain  extends  from  y^.  =  8.5  to  y^.  = 
1991.5,  so  that  the  constant  shear  regions  next  to  the  walls 
are  excluded  from  the  simulation.  Two-dimensional  spec¬ 
tral  elements  are  employed  for  the  discretization,  {K  = 
12),  of  order  iV  =  9,  so  that  there  are  97  collocation 
points  across  the  channel.  The  boundary  conditions  are 
prescribed  u,  k  and  £  at  the  y-sides  of  the  domain,  while 
periodicity  conditions  in  the  streamwise  direction  (x)  en¬ 
sure  one-dimensionality  of  the  mean  flow.  The  simulation 
starts  from  an  equilibrium  state  and  integration  proceeds 
for  a  long  time.  Results  of  the  mean  quantities  are  pre¬ 
sented  in  figures  6  and  7.  As  a  next  test  we  simulated  the 
same  flow  but  with  the  computational  domain  extended 
to  walls.  The  boundary  conditions  at  the  walls  are  now 
no-slip  for  velocity,  zero  for  kinetic  energy,  and  Neumann 


Fie.  6  Mean  velocity  and  eddy-viscosity  profiles  at 
=  1000  for  the  turbulent  flow  in  a 

channel 


Fig.  7  Turbulent  kinetic  energy  (k)  and  dissipation 
rate  (e)  profiles  at  R*  =  1000  for  the 

turbulent  flow  in  a  channel 


condition  for  the  dissipation  rats.  In  order  to  minimize 
discretization  errors  and  ensure  accurate  imposition  of  the 
zero  flux  condition  on  e  we  increased  the  resolution  to  or¬ 
der  AT  =  15  per  element.  The  results  of  this  simulation 
were  identical  to  results  displayed  in  figures  G  and  7,  which 
suggests  that  the  zero  flux  condition  on  e  is  a  meaningful 
one. 

k—6  Modeling  of  Turbulent  Flow  Over  a 
Backward-Facing  Step 

The  geometry  for  this  flow  and  the  corresponding  spectral 
element  mesh  are  shown  in  figure  8;  this  geometry  is  identi¬ 
cal  with  the  geometry  used  in  experiments  of  Kim  et  al  [10] 
and  in  the  computations  of  Avva  et  al  (11).  The  outflow 
length  is  taken  to  be  twenty  times  the  step  height  H.  A 
total  of  if  =  92  elements  of  order  AT  =  9  were  employed  in 
the  discretization.  The  Reynolds  number  R,  —  is  1870 
(or  iZe  =  45,000).  In  this  simulation  the  computational 
domain  includes  the  walls,  where  we  impose  the  zero  flux 
condition  for  the  disipation  rate  e;  at  the  outflow  Neumann 
conditions  are  specified  for  all  field  variables.  The  inflow 
conditions  match  the  measured  profiles  in  the  experiment 
of  Kim  et  al  [10]  and  employed  in  the  computations  of  Awa 
et  al  [11].  Finally,  the  initial  data  are  based  on  the  results 
reported  in  [11]  and  some  initial  perturbation. 


Fig.  8  Spectral  Element  Mesh  employed  for  the 
simulation  of  flow  over  a  backward-facing 
step 

In  figure  9  we  first  present  the  results  of  this  simulation 
in  the  form  of  streamlines.  In  addition  to  the  large  re¬ 
circulation  zone  shown  in  this  plot  eddies  of  smaller  size 
of  opposite  rotation  appear  at  the  step  test  section  floor 
juncture  consistent  with  the  experimental  findings  [12].  To 
the  best  of  our  knowledge  no  other  simulation  has  resolved 
such  fine  structures  previously  using  a  single  or  a  zonal 
modeling  approach.  Furthermore,  the  length  of  the  recir¬ 
culation  zone  (figure  9-10)  is  computed  to  be  i  =  7.ZH 
in  close  agreement  with  the  experimental  value  [10].  Most 
studies  todate  fall  short  of  predicting  the  correct  value  due 
to  errors  both  in  numerics  and  turbulence  models.  In  fig¬ 
ure  10  and  11  we  plot  all  mean  variables  at  a  station  very 

close  to  the  reattachment  point.  The  eddy  viscosity  distri¬ 
bution  attains  its  maximum  close  to  that  point  where  the 
turbulence  intensity  exhibits  its  extremum. 
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Large- Eddy  Simulations  of  Turbulent  Channel  Flow 


Fig.  9  Spectral  Element-RNG/k-t  Simulation  of 
floV  over  a  step  at  R»  =  1870.  The  curves 

are  mean  flow  streamlines  while  color 
represents  turbulent  kinetic  energy 
(red=max,  blue=min}.  In  this  calculation, 
no  ad  hoc  fitted  parameters  or  experimental 
input  is  used.  The  recirculation  zone  length 
is  7.3  step  heights  in  agreement  with  the 
expwiments  of  Kim,  et  al  (1979).  The  small 
vortices  in  the  step ,  corner  are  observed 
experimentally  too. 


Fig.  10  Mean  velocity  smd  eddy-viscosity  profiles  at 
R*  =  1870' for  the  flow  described  in  Figure  9 


Fig.  11  Turbulentikihetic  energy  (k)  and  dissipation 
rate  (e)*profiles  at  the  reattachment  point 
(R*  =  1870)  (flow  as  in  Figure  9) 


In  the  last  example  we  employ  the  RNG  subgrid-seale  model 
to  simulate  the  turbulent  channel  flow  at  R,  =  185.  This 
simulation  corresponds  to  identical  conditions  as  the  di¬ 
rect  simulation  recently  reported  by  Kim,  Moin  and  Moser 
(1987}  [13].  In  our  simulation  we  have  used  however  60 
times  fewer  grid  points.  In  particular,  for  this  case  we  em¬ 
ploy  a  global  spectral  discretization  based  on. Fourier  ex¬ 
pansion  in  streamwise  and  spanwise  directions,  and  Cheby- 
shev  expansion  in  the  inhomogeneous  direction  (16  x  64  x 
64).  The  initial  conditions  are  based  on  three-dimensional 
Tollmien-Schlichting  waves.  The  results  of  our  simulation 
are  essentially  identical  with  the  results  of  the  direct  simu¬ 
lation  as  shown  in  figures  12  and  13,  and  in  close  agreement 
with  the  experiments  [14].  The  agreement  extends  also  to 
higher  order  statistics  as  well  as  to  flow  structure  and  the 
streak  spacing;  the  results  of  our  simulations  are  plotted 
in  figure  14  as  color  contour  plots  of  the  fluctuating  ve¬ 
locity  component  at  a  plane  close  to  the  wall  (here  red 
indicates  low  velocity;  blue  high  velocity).  The  mean  sep¬ 
aration  between  streaks  is  A.  »  90  [3]  in  close  agreement 
with  the  experimentally  observed  spacing;  all  previous  LES 
have  failed  to  predict  the  correct  value  of  streak  separation 
(IS). 


e 


y+ 

Fig.  12  Mean  Velocity  Profile  at  R*  =  185  of  the 

turbulent  channel  flow  computed  via 
RNG-Iarge  eddy  simulations  5.0 
2.5%^ 


41 


y+ 


Fig.  13  Turbulent  intensities  for  the  flow  described 
in  Firure  12.  Also  shown  are  experimental 
results  of  Kreplin  and  Eckelman  (1979) 


Fig.  14  Contours  (low  velocity:  red;  high  velocity: 

blue)  of  near-wall  fluctuations  x-velodty  in 
a  turbulent  channel  flow  large  eddy 
simulation  using  the  renormalization 
group-based  subgtid  scale  eddy  viscosity  at 
R*  =  185.  Observe  the  alignment  of  the 

flow  in  the  streamwise  direction  and  the 
formation  of  low-speed  streamwise  streaks. 


4.  CONCLUSIONS 


aforementioned  computational  requirements  to  flow  simu¬ 
lations  at  a  Reynolds  number  of  a  few  thousands.  Progress 
in  simulating  realistic  flows  of  engineering  importance  can 
be  made  if  reliable  and  well  validated  modeling  techniques 
are  combined  with  highly-accurate  numerical  methods.  In 
the  current  work,  we  demonstrated  how  RNG  methodol¬ 
ogy  can  be  used  to  represent  all  scales  of  turbulent  flow 
using  for  example  a  differential  k  —  t  model,  or  to  repre¬ 
sent  only  the  small-scale  dynamics  using  a  subgrid-scale 
model.  This  methodology  is  very  robust  and  can  be  ap¬ 
plied  to  a  variety  of  flows  as  a  totally  prognostic  tool  of 
analysis,  since  it  requires  no  apriori  known  parameters  or 
any  experimental  input,  which  is  typically  the  case  with  the 
currently  used  turbulence  modeling  techniques.  A  compu¬ 
tationally  efficient  implementation  of  the  RNG  methodol¬ 
ogy  is  obtained  if  it  is  combined  with  spectral  or  spectral 
element  discretization  methods,  which  are  used  today  pri¬ 
marily  in  direct  computations  of  transitional  and  turbulent 
flows.  We  are  currently  working  in  further  validating  our 
RNG/spectral  element  methodology  in  unsteady  turbulent 
flows  (e.g.  vortex  streets)  in  complex  geometries. 
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DISCUSSION 
by  E.P.  Rood 

For  some  applications  a  requirement  is 
free  surface  flows  near  their  intersection  to 
predict  with  boundary  layers  or  in  the 
turbulent  wake  of  a  ship.  What  experimental 
or  other  physical  information  is  needed  to 
develop  an  adequate  turbulence  model  for  such 
free  surface  flows? 


Author’s  Reply 

In  the  renormalization  group  approach, 
full  turbulence  closure  is  obtained  without  a 
priori  experimental  input.  This  is  true  for 
both  free  surface  and  other  flows.  However, 
in  developing  turbulence  models  for  free 
surface  flows,  it  may  be  best  to  "tune"  the 
model  using  experimental  observations  of  free 
surface  turbulence.  It  is  hoped  that  many  of 
these  questions  can  be  answered  in  the  near 
future  with  detailed  application  of  the 
renormalization  group  models. 
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A  Flood  Control  of  Dam  Reservoir 
by  Conjugate  Gradient  and  Finite  Element  Methods 
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Tokyo,  Japan 


Abstract 

A  flood  control  of  dam  reservoir 
by  the  combined  method  of  conjugate 
gradient  and  finite  element  methods 
is  presented.  For  the  numerical 
integration  procedure,  the  two  step 
explicit  scheme  originally  presented 
by  the  authors'  group  was  effectively 
used.  Using  the  numerical  computation 
based  on  the  imaginary  river  basin 
and  estimated  hydrograph,  it  is  seen 
that  the  water  elevation  can  be 
controlled  by  the  discharge  of  the 
dam  gate  to  obtain  almost  the  flat 
water  surface.  It  is  detected  out 
that  the  flow  rate  of  the  dam  gate 
should  discharge  in  advance  before 
the  peal;  value  of  the  flood  arrives 
to  control  the  wave  propagation 
caused  by  the  sudden  close  of  the  dam 
gate.  This  paper  presents  the 
strategy  how  to  operate  the  dam  gate 
knowing  the  flood  configuration 
beforehand. 


1.  Introduction 

It  is  necessary  to  construct  a 
large  dam  to  protect  the  human 
property  from  a  flood  caused  by  heavy 
rain  fall  on  the  mountains.  Normall..- 
a  reservoir  is  set  up  by  the  dam.  The 
flood  propagates  through  the 
reservoir  from  upstream  ^to. 
downstream.  To  protect  the  downstream 
area,  the  gate  eguiped  to  the  dam 
will  be  closed.  The  bore  would  be 
generated  sometimes  in  case  that  the 
capacity  of  the  reservoir  is  not 
satisfactory  enough  if  the  dam  gate 
would  have  been  shut  suddenly.  There 


are  several  practical  examples  that 
the  human  property  at  the  upstream 
area  was  destroyed  by  the  reflected 
bore  which  seems  to  be  caused  by  the 
dam  gate  operation.  Thus,  it  is 
strictly  necessary  and  practically 
important  that  the  dam  gate  should  be 
controlled  to  secure  the  operation 
that  the  water  elevation  of  the 
reservoir  would  be  as  small  as 
possible.  Is  it  possible  to  obtain 
almost  the  flat  water  elevation  of 
the  reservoir  during  the  flood  by  way 
of  controlling  the  dam  gate?  The 
answer  in  this  paper  is  affirmative. 

The  flood  propagation  through  the 
reservoir  can  be  expressed  by  the 
shallow  water  equation.  One 
dimensional  linear  equation  with  the 
hydrograph  as  the  upstream  boundary 
condition  is  used.  This  is  because 
the  present  paper  aims  mainly  at 
presenting  the  nmnerical  controlled 
method.  It  is  simple  to  extend  the 
present  method  to  the  two  dimensional 
case.  The  optimal  control  system  can 
be  established  introducing  the  water 
elevation  of  reservoir  as  the  state 
function  and  the  discharge  of  the  dam 
gate  as  the  control  function.  The 
quadratic  functional  of  the  water 
elevation  and  the  control  discharge 
is  chosen  as  the  performance 
function.  Because  the  hydrograph  of 
the  flood  is  given  at  the  upstream  of 
the  reservoir  as  the  time  function 
over  the  interval  to  be  analyzed,  the 
problem  is  resulted  to  the  so  called 
quadratic  tracking  control  problem. 
Conventionally,  the  shallow  water 
equation  is  descritized  by  the  finite 
difference  method  or  method  of 
characteristics  c  ^3 - c » 3 .  The 
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discretization  of  the  shallow  water 
equation  is  carried  out  by  the  finite 
element  method"^®^ ' ‘^^^in  this  paper. 
For  the  computation  of  the  optimal 
control,  the  conjugate  gradient 
method  is  effectively 
employed'^®^”'^’-®^ .  The  Lagrangian 
function  is  introduced  to  express  the 
constraints  of  the  state  equation.  To 
solve  the  time  dependent  equation  for 
the  Lagrange  function,  the  backward 
integration  should  be  introduced.  To 
do  this,  a  two  step  scheme  has  been 
originated  similar  to  the  forward  two 
step  scheme  which  was  presented  by 
the  authors '  group  in  the  previous 
paper*:®^ ' .  To  determine  the 
amplitude  of  the  direction  vector, 
the  line  search  method  is  used.  To 
show  the  adaptability  of  the  control 
method  presented  in  this  paper, 
several  numerical  examples  are 
carried  out .  Comparing  with  the 
results  obtained  by  the  dynamic 
programming  technique,  it  is  found 
that  the  present  method  is  more 
suitable  for  the  practical 
computation  because  the  computer  core 
storage  in  the  present  method  is  much 
smaller  than  that  in  the  dynamic 
programming.  This  paper  detected  out 
a  possibility  that  the  control  of  the 
dam  gate  can  be  performed  in  the 
manner  that  almost  the  flat  water 
elevation  of  the  reservoir  at  the 
flood  can  be  obtained  on  the 
condition  that  the  hydrograph  of  the 
flood  flowing  to  the  reservoir  is 
known  in  advance. 


2 .  Basic  Equations 


and  water  depth  respectively. 

The  flood  is  given  as  the  upstream 
boundary  conditions  of  mean  discharge: 

q  =  q  on  Si  (3) 

where  superscripted  ""  represents  a 
function  given  on  the  boundary.  The 
flood  control  in  a  dam  reservior  is 
assumed  to  be  carried  out  by  the 
discharge  decided  by  the  optimal 
control  of  the  operation  of  the  water 
gate  equiped  on  the  dam.  Thus,  it  is 
expressed  that 

q  =  q  on  Sc  (4) 


where  superscripted  "  denotes  a 
function  determined  by  the  optimal 
control  analysis.  The  initial 
condition  are  given  as: 


f  =  lo 

at  t=to 
q  = 


(5) 


The  governing 
equations  (1)  and  (2) 
descritized  by  the 
finite  element  method 
about  a  piece  of  one 
dimensional  element 
shown  in  Figure  1  can 
be  described  as 
follows . 
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The  flood  propagation  behavior  in 
a  dam  reservoir  can  be  expressed  by 
the  linearized  shallow  water 
equation.  Consider  one  dimensional 
channel  with  X  coordinate  and  time  t. 
Denoting  mean  discharge  and  water 
elevation  as  q  and  f,  one  dimensional 
equations  of  motion  and  continuity 
can  be  written  in  the  following  forms: 


The  usual  superposition  procedure 
leads  to  the  finite  element  equation 
as: 


[M]{X(t)}+[H]{X(t)} 

+tA]{F(t)}+[B]{U(t))={0} 

where 


‘  f(t)) 


(8) 

(9) 


15  +  gh  II  =  0 

at  ^  ax 


(1) 


af  + 
■ai 

where  g. 


h  are  gravity  acceleration 


in  which  q(t)  and  f(t)  mean  discharge 
and  water  elevation  at  all  nodal 
points  of  the  flow  domain  to  be 
analyzed.  The  boundary  condition  (3) 
is  transformed  to  the  tenn  [A]{F(t)}, 
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CF(t)}  =  (10) 

where  g(t)  denotes  the  discharge  of 
flood  at  the  upstream  point.  The 
control  term  [B]{U(t)}  is  derived 
from  equation  (4),  and 

CU(t)}  =  j (11) 

where  q(t)  represents  control 
discharge  applied  at  the  point 
corresponding  to  the  dam.  The  initial 
condition  can  be  described  as  follows: 

(X(lo>}  (12) 


3.  Optimal  Control  Theory 

The  optimal  control  theory  employed 
in  this  paper  is  the  quadratic 
control  theory.  The  problem  can  be 
converted  to  determine  an  optimal 
function  {U(t)}  that  minimizes  the 
performance  function: 

f(t)}*[S]{  f(t)} 

+  {U(t)}’^[R]fU(t)})dt  (13) 

under  the  state  equation: 

{X(t))=-[M]-=^[H]{X(t)) 

-[M]-=^[A]{F(t)} 

-[M]-=^[B]{U(t)]  (14) 

with  the  initial  condition  {X(to)}, 
where  [S],[R]  are  weighting  matrices 
and  to,  tt  are  starting  and  final 
times  respectively. 

To  obtain  the  optimum  control,  the 
conjugate  gradient  method  has  been 
used.  To  apply  the  conjugate  gradient 
method,  the  Hamiltoniam  is  introduced 
as: 

H=-5({  f(t)}’^[S]{  f(t)] 
+{U(t)}*[R]{U(t)]) 

+{P(fc)]^(-[M]--[H]{X(t)} 
-[M]-=^[A]{F(t)} 
-[M]-=>-[B]{U(t)))  (15) 

where  {P(t)}  denotes  Lagrange 
multiplier.  Euler  equation  and 
transversality  condition  lead  to  the 


following  equations. 

[P(t)}=- 

=([M]-^[H])^{P(t)l+[K]{X(t)}  (16) 

{P(tr)l={0}  (17) 

The  gradient  of  the  performance 

function  {Ju(t))  is  given  as: 

».(«)=- .M. 

=  [R]{U(t))+([M]-="[B])’^{P(t)}  (18) 

The  gradient  of  the  performance 

function  is  used  to  determine  that 
the  convergence  is  obtained.  If  the 
gradient  comes  to  almost  zero,  the 
optimal  control  {U(t)}  can  be 
obtained. 

To  obtain  the  optimal  control 

solution,  differential  equation  (14) 
with  (12)  and  equation  (16)  with  (17) 
must  be  solved.  Moreover,  equation 
(16)  must  be  solved  from  ts  to  to 
because  the  initial  condition  (17)  is 
given  at  the  final  time  tt.  To  solve 
these  equations,  the  time  marching 
numerical  integration  scheme  is 
introduced.  The  total  time  interval 
to  be  analyzed  is  divided  into  short 
time  interval  At  by  a  plenty  of  time 
points  n.  For  equation  (14),  the 
forward  two  step  explicit  method  can 
be  applied  as  follows^*^  • : 

For  the  first  step: 

{X(t)"*=^^2}  =  [M]-^[M]{X(t)"} 

-  ■^[M]-=^[H]{X(t)"}  (19) 

and  for  the  second  step: 

(X(t)"-=^)  =  [M]-=>-[M]{X(t)"} 

-  At[M]-^[H]{X(t)"-^^''2}  (20) 

starting  from  the  initial  condition 
equation  (12).  For  equation  (16),  the 
backward  two  step  explicit  method  is 
used: 

For  the  first  step: 

{p(t)n-1^2}=( [M]-i[M] )^{P(t)"} 

+  ^(([M]-=>-[H])^{P(t)”} 

+[K]{X(t)”})  (21) 
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and  for  the  second  step: 

fp{t)r>-X}  =  ([M]-X[M])X{p(t)r.} 

+  At(([M]-=^[H])^{P(t)"*^''2} 

+  [K]{X(t)"-^="^=*})  (22) 

starting  from  the  initial  condition 
equation  ( 17 ) .  In  equations 
(19)- (22),  the  lumped  coefficient 
matrix  [M]  is  introduced  to  obtain 
the  full  explicit  scheme.  The  mixed 
coefficient  matrix  [M]  is  also  used 
as : 

[M]=e[M]+(l-e)[M]  (23) 

where  e  is  referred  to  as  the  lumping 
parameter. 


4.  Computational  Algorithm 


The  conjugate  gradient  method  is 
successfully  applied  for  the 
computational  algorithm.  To  express 
the  procedure  of  equations  (19)  and 
(20)  with  equation  (12),  the 
abbreviated  form  is  introduced  as: 

{X,L}  =  {X(t;Ui.(t))}  (24) 

where  subscripted  j.  means  the 
function  is  the  value  in  the  ^th 
iteration  cycle  and  Ui.(t)  means  the 
optimal  control  function  assumed  at 
the  ith  iteration.  Thus,  equation 
(24)  represents  to  solve  equation 
(14)  with  (12)  by  the  procedure  of 
equations  (19)  and  (20)  assumming  the 
control  function  as  Ui(t).  Similarly, 
the  abbreviated  form: 

{Pi.}  =  {P(t:Ux(t))}  (25) 

is  introduced  to  express  the 
procedure  to  solve  equations  (16) 
with  (17)  by  equations  (21)  and  (22) 
assumming  the  control  function  as 
Ui.(t).  Using  those  notations,  the 
computational  algorith:.;  can  be 
described  as  follows. 


1)  Assume  initial  control  function 

Uo(t),  t£[to,te] 

2)  Solve  {Xo(t)}={X(t:Uo(t))} 

3)  solve  {Po(t)}={P(t:Uo(t))} 

4)  Compute  {So(t)}=-{Juo(t)} 
=-([R]{Uo(t)}+([M]-="[B])*{Po(t)}) 

5)  Determine  amplitude  by 

minimizing  J[Ui(t)+  a±Si(t)]. 

6)  Compute  {Ui.+i(t)} 

=  {Ui(t)}+  cri{Si.(t)} 

7)  solve  {Xi.,.i(t)l  =  {X(t:Ui.Hx(t))} 

8)  Solve  {P±<.i ( t ) }  =  {P( t : Un-i  (t))} 

9)  Compute  {Ju  ±  +  1  (t)) 

=  [R]{Ui..x(t)}  +  ([M]-=>-[B])*{Pi^x(t)l 

10)  If  Ju  JL+l  (t)<*  then  stop  else 

11)  Compute 

a  {Ju:L(t)}^{Jux(t)}  .  . 

{Jul.-l{t)}’^{JuX-x(t)}  ^  ’ 

12)  Compute  {Sa.(t)} 

=-{Jux(t))+  /Sx{S:L-x(t)l 

Go  to  5) 

The  parameter  *  is  a  small  number 
which  expresses  the  convergence 
allowance.  The  flow  chart  of  the 
computation  is  shown  in  Figure  2. 


5.  Line  Search  Method 


The  amplitude  «  can  be  determined 
by  minimizing  J[Ui.(t)+  oiiSi(t)]  where 
present  position  U  and  the  search 
direction  S  are  both  given.  Determine 
the  amplitude  «  that  minimizes  J(U) 
by  means  of  U+aS  on  a  quadratic  line. 
Put  g(  o  )=J(U+  a  S),  then  it  is 
converted  to  the  problem  of  searching 
the  minimum  point  of  function  g(a). 
This  algorithm  is  called  as  the  line 
search  algorithm. 

Three  points  Ucd, 

U(a},Uc3)  in  Figure 
3  are  called  as  the 
U-shape  three 
points  where  Ucxj  < 

Uc2><  U(3) ,  J(U{1) ) 

>J(U(2))<J(Uc3)). 

If  the  U-shape 
three  points  are 
found,  the  minimum 
point  of  J(U)  can 
get  in  between 
section  [Uci),Uc3)]. 

The  value  J(U(o>)  is 
the  initial  point 
value  J(U{i))  is 


J(U<3)) 

I 


U<i>  U<z)  Uc3) 


Figure  3 

computed  by 
U  c  o  > .  The 
computed  by 
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U<i)=Uco)+  aS.  If  J(Uc  o ) )  >J(U(  1) ) , 
the  direction  is  right .  And  the 
amplitude  a  doubles  the  step  size, 
then  J(U(2))  is  computed  by 
U(2,=Uci)+2  a,S.  If  J(U(x,)>J(U<a3), 
the  amplitude  a  doubles  the  step  size 
again  and  determine  Uo),  then 
continue  the  same  procedure.  If 
J(U(i) )<J(U(23 ) ,  the  U-shape  three 
points  are  found.  If  the  U-shape 
three  points  are  found, 
divides  the  section  [U{n.»2>,  U(n)] 

into  2:l(or  1:2).  J(U)  is  solved  by 
the  middle  point  between  U(n+a)  and 
U(n.n).  Comparing  both  sides,  the 
even  intervals  of  U-shape  three 
points  are  obtained.  If  the  iteration 
of  the  three  points  approach  is 
complete,  J(U)  can  be  obtained  by  the 
parabolic  interpolation  of  the  three 
points .  The  minimum  point  of  the 
parabola  through  three  points  is 
given  as  follows; 


point  is  set  for  reference.  The  total 
length  and  subdivisions  are 
represented  in  each  computational 
example.  For  the  weighting  matrix,  S 
was  chosen  as  unit  matrix  because  the 
same  weight  was  given  to  the  water 
elevation  of  all  finite  elements  in 
reservoir . 

1)  Test  example  No.l 

For  the  computation,  the  reservoir 
shown  in  Figure  4  is  used.  The  total 
length  L=40m  and  water  depth  10m  in 
the  model  is  used  for  the  test 
example  No.l.  Numbers  of  total  nodal 
points  and  elements  are  151  and  150 
respectively.  Total  time  intervals 
12sec.  was  divided  into  short  time 
intervals  0.004sec.  For  the  weighting 
coefficient  R=1.0xl0”'*  was  used.  For 
the  lumping  parameter  e=0.9  is 
employed . 


1  (U?H-U?23)J(U<3))+(U?23-U?3))J(UCX))+(U?33-U?X>)J(U(2)) 

2  (U<1)-U(2))J(U(3))+(U<2) -U<  3))J(U(1))  +  (U(3 )-U( 1)  )J(U(2>  ) 


Giving  this  point  as  the  initial 
point,  next  iteration  can  be  carried 
out .  The  amplitude  a  gives  a  /lO .  And 
the  U-shape  three  points  are  found 
again.  If  the  amplitude  «  is  obtained 
as  small  enough  as  less  than 
preassigned  given  value,  the 
amplitude  a  is  obtained. 


6.  Test  Examples 

To  show  the  validity  and 
adaptability  of  the  control  method 
presented  in  this  paper,  two  test 
examples  are  carried  out.  One  of  them 
is  the  control  of  solitary  flood 
propagating  through  a  simple 
reservoir,  the  other  is  the 

comparison  with  the  results  obtained 
by  the  dynamic  programming.  For  the 
computational  model,  the  simple  one 
dimensional  reservoir  as  shown  in 
Figures  4  and  8  are  used.  The 

boundary  Si  is  called  as  the  inflow 
point,  at  which  the  discharge  of  the 
flood  flow  is  specified.  On  the 

boundary  So  which  is  referred  to  as 
the  control  point,  the  discharge  of 
the  flow  is  controled.  At  the  middle 
of  the  reservoir,  the  observation 


Specify  the  flow  discharge  at  the 
inflow  point  as  the  time  dependent 
function 

q  =  $(t)  on  Si 

where  §(t)  is  shown  in  Figure  5.  The 
optimal  control  discharge  can  be 
computed  at  the  control  point  as 

q  =  q(t)  on  So 

where  q(t)  is  shown  in  Figure  6. 

For  information,  the  water  elevations 
at  each  point  are  also  represented  in 
Figure  7.  Looking  at  these  figures, 
it  is  clearly  understood  that  the 
inflow  and  the  control  flow  are 
completely  coincident  except  the 
phase  lag.  This  fact  shows  that  the 
control  discharge  can  be  obtained 
completely  in  the  same  form  as  that 
of  inflow.  Namely,  the  optimal 
control  can  be  obtained  by  leaving 
the  gate  of  dam  full  open.  This 
simple  result  corresponds  to  the  fact 
that  there  is  no  need  to  control  the 
gate  in  case  of  this  type  of  simple 
flood  propagation.  The  fact  that  the 
computation  was  successful  for  this 
simple  phenomenon  suggests  that  this 
computational  method  is  also 
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: OPTIMAL  OUTFLOW 
: NORMAL  OUTFLOH 


(1)  (2)  (3) 


r 

ion 

i. 

Si  !«—  0.26667n  x  150  =  40n  -^Sc 
Si  :  (1)  INFLOW  POINT 

<21  06SERVATI0N  POINT 
Sc  :  (3  CONTROL  POINT 

Figure  4  Reservoir  model-1 


(1)  INFLOW  POINT  (40M) 


Figure  5  Hydrograph  of  inf low (model-1) 


(3)  CONTROL  POINT  (OtT) 


- : OPTIMAL  OUTFLOH 


‘ft.OO  2.00  4.00  G.OO  8.00  10.00  12.00 


TIME  (SEC) 


(1)  INFLOW  POINT  (40N) 


TIME  (SEC) 


(2)  OBSERVATION  POINT  (20N) 


(3)  CONTROL  POINT  (ON) 


Figure  6  Control  discharge 

at  the  control  point (model-1) 


Figure  7  Water  elevations  at  each  point 
(mode 1-1) 


available  for  the  more  complicated 
control  problem. 

2)  Test  example  No. 2 

The  control  results  computed  by  the 
conjugate  gradient  method  is  compared 
with  the  ones  by  the  dynamic 
programming  which  was  originally  used 
for  the  structural  control  by  one  of 
the  authors^^*^.  For  the  computation, 
the  reservoir  shown  in  Figure  8  is 
employed.  Total  lengh  L  is  3km  and 
water  depth  is  60m.  Total  numbers  of 
nodal  points  and  elements  are  31  and 
30  respectively.  Total  time  lOmin.  is 


divided  into  short  time  interval 
l.Osec.  For  the  lumping  parameter 
e=0.9  is  used. 

The  computation  has  been  carried 
out  specifying  the  discharge  at  the 
inflow  point  as  a  function  shown  in 
Figure  9 .  The  resulted  control 
obtained  at  the  control  point  is 
represented  in  Figure  10.  The  dotted 
line  shows  the  outflow  at  the  control 
point  without  control.  The  solid  line 
is  the  optimal  control  discharge 
computed.  The  computed  water 
elevations  at  inflow,  observation  and 
control  points  are  illustrated  in 
Figure  11 .  The  water  elevation  at 
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every  point  is  computed  smaller  than 
that  without  control,  which  is 
expressed  by  the  dotted  line.  The 
same  problem  has  been  computed  by  the 
method  of  the  dynamic  programming. 
The  resulted  control  and  water 
elevations  are  represented  in  Figures 
12  and  13 .  All  results  are  completely 
coincident  with  the  results  obtained 
by  the  conjugate  gradient  method. 

In  case  of  the  method  of  dynamic 
programming,  2.5  times  as  long 
intervals  as  that  of  the  conjugate 
gradient  method  can  be  employed. 
However,  all  of  the  intermediate 
values  of  the  computation  must  be 
stored  in  this  type  of  tracking 
problems.  Thus,  a  large  amount  of 
core  storage  capacity  must  be 
required.  Considering  this,  the 
method  of  the  dynamic  programming  is 
not  suitable  for  the  large  scale 
problem . 


r 

60a| 

L 


(1)  (2) 

[$ —  I.Skt '  ^  ^1.5ka 


31 


.GATE 


SiUo.  1  kt  X  30  =  3kii  — J  Sc 


Si  :  (1)  FLOOD  INFLOW  POINT 
(2l  OBSERVATION  POINT 
Sc:  (3)  FLOOD  CONTROL  POINT 


Figure  8  Reservoir  model-2 


(1)  FLOOD  INFLOW  POINT  (3Kt1) 


g  -I-  ■  ^  ■■■■ 
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Figure  9  Hydrograph  of  inflow(model-2) 


13j  FLOOD  CONTROL  POINT  (OKN) 


gradient  method(model-2-<l>) 


- : OPTIMAL  OUTFLOW 

. : NORMAL  OUTFLOW 

(1)  FLOOD  INFLOW  POINT  (3KM) 


(2)  OBSERVATION  POINT  (1.  5KM) 


TIME  (MIN) 


(3) FLOOD  CONTROL  POINT  (OKM) 


TIME  (MIN) 

Figure  11  Water  elevations  at  each 

reference  point(model-2-<l>) 
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(3)  FLOOD  CONTROL  POINT  (OKM) 


dynamic  programming(model-2-<2>) 


- : OPTIMAL  OUTFLOW 

. : NORMAL  OUTFLOW 

m  FLOOD  INFLOW  POINT  (3KM) 


(2)  OBSERVATION  POINT  (1.5KM) 


TIME  (MIN) 


(3) FLOOD  CONTROL  POINT  (OKN) 


C  • . 

^To.oo  2.00  4.00  6.00  8.00  10.00 


TIME  (MIN) 

Figure  13  Water  elevations  at  each 

reference  point(model-2-<2>) 


7.  Flood  Control 

The  flood  control  problem  by  a  dam 
based  on  the  imaginal  river  basin  and 
estimated  hydrograph  using  the 
observed  data  is  carried  out  as  a 
practical  example  to  show  the 
practicability  of  the  present  method. 
The  river  basin  used  is  shown  in 
Figure  14  by  water  depth  and  width. 
The  total  length  of  the  model  is  30km 
long.  The  maximum  width  of  the 
reservoir  is  1350m  and  the  upstream 
river  is  50m  wide.  On  the  most 
upstream  side  of  the  model  the  flood 
inflow  discharge  is  specified  and  it 
is  referred  to  as  the  flood  inflow 
discharge  point.  The  flood  control 
point  is  set  on  the  most  downstream 
side  where  the  dam  is  assumed  to  be 
equipped.  The  water  elevation 
computed  is  expressed  on  the 
referrence  point  at  the  center  of  the 
model  which  is  called  as  the 
observation  point. 

Total  numbers  of  nodal  points  and 
elements  are  61  and  60  respectively. 
Total  time  interval  used  is  48  hours, 
which  is  divided  into  short  time 
intervals  13.824sec.  The  steady  state 
computation  has  been  carried  out  to 
get  the  steady  state  water  elevation 
{felt)].  In  the  practical 
computation,  it  is  more  suitable  to 
modify  the  performance  function  as: 

J=|^^*(({f(t)}-{fB{t)})* 

[S]{{f{t)}-{f8(t)}) 
+{U(t)}*[R]{U(t)})dt  (28) 

where  the  weighting  matrix  [S]  is  set 
unit  matrix  and  the  weighting 
coefficient  for  [R]  matrix  is  R=1.0  x 
10"’'.  The  lumping  parameter  is  chosen 
as  e=0.9. 

Specifying  the  flow  discharge  at 
the  inflow  point  as  the  time 
dependent  function: 

q  =  $(t)  on  Sa. 

where  'q(t)  is  shown  in  Figure  15,  the 
optimum  control  discharge  at  the 
control  point  can  be  computed  as 

q  =  q(t)  on  Sc 

where  q(t)  is  expressed  in  Figure  16. 
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(1)  (3) 

FLOOD  (2)  FLOOD 

INFLOW  OBSERVATION  CONTROL 
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Si 

O.QQ 


Sc 

1.00  6.00  9.00  13.00  IS.00  10.00  21.00  21.00  22.00  30.00  (km) 

Figure  14  Reservoir  mo(iel-3 


(1)  FLOOD  INFLOW  POINT  (30KM) 


Figure  15  Hydrograph  of  inflow 
(niodel-3) 

In  this  figure,  the  outflow  discharge 
at  the  control  point  without  control 
is  also  expressed  by  the  dotted  line. 
An  outlook  of  the  uncontrolled 
discharge  is  almost  conincident  with 
that  of  the  inflow  discharge  shown  in 
Figure  15  until  the  maximum  peak 
value  arrives.  The  duration  to  arrive 
the  peak  value  of  the  outlow 
corresponds  to  that  of  inflow. 


However,  the  uncertain  oscillation  of 
the  discharge  can  be  found  after  the 
peak  value  of  the  flood,  which  is 
caused  by  the  reflection  of  the  wave 
by  the  dam.  By  the  optimum  control  of 
the  discharge,  the  maximum  peak  value 
can  be  reduced.  Moreover,  the 
oscillation  of  the  discharge  after 
the  peak  value  can  be  eliminated.  It 
is  important  to  note  that  the  control 
of  discharge  must  start  before  the 
peak  value  of  the  flood  will  arrive 
to  the  dam. 

The  computed  water  elevations  at 
the  inflow,  observation  and  control 
points  are  illustrated  in  Figure  17. 
The  dotted  lines  show  the  computed 
water  elevations  without  control.  At 
the  inflow  point,  which  represents 
the  upstream  area,  oscillation  of  the 
water  elevation  can  be  found  in  case 
of  the  flow  without  control.  It  is 
detected  out  that  there  is  a 
possibility  that  the  oscillation  of 
the  water  elevation  can  cause  severe 
damages  to  the  human  properties 
around  upstream  area.  For  the  water 
elevation  controlled  at  the  dam,  the 
upstream  oscillation  has  completely 
been  eliminated.  The  variation  of  the 
water  elevation  controlled  is  smaller 
than  that  of  uncontrolled.  The  water 
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(3)  FLOOD  CONTROL  POINT  (OKM) 

- : OPTIMAL  OUTFLOM 

- : NORMAL  OUTFLOW 


Figure  16  Control  discharge 

at  the  control  point 
(model-3-<l>) 


elevations  computed  at  every 
referrence  point  show  almost  flat 
water  elevation  excluding  the 
duration  after  the  peak  value  of  the 
flood. 

In  the  practical  problem,  it  is 
usually  seen  that  the  maximum  ability 
of  the  flow  rate  of  the  dam  gate  is 
limited.  In  Figures  18  and  19, 
control  example  of  which  maximum  flow 
rate  is  limited  as  1000m=*/s  is 
illustrated.  In  Figures  20  and  21, 
control  example  of  which  maximum  flow 
rate  is  limited  as  1500m=’/s  is 
illustrated.  Figures  18  and  20  show 
the  control  discharge  at  the  control 
point.  Figures  19  and  21  are  the 
computed  water  elevations  at  each 
reference  point  compared  with  the 
water  elevations  without  control .  In 
these  examples,  it  is  also  detected 
out  that  the  water  elevations  can  be 
controlled  by  the  discharge  of  the 
dam  gate.  It  is  also  seen  that  the 
secondary  oscillation  of  the  water 
elevation  at  the  upstream  has  been 
eliminated. 


8 .  Conclusion 


- !  OPTIMAL  OUTFLOM 

- -  normal  OUTFLOW 

(1)  FLOOD  INFLOW  POINT  (30KM) 


(2)  OBSERVATION  POINT  (ISKfi) 


)0. 00  12.00  24.00  30.00  48.00 

TIME  (HOUR) 


(3)  FLOOD  CONTROL  POINT  (OKM) 


TIME  (HOUR) 


Figure  17  Water  elevations 

at  each  reference  point 
(model-3-<l>) 


This  paper  has  presented  the 
optimum  control  method  for  the  wave 
propagation  caused  by  the  flood 
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(3)  FLOOD  CONTROL  POINT  (OKM) 

- ! OPTIMAL  OUTFLOW 

- : NORMAL  OUTFLOW 


'Td.  00  12.00  24iC0  36.00  40.00 


TIME  (HOUR) 

Figure  18  Control  discharge 

at  the  control  point 
(model-3-<2>) 

[outflow  ^  1000m=*/s] 

through  the  reservoir  set  up  by  a 
dam.  It  is  detected  out  that  the 
control  of  the  dam  can  be  effectively 
performed  by  the  conjugate  gradient 
method  combined  with  the  finite 
element  method.  Comparing  with  the 
dynamic  programming,  the  computer 
core  storage  of  this  method  can  be 
extraordinary  reduced.  For  the 
forward  and  bacltward  numerical 
integrations  in  time,  the  two  step 
scheme  can  be  effectively  introduced. 
For  the  determination  of  the 
magnitude  of  the  gradient  vector,  the 
line  search  method  is  shown  to  be  one 
of  the  most  efficient  method  of  the 
analysis. 

Using  the  numerical  computation 
based  on  the  practical  basin  and 
estimated  hydrograph,  it  has  been 
cleared  that  the  water  elevation  can 
be  controlled  by  the  discharge  of  the 
dam  to  reduce  the  peak  value  and  to 
eliminate  the  secondary  wave 
propagation  toward  the  upstream  of 
the  dam  reservoir.  To  control  the 
wave  propagation  generated  by  the 
reflection  of  the  sudden  close  of  dam 
gate,  it  is  necessary  to  discharge 
through  the  dam  g^te  in  advance 
before  the  peak  value  of  the  flood 
arrives.  The  strategy  how  to  open  and 
shut  the  dam  gate  can  be  determined 
by  the  present  method  knowing  the 
flood  configuration  beforehand. 


- ! OPTIMAL  OUTFLOW 

- : normal  OUTFLOW 

(1)  FLOOD  INFLOW  POINT  (30KM) 


TIME  'HOUR) 


(2)  OBSERVATION  POINT  (ISKfi) 


To.  00  12.00  24.00  36.00  48.00 


TIME (HOUR) 


(3)  FLOOD  CONTROL  POINT  (OKM) 


Tb.OO  12.00  24.00  36.00  48.  QO 


TIME  (HOUR) 

Figure  19  Water  elevations 

at  each  reference  point 
(model-3-<2>) 


55 


(3)  FLOOD  CONTROL  POINT  (OKM) 

- : OPTIMAL  OUTFLOW 

- - normal  outflow 


Figure  20  Control  discharge 

at  the  control  point 
(model-3-<3>) 

[outflow  ^  1500m“/s] 
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Figure  21  Water  elevations 

at  each  reference  point 
(model-3-<3> ) 
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Abstract 

A  second-order  accurate,  implicit,  liigli  resolution  up¬ 
wind  scheme  has  been  used  to  solve  the  three-dimensional 
incompressible  Navmr-Stokes  equations  in  general  curvilin¬ 
ear  coordinates  for  the  steady-state  computation  of  the  flow 
field  around  axisymmetric  hull  geometries  at  high  Reynolds 
numbers.  A  hybrid  algorithm  with  relaxation  in  the  stream- 
wise  direction  and  approximate  factorization  in  the  cross- 
flow  plane  is  used  to  reduce  the  temporal  splitting  error. 
Three  axisyinmetric  bodies  with  different  stern  shapes  have 
been  chosen  for  the  i)rosont  investigation  to  highlight  the 
boundary  layer  devolopmenl  and  to  pinpoint  flow  sei)ara- 
tion  in  the  stern  regions  of  the  hull  geometries.  Three- 
dimensional  viscous  grids  of  C-0  topology  have  boon  gen¬ 
erated  around  each  body  using  a  transfinite  interpolation 
technique.  I'urbulence  is  simulated  using  algebraic  eddy 
viscosity  model  of  Daldwin-Lomax  .  The  computed  re¬ 
sults  are  compared  with  the  available  experimental  data 
for  on-body  pressure  distribution  and  radial  and  axial  ve¬ 
locity  profiles  in  the  afterbody  boundary  layers  with  and 
without  propeller  in  operation.  The  computed  results  show 
close  agreement  with  the  mcasuiements  in  most  cases. 

I.  Introduction 

The  flow  in  the  stern  region  of  a  submersible  is  char¬ 
acterized  by  the  presence  of  a  thick  and  possibly  sejra- 
rated  turbulent  boundary  layer.  There  is  an  increase  in 
the  stern  pressure  drag  and  skin  friction  drag,  called  thrust 
deduction,  due  to  the  upstream  suction  produced  by  the 
propeller  when  operating.  Accurate  numerical  prediction 
of  the  flow  in  the  stern  region  of  the  hull  both  with  and 
without  the  propeller  operating  is  important  to  evaluate 
the  afterbody  thrust  deduction,  thus  limiting  the  expen¬ 
sive  resistance  and  self  propulsion  model  experiments  in  a 
towing  tank.  Althougli  several  numerical  algoritiims  have 
been  so  f<u  developed  foi  compuliiig  llie  two  and  tlirec 
dimensional  incompressible  Navier- Stokes  equations,  most 
of  them  are  proiiibitively  expensive  for  very  high  Reynolds 
number  flows  typical  in  marine  hydrodynamics. 

Several  panel  methods  such  as  VSAERO  (1)  are  used 
in  aircraft  design  and  analysis  practices.  However,  their 
true  application  in  marine  flows,  particularly  for  comput¬ 
ing  the  flow  field  in  the  stern  region,  is  limited  because  of 
the  presence  of  fairly  thick  boundary  layers  in  liic  stern 


region.  A  viscous-inviscid  interaction  procedure  miglit  be 
once  again  inadequate  because  of  the  possible  presence  of 
flow  separation  in  this  region.  Hence,  an  accurivte  compu¬ 
tational  method  for  this  problem  should  attempt  to  solve 
the  incompressible  Navicr-Stokes  equations. 

Aziz  and  Heliums  (2)  proposed  a  vector  potential  vor- 
ticity  formulation  to  solve  the  three-dimensional  incom¬ 
pressible  Navicr-Stokes  equations.  Because  of  its  large  stor¬ 
age  requirements  and  the  necessity  to  solve  three  Poisson 
equations  at  each  time  level,  the  method  is  not  very  popu¬ 
lar.  The  direct  extension  of  time-dependent  methods,  both 
explicit  and  implicit,  developed  for  the  compressible  Navier- 
Stokes  equations  to  incompressible  flows  is  not  possible  be¬ 
cause  of  the  ‘stiffness’  of  the  physical  problem  associated 
with  low  speed  viscotis  flow.  To  circumvent  this  problem, 
Chorin  (3)  proposed  the  use  of  artificial  compressibility 
when  solving  the  equation  of  continuity,  thus  introducing 
an  unsteady  term  to  make  the  system  hyperbolic  as  in  the 
case  of  compressible  flows. 

In  this  paper,  we  compute  complex  flow  fields  around 
various  axisymmetric  bodies  by  obtaining  numerical  so¬ 
lutions  of  the  incompressible  Navier-Stokes  equations  in 
primitive  variable  formulation.  A  hybrid  second-order  ac¬ 
curate  implicit  iiigh  resolution  upwind  scheme  is  used  to 
solve  the  system  of  conservation  laws  in  general  curvilin¬ 
ear  coordinates.  Three  axisymmetric  bodies  with  different 
stern  shapes  to  highlight  specific  flow  details  in  that  region 
have  been  chosen  for  tlie  present  study,  primarily  because  of 
the  availability  of  well  documented  experimental  results  for 
these  bodies  (4,5,6,7).  Body  fitted  three-dimensional  grid 
systems  of  C-0  topology  have  been  generated  around  tlicse 
bodies  using  an  algebraic  grid  generator  based  on  transfinite 
interpolation  procedure.  The  computed  on-body  pressures 
together  with  axial  and  radial  velocity  profiles  are  compared 
with  the  experimental  data.  In  addition,  the  flow  around 
the  stern  region  of  one  of  the  bodies  with  a  proi>eller  in  oper¬ 
ation  is  computed.  The  propeller  is  simulated  by  imbedding 
body  forces  in  a  disk  located  at  propeller  plane  as  suggested 
by  Stern  ct  al(8).  Finally,  in  order  to  illustrate  the  ability 
of  this  scheme  to  simulate  a  separated  flow,  the  results  of 
a  low  speed  -vortical  flow  about  a  3.5  caliber  tangent-ogive 
cylinder  at  an  angle  of  attack  are  presented. 
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II.  Governing  Equations 

Using  Cliorin’s  (3)  artifical  compressibility  formula¬ 
tion,  tile  incompressibie  Navier-Stokes  equation  are  written 
in  conservation  law  form  for  tiirce-ciimensionai  flow  as 

Q,  +  (E*  -  Kh  +  (F*  -  F:)v  +  (G*  -  GJ),  =  0  (1) 

In  Equation  (1)  the  dependent  variabie  vector  Q  is  defined 
as 

Q  =  (.P,u,v,wf 

and  the  inviscid  flux  vectors  E*,F*,G*  and  the  viscous 
shear  flux  vectors  E*,F*,G*  are  given  by 

B*  =  (/?«,  +  p,  uv,  utu)^ 

F'  =  (/Ju.uu.u*  +p,vw)'^ 

G*  =  (/Jtu,  uw,  vw,  to*  +  p)^ 

B;  = 

Fy  =  72e  (0,  Tyx,  t’yyjTyj)*' 

Gy  =  HG  (0, 

The  coordinates  x,p,z  are  scaied  with  an  appropriate  char¬ 
acteristic  length  scaie  L.  In  Eq.  (2),  the  Cartesian  veiocity 
components  u,  ti,  to  arc  nondimensionalized  witii  respect  to 
the  free  stream  veiocity  Vcoi  whiic  tiie  normalized  pressure 
is  defined  as  p  =  (P  -  Pco)/pV^-  The  kinematic  viscosity 
1/  is  assumed  to  be  constant,  and  tiie  Rcynoids  number  is 
defined  as  Re  =  Tiie  artificiai  compressibility  pa¬ 

rameter  P  monitors  tiie  error  associated  with  the  addition 
of  the  unsteady  pressure  term  in  the  continuity  equa¬ 
tion  which  is  needed  for  coupling  the  mass  and  momentum 
equations  in  order  to  make  the  system  hyperboiic. 

For  large  values  of  /5  or  when  the  solution  of  Eq.  (1)  has 
approached  asymptoticaliy  a  steady  state,  the  continuity 
equation  is  accurately  satisfied,  However,  the  choice  of  fi 
is  also  dictated  by  the  important  constraint  of  the  stiffness 
of  the  partiai  differential  equation  as  discussed  in  Ref.  9. 
Hence,  P  =  I  has  been  clioscn  uniformly  in  the  present 
computations. 

To  develop  the  equations  in  a  general  curvilinear  coor¬ 
dinate  system,  a  coordinate  transformation  of  the  form 

C  =  C{x,y,z),  ^  =  ^(x,y,^)  and 

has  been  considered.  Eq.  (1)  is  rewritten  in  strong  conser¬ 
vation  law  form  as 


and  the  Jacobian  of  the  coordinate  transformation  is  given 
X(  y(  Zd 

J~^  =  del  X(  y(  Z( 

The  Cartesian  derivatives  of  the  shear  fluxes  are  obtained 
by  expanding  them  using  chain  rule  expansions  in  the  (,  5, 
directions. 

The  Jacobians  of  the  inviscid  fluxes  E,  F  and  G  are 
needed  for  the  flux-difference  splitting  and  for  the  implicit 
algorithm.  The  Jacobian  matrices  in  the  different  coordi¬ 
nate  directions  arc  obtained  as  the  linear  combination  of 
the  Cartesian  Jacobian  matrices  as 

D  =  ajA*  -h  n2B*  -h  asC’ 

where  D  =  A,  B,  or  C  with  A  =  |^,B  =  |^,C  =  |^ 
,  and  (01,02) “a)  are  tl'c  row  vectors  of  the  T  matrix.  For 
the  Jacobian  matrix  A,  oj  =  CrZ-f)  =  CyM  “3  =  Cz/<f) 
and  so  on.  The  Jacobians  in  the  Cartesian  coordinates 
themselves  are 

0  /3  0  0- 

£E2  _  1  2u  0  0 

~  DQ  0  «  ti  0 

Lo  u>  0  u. 

OOPw 
aF‘  _  0  u  u  0 

^  “  0Q  “  1  0  2u  0 

LO  0  to  «. 

•0  0  0  p  ■ 

._£^_  0  U)  0  u 

~  5Q  ’’  0  0  to  V 

ll  0  0  2to. 

The  eigenvalues  of  D  are 

A  =  diag  (Ai, A2, A3,A,|)  =  diag  {U  -  SyU  +  S,U,V) 

where  U  is  the  contravariant  velocity  component  in  the  cor¬ 
responding  coordinate  direction  given  by 

U  =  fliu  +  02W  -h  03  to 

and 

S  =  (U*  -h/ICol  +  o|  +  =  S’(u,o,to,oi,a2,03) 


(Q/J),  +  (E-  E,)(  +  iF-  F„)4  -f  (G  -  G„),  =  0  (3) 
with 

(E,F,Gf  =  [T]  (E*,F*,G-f 
and 

(E,F,Gf  =  (T)  (E:,F;,G;f 


The  Jacobian  matrices  in  different  directions  are  diag¬ 
onalized  using  a  similarity  transformation  D  =  RAR"*  to 
obtain  the  eigenvalues  of  D.  The  rows  of  R“*  and  the 
columns  of  R  are  computed  such  that  they  give  an  or¬ 
thonormal  set  of  left  and  riglit  eigenvectors.  The  gener¬ 
alized  similarity  matrices  R  and  R”*  are  given  by  (Ref. 
6) 


where 


Cx  Cy 

•  -ps^ 

0 

0  • 

C  £ 

sx  sy 

p  _  aiP  +  «Ai 

aiP  +  «A2 

-02 

-03 

.Vx  Vv 

UiP  -1-  vA| 

&2P  -h  t;A2 

«!  -fa3 

-03 

.03/3  +  toAi 

dsP  +  10A2 

-02 

di+a2. 
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and 


R“i  = 


252 


-A,//? 

(A2di  +  X\d'i)IP 
.(A2d3  +  Xt(U)lfi 


«! 

«i 

-2S^/k  -  aids 
-2S^/k  -  aide 


02 

02 

-2S^/k  -  aids 
-02^6 


03 


03 

-dsds 


-25Vfc-M6J 


where  fc  =  oi  +  02  +  03,  di  =  -  j  -  ‘‘i.  "  etc.  and 

yaj+oj+ai 

dl  =  (r31  -  »'2l)/^')  <^2  =  (>'32  -  >‘22)/^)  <^3  =  (»‘41  -  rii)/k, 


Discretization  of  the  Inviscid  Fluxes 

Consider  a  system  of  quasi  one-dimensional,  hyperbolic 
partial  differential  equations 


dl  =  (r42  -  r22)/k,  ds  =  </i  +  di,  and  da  =  da  +  di 

Quantities  such  as  r,-;  represent  the  ith  row  and  jth  column 
of  the  R  matrix  and  S  =  5(«,«,  10,01,02, 03). 

In  high  Reynolds  number  flows,  it  is  appropriate  to 
make  use  of  the  thin-layer  approximation.  The  justification 
for  such  a  simplification  can  be  found  in  Pulliam  and  Stoger 
(10).  Consequently,  all  viscous  derivatives  in  the  ij  and 
^  direction  (along  the  body)  are  neglected.  The  viscous 
shear  flux  G„  (normal  to  the  body)  and  its  Jacobian  can 
be  derived  after  Steger  (11).  That  produces  the  coefficient 
matrices 


(Q/J),  -b  Hs  =  0  (4) 

where  9  =  C,  f,or  q.  Defining  computational  cells  with 
their  centroids  at  /  =  ^  and  their  cell  interfaces  at  f  ±  1/2, 
a  discrete  approximation  to  (4)  is  written  as, 

(^)AQ"  -b  A,H  =  0  (5) 

where  Al  is  the  time  step  ,AQ"  =  Q"+i  -  Q”  and  A|(  )  = 
1(  )i+i/2  ~  (  )i~i/2]/A9  .  Superscript  denotes  the  time  level 
at  which  the  variables  are  evaluated. 


G„  =  (Re-J)- 


and 


0 

+  t&eqi 
i>lV„  +  ll>2l]y 

L0itn, -b  02'h 


■0 

0 

0 

0  • 

1 

0 

^22 

^32 

^42 

0 

Z32 

^33 

243 

.0 

Zii 

243 

ZiA 

To  construct  an  approximate  Riemann  solver  for  the 
initial  value  pioblem  in  Eq.  (5),  each  variable  is  regarded 
as  an  averaged  state  in  each  cell  so  that  the  flux  difference 
is  preserved  in  each  cell  and  Eq.  (5)  can  be  regarded  as  an 
integral  rather  than  a  differential  law.  According  to  Roe’s 
scheme  (12),  the  flux  at  interface  /  ±  1/2  can  be  expressed 
in  terms  of  the  left  and  right  travelling  waves. 


H|±i/2  =  H;  ±  (AH^,/j)  (6) 


Using  (6)  we  can  write  (5)  as 


with 

V'l  =  vl  +  111  +  Vx 
^22  =  -b  qj  -b  q^ 
Zm  =  |qiq.. 

^43  =  ^VyVz 


'P2  =  +  q^e,  +  qxW,) 

Z32  =  |qr>?y 

^33  =  vl  +  ^vl  +  vl 

Zu  =  vl  +  »?y  + 


The  inviscid  fluxes  ,  the  viscous  sliear  fluxes  and  their  Jaco- 
bians  Just  obtained  in  this  section  are  ready  for  discretiza¬ 
tion  later. 


III.  Numerical  Flux  Differencing 

It  is  well  known  that  upwind  schemes  possess  an  in¬ 
herent  solution-adaptive  dissipation  tliat  eliminates  tlic  ad¬ 
dition  and  fine  tuning  of  artificial  dissipation  terms  for  nu¬ 
merical  stability  and  accuracy  required  in  schemes  based 
on  central  differencing.  In  the  present  approach  tlie  invis¬ 
cid  Iluxes  are  discretized  by  using  Roe’s  flux-differencing 
splitting  concept  (12)  and  the  viscous  flu.xcs  arc  discretized 
by  the  central  differencing  technique.  We  shall  discuss  the 
numerical  discretization  scheme  in  one  dimension  and  as¬ 
semble  them  together  for  tlirec-dimcnsions. 


(i)AQ".bAH,;,/2  +  AHt./2  =  0  (7) 

Equation  (7)  relates  the  development  of  Q  at  the  centroid 
to  the  waves  at  the  interfaces  according  to  their  propagation 
directions.  Defining  a  mean  value  matrix  according  to  Roe 
(12) 

Di+i/s  =  D(Q(,Qi+i) 

so  that 

D/±1/2A(±i/2Q  =  AHj±i/2, 

Using  the  above  we  can  write  (7)  in  delta  form  as 

(^)  “(Dr+i/2)"^i+i/3  +  Prli/2)"^'-i/2] 

=  (Dr+j/2)"^H-l/2Q''  -  (D+ ,/j)'>A,_V2Q’’ 

(8) 

where 

=  (RAR-‘),±,/2  =  (R(A+  -  A-)R-']|’i,/j, 
and 

(Dr+i/2)"  =  (R-A-R-'),+,/2 

(D^.,/2)"  =  (RA+R-'),_,/2 

with 


61 


A±  =  (|A|±A)/2. 


The  construction  of  Djlj.,/2  is  accomplished  in  two 
steps.  First,  the  analytic  Jacobian  D  =  flH/9Q  is  formed. 
D  is  found  to  bo  a  function  of  metric  coefficients,  of  the 
parameter  /?,  and  of  the  state  vector  Q 

D  =  D(a,h,c,/?,Q) 


where 

and 

,dk  _  for  A,±,/2lV,«  ,4  0 

’^”■>'“10,  for  A,±,/2iy,”  =  0 


where  a,b,c  are  the  metric  quantities  fx/J, 
etc.  Second,  the  local  values  at±ii2,  ^(±1/2)  C|±i/2,  and 
Qr±i/2  computed  at  interfaces  and  fed  into  D  to  form 

^r±i/2'  addition,  in  order  to  ensure  that  the  flu.\  differ¬ 

ences  taken  over  the  six  bounding  surfaces,  (t  ±  1/2, y,A-), 
(f,/±  1/2,/;)  and  (t,/,/:±  1/2)  of  a  three-dimensional  cell 
at  cancel  out  completely  so  that  the  present  finite 

difference  formulation  essentially  becomes  a  finite  voulme 
method,  a  speci<al  weighted  averaging  procedure  has  been 
adopted  (9),  for  example, 

(Cx/J)i3k  =  [{(rkS}y){<rjSkz)  -  i<^ihy){okSjz)]i 


where 

(TkSjV  =  [{Sjy)k+i  +  (Sjy)k-i]/2 

with 

«l()  =  ((  )i.n-()i-.l/2 

The  advantage  of  the  delta  form  formulation  is  that 
the  steady-state  solution  is  independent  of  the  time  step 
size  Af.  The  justification  for  the  accuracy  of  Eq.  (8)  as 
the  approximate  Riemann  solver  for  the  present  problem  is 
given  in  Ref.  9. 

In  order  to  ensure  that  the  present  scheme  has  a  high 
resolution  capability,  which  is  equivalent  to  preserving  To¬ 
tal  Variation  Diminishing  (TVD)  property  for  a  nonlin¬ 
ear  equation,  it  is  necessary  to  construct  a  quantity  sub¬ 
ject  to  TV  requirement.  For  a  linear  problem  such  as  the 
one  described  above,  the  TV  of  the  characteristic  variable 
W  =  R"*Q  can  be  forced  to  diminish  in  time.  Assuming 
R,R~'  and  A  to  be  constant  and  using  the  definition  for 
the  characteristic  variables,  the  scheme  given  in  Eq.  (8) 
can  be  rewritten  <ts 

^mA(Tl/2 

(m  =  l,2,3,‘l) 


AWZ=:fXtA,:fi/2\V" 


(9) 


The  above  equation  comprises  four  scaiar  iinear  equations. 
To  enhance  the  accuracy  up  to  third  order,  the  characteris¬ 
tic  variables  W”  at  the  cell  interfaces  are  reconstructed  by 
using  piecewise  linear  distributions  as  described  in  Ref.  9. 
VVe  then  obtain  a  family  of  implicit  TVD  sciicmcs 


•'mAlTl/Z 


AIV"  = 


(A;-{(l-a,)A--Kl-ba;)A+} 

J 

~  W  +  {(I  +  (1  +")’^m} 


Extending  this  TVD  scheme  to  non-linear  liyperbolic  con¬ 
servation  laws,  we  obtain 

"  (■^m,l-)-l/2^'+l/2  “  ■^m,l-l/2^t-t/2)"  AIV,"  = 


{■^m,l-H/2  "  [(^  1+1/2  +  (^  + ‘^)^m,l+l/2] 

x(?i-..,+,-^^+,,)/4}"AH,/2iy,”- 

{^m, 1+1/2  +  [(1  ~  1-1/2  +  (^  +  ‘^)-^m,l-l/2] 

x(^;.,-^;r..,-i)/4}’*A,_i/2H^’; 

(11) 

The  extension  of  Eq.  (11)  to  a  nonlinear  system  of  conser¬ 
vative  laws  is  obtained  in  two  steps.  First,  the  nonlinear 
equivalent  of  Eq.  (11)  is  formed,  then  it  is  multiplied  R 
throughout  from  the  left  to  got 


(^)  -  (Dr+i/2^'+«/2  “  l^i^-i/2^'->/2) 


AQ"  = 


where 


(RK-R-'),+,/2A,+,/2Q”- 

(RK+R-‘)i_,/2A,_,/2Q’’ 


and 


Discretization  of  the  Viscous  Fluxes 

To  discretize  the  viscous  fluxes,  the  derivatives  at  the 
cell  interfaces  are  approximated  like 


(««);+i/2  =  A/+i/2«,  etc. 

wherever  possible.  Otherwise,  they  are  comjiutcd  from  the 
central  differences  at  the  two  nearest  neighboring  points, 
such  as 

(«?)i+i/2  =  0.25  ((Uj+i  -  «j-i),-+i  -1-  (ttj+i  -  «i-i)i] 

The  above  one  dimensional  discretization  scheme  can 
be  used  to  estimate  the  interface-flux  function  in  multidi¬ 
mensional  problem.  The  discussions  of  the  extension  of  the 
fluxes  differencing  and  TVD  schemes  from  one-dimensional 
to  multi-dimensional  application  can  be  found  in  Roc  (13) 
and  Yee  (M).  Our  present  strategy  is  to  sum  up  ali  inde¬ 
pendent  discretizations  of  the  flux  derivatives  in  each  coor¬ 
dinate  direction  to  form  a  three-dimensional  formuation. 
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Time  OifTercncing  and  the  Implicit  Scheme 

The  backward  Euler  time  difTcrcucing  of  the  tUrco- 
diinciisioiial  conservation  equations  with  the  thin-layer  ap¬ 
proximation  is 


^  =  -(A((B"+')  -h  A5(F'‘+')  +  A„(G’‘+*  -  g;;+‘)] 

(13) 


Linearizing  it  about  time  level  n,  we  obtain 


=  -(AaE")-bA4(F")-hA„(G’‘-G")] 


(M) 


The  left  hand  side  is  the  implicit  part  and  the  light 
hand  side  is  the  explicit  part  of  the  foimulation.  The  ex¬ 
plicit  part  is  the  spatial  derivatives  in  Eq.  3  evaluated  at 
the  known  time  level  n  ;  its  value  diminishes  as  the  steady 
state  solution  is  approached.  Hence  ,  it  is  also  called  the 
residual  .  The  Li  norm  of  the  residual  is  often  used  as 
a  measure  of  convergence  of  a  solution.  Discretize  the  in- 
viscid  and  viscous  flu.vcs  according  to  upwind  diffciencing 
scheme  and  cential  differencing  scheme  respectively  in  ( 
and  1]  coordinate  direction  independently  according  to  Eq. 
(8)  and  then  assemble  them  togethci.  Eq.  (M)  becomes 


-(C"  +  Z)c  +  l/2^C+l/2  +  (C'^'  +  Z)c—i/2A|,_i/2)’‘AQ’* 

=  -  Rcsiff') 

(15) 

where  i,j,  and  k  are  spatial  indices  associate  with  the  »/ 
and  C  coordinate  direction.  Z  arc  <1  x4 

block  matrices  (  flux  Jacobians)  associated  with  implicit 
spatial  differencing  in  the  coordinate  directions  by  evalu¬ 
ating  the  metric  terms  at  cell  interfaces  in  each  direction. 
Eq.(15)  is  solved  by  an  implicit  hybrid  algorithm,  where 
a  symmetric  planar  Gauss-Scidel  relaxation  is  used  in  the 
streamwisc  direction  (  in  combination  with  approximate 
factorization  in  the  remaining  two  coordinate  directions  ( 
and  1].  It  is  used  to  avoid  the  Af^  sjiatial  sjilitting  error 
incurred  in  fully  three-dimensional  approximate  factoriza¬ 
tion  methods.  The  hybrid  scheme  is  unconditionally  stable 
for  linear  systems  and  offers  the  advantage  of  being  com¬ 
pletely  vcctorizablc  like  a  conventional  three-dimensional 
approximate  factorization  .algorithm.  As  a  result,  Eq.  (15) 
becomes 


and  the  icsidual  on  the  lllIS  indicates  the  nonlinear  up¬ 
dating  of  the  residual  by  using  Q’‘+'  whenever  it  becomes 
availabc  while  sweeping  in  the  C  direction  back  and  forth 
through  the  computational  domain. 

Turbulence  Modeling 

For  Laminar  flow  computations  the  coofTicient  of  molec¬ 
ular  viscosity  /i  =  /i;  is  obtained  from  Sutherland’s  law. 
Turbulence  is  simulated  using  the  Baldwin-Lomax  algebr<aic 
turbulence  model.  For  turbulent  flow  computations  the 
laminar  flow  cocflicicnts  are  repLaced  by, 

/I  =  fii  +  fit 

The  turbulent  viscosity  coefTiciont  /i(  is  computed  by  using 
the  isotropic,  two-layer  Cebcci  type  algebraic  eddy-viscosity 
model  as  reported  by  Baldwin-Lomax.  In  this  formuLation 
fit  is  given  by 


f  (/^l)inncr  V  ^  Vc 
\  Oh)outer  V  ^  Vc 


where  y  is  the  local  distance  mciisured  norm.al  to  the  body 
surLicc  and  i/c  is  the  smallest  value  of  y  at  which  the  val¬ 
ues  from  the  inner  and  outei  region  viscosities  arc  equ<al. 
Within  the  inner  region,  the  Prandtl-Van  Driest  formula¬ 
tion  is  used 

(/<l)imier  — 

where  I  =  ky[l  ~  and  |n;|  is  the  magnitude  of 

vorticity  given  by 


M  = 


.On  Ov..  .  ,0v  dw..  ,  ,0iu  du.~ 


and  y+  =  {T,vltiw)y  • 

In  the  outer  region,  for  attached  and  separated  boundary 
layers,  the  turbulent  /iscosity  coefficient  is  given  by 

(/t()ouler  —A  OepR waktR* Ktcb{v) 

R'wakc  —  rnar  UlflF„t,p) 

Fl<leb{y)  =[1  +  5.5(C/net/ym<ir)®)“' 

In  the  above  equation  k  and  Cep  are  constants  and 

Fmax  =  TOn2:[|w|»/(l  - 

and  y„,ax  is  the  value  of  y  at  which  F,„or  occurs.  The  quan¬ 
tity  Udij  is  the  difference  between  maximum  and  minimum 
total  velocity  in  the  profile 


[M-(B  )j+i/2Aj+i/2  -f-  (B'*')j_i/2Aj_i/2lAQ 


(M-(C“  -f  Z)t+i/2Ar,.+i/2  +  (C'*'  -p  Z)i;_i/2Ar,_i/2lAQ" 


=MAQ 


Qn+l  =  Qn  q. 


(16) 


with 


UdiJ  =  v'(|(2  +  i;2  +  Vl^)max  -  \/(«^  +  U'  +  w‘‘)min 
The  various  constants  in  the  model  are  given  in  Ref.  15  as 
/1+  =  2G,  k  =  0.4,  K  =  0.0168, 
and 

Cep  —  1.6,  Cuik  “  0.25,  Cfdeb  “  ■ 
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IV.  Grid  Generation 

All  algebraic  grid  generation  procedure  based  on  trans- 
finite  interpolation  technique  has  been  used  to  generate 
the  viscous  grid  around  tlic  hull  geometry.  The  three- 
dimensional  grid  generated  around  the  body  is  of  C-0  type. 
The  C-0  grid  is  particularly  needed  to  adequately  resolve 
the  wake  region.  Details  of  the  theoretical  aspects  of  the 
transfinite  interpolation  method  and  the  varioms  mapping 
functions  and  their  behavior  in  grid  control  is  highlighted 
in  Ilef.  16.  The  method  is  fundamentally  a  two  body  grid 
generation  piocedure.  The  stern  shape  could  be  either  open 
or  closed.  A  modified  osculating  interpolation  function  has 
been  used  in  the  present  program. 

V.  Results  and  Discussion 

The  hydrodynamic  characteristic  of  the  boundary  layer 
flow  around  the  stern  of  a  ship  is  quite  different  with  and 
without  a  propeller  in  ojieration.  The  action  of  a  propeller 
produces  suction  that  accelerates  the  flow  upstream.  As  a 
result,  the  pressure  and  the  skin  friction  drag  around  the 
stern  increase  and  the  thickness  of  the  boundary  layer  de¬ 
creases.  The  knowledge  of  the  effective  flow  profile  ne<ar  the 
propeller  plane  and  the  amount  of  the  added  drag  is  essen¬ 
tial  for  designing  an  efficient  propulsor.  In  the  past,  exten¬ 
sive  efforts  have  been  made  to  study  the  interaction  between 
a  propeller  and  a  thick  boundary  layer  experimentally  and 
computationally  (4,5,6,7,8,17,18).  For  the  reason  of  sim¬ 
plicity,  in  most  cases,  axisymmctric  bodies  were  chosen.  At 
present,  we  iierform  the  numerical  simulations  of  flow  over 
DTRC  Afterbodies  1,  2  and  5  without  a  propeller.  In  addi¬ 
tion  the  flow  over  afterbody  1  with  a  propeller  in  operation 
is  analyzed.  The  results  are  then  compared  with  available 
experimental  data.  The  purpose  of  the  simulations  is  to 
develop  and  validate  a  numerical  scheme  for  analyzing  the 
complex  interaction  between  boundary  and  propeller.  The 
details  of  the  afterbodies  are  shown  in  Fig.  1,  where  r^ax 
is  the  maximum  radius  of  the  body,  r  is  the  radial  distance 
measured  from  the  body  axis,  x  is  the  axial  distance  from 
the  nose  and  L  is  the  total  body  length.  The  afterbody 
length  to  maximum  diameter  ratios  of  all  three  afterbodies 
are  differenti  they  are  4.308,  2.247  and  2.018  for  Afterbodies 
1  2  and  5,  respectively.  Here,  the  afterbody  length  is  de¬ 
fined  ns  the  distance  between  the  end  of  the  parallel  middle 
body  end  the  after  perpendicular.  Furthermore,  Afterbody 
5  has  an  inflected  stern.  The  hubs  of  all  three  afterbod¬ 
ies  arc  idcnticcil  at  the  position  where  the  propeller  can  be 
mounted.  The  diflerent  stern  shapes  generate  a  large  data 
base  variation  of  stern  flow  suitable  for  the  purpose  of  val¬ 
idation  of  the  computatioiicil  scheme. 

Flow  over  Axisymmetric  Bodies 

Flow  variables  such  as  pressure  and  velocity  compo¬ 
nents  of  an  axisymmetric  flow  are  independent  of  circumfer¬ 
ential  variation.  They  can  be  obtmncd  through  a  set  of  de¬ 
generated  equations  based-only  on  two  spatial- dimensions. 
However,  in  order  to  validate  the  three  dimensional  formu¬ 
lation  we  have  just  presented,  full  three  dimensional  com¬ 
putations  over  three  different  segments  of  a  body  are  per¬ 
formed.  The  sizes  of  the  segments  are  45°,  90°  and  180°  . 


A  viscous  grid  with  G-0  topology  around  the  body  is  gen¬ 
erated  by  a  transfinite  interpolation  method.  Grid  domain 
extends  to  three  body  lengths  both  upstream  and  down¬ 
stream  of  the  body.  Figure  2  shows  a  partial  view  of  a 
C  —  0  grid  around  a  generic  body.  The  grid  size  used 
for  presented  simulations  is  91  X  25  X  49  in  C  (stream- 
wise),  q  (circumferential)  and  (  (normal)  direction.  In 
the  f  direction,  the  grid  is  clustered  near  the  body  with  the 
smallest  grid  spacing  5  X  10"^  of  the  body  length.  In  the 
1)  direction,  the  grid  is  clustered  near  the  bow  and  the  stern. 
Grid  sizes  used  for  all  three  segments  (45°,90°and  180°  ) 
arc  identical.  Consequently,  we  can  perform  computations 
based  on  three  different  grid  densities  in  the  t]  direction. 
The  differences  among  the  solutions  are  negligibly  small, 
therefore,  only  the  results  based  on  the  90°  segment  will 
be  presented  here.  In  all  our  axisymmetric  flow  computa¬ 
tions,  the  mixing  length  of  the  turbulence  model  has  been 
modified  according  to  Huang  et  al  (5). 

A  detailed  analysis  of  the  nieasurement  accuracies  is 
not  available.  However,  the  standard  deviations  of  mea¬ 
sured  data  were  estimated  from  repeat  runs.  The  standard 
deviation  of  the  measured  static  wall  pressure  was  less  than 
5  percent  of  their  mean  values  and  the  deviation  of  the  mea¬ 
sured  velocities  was  less  than  2  percent  of  the  free  -stream 
velocity  (19). 

The  experiments  of  flow  over  Afterbodies  1,  2  and  5 
were  carried  out  at  Reynolds  numbers  of  6.60  X  10®  ,6.80  X 
10®  and  9.30  X  10®  ,  respectively  (based  on  total  body 
length).  Figures  3,  4  and  5  show  the  comparisons  of  the 
computed  and  the  measured  pressure  distributions  over  the 
surfaces  for  Afterbodies  1,  2  and  5,  respectively.  The  body 
profiles  arc  included  in  the  figures  in  order  to  show  the 
relationship  between-  the  pressure  gradients  and  the  stern 
shapes.  At  the  region  near  the  end  of  the  body  where  the 
stern  and  the  hub  meet,  the  computed  pressure  shows  a 
sharp  decrease  followed  by  a  equally  sharp  increase.  Based 
on  some  different  numerical  schemes^  this  peculiar  feature 
has  also  been  encounted  by  Chen  and  Patel  (18)  and  Lee  et 
al  (20)  in  their  computations.  Chen  and  Patel  attributed 
such  phenomenon  to  the  rapid  change  of  geometry  near  the 
hull-hub  juncture  as  well  as  the  upstream  influence  of  the 
complex  pressure  interactions  in  the  tail  region.  A  solution 
we  obtained  with  a  panel  method  exhibited  the  same  fea¬ 
ture,  as  long  as  enough  panel  resolution  around  the  hull-hub 
juncture  region  was  provided.  Unfortunately,  the  experme- 
ntal  data  lack  the  resolution  needed  to  verify  this  feature. 

Figures  6,  7  and- 8  show  the  comparisons  between  the 
computed  and  the  measured  velocity  components  at  sev¬ 
eral  streamwise  locations  for  afterbodies  1,  2  and  5,  respec¬ 
tively,  where  To  denotes  the  radius  of  body  surface  .  For 
Afterbody  1,  the  agreement  is  very  good.  The  computa¬ 
tion  predicted  the  development  of  the  boundary  layer  very 
well.  For  Afterbodies  2  and  5,  the  agreement  in  general  is 
good,  except  the  radial  velocity  profiles  which  are  less  sat¬ 
isfactory.  The  agreement  deteriorates  as  the  rheasurement 
location  moves  further  downstream;  The  radial. .velocity 
component  is  relatively  small  and  is  more  difficult  to  mea¬ 
sure  accurately.  Fbr  both  Afterbodies  2  and  5,  the  maxi¬ 
mum  difference  between  computed  and  measured  values  is 
about  4  percent  of  free-stream  velocity.  The  error  bound  of 
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tile  measurement  is  2  percent.  The  measured  axial  veloc¬ 
ities  for  Afterbodies  2  and  5  are  progressively  slower  than 
the  computed  velocities  as  the  end  of  stern  is  approached, 
although  the  difference  is  small.  Near  the  end  of  the  stern, 
the  measured  axial  velocities  for  both  Afterbodies  2  and  5 
show  an  inflection  point  which  is  not  captured  by  the  com¬ 
putations.  The  pressure  gradient  of  the  stern  boundary 
layer  is  directly  affected  by  tlie  fullness  of  the  stern  shape. 
The  stern  of  Afterbody  1  is  the  least  full  among  all  three 
bodies  studied  hero.  It  caused  only  a  mild  adverse  pres¬ 
sure  gradient  in  the  boundary  layer  surrounding  the  stern 
region.  This  may  explain  the  reason  why  the  simulation  for 
Afterbody  1  is  the  most  successful. 

In  each  computation  presented  above,  220  iteration 
steps  were  taken.  The  ij  norm  of  the  residual  dropped 
two  orders  of  magnitude  from  10“®  to  10"*  .  220  iteration 
steps  were  chosen  since  further  iterations  produced  only  in¬ 
significant  variations.  Each  computation  requires  17  CPU 
minutes  on  a  CRAY-YMP  machine. 

Flow  over  an  Axisymmetric  Body  with  a  Propeller 

Flow  experiment  for  an  axisymmetric  body  with  a  pro¬ 
peller  were  conducted  at  DTRC  by  Huang  et  al(4,C,7).  A 
propeller  was  mounted  on  Afterbody  1  at  xjL  =  0.983  . 
The  geometrical  and  hydrodynamic  characteristics  of  the 
propeller  are  given  in  Huang  ct  al  (4)  and  Huang  and  Groves 
(7).  The  experiment  was  performed  at  a  Reynolds  number 
of  6.6  X  10®  (based  on  body  length). 

Numerically,  the  propeller  effect  is  simulated  by  imbed¬ 
ding  body  forces  in  a  disk  of  finite  thickness  located  in  the 
propeller  region.  The  details  of  this  typo  of  formulation 
can  be  found  in  Stern  et  al  (8).  Distribution  of  body  forces 
depends  on  the  propeller’s  characteristics  such  as,  thrust 
cocfRciont  Ct  ,  torque  coefficient  Kq  ,  advance  coefficient 
J  and  radial  circulation  distribution  (7(r).  The  axial  and 
circumferential  body  force  per  unit  volume  are  obtained 
from  the  following  equations: 

j  CrRlGir) 

/nl'  G{r)rdr 
4I{QRlG(r) 
irrJ'^^X  G{r)rdr 

where  fb^  and  fbg  are  the  body  forces  per  unit  volume  in 
the  axial  and  circumferential  directions,  respectively, 
and  Rp  are  the  radii  of  propeller  hub  and  blade,  respec¬ 
tively,  and  AX  is  the  thickness  of  the  disk.  The  following 
propeller  data  were  used  in  our  computation: 

J  =  0.370,  Kt  =  0.227,  Kg  =  0.0453,  Ct  =  0.370 

The  computed  body  forces  arc  then  incorporated  into  the 
right  hand  side  of  Eq.  16  and  forms  a  part  of  the  residual. 
Based  on  the  identical  grid  size  and  grid  distribution  used 
previously,  a  computation  was  carried  out  for  220  iteration 
steps.  The  L2  norm  of  the  residual  dropped  two  orders  of 
magnitude  from  10"®  to  10"*  without  suffering  from  any 
numerica!  instability. 

From  the  results  of  the  computation,  the  influence  of 
propeller  action  can  be  detected  up  to  about  two  propeller 
diameters  upstream.  The  differences  between  axial  veloc¬ 
ity  components  A«i/l4o  with  and  without  the  propeller 


in  operation  at  two  streamwise  locations  are  shown-in  Fig. 

9  .  The  measurement  locations  are  at  a:/i  =  0.9.';4  and 
x/L  =  0.977  .  The  agreement  between  the  computed  and 
the  measured,  values  is  very  good.  The  differences  in  pres¬ 
sure  distribution  on  the  afterbody  surface  upstream  of  the 
propeller  plane  are  shown  in  Fig.  10.  The  results  of  the 
computation  are  to  the  same  degree  of  accuracy  as  those 
reported  ly  Huang  and  Groves  (7).  The  swirl  velocity  was 
also  computed  but  due  to  lack  of  experimental  data  to  com¬ 
pare  with,  it  is  not  presented  here. 

Flow  over  Tangent-Ogive  Forebody 

With  the  same  numerical  scheme  discussed  above  and  a 
modified  turbulent  model  the  flow  over  a  3.5  caliber  tangent- 
ogive  forebody  was  studied  (21)  at  angles  of  attack  of  20° 
and  30°  and  at  Reynolds  numbers  in  the  range  0.2  - 
3.0  X  10®  .  The  purpose  of  the  study  was  to  investigate  the 
Reynolds  number  effect  on  low  speed  vortical  flow  and  to 
validate  the  numerical  scheme.,  A  C  -  0  type  grid  was 
generated  for  the  purpose  of  computations.  The  grid  size 
was  97  X  40  X  91  in  C  (streamwise),  f  (normal)  and 
r\  (circumferential)  direction.  Fig.  11  shows  a  comparison 
of  the  computed  and  the  measured  surface  flow  patterns 
at  a  Reynolds  number  of  0.8x10®  (based  on  diameter) 
and  an  angle  of  attack  of  20°  .  The  lines  indicate  that 
the  primary  separations  are  in  good  agreement.  Top  views 
show  two  distinct  regimes  in  which  the  surface  streamlines- 
appear  to  collocate.  Figure  12  shows  a  comparison  of  the 
computed  and  the  measured  circumferential  surface  pres¬ 
sure  distributions.  The  Reynolds  numbers  are  0.8  X  10® 
and  0.3  x  10®  and  the  angle  of  attack  is  30°.  The  Reynolds 
number  effect  is  more  pronounced  on  the  leeward  side,  near 
the  nose.  The  agreement  is  good. 

VI.  Conclusion 

The  3-2?  incompressible  Navier-Stokes  equations  was 
discretized  by  the  flux-difference  splitting  and  the  implicit 
high  resolution  schemes.  A  discretized  system  of  equa¬ 
tions  was  solved  by  an  implicit  .hybrid  algorithm,  where 
a  symmetric  planar  Gauss-Seidcl’  relaxation  was  used  in 
the  streamwise  direction  in  combination  with  approxima¬ 
tion  factorization  in  the  two  remmning  directions.  The  al¬ 
gorithm  is  highly  vectorizable  and  suitable  for  computation 
on  a  modern  supercomputer. 

For  the  simulation  of  afterbody  boundary  layer  flows, 
this  method  is  proven  to  be  effective.  Inclusion  cf;the  body 
force  propeller  model  poses  no  additional  problerii;  To  idi- 
tain  a  converged  solution  with  the  propeller  model  included, 
it  does  not  require  more  iteration  steps  in  comparison  with 
the  case  without  including  a  propeller  model.  Tho.roetliOd 
was  also  shown  to  simulate  low  speed  vortical'flow  with 
good  results. 
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Fig.  i  Axisymmetrie-afterbodiM 


Fig.  2  Partial  View  of  .a.<7  —  0  Grid  around-a'Bqdy. 
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Fig.  9  Measured  and  Computed  Axial  Velocity  Increase  on 
Afterbody  1  Due  to  Propeller  Suction 


b)  side  view 


Fig.  11  Surface  Flow  Paterns 
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Fig.  10  Measure  and  Computed  .Surface  Pressure 'Decrease 
on  Afterbody  1  Due  to  Propeller  Suction 


Fig.  12.  Measured  and  Computed  Circumferential  Pressure 
Distributioifs 
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Abstract 

Grid  generation  for  ship  hulls  and  a  propeller-blade 
was. made  using  the  geometrical  method,  where  an  ini¬ 
tial  grid  is  modified  iteratively  under  several  geomet¬ 
rical  requirements  such  as  orthogonality,  smoothness, 
and  clustering. 

Using  the  generated  grid,  -the  computation  of  the 
incompressible  Navier-Stqkes  equations  was  made  for 
flows  i'^'^t  a  flat  plate  and'  four  different  shipdiull  forms 
using  the  lAF  scheme  and  the  BsJdwin-Lomax  zero- 
equation  turbulence  model  The  hull  forms  chosen  are  a 
Wigley  hull  and  Series  60  (Cb==0.6,  0.7, 0.8)  hulls.  Prior 
to  the  ship  flow  computation,  the  flow  around  a  flat 
plate  was  computed,  where  the/agreement  of.the  com¬ 
puted  result  with  e.xporiment  was  very  good  in  terms 
of  the  wall  shear  stress,  displacement  thickne^,  shape 
factor,  and  velocity  distribution.  The  comphted' flow 
past  a-  Wigley  hull;  which  . is  not  very  different  from  the 
flat  plate-  result  because  of  its  fine  hull  form,  showed; 
good-agreemeht  with  experiments.  The.computed  flows 
past  Series  60  ( Cb=C.6,  0.7,  and;0.8)  hull  fotrhs  showed' 
Systematic  change  with  the  Cb-  block  coefficient  values. 
The  computed  Cb=0.6  result  showed  rea.sonable  agree¬ 
ment  with  c-xperimenls.  ‘However,  the  agreement  be¬ 
came  poorer  rvith  increase  inthe.Cb  values  ,(=0.'7,,',0.8)'; 

1.  Introduction 

Prediction  of  flow  pMt'  aship.hulI.has.been  an  im¬ 
portant  subject  in  ship  hydrodynamics  because  of  its 
pja.'tical  importance  If  one  succeeds  in  accurate  pre¬ 
diction  oftho-flow,  one  can  get  a  resistcpce  value  to’be 
used  in  powering,  and  the  wake  field  at  the  propeller 
plane  to  be  used  in  propeller  performance  estimation. 

A  classical  approach  to  the  above  .problenbis'lhe 
boundarydayer  method  [Ij.  But  recently,  aided  .by 
the  rapidde\el.opment  of  computer  hardware,  methods 
called  NS  solvefs,  in  wliifh  the  governing  equations- of 


the  flow  are  discretized‘;and- computed,  are  becoming 
increasingly  popular  [2],[3];[4].  The- author  :previously 
computed  the  flow  past  a  Wigley- hull  using  the  non¬ 
conservation  form  of  the  NS  solver  [5];  The  present  work 
is  an  extension  of  the  previous  work.  The  major  change 
is  in  -the  use  of  the  conservation  form.  The  scheme 
is  called  the  lAF  scheme  [6],  which  is-widely:uscd  for 
^computing  compressible  flows.  Pseudo-compressibility 
is  introduced -.in  the  continuity  equation  of  the  .incom¬ 
pressible  fl.oyv,  in  order-to  make  the  system  of  equations 
hyperbolic,  A  conservative  2nd-order,  central  diffetenc- 
ings  are  used  for  convection  and  diffusion  terms,  and 
the  4-th  order  numerical  dissipation  term.s  are  expldtly 
added  to  the  equations  to  damp  out  high  frequency  wig¬ 
gles. 

The  degree  of  accuracy,  of  computed  .results  of  NS 
solver^  is  affected  by-the  qudity  of  the  grid  used.  There¬ 
fore,  it  Is  important  to  bf  able  to  generate  grids  of  high- 
quality;. in  order  to  obtain  good  computed  results.  In 
the;pr«v‘*itT®pc'’i  ^  6-'^.gcheration-method  called  the 
geometrical  method  is  u^d;  It-is  an  extension  of  the 
method  used  by  the  author  previously  [7],  Using  the 
method;  the  grid  on  a  propeller  blade  and  the  grids 
atoun^-ship  hulls  are  generated; 

Although ihe  use  of  NS  solvers  greatly  reduces'  the 
need  for  experimental  informalioiis,  arjiurbulcnce  model, 
is  stjjl  needed  :for  computing  high  Reynolds  number 
flpwssuch  as  thpsepast  .sHiplijills.  The  turbulence  mod- 
eis  ridely  used 'tqday  in-engineering  appliefttibns  are 
the  Cebeci-Smith '(CS)  zen^equatiqh  turbulence  model 
'[8],.airJ“tlfe  k-e  Iwo-^qualioh  m6delT3j,  liMjie^jjresent 
paper  the  Baldwih-Lom^  (UL)  zerq-equatioii  tutbiir 
lence  model,  derived'-by-rriajdng  a-.modificatio'p'to  the 
CS  model,ds'Used;  There,  in  contrast  to,  tlie  origipnl. 
CS  model, -the  necessity  for  fihdihg-  tHc  odige  of  (lie 
boundary-layer  is  avoided.  The  model  is  widely  used: 
for  computing  compres?ble  flows  in  tlic  ficld^of  aerody¬ 
namics,  airdiv  said  to-be  accurale  for-uhseparatcd.flbws. 
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but  poor  for  separated  flows.  One  of  the  objectives  of 
tlie  present  work  is  to  test  tlie  viiidity  of.the  tubulcnce 
model  for  incompressible  flows  past  ship  hulls,  and  to 
find  the  range  of  applicability  of  the  model  by  com¬ 
puting  flows  past  ship  hulls  with  various  degree  of  full¬ 
ness.  Although  further  modification  to  the  BL  model 
was  published  recently  [10],  the  original  BL  model  is 
used  here. 

In  Chapter  2,  the  NS  solver  is  described,  with  dis¬ 
cussions  on  the  conservation  property,  boundary  con¬ 
ditions,  and  the  turbulence  model.  In  Chapter  3,  the 
geometrical  grid  generation  method  is  described,  where 
the  use  of  bi-cubic  splines  for  representing  a  body  sur¬ 
face  geometry  is  explained.  In  Chapter  4,  computed  re¬ 
sults  of  flows  past  a  flat  plate,  a  Wigley  hull,  and  Series 
60  Cb=0.6,  0.7,  and  0.8  hulls  arc  shown.  In  Chapter  5, 
conclusions  are  drawn.  The  flow  past  a  propeller,  which 
was  originally  planned,  is  not  included  in  the  present 
paper. 

2.  NS  Solver 
2.1  Governing  Ecpiations 

The  governing  equations  are  the  combination  of  the 
incompressible  Navier-Stokes  equations  and  the  conti¬ 
nuity  equation.  They  arc,  in  conservation  form, 


Coordinate  traiisformation  from  the  (x,y,z)  Carte¬ 
sian  coordinate  system  to  the  body-fitted  (^,r;,0  coordi¬ 
nate  system  is  made  to  the  governing  equation  eq.(2il)i 
The  transformation  is  assumed  time-independent.  The 
resulting  equation  is,  again  in  conservation  form 

^(i),+  F(  -bG,  -b^(  =  0  (2.3a) 

where  .  *  . 

F=:kF+ko+jH 

<  G=^F  +  ^G+^H  (2.36) 

J  J  J 

=  ^F+^G-b^if 

J  J 

J  is  the  Jacobian,  and  all  the  x,  y,  and  z  derivatives  of 
jj,  and  C  rje  expanded  using  the  chain  rule. 
Numerical  dissipation  terms  are  added  to  the  above 
equation  to  enhance  numerical  stability. 

^(j)+A  +G,  0  (2.4) 

where  tu  js  a  positive  constant.  In  order'that  computed 
results  obtained -  by  solving  eq.(2.4)  satisfy  the  origi¬ 
nal  equation  with  accuracy,  these  added  terms  mustibe 
small. 


+  -Fi  +  Gj,  -b  Hi  =  0  (2.1a) 


where 


'v?  -b.p-  r„' 

UV  -  Tty 
V^+p-  Tyy 

V 

F  = 

UV  -  Txy 

G  = 

w 

UW  —  Til 

VW  -  Tyi- 

.p. 

[  I3u.  . 

Pv 

H  = 


UW  —  Tfi 

vw  —  r, 


V‘ 


W^+P-  Til 


(2.1.6) 


where  all  the  subscrits  except  those  with  r  denote  par¬ 
tial  derivatives.  The  1st,  2nd,  and  3rd  components  are 
X-,  y-,  and  z-  momentum  equations.  In  the  4th  compo¬ 
nent,  which  is  the  continuity  equation,  5p/df  is  artifi¬ 
cially  added  to  give  pseudorCompressibiIity,thus  making 
the  sytem  of  equations  hyperbolic.  /?  in  the  equation  is 
a  positive  constant.  The  shear-stress  tefihs  r  are  ex¬ 
pressed  as  follows. 


==  ( ^  +  V()  («y  +  Vx) 

Tyy  =  ( =i^  +  I'i)  (w*  -b  «,)  (2.2) 
=  i-^  +  l'l)2VJi.,  Tyi  =(-^  +  t't)  (v^  +  Wy) 


First,  the  time  derivative  is  replaced  by  the  time 
differencing.  The  Pad6  time  differencing  form, is  used, 
here, 

where  q"  denotes  q  at  timestep  n.  9  is  a  constant  , which 
takes  the  value  of  either  0  (Euler  explicit),  0.5.  (^ape- 
zoidal),  or  1.0  (Euler,  implicit).  Here  0=1.0  is  adopted. 
The  nonlinear  flux-terms  AF,  AG,  .A//  are  locally  lin- 
earized-intO  the  form,. for.  example,. 


AF  =  A'Ag  +  Agj  -b  A^Ag,  -b  Ag(  (2.6a) 

where  A  =  A’’ =  ~,  (2.66) 

:dq  dq^  dq„'  dq( 

Then  the  governing  equation  becomes 

Ag"-b0A<[  J^(  AAq  +  A^Aq(  +  A’A?,  -b  A^Aq() 


•b  J ^(  BAq  -b  ’B''Aq^  -b  B^Aq,j  -b  B'^Aq^) 

-b  (  CAq  -b  G<A9(  -b  C’iAq„  +'C<Aq^). 

+  w(.  Ag£(((  -b  Ag„,,,  -b  Ag^^f^)] 

=  +  G,  -b  &(,)  -b  w(g(((£  -b  g,,,,,  -b  g««)]”(2.7) 


where  Vi  is  the  kinematic  eddy  viscosity. 
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Tlie  mixed  derivative  terms  such  as  5(/i’'Aq,)/9^ 
are  lagged  to  the  timestep  (n-1)  and  evaluated  time- 
explicitly.  Then  the  above  equation  can  be  approxi¬ 
mately  factored  into  t]-,  and  ^-sweeps. 

^■swet'p 

{I  +  eAt[J^^iA  +  A^-t)  +  u,-^r}Ar 

=  ~Ai[J{F(  +  G,,  +  f{()+  +  g,,,,  +  g««)]" 

—6AtJ[{A’’Aq,i  -p  A^Aq()(  -f  {B^Aq^  -P  B^Aq^),, 

-f(C«Ag(  +  C’Ag,)(r>  (2.8) 

>;-sweep 

{I+eAt[J-^p  +  B’>^)+w^r}Aq-  =  Aq’  (2.9) 
C-sweep 

{/+M<[y^(C-fC<^)+a/^]"}Ag"  =  Ag"  (2.10) 

Ag’  and  Ag”  are  intermediate  variables  defined  as  the 
above  two  equations.  I  is  a  (4x4)  unit  matrix.  After 
the  above  three  equations  are  solved,  the  variable  q"  is 
updated  using  eq.(2.5).  That  is 

g"+‘ =  g" -p  Ag”  (2.11) 

In  order  to  solve  eqs.  (2.8)  to  (2.10),  spatial  differ- 
cnciation  has  to  be  approximated  by  spatial  differenc¬ 
ing.  Here  the  following  2nd-ordor  central  differencings 
are  used. 

'  ±  =  -Ef^  +  E(^i  (2.12) 

^  =  E(-^  -  4i?{-'  +  +  Ei*^ 

E^”‘  is  a  shift  operator  in  ^-direction  defined  as 

E(^”'qi,},k  =  7i+m,j,fc  (2.13) 

where  (i,j,k)  are  the  numberings  in  ij-,  and  (-  direc¬ 
tions  respectively.  Similar  central  differencing  operators 
arc  used  in  q  and  ^  directions.  The  non-staggered  grid 
system  is  used,  i.e.  velocity,  pressure,  and. eddy  viscos¬ 
ity  values  are  stored  at  the  grid  points.  Substituting 
the  differencing  operators  into  eq.(2.8)  results  in 

A'Ag*,_2  +  iAg*,_i  +  MAq’j  -f  NAq'j^y  +  OAg*,.j.2 

=  [RHS  of  (2.8)]  (2.14a) 

K  =  eAiuI 

L  =  eAt[J{-\A,-ii2  +  ^f_i/2)  - 
M  =  I  +  $Ai[J(-^A,-ii2  +  |A+i/2  +  M-112  "^(+1/2) 
+6ujI]  (2.146) 


N  =  0A<[y(iA.+i/2  +  Al,„)  -  4a;;] 

O  ss  9Atu)I 

The  above  set  of  equations  form  a  system  with  block 
pentadiagonal  coefficient  matrices,  and  can  'be  effi¬ 
ciently  solved.  The  coefficient  matices  K,  L,  M,,N,  and 
0  for  7j-  or  ^-sweep  are  obtained  by  replacing  (i(A,j4^) 
with  (i,B,  B”)  or  (k,C,  C^)  in  the  above  equation. 

As  a  consequence  of  the  approximate  factorization, 
each  line  of  block  pentadiagonal  system  in  any  of.  the 
three  sweeps  is  decoupled  coiriplctely  from  others,  and 
therefore  highly  vectorized  coding  is  possible. 

The  use  of  the  differencing  forms  shown  in  eq.(2.12) 
results  in  the  global  conservation  of  momentum  and 
mass  in  the  discretized  form.  As  shown  in  Fig.  2-1, 
where  the  area  covered  by  a  discretized  governing  equa¬ 
tion  at  a  grid  point  is  shown  hatched,  all  the  numerical 
flux  terms  are  evaluated  at  halfway  between  the  grid 
points,  and  therefore  cancel  out  when  they  are  summed 
up,  thus  the  global  conservation  holds.  The  added  nu¬ 
merical  dissipation  terms,  having  constant  coefficients, 
cancel  out  when  they  are  summed  up,  and  therefore  do 
not  affect  the  conservation  property.  However,  there  is 
exception  in  this  conservation  property.  In  the  zone  be¬ 
tween  the  boundary  point  and  the  halfway  point  next 
to  it,  the  conservation  property  does  not  hold  unless  the 
boundary  condition  is  made  consistent  with  the  conser- 
ation  property  of  the  governing  equation.  In  the  present 
computation,  this  consistency  is  not  satified,  and  ther- 
fore  the  conservation  property  holds  hot  all  the  way 
down  to  the  boundary  point  but  to  the  halfway  point 
next  to  the  boundary.  The  same  is  true  to  the  nu¬ 
merical  dissipation  terms,  since  they  cannot  find  their 
counterparts  to  cancel  out  near  the  boundary. 

2.3  Boundary  Conditions 

Fig.  2-2  (a),(b),(c)  shows  the  grid  topology  and  the 
location  of  the  boundaries.  The  x-axis  is  in  the  stream- 
wise  direction,  with  x=0.0  at  F.P.  and  x=1.0  at  A.P., 
The  z-axis  is  in  upward  direction,  and  the  y-axis  is  in  the 
lateral  direction,  forming  a  right-handed  system.  The 
grid  system  is  in  the  negative  y  and  negative  z  quarter. 
The  grid  topology  is  H-0.  The  ^  -,q  -,  and  ^  -  axes  are 
approximately  in  streamwise,  girthwise,  and  normal- 
to-surface  directions  respectively.  The  star  marks  in 
Figs,  (a)  and  (c)  are  the  point  of  mapping  singular¬ 
ity.  At  Upstream  boundary,  the  uniform  flow  condition 
is  used.  That  is,  q=(l,0,0,0)^  and  Aq=0.  At  Down¬ 
stream  boundary,  zero  extrapolation  in  f-dircction  is 
used.  They  are  q(=0  and  Aq(=0.  At  (x-z)  and  (x';y) 
symmetry  plane  boundaries,  zero-derivative  condition 
is  used,,  instead  of  an  exact  symmetry  condtion.  That 
is,  q,=0  and  Aq,=0.  At  Inner  boundary,  the  solid  wall 
boundary  condition  is  used.  They  are  u=v=w=0  and 
an  approximate  boundary  ondition  for  pressure,  which 
is  P(=0  and  Ap(=0.  Finally,  at  Outer  boundary,  the 
uniform  flow  condition  is  used. 
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3.1  Body  Surface  Grid 


Tlie  turbulence  model  used  is  the  Baldwin- Lomax 
(BL)  zero-equation  algebraic  model,  whose  original 
form  is  the  Cebeci-Smith  (CS)  model.  The  kinematic 
eddy  viscosity  u,  is  evaluated  in  the  inner  and  outer  lay¬ 
ers  separately. 

In  the  inner  region,  the  kinematic  eddy  viscosity  i/|,  has 
■the  same  form  with  the  CS  model. 

=  (2.15) 

with 

/  =:jfcn[) -exp(-n+ //!+)]  (2.16) 


n*  =  nRts/K,  (2-1”) 

where  w  is  the  vorticity  and  n  is  the  normal  distance 
from  the  wall.  In  the  present  computation,  as  shown 
in  Fig.  2-3,  the  normal  distance  ii  is  delertriined  by 
projecting  a  vector  connecting  the  point  in  concern  with 
the  root  point  on  the  same  ^-direction  line,  onto  the 
normal  vector  defined  at  the  root  point. 

In  the  outer  region,  the  necessity  of  finding  the  edge 
of  the  boundary-layer,  which  existed  in  the  CS  model, 
is  removed  in  the  BL  model.  The  eddy  viscosity  has 
the  following  form. 

Ut,  =  KC  ,FkUbnm«jFmas  (2.18) 

or 

I/,,  =  KC,,FuMC^kViin^^  (2.19) 

with  K=0.0168,  =1.6,  and  =0.25.  The  smaller 

value  of  the  above  two  equations  is  taken.  The  quanti¬ 
ties  Fmoi  and  rima*  are  determined  from  the  function 

F  =  n  lw|  [1  —  exp(-n'*' //!■*■)]  (2.20) 

The  quantity  F^ax  is  the  maximum  value  of  F  that 
occurs  in  a  velocity  profile,  and  nmax  is  the  value  of  n 
at  that  point.  Uj,ff  is  the  difference  btweeen  maximum 
and  minimum  velocity  in  the  profile. 

Ui,/f  =-£/„».  -  U^,„  (2.21) 


where  U„„„  is  taken  to  be  zero  except  in  wakes.  The 
intermittency  factor  Fintb  is  given  by 


Fiiub  = 


1  -b  5.5((7/r/,{,n/n„ 


v/ith  Cjfub^  0.3. 


The  grid  generation  method  used  is  the  geometrical 
method.  Since  the  method  is  dekribed  in  detail  in  [11], 
descriptions  are  limited  here  on  the  modifications  liiade 
thereafter. 


In  the  grid  generation  method,  first  the  surface 
grids  at  inner  and  outer  boundaries  arc  generated.  The 
inner  boundary  usually  corresponds  to  a  body  surface. 
The  body  surface  geometry  is  represented  using  para¬ 
metric  bi-cubic  splines.  Then  the  grid  points  on  the  sur¬ 
face  can  be’ shifted  along  the  surface  according  to  four 
geometrical  requirements,  i.e.,  orthogonality,  smooth¬ 
ing,  clustering,  and  minimum  spacing.  Fig.  3-1  shows 
a  spline  surface  on'  a  Series  60  (Cb=0.6)  hull,  which 
has  been  determined  from  given  offset  points.  Fig.  3-2 
shows  a  surface  grid  on  the  same  hull.  Clustering  has 
been  imposed  toward  bow  and  stern  edges,  as  well  as 
toward  bottom  and  waterline  edges.  Orthogonality  has 
been  imposed  at  all  the  four  edges. 

The  same  method  has  been, applied  to  the  surface 
grid  on  a  propeller  blade.  Fig.  3-3  (a),(b)  show  surface 
grids  on  a  propeller  blade  before  and  after  modifica¬ 
tion.  Clustering  is  made  toward  leading,  traling,  and 
tip  edges,  with  various  degree  of  clustering.  Here  all 
the  points  on  the  surface  are  allowed  to  move  except 
for  tHose  at  the  four  corners,  and  therefore  highly  flex¬ 
ible  grid  generation  is  possible. 


After  the  surface  grid  is  generated,  intermediate 
grid  points,  which  are  the  points  between  the  inneir  and 
outer  boundaries,  are  generated,  by.  simply  connecting 
the  corresponding  points  on  the  inner  and  outer  bound¬ 
aries  with  a  straight  line,  and  disributing  points  on'it. 
Then  the  initial  grid  is  modified,  iteratively  under  the 
same  geometrical  requirements  as  those  used  in  the  sur¬ 
face  grid  modification.  The  grid  points  on  the  bound¬ 
aries  are  kept  fixed. 

The  most  important  change  since  ref.[ll]  is  in  the 
combination  of  th4i  grid  point  modifications.  In  the  orig¬ 
inal  method,  grid  points  were  shifted  separately  due  to 
each  modification  requirementj  whereas  in  the  present 
method  the  grid  ppins  are  shifted  only  once  in  each 
iteration  as  a  result  of  the  combined  shifts.  The  com¬ 
bination  is  made  with  weights  which  change  locally  ac¬ 
cording  to  the  local  grid  geometry.  The  parameter  used 
to  represent  local:grid  geometry  is  the  aspect  ratio  of 
a  grid  cell.  The  value  of  the  paratheter  varies  greatly 
depending  on  the;location,  since  the  grid  is  highly  clus¬ 
tered  near  the  solid  wall  surface..  The, minimum  spacing 
requirement  has  been^modified.  In  the  old  version,  if'a 
spacing  between  two  neighboringspoints  in  a  certain  di¬ 
rection  is  smaller  than  a  given  v^lue,  that  spacing  is 
made  larger  to^the  given  value  in  that  direction  by.  re¬ 
distributing  points  along  that*  ditecllon:withThe  (olal' 
length  kept  unchanged.  This  requirement  was  found 
to  be  too  ’’active”  in  sonie  cases,  especially  near  the 
solid  wall  boundary  where  the  grid  is  highly  clustered 
in  the  normal  direction.  There  the  re-distribufion  in 
the  along-the-wall  direction  sometimes  results  in  kinks 
in  the  other  direction.  Therefore  in  the  present  version 
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the  requirement  has  been  clianged  to  a  ’’passive”  one, 
wliere,  if  a  grid  spacing  is  found  to  be  smaller  than  a 
given  value,  the  modification  which  makes  the  spacing 
even  smaller  is  made  zero. 

After  the  grid  is  modified  according  to  the  foure 
requirements,  the  final  grid  for  high  Reynolds  num¬ 
ber  flow  computation  is  obtained  by  re-clustering. 
Re-clustering  is  the  process  in  which  the  grid  is  re¬ 
distributed,  in  a  single  sweep,  in  the  normal-to-wall 
direction  according  to  a  given  minimumm  spacing  ad¬ 
jacent  to  the  solid  wall  and  a  new  given  number  of  grid 
points  in  that  direction,  making  the  information  inher¬ 
ent  in  the  original  grid  point  distribution  reflected  in 
the  new  distribution.  This  process  makes  possible  to 
use  smaller  number  of  grid  points  and  much  larger  min¬ 
imum  spacing  near  the  solid  wall  in  the  iterative  mod¬ 
ification  stage,  thus  making  the  grid  generation  much 
faster  and  easier.  No  change  has  been  made  to  the  re¬ 
clustering  process.  Fig.  3-4  (a),(b),(c)  shows  the  gener¬ 
ated  grid  around  a  Series  60  (Cb=0.6)  hull.  The  i=38 
section  shown  in  (b)  is  approximately  at  midship,  and 
the  i=60  section  is  at  the  stern  edge  (see  Table  4-1). 

4.  Computed  Results 

4.1  Tested  Cases  and  Parameters 

Computations  were  made  for  seven  cases  with  five 
different  bodies.  The  bodies  vary  in  the  degree  of  full¬ 
ness,  from  a  flat  plate-to  a  Series  60  (Cb=0.8)  hull.  Ta¬ 
ble  4-1  shows  the  cases  and  the  parameters.  There  im, 
jm,  and  km  are  the  number  of  grid  points  in  ^  (stream- 
wise),  T]  (girthwise)  and  ^  (normal-to-wall)  directions. 
The  experiments  witli  Ftoude  number  values  (Fn)  were 
made  in  cirulating  water  channels  with  free  surfrice,  and 
all  the  others  were  made  using  double  models  in  wind 
tunnels.  Followings  are  the  parameters  common  to  all 
the  computational  cases; 

ifp=16  iap=60  Zupitr^m  «nd  =  -0-5 

Zjp  “  0.0  Zap  =1.0  ^downstream  end  “  2.0 

Outer  boundary  radius  =1.0  ^  =  0.1 

where  ifp  and  iap  are  the  numberings  in  i  at  bow  and 
stern  (or  leading  and  trailing  for  a  flat  plate)  edges.  As 
shown  in  Fig.  4-1,  the  minimum  spacing  of  grid  points 
adjacent  to  the  inner  boundary  (solid  wall  or  symmetry 
plane)  A^in  is  determined  as 

^mm  =  Am,„i'\/oT  {x  <  0.1) 

“  A,ninl'^^  (fl'l  ^  ®  ^  f'fl) 

=  A™,.,  (1.0'  <.x)  (4.1) 

A„;„,  -  (4.2) 

Co’  iputations  were  made  using  the  Stellar  GS- 
1000  graphic  workstation  with  a  vector  processor  unit 
and  32  MB  main  memory.  The  NS  solver  took  approx¬ 
imately  40  secs  (Cases  5,6,7), CPU  time  per  fimestep. 


using  a  highly  vectorized  code.  At  varied  from  0.005 
NTU  (Nondimensional  Time  Unit)  for  the  Wigley  hull 
case,  to  0.001  NTU  for  the  Series  60  Cb=0.8  case.  It 
took  approximately  4  to  5  NTU  to  reach  the  steady 
state.  It  corresponds  to  a  day  or  two  in  the  real  time. 
The  grid  generation  and  post-processing  were  made  us¬ 
ing  interactive  graphjes  on  the  Sun-4/260  engineering 
workstation  with  32  MB  main  memory. 

4.1  Flat  Plate 

Fig.  4-2  shows  the  flat  plate  grid.  The  grid  was 
generated  based  on  the  Wigley  grid  at  the  (x-z)  sym¬ 
metry  plane,  with  y  values  made  zero  on  the  hull  sur¬ 
face.  The  coordinates  are  nondimensionalized  using  the 
length  of  the  flat  plate.  Transition  switch  in  the  turbu¬ 
lence  model  has  been  suppressed,  i.e.  the  flow  is  as¬ 
sumed  turbulent  starting  from  the  leading  edge. 

Fig.  4-3,  4-4,  and  4-5  show  respectively  the  wall 
shear  stress  Tp, ,  the  displacement  thickness  ,  and  the 
shape  factor  H.  The  solid  lines  are  empirical  curves  [12] 


iC/’  =  i(2/o<;,oR,-0.65)-2-^ 

(4.1) 

j  0.01738^  086, 

Re 

(4.2) 

H  =  \.Z 

(4.3) 

where  C/  is  the  local  skin  friction  coefficient.  They  are 
in  good  agreement. 

Figs.  4-6  (a),(b),  and  (c)  show  logarithmic  plot  of 
velocity  at  three  streamwise  locations.  The  empirical 
curves  are 

«■*■  = -^  =  n"'’  in  sublayer 

«u. 

=  2.5iln(n'*')  +  5.56  in  log  region  (4.4) 

where  is  the  friction  velocity.  They  are  in  good 
agreement,  both  in  the  sublayer  and  the  logarithmic 
re^ons. 

Fig.  4-7  shows  the  kinematic  eddy  viscosity  Ui 
distributions.  They  are  nondimensionalized  using 
and  the  momentum  thickness  S2.  They  fall  on  a  sin¬ 
gle  curve.  The  straight  line  stemming  from  the  origin 
has  slope  value  of «  =0.41  [13].  The  horizontal  line  has 
the  value  of  0.828,  derived  by  coipibining  an  empirical 
velocity  distribution  with  ;-'(/«u,5=0.065,  where  5  is  the 
boundary-layer  thickness.  The  disagreement  with  the 
computed  values  seems  to  come  from  the  ambiguity  in 
determining  the  boundary  layer  edge. 

4.2  Wigley  Hull 

The  results  shown  in  this  section  are  mostly  for 
Case  2  (see  Table  4-1),  the  standard  case  for  the  compu¬ 
tation  of  flow  past  a  Wigley  hull.  Experimental  results 
shown'for  comparison  in  this  section  arc  all  taken  from 
rcf-[14].  The  flow  is  assumed  laminar  up  to  x=0;05,  and 
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turbulent  thereafter,  to  be  consistent  with  the  experi¬ 
ment  ,  where  the  studs  were  placed  at  the  same  location. 
This  applies  to  all  the  cases  with  ship  hulls. 

Fig.  4-8  shows  pressure  contours  on  the  hull  sur¬ 
face,  (x-z)  symmetry  plane,  and  (x-y)  symmetry  plane. 
The  flow  is  from  left  to  right.  The  contour  lines  are 
wiggle-free.  In  the  previous  computation  [5],  where  the 
non-conservation  form  was  used,  there  were  wiggles  at 
fore  and  aft  ends  of  the  hulll. 

Fig.  4-9  (a),(b),(c),(d)  show  wake  contours  at 
x=constant  sections,  from  midship  (x=0.5)  to  down¬ 
stream  (x=1.5).  The  contours  at  an  x=constant  section 
is  obtained  by  Interpolating  the  values  at  grid  point  lo¬ 
cations  using  parametric  tri-cubic  splines,  which  is  an 
extension  of  bi-cubic  .splines  to  three-dimensions.  The 
computed  values  show  good  agreement  with  the  mea¬ 
sured  values.  Fig.  4-10  shows  the  kinematic  eddy  vis¬ 
cosity  Ut  contours  at  i=53  section  (xs;  0.95).  The  step- 
wise  change  of  Vt  in  the  girthwise  direction  occurs  be¬ 
cause  the  location  of  Fmax  in  ^-direction  is  determined 
at  either  of  the  grid  points,  which  are  widely  spaced  in 
the  outer  region. 

Fig.  4-11  (a),(b)  show  the  effect  of  changing  pa¬ 
rameters  on  the  wake  contour  at  x=1.0.  The  figure  (a) 
shows  the  result  with  ui  =  5.0  (Case  3).  The  difference 
from  the  oj  =  LO  result  is  small,  which  implies  that 
the  value  w  =  1.0  in  Case  2  is  small  enough  such  that 
the  added  numerical  dissipation  terms  do  not  affect  the 
computed  result.  The  figure  (b)  shows  the  result  where 
the  number  of  grid  points  in  ^-direction  is  doubled.  The 
difference  is  again  small,  which  implies  that  the  number 
of  grid  points  used  in  Case  2  is  large  enough. 

Fig.  4-12  (a),(b),(c)  show  the  wall  shear  stress  r«, 
distributions  at  z/D=  0.2,  0.5,  and  0.8  sections,  where 
D  is  the  depth  of  the  hull.  The  empirical  curves  are 
the  same  as  those  in  the  flat  plate  case.  The  agreement 
with  the  measured  values  are  generally  good.  The  r«, 
values  agree  well  with  the  flat  plate  values  in  most  of 
the  regions. 

Fig.  4-13  (a),(b),(c)  show  the  displacement  thick¬ 
ness  5i  distributions  at  z/D=  0.2,  0.5,  and  0.8  sections. 
The  agreement  is  again  generally  good.  The  Si  values 
deviate  considerably  from  the  empirical  flat.plate  values 
shown  as  solid  lines  in  the  figures. 

Fig.  4-14  shows  the  shape  factor  H  at  z/D=  0.2, 
0.5,  and  0.8  sections.  They  show  tendencies  similar  to 
those  of  flat  plate  results,  except  near  the  stern. 

Fig.  4-15  (a),(b),(c)  show  logarithmic  plot  of  ve¬ 
locity  at  three  i=conslant  sections,  i.e.  i=25  (.\=r  0.07), 
i=38  (x=0.5),  and  i^53  (x2i  0.95).  It  can  be  seen 
that  logarithmic  laW  holds  in  every  case.  Fig.  4-16 
(a),(b),(c)  shows  the  distribution  of  the.kinematic  eddy, 
viscosity  i/(,  the  locations  of  which  correspond  to  those 
in  Fig.  4-15.  The  tedency  is  similar  to  that  of  the  flat 
plate. 

4.3  Series  60  (Cb=0.6,  0.7,  0.8)  Hulls 

In  this  section,  the  mea®  '  d  data  shown  are  taken 


from  [15]  (Cb=0.6),  [16]  (Cb=0.7),  and  [17]  .(Cb=0.8). 
Fig.  4-17  (a),(b),(c)  shows  computed  pressure  contours 
for  Series  60  Cb=0.6,  0.7,  and  0.8  hulls.  They  are 
plotted  at  the  same  pressure  values  as  those  for  the 
Wigley  case  (Fig.  4-8).  There  are  slight  pressure  oscil¬ 
lations  just  below  the  points  of  mapping  singularity  in 
the  wake. 

Fig.  4-18  shows  comparison  of  the  computed. pres¬ 
sure  distribution  near  the  stern  region  on  the  Cb=0.6 
hull  with  the  measurement  [15].  The  agreement  is  good, 
though  there  is  systematic  deviation  which  increases 
toward  midship,  and  the  adverse  pressure  gradient  is 
greater  in  the  computed  result. 

Fig.  4-19  (a)  to  (h)  show  the  wake  contours.  The 
agreement  with  the  measurements  are  good  in  general, 
e.xcept  in  the  wake.  There  the  downward  movement  of 
the  low  speed  region  near  the  (x-z)  symmetry  plane  is 
not  captured  in  the  computation.  There  are  two  possi¬ 
ble  reasons  for  this  failure.  One  is  that  the  intensity  of 
the  downwash  due  to  the  pair  of  longitudial  vortices  is 
insufficient.  The  other  is  in  the  way  the  eddy  viscosity 
is  determined.  In  the  wake,  the  normal  distance  n"*"  is- 
taken  from  the  (x-z)  symmetry  plane.  However,  when 
the  flow  near  the  stern  is  highly  three-dimensional,  the 
(x-z)  symmetry  plane  is  not  necessarily  suitable  for  this 
purpose,  in  contrast  to  the  situation  with  the  Wigley 
hull.  There  the  longitudinal  vortices  are  not  strong, 
and  the  flow  in  the  wake  remains  similar  to  that  of  a 
flat  plate. 

Figs.  4-20,4-21,4-22  show -the  wall  shear  stress 
the  displacement  thickness  Si,  and  the  shape  factor  H 
at  three  z=constant  locations.  There  at  z/D=:0.8,  the 
separation  occurs  near  the  stern. 

Fig.  4-23  (a),(b),(c)  show  the  logarithmic  plot  of 
velocity  at  three  streamwise  locations.  It  is  seen  that  all 
the  points  adjacent  to  the  solid  wall  are  well  within  the 
viscous  sublayer  as  the  turbulence  model  used  demands, 
and  that  all  the  velocity  profiles  follow  the  logarithmic 
distribution  law  in  the  inner  layer.  They  suggest  that 
the  Baldwin-Lomax  turbulence  model,  a  simple  zero- 
equation  model,  can  be  used  for  this  type  of  flow.  Fig. 
4-24  (a),(b),(c)  show  the  kinematic  eddy  viscosity  j/j 
distributions  at  the  same  three  streamwise  locations  as 
in  the  logarithmic  velocity  plot.  The  distributions  are 
similar  to  those  in  the  Wigley  hull  case  shown  in  Fig. 
4^16. 

Finally,  Fig.  4-25  (a),'(b)  show  the  wake  contours 
for  the  Cb=0.7  case  (Case  6  in  Table  4-1),  and  Fig.  4- 
26  shows  the  wake  contours  for  the  Cb=0.8  case  (Case 
7).  In  the  Cb=6.7  case,  tuc  <  './uputed  wakes  still  show 
reasonable  agreenient  with  the  measurements  in  those 
streamwise  locations.  However,  in  the  Cb=0.8  case,  the 
agreement  becomes  poor.  By  looking  at  the  three  com¬ 
puted  wake  contours,  i.e.  the  cases  Cb=0.6,  Cb=0.7, 
and  Cb=0.8,  a  systematic  trend  is  observed.  In  the 
stern  region,  the  wake  near  the  bottom  becomes  thin¬ 
ner  than  the  measured  one,  and  the  wake  in  the  mid¬ 
depth  region  becomes  very  Ihickj  as  the  fullness  of  the 
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sliip  hull  (Cb)  becomes  greater.  Clearly  the  tubulence 
model  needs  modification  there  (see  Supplement). 

5.  Conclusions 

Flows  past  ship  hulls  were  computed  and  compared 
with  measurements.  The  NS  solver  used  is  the  lAF 
scheme,  where  the  pseudo-compressibility  is  introduced 
in  the  continuity  equation,  in  order  to  make  the  system 
of  equations  hyperbolic.  The  accuracy  and  convergence 
of  the  computed  results  were  tested  by  computing  flows 
using  different  number  of  grid  points,  or  using  different 
amount  of  the  added  numerical  dissipation  terms. 

The  Baldwin-Lomax  zero-equation  turbulence 
model  was  used.  The  validity  and  limitation  of  the  tur¬ 
bulence  model  was  tested  by  computing  flows  past  five 
different  bodies.  They  are  a  flat  plate,  a  Wigley  hull, 
Series  60  Cb=06, 0.7,  and  0.8  hulls.  They  vary  in  the  de¬ 
gree  of  fullness,  from  complete  flatness  of  the  flat  plate 
to  high  fullness  of  the  Series  60  C=0.8  hull.  By  com¬ 
paring  the  computed  results  with  measurements,  the 
turbulence  model  was  found  to  be  useful  for  fine  hull 
forms,  such  as  a  flat  plate,  a  Wigley  hull,  and  a  Se¬ 
ries  60  Cb=0.6  hull.  However,  the  agreement  between 
the  computed  and  measured  data  was  not  satisfactory 
for  the  Series  60  Cb=0.7  or  0.8  hulls.  This  suggests 
that  the  turbulence  model  needs  modification  for  such 
flows  where  strong  adverse  pressure  gradient  exists  and 
three-dimensionality  becomes  important. 

The  grid  generation  method  called  the  geometrical 
method  was  used  to  generate  grid  around  those  ship 
hulls  mentioned  above.  The  method  was  also  applied 
to  generate  a  surface  grid  on  a  propeller  blade.  The 
body  surface  was  represented  using  parametric  bi-cubic 
splines,  and  the  grid  points  on  the  body  surface  were 
allowed  to  move  along  the  surface,  in  order  to  meet 
the  requirements  imposed,  i.e.  orthogonality,  cluster¬ 
ing,  smoothing,  and  minimum  spacing. 
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(a)  Initial  grid  (b)  Modified  grid 

Fig.  3-3  Surface  grid  on  a  propeller  blade 
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(b)  Body  section  (c)  Wake  region 

Fig.  2-2  Grid  topology  and  boundaries 
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Fig.  2-3  Normal  distance 
from  body  surface 


(a)  Perspective  view 
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Fig.  3-1  Spline  surface  on  a  Series  60  (Cb=0.6)  hull 
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(b)  i=38  section  (midship)  (c)  i=60.sectiori  (stern) 
Fig.  3-'l  Grid  around  a  Series  60  (Cb=0.6)  hull 
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Fig.  4-16  Kinematic  eddy  viscosity  Vi  on  a  Wigley  hull 


(c)  Cb=0.8 

Fig.  4-17  Pressure  contours  on  Series  60  hulls 
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Fig.  4-18  Pressure  contours  at  the  stern  of  a  Series 
60  (Cb=0.6)  hull 
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(a)  X  =  0.5  (b)  X  =  0.7 


(e)  X  =  0.95 


(h)  X  =  1.1 


Fig.  4-19  Wake  contours  on  a  Series  60  (Cb=0.6)  hull' 
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with  the  nieasiireincnt  obtained  by  Okuno  [IG],  wliile 
in  Fig.  4-26  it  is  compared  witli  the  tire  measured  re¬ 
sult  obtained  by  Fukuda  and  Fujii  [17].  The  computed 
wake  in  Fig.  A-1  shows  reasonable  agreement  with  the 
Okuno’s  measurement,  whereas  it  shows  significant  dis¬ 
crepancy  from  the  Fukuda’s  measurement  in  Fig.  4-26. 
This  clearly  shows  that  measurements  must  be  carefully 
validated  before  they  are  used  in  the  validation  of  com¬ 
putations. 


(c)  i  =  53 

Fig.  4-24  Kinematic  eddy  viscosity  i/(  on  a  Series  60 


(a)  X  =  0.9  (b)  X  =  0.95 


Fig.  4-25  Wake  contours  on  a  Series  60  (Cb=0.7)  hull  ^’5-  A-1  Wake  contours  on  a  Series  60  (Cb=0.8)  hull. 

x=0.95 


Fig.  4-26  Wake  contours  on  a  Series  60  (Cb=0.8)  hull. 
X  =  0.95 


Supplement 

After  the  present  paper  was  submitted  for  the  pre¬ 
sentation  at  the  Conference,  the  following  disagreement 
between  the  two  measured  results  [16], [17]  on  the  wake 
contours  of  the  Series  60  (Cb=0.8)  model  has  been 
found  out.  In  Fig.  A-1  the  computed  wakejs  compared 
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DISCUSSION 
by  C.M.  Lee 

I  know  that  a  few  people  in  the  past  have 
shown  the  NS-Solver  results  for  the  DTRC  body 
forms.  I  am  wondering  if  further  progresses  in 
computational  techniques  for  a  fully  appended 
submerged  body  with  propeller  have  been  made. 

From  the  paper  of  Dr.  Fujii  this  morning, 
the  CDF  people  in  aeronautics  seem  to  have 
progressed  to  the  stage  that  they  can  compute 
the  flow  about  a  fully  appended  airplane.  Have 
you  tried  to  include  the  sail  and  stern 
control  surfaces  in  your  computations? 


Author's  Reply 

1  have  tried  to  compute  a  ship-stern  flow 
with  propeller  effect,  using  the  body  force 
method.  Though  I  got  a  converged  result,  there 
was  pressure  oscillation,  which  is  due  to  the 
use  of  central  differencing.  1  have  not  yet 
tried  to  compute  flows  with  appendages.  In 
order  to  do  that,  I  think  a  multi-block  ap¬ 
proach  should  be  used. 


85 


Recent  Developments  in  a  Slup  Stern  Flow  Prediction  Code 


M.  Hoekstra 

Mftritimft  Research  Institute  Netherlands 
Wagcningen,  The  Netherlands 


Abstract 


This  paper  is  concerned  with  developments  in  a 
numerical  method  for  the  prediction  of  the  steady 
incompressible  flow  around  the  stern  of  a  ship.  The 
method  is  based  on  a  finite-difference  discretisation  of 
tfie  Reynolds-averaged  Navier-Stokes  equations  on  a 
boundary-fitted  curvilinear  grid.  The  attention  will 
be  focused  on  three  aspects,  viz.  the  choice  of  the 
velocity  variables,  the  boundary  conditions  and  the 
global  (outer)  iteration  process  for  the  pressure  field. 
Various  illustrations  will  be  given  of  the  improved 
performance  of  the  method. 

It  is  in  the  first  place  owing  to  computer  hard¬ 
ware  developments  that  a  computational  simulation 
of  the  ship  stern  flow  field  has  become  feasible.  In¬ 
deed,  the  availability  of  adequate  computer  facilities 
may  be  considered  as  a  prerequisite  for  an  accurate 
calculation  to  be  carried  out.  It  is  not  a  sufficient 
condition,  however.  For  some  years  already,  the  nu¬ 
merical  simulation  of  the  steady  viscous  flow  around 
a  ship’s  stern  -  usually  under  neglection  of  free  sur¬ 
face  effects  -  has  been  a  prominent  research  topic. 
Yet,  something  like  a  communis  opinio  on  how  a  re¬ 
liable,  efficient  and  robust  code  is  to  be  constructed 
has  not  been  attained.  It  indicates  that  developing  a 
suitable  algorithm  for  the  solution  of  the  Reynolds- 
averaged  Navier-Stokos  equations  for  incompressible 
flows  around  complex  body  shapes  is  not  plain  sail¬ 
ing. 

At  the  author’s  institute,  work  in  the  field  of  stern 
flow  computation  was  initiated  around  1980  and  has 
continued  steadily  since.  It  has  resulted  in  a  compu¬ 
tational  procedure  tliat  has  been  applied  with  some 
success  to  a  number  of  ship  forms  and  axisymnictric 
bodies.  The  msiln  features  of  the  method  have  been 
outlined  previously  [1 ,2,3)  and  a  brief  recollection  of 


these  features  (Section  2)  will  suffice  here  as  a  frame¬ 
work  for  the  subsequent  discussion  of  some  aspects  of 
the  method. 

Where  the  title  of  this  paper  promises  the  presen¬ 
tation  of  recent  developments,  ‘recent’  is  to  be  inter¬ 
preted  in  relation  to  the  time  of  appearance  of  the 
above  references.  The  length  limitations  to  which 
this  paper  is  subjected  do  not  allow  a  presentation  of 
all  changes  that  have  taken  place  in  the  code  since 
1985.  Therefore  three  major  items  have  been  se¬ 
lected  for  discussion  here.  They  arc:  the  choice  of 
the  velocity  variables  in  relation  to  regular  solution 
behaviour  neai  grid  singularities  in  the  wake  (Sec¬ 
tion  3);  boundary  conditions  and  their  numerical  im¬ 
plementation  (Section  4)  and  a  new  global  pressure 
relaxation  scheme  (Section  5).  Moreover,  results  of 
a  representative  application  will  be  shown  as  an  il¬ 
lustration  of  Ihe  progress  that  has  been  made  (Sec¬ 
tion  6). 


Outline  of  computational  procedure 


We  are  interested  in  a  numerical  simulation  of  the 
behaviour  of  the  flow  around  the  stern  of  a  ship,  be¬ 
ing  towed  steadily  through  still  water.  The  free  sur¬ 
face  disturbances  created  by  the  ship  are  assumed 
to  be  of  little  significance  so  that  it  is  allowed  to 
replace  the  undisturbed  free  surface  by  a  symmetry 
plane.  Thus,  taking  a  reference  frame  moving  with 
the  ship,  we  consider  actually  the  double  model  of 
the  submerged  part  of  a  ship,  held  fixed  in  a  uniform 
flow  directed  from  bow  to  stern.  The  flow  domain  is 
nuw  assumed  to  be  unbounded  and  the  fluid  to  be 
incompressible.  Three  subdomains  are  distinguished 
as  shown  in  Pig.  1,  via.  the  external  flow  zone  where 
the  flow  behaves  as  being  inviscid  and  irrotational, 
the  boundary-layer  zone,  covering  the  forward  part 
of  the  hull  surface,  where  first-order  boundary-layer 
theory  is  supposed  to  provide  an  adequate  description 
of  the  flow;  the  stern-flow-and-wake  zone  which  is  of 


primary  concern  in  this  paper.  In  the  latter  zone  we 
solve  effectively  the  Reynolds- averaged  Navier-Stokes 
equations  but  we  shall  assume  that  a  predominant 
flow  direction  exists.  Among  other  things,  it  allows 
us  to  drop  all  diffusion  terms  associated  with  that  pri¬ 
mary  flow  direction.  The  equations  are  supplemented 
by  an  algebraic  turbulence  model.  The  boundary  con¬ 
ditions  will  be  described  in  Section  4. 


Fig.  1.  Division  of  flow  field  into  three  zones 


The  flow-governing  equations  are  written  in  terms 
of  general  curvilinear  coordinates.  The  contravariant 
formulation  of  the  momentum  equations  is  adopted, 
which  gives  three  relations  expressing  momentum  con¬ 
servation  along  each  of  the  three  coordinate  lines. 
The  velocity  components  and  the  pressure  are  the 
dependent  variables  but  a  particular  choice  for  the 
velocity  variables  is  made  as  described  in  Section  3. 
The  continuity  equation  is  solved  in  its  original  form 
and  is  not  replaced  by  a  Poisson  equation  for  the 
pressure  as  in  Marker-and-Cell  type  methods. 

The  equations  are  discreliscd  on  a  boundary-fitted 
curvilinear  grid.  It  is  a  single-block  regular  grid  of 
NX  *  NY  ♦  NZ  no'^les.  The  grid  is  partly  non-ortho- 
gonal  but  conceptually  simple.  All  variables  are  de¬ 
fined  on  the  grid  nodes,  in  other  words  we  do  not 
apply  grid  staggering  of  one  kind  or  another.  That  is 
convenient  in  many  respects  but  it  poses  certain  de¬ 
mands  on  the  discretisation  of  the  pressure  gradients 
and  the  continuity  equation  which  we  are  careful  to 
fulfill  to  avoid  ‘checkerboarding’  [4].  The  discretisa¬ 
tion  is  second  or  third  order  accurate  with  the  excep¬ 
tion  of  the  main  stream  pressure  gradient  which  is  of 
first  order  accuracy.  All  derivatives  with  respect  to 
the  coordinate  associated  with  the  main  stream  di¬ 
rection  are  modelled  by  upstream  difference  formulae 
except  the  pressure  gradient.  Newton  linearization  is 
applied  to  the  convective  terms. 

The  solution  is  obtained  iteratively  where  the  it¬ 
eration  sequence  may  be  characterized  as  a  multiple- 
aWeep  apace- mai thing  piuceaa  which  takea  niuximuiu 
benefit  of  the  existence  of  a  predominant  flow  direc¬ 
tion.  In  fact,  two  itcation  cycli  can  be  distinguished; 
the  local  (or  inner)  and  the  global  (or  outer)  iteration 
process. 


The  local  process  refers  to  the  solution  of  a  sub¬ 
set  of  difference  equations  applying  to  all  grid  nodes 
having  the  same  value  of  the  main-stream  coordinate. 
It  is  based  on  the  Coupled  Strongly  Implicit  Proce¬ 
dure  (CSIP)  [5],  an  incomplete  factorization  scheme, 
and  yields  a  simultaneous  solution  of  all  variables  in  a 
cross-section  of  the  computation  domain.  Iteration  is 
required  both  by  the  non-linearity  of  the  differential 
equations  and  by  the  incompleteness  of  the  factoriza¬ 
tion.  The  CSIP  has  been  selected  because  we  think 
that  a  high  degree  of  implicitness  is  desirable  if  not 
necessary  for  an  efficient  solution  algorithm  and  be¬ 
cause  it  retains  the  coupling  between  the  momentum 
and  the  continuity  equations  in  the  numerical  solu¬ 
tion. 

The  global  iteration  process  involves  the  evalua¬ 
tion  of  the  solution  in  repeated  sweeps  from  the  up¬ 
stream  to  the  downstream  boundary  of  the  compu¬ 
tation  domain.  This  process  allows  the  influence  of 
downstream  occurrences  to  be  felt  by  the  upstream 
flow,  an  inherent  property  of  the  mathematical  model 
used.  To  improve  its  convergence  rate,  each  down¬ 
stream  sweep  is  followed  by  an  update  of  the  solution 
of  the  pressure  field  in  a  reversed  sweep  as  will  be 
explained  in  Section  5.  A  further  enhancement  of 
the  computational  efficiency  is  obtained  by  grid  se¬ 
quencing,  with  which  we  mean  that  the  grid  used  is 
initially  very  coarse  in  the  mainstream  direction  and 
is  subsequently  refined  in  two  or  three  stages. 

3.  Grid  singularities 

Fig.  2  gives  a  sketch  of  the  computation  domain  as 
it  looks  after  the  symmetry  properties  of  the  flow  have 
been  taken  into  account.  In  addition  to  the  Carte¬ 
sian  reference  frame  x,y,z  a  curvilinear  boundary- 
fitted  coordinate  system  ^,77,  ^  is  introduced.  A  trans¬ 
formed  space  can  be  imagined  in  which  ^,77,^  forms  a 
rectangular  coordinate  system  and  in  which  the  hull 
surface  is  plane.  The  appearance  of  the  ^,77,^  sys¬ 
tem  in  physical  space  depends  on  the  transformation 
rclatioiis  between  and  x,y,z. 

PHYSICAL  DOMAIN  TRANSFORMED  DOMAIN 


z 


Fig.  2.  C'omputiition  domain 
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To  simplify  llic  grid  gcncrDtion  procedure  we  have 
chosen  ^  -  x  so  that  triinsverse  sections  in  the  phys¬ 
ical  space  remain  so  in  the  transformed  space.  An 
orthogonal  mesh  is  then  constructed  in  selected  trans¬ 
verse  sections  by  a  procedure  which  relics  on  confor¬ 
mal  mapping  although  the  final  mesh  is  not  conformal 
due  to  subsequent  stretching  [6].  By  connecting  these 
grids,  the  3-D  mesh  is  completed.  It  leads  inevitably 
to  non-orthogonality  of  the  r;  and  ^ ^  lines  in  a  part 
of  the  computation  domain. 

However,  before  this  task  can  be  carried  out  it 
must  be  decided  where  the  four  corners  of  the  trans¬ 
verse  section  in  the  transformed  space  arc  to  appear 
in  the  physiciil  space.  A  glance  at  Fig.  2  will  help  to 
recogniv.  that  the  choice  is  obvious  in  the  upstream 
part  of  the  domain  but  less  so  behind  the  stern.  Re¬ 
ferring  to  Fig.  3,  the  location  of  point  A  correspond¬ 
ing  with  A'  can  be  taken  somewhere  between  B  and 
D  or  even  coinciding  with  either  of  these  points.  In 
practice  the  final  choice  is  primarily  governed  by  the 
requirement  that  the  ^-lines  must  roughly  be  aligned 
with  the  main  flow.  The  points  A  are  therefore  usu¬ 
ally  located  on  a  straight  line  extending  from  the  keel 
(cf.  Fig.  2). 
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Fig.  3.  Cross-section  of  physiciil  (left)  and  trans¬ 
formed  (right)  computation  domain  behind 
hull 

The  coordinate  transformation  is  singular  in  such 
points:  the  Jacobian  of  the  transformation  vanishes. 
Singularities  may  also  appear  elsewhere  on  the  bound¬ 
aries  of  the  domain  -  c.g.  along  the  waterline  when 
the  frame  line  of  the  hidl  does  not  meet  the  symmetry 
plane  (undisturbed  free  surface)  at  a  right  angle  -  but 
the  mapping  technique  used  excludes  their  occurrence 
in  the  interior  of  the  domain. 

Grid  singularities  may  deteriorate  the  accuracy  of 
the  calculations  or  destabilize  the  iterative  solution 
process  (7).  This  is  particularly  true  when  there  is 
a  finite  velocity  in  the  singularity  as  is  the  case  be¬ 
hind  the  hull.  Suppose  for  example  that  coordinate- 


oriented  physical  velocity  variables  are  used,  so  that 
v  and  w  are  the  r;  and  ^  component  of  the  physical 
velocity.  Then  we  must  have  v=0,  w=finite  along  AD 
(Fig.  3),  while  w=0,  v=finite  along  AB.  It  leads  to 
a  conflict  at  A  because  v  and  w  cannot  both  be  zero 
in  A.  Although  this  problem  can  be  circumvented  by 
c.g.  grid  staggering,  the  accuracy  of  finite-difference 
approximations  is  likely  to  be  low  in  the  vicinity  of 
the  singularity  due  to  the  sudden  changes  of  some  of 
the  variables. 

We  alleviate  the  diiliculty  by  a  special  choice  of 
the  velocity  variables,  which  may  be  explained  as  fol¬ 
lows.  The  coordinate  transformation  near  the  grid 
singularity  in  the  wake  tends  to 

y  +  i{z  -  z.)  = -ia(Rr]  +  (1) 

where  t  =  v/^,  R  =  ^522/533  is  the  grid  cell  aspect 
ratio,  a  is  a  proportionality  constant  while  the  singu¬ 
larity  is  located  at  the  point  y  =  0,z  =  2,  .  Because 
of  the  relation  (1)  the  singularity  is  called  parabolic. 
Formula  (1)  is  a  well-known  type  of  transformation 
in  potential  How  theory.  It  can  be  used  to  transform 
a  parallel  flow  to  a  corner  flow.  If  the  parallel  flow 
is  supposed  to  occur  in  the  physical  space  and  is  de¬ 
scribed  by  a  velocity  potential 

$  =  Vt[z  —  2,),  [Vt  is  constant) , 
we  find  with  the  aid  of  (1) 

$  =  Vra(C'  -  RW)  . 

Thus 

V2  =  =  -’ZaR^Vrr] ; 

ay 

F3  =  =  2aV).C  . 

We  see  that  the  velocity  components  V2,  V3  be¬ 
have  nicely  in  the  transformed  space.  They  vanish  at 
the  corner  and  increase  linearly  away  from  it  so  that 
accurate  discretisation  is  possible. 

It  is  important  now  to  recognize  that  are 

covariant  quantities  since  $  is  a  scalar.  Apparently, 
covariant  velocity  components  behave  regularly  near 
a  parabolic  singularity  in  contrast  to  physical  or  con- 
travariant  components  as  can  readily  be  verified.  For 
example  the  contravariant  velocity  component  F*  is 
in  an  orthogonal  grid  (as  we  have  behind  the  hull) 
given  by 

=  g^^V2  =  V2/(/22  =  —'io.RVTril  ^ 
and  tends  to  infinity  for  7;  — ►  0. 
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Formerly,  we  cini«oycd  the  contravciriant  veloc¬ 
ity  components  directly  as  dependent  variables  in  the 
mathematical  formulation.  Denoting  them  by  V'*(t  — 
1,2,3),  we  define  now  the  three  velocity  variables  as 

u  =  F'  ;  u  =  522F*  ;  w  = 

instead.  Notice  that  v  and  w  are  not  strictly  covariant 
velocity  components.  But  the  multiplication  factors 
for  both  F®  and  F®  involve  the  Jacobian  y/5  (522  = 
R</g),  which  is  sufficient  to  obtain  regular  behaviour 
near  the  singularity. 

If  the  y,z  velocity  components  in  the  physical 
spa,.e  must  be  determined  from  these  variables,  dif¬ 
ficulties  are  encountered  at  the  singularity.  There  is 
no  trouble,  however,  in  evaluating  them  in  neighbour¬ 
ing  grid  points  whereupon  the  re<iuircd  values  at  the 
singular  point  can  be  derived  by  interpolation. 

4.  Boundary  conditions 

The  stern-flow-and-wake  zone  has  eight  bound¬ 
aries  (Fig.  2):  the  hull  surface,  an  inlet  and  an  outlet 
boundary  and  the  external  boundary,  the  remaining 
boundary  surfaces  being  located  in  symmetry  planes. 
The  terminology  is  intentional:  the  velocity  compo¬ 
nent  u  is  assumed  to  be  positive  on  both  the  in  and 
outlet  boundaries.  On  the  other  hand  the  flow  may 
enter  or  leave  through  the  external  boundary. 

Like  the  Navier-Stokes  equations  themselves,  the 
Reynolds-averaged  Navier-Stokes  equations  for  incom¬ 
pressible  flow  require  three  boundary  conditions  on 
all  boundaries  [e.g.  8).  However,  if  diffusion  along  the 
coordinate  associated  with  the  predominant  flow  di¬ 
rection  is  neglected,  the  equations  exhibit  Euler  char¬ 
acter  in  tha.t  direction  with  a  consequent  change  in 
the  boundary  condition  requirements.  Three  condi¬ 
tions  are  still  required  at  the  inflow  boundary,  but 
only  one  condition  must  be  imposed  at  the  outflow 
boundary  [9]. 

It  is  obvious  what  conditions  should  be  applied  on 
the  natural  boundaries  of  the  computation  domain, 
viz.  the  hull  surface  and  the  symmetry  planes.  On 
the  hull  surface  the  no-slip  and  the  impermeability 
condition  give  us  three  Dirichlct  conditions  for  the 
velocity  components.  On  a  symmetry  plane  there  is 
one  Dirichlct  condition  for  the  normal  velocity  com¬ 
ponent  and  a  Neumann  condition  for  each  of  the  two 
other  components. 

It  is  perhaps  worth  mentioning  here  that  we  im¬ 
pose  the  hull  boundary  conditions  directly  by  calcu¬ 
lating  the  flew  down  to  tbe  hull  and  not  indirectly  via 
the  use  of  wall  functions  as  an  approximate  descrip¬ 
tion  of  the  ncar-wall  flow  behaviour. 


The  remaining  boundaries  are  artificial  bound¬ 
aries  and  it  is  not  immediately  clear  what  are  suitable 
conditions.  On  the  outlet  boundary  only  one  condi¬ 
tion  must  be  prescribed,  either  for  the  pressure  or  for 
the  normal  velocity  (i.c.  u)  (9).  In  view  of  our  dis¬ 
cretisation  it  is  natural  to  choose  a  condition  for  the 
pressure.  A  Neumann  type  condition  is  to  be  pre¬ 
ferred  because  it  is  less  restrictive  and  allows  some 
pressure  variation  over  the  outlet  plane  which  may 
be  important  in  view  of  the  frequent  occurrence  of 
longitudinal  vortices  in  a  ship’s  wake;  the  existence 
of  such  vortices  demand  the  pressure  to  be  somewhat 
lower  in  the  vortex  core  than  in  its  surroundings. 

Mostly  we  use  a  vanishing  longitudinal  pressure 
gradient  at  the  outlet  plane,  but  sometimes  a  non¬ 
zero  value,  derived  from  potential  flow  calculations, 
is  preferred. 

A  remark  should  be  made  here  about  the  numer¬ 
ical  implementation  of  the  pressure  boundary  condi¬ 
tion.  In  a  space-marching  scheme  the  discretisation  of 
the  streamwise  pressure  gradient  involves  a  pressure 
value  of  the  current  as  well  as  one  of  the  preceding 
global  iteration,  in  our  discretisation. 

where  n  counts  the  global  iterations  and  i  is  the 
x-station  index.  When  the  solution  on  the  outlet 
plane  at  station  ®;v.Y  is  to  be  determined,  a  value  for 
PwA'+i  in*'sl  be  derived  from  the  boundary  condition. 
Pi  =  pgrad  say.  One  might  feel  tempted  to  simply 
replace  the  pressure  gradient  as  discretised  above  by 
the  given  boundary  condition  on  the  outlet  plane: 

(f^iVA+i  -  Pnx)/^^nx  =  pgrad  . 

It  leads  to  unquiet  solution  behaviour  near  the  out¬ 
let  plane  which  eventually  may  deteriorate  the  global 
convergence.  The  correct  procedure  is  to  apply  the 
Neumann  condition  for  the  pressure  for  each  iteration 
level  sejiarately.  Thus 

(p!Iv,y...i  -  Pnx)/^^nx  =  pgrad  for  all  n 

which  implies  that  the  pressure  gradient  term  in  the 
{-momentum  equation  must  be  modelled  on  the  out¬ 
let  boundary  as  : 

pgrad  +  (p^-}}  -  p^x)/^^NX  , 

i.p.  the  discretisation  must  include  the  pressure  change 
with  respect  to  the  previous  sweep. 

The  three  conditions  to  be  specified  on  the  inlet 
boundary  must,  again  in  view  of  tbe  discretisation, 
apply  to  the  velocity  components.  Dirichlet  condi- 
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lions  may  be  chosen  but  since  inlet  conditions  are 
obtained  either  from  usually  incomplete  experimental 
data  or  from  thin  boundary-layer  calculations  carried 
out  in  an  approximate  grid  geometry,  they  are  often 
imperfect,  leading  to  a  non-smooth  solution  near  the 
inlet  plane.  This  is  the  reason  why  we  mostly  replace 
the  Dirichlet  condition  for  u  by  a  Neumann  condition. 

Let  us  next  turn  to  the  boundary  conditions  on 
the  external  boundary.  The  old  practice  was  to  spec¬ 
ify  the  pressure  and  the  two  tangential  velocity  com¬ 
ponents.  They  were  obtained  from  a  potential  flow 
calculation  for  the  bare  hull,  neglecting  the  displace- 
lent  effect  of  the  boundivry  layer  on  the  external 
flow.  Such  conditions  arc  good  enough  if  the  external 
boundary  is  chosen  far  (several  boundary-layer  thick¬ 
nesses)  from  the  hull.  But  that  is  an  unattractive  op¬ 
tion  if  one  aims  at  computational  economy  because 
the  mathematical  model  is  then  unnecessarily  com¬ 
plicated  in  a  consideriible  part  of  the  domain.  On 
the  other  hand,  the  conditions  are  evidently  not  ex¬ 
act  when  the  extent  of  the  computation  domain  is 
reduced.  It  may  result  in  the  formation  of  a  weak 
non-physical  boundary  layer  on  the  external  bound¬ 
ary  [9].  After  a  close  inspection  we  have  indeed  found 
ample  evidence  of  its  occurrence  in  our  calculations 
in  which  we  have  always  tried  to  use  relatively  small 
domains. 

A  remedy  is  of  course  to  correct  the  boundary  con¬ 
ditions  for  viscous-inviscid  interaction  in  the  course 
of  the  solution  process.  Stern  el  al.  (10]  have  com¬ 
pared  a  procedure  of  that  type  with  a  large  domain 
approach  and  found  it  to  be  effective  for  two  rela¬ 
tively  simple  lest  cases.  Surprisingly,  they  applied 
the  displacement  body  concept  to  update  the  exter¬ 
nal  flow;  surprisingly  because  of  the  ambiguity  in  the 
definition  of  the  displciccmcnl  thickness  and  the  ap¬ 
proximate  nature  of  the  displacement  body  concept 
in  viscous-inviscid  interaction  studies.  A  more  accu¬ 
rate  and  unambiguous  procedure  is  to  use  the  normal 
velocity  on  the  external  boundary  resulting  from  the 
viscous  flow  calculations  as  a  boundary  condition  for 
repealed  potential  flow  calculations  for  the  exterior 
of  hull  plus  slern-flow-and-wake  zone.  A  practical 
implementation  might  be  as  follows. 

The  potential  flow  around  the  bare  hull  may  be 
obtained  by,  say,  a  discrete  source  distribution  on  the 
hull  surface,  the  source  strengths  arc  found  by  im¬ 
posing  the  impermeability  condition  and  they  arc  dc- 
noled  here  by  it..  Their  indiiclinn  yields  as  it  we.re 
a  first  guess  of  the  flow,  being  inviscid  and  irrola- 
lional  in  all  tnree  zones  of  Fig.  1.  Moreover,  it  gives 
<1  certain  velocity  on  the.  boundaries  between  zones  I 
and  11  and  zones  I  and  III,  rcsjicclively,  which  may 


be  decomposed  into  a  normal  (un.poi)  ^^wd  a  tangen¬ 
tial  (vi.poi)  component.  Keep  in  mind  now  that  the 
part  of  this  basis  flow  covered  by  region  I  of  Fig.  1 
might  be  reproduced  by  a  source  distribution  (Tj  on 
the  boundary  of  the  union  of  hull,  zone.  II  and  zone 
III,  if  the  normal  velocity  {v„,poi)  would  be  used  as  a 
boundary  condition. 

The  viscous  flow  calculations  in  zones  II  and  III, 
with  (u«,poi)  as  a  boundary  condition,  will  yield  a  dif¬ 
ferent  normal  velocity  (un.vuc)  on  the  boundaries  be¬ 
tween  the  zones  because  of  boundary-layer  displace¬ 
ment  effects.  The  related  adjustment  of  the  external 
flow  might  be  calculated  by  using  {Vn,vitc)  as  a  new 
boundary  condition  to  yield  a  new  source  distribution 
ffa  defined  on  the  same  boundary  as  <73.  However,  as 
will  become  clear  in  a  moment,  it  is  better  to  oper¬ 
ate  with  Affj  =  0-3  -  0-2,  the  correction  of  <T2  due  to 
viscous-inviscid  interaction.  So  we  suggest  to  calcu¬ 
late  A(r2>  associated  with  a  correction  potential  <j>cori 
under  the  condition 

d<i>cor 

to  evaluate  the  tangential  velocity  induced  by  them 
and  to  add  it  to  (u(,poi).  The  pressure  follows  from 
Bernoulli’s  law  which  completes  the  set  of  new  bound¬ 
ary  conditions  for  the  next  viscous  flow  calculation. 
The  process  can  be  repeated  until  the  solutions  in  the 
three  zones  match  well  enough. 

The  advantage  of  operating  with  Aci  appears  as 
soon  as  further  approximations  are  introduced.  In 
first-order  boundary-layer  theory  the  displacement  ef¬ 
fects  caused  by  boundary-layer  formation  in  zone  II 
has  a  negligible  effect  on  the  external  flow.  One  may 
therefore  simplify  the  procedure  by  assuming  that 
A<r2  is  non-zero  on  the  external  boundary  of  zone 
III  only.  The  number  of  source  panels  required  in  a 
practical  calculation  is  thereby  drastically  reduced. 

Although  we  think  the  above  method  to  be  practi¬ 
cable,  we  propose  here  an  alternative  that  may  lead  to 
a  more  elegant  procedure  because  it  does  not  involve 
new  potential  flow  calculations.  Instead  of  prescrib¬ 
ing  fixed  values  for  pressure  and  tangential  velocity 
components,  we  set  the  two  tangential  vorticity  com¬ 
ponents  to  zero  and  we  let  the  pressure  satisfy  the 
Bernoulli  equation  on  the  external  boundary  in  the 
viscous  flow  computations.  It  implies  that  two  of  the 
three  Dirichlet  conditions  arc  replaced  by  conditions 
of  Neumann  type.  These  conditions  arc  exact  on  any 
external  boundary,  provided  it  is  chosen  in  the  effec¬ 
tively  inviscid  part  of  the  flow.  Viscous-inviscid  in¬ 
teraction  should  automatically  be  taken  care  of  with 
these  boundary  conditions.  As  far  as  the  author  is 
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aware,  the  use  of  vorticity  boundary  conditions  in 
primitive  varhible  formulations  has  not  been  applied 
earlier  although  it  has  been  suggested  by  Roe  (11). 

One  might  wonder  whether  such  conditions  guar¬ 
antee  a  unicpie  solution.  After  all,  the  conditions  are 
valid  for  any  external  potential  flow  while  no  informa¬ 
tion  on  the  velocity  at  infinity  is  conveyed  by  them. 
How  is  the  correct  solution  selected  from  the  many 
possible  ones? 

Although  a  rigorous  analysis  is  difhcult  and  has 
not  been  completed  yet,  we  think  that  the  new  bound¬ 
ary  conditions  give  the  solution  appropriate  for  un¬ 
bounded  flow  conditions.  It  is  clear 'that  an  out¬ 
side  influence,  disturbing  the  external  flow,  such  as 
a  nearby  wall,  would  not  be  felt,  except  via  the  con¬ 
ditions  specified  on  the  inlet  boundary.  But  in  the 
absence  of  outside  disturbances,  the  establishment  of 
a  certain  external  flow  is  fully  governed  by  what  hap¬ 
pens  inside  the  stern-flow-and-wake  zone  (displace¬ 
ment  effects  of  boundary  layer  and  wake);  there  is  no 
need  for  a  communication  of  particulars  of  the  exter¬ 
nal  flow  to  the  stern-flow-and-wake  zone  other  than 
that  it  is  an  irrotational  flow.  The  conditions  on  the 
inlet  boundary  make  sure  that  we  obtain  the  flow  at 
the  correct  Reynolds  number. 

At  this  moment,  we  have  a  limited  experience 
with  the  application  of  vorticity  boundary  conditions. 
The  test  results  seem  to  confirm  that  the  correct  so¬ 
lution  is  obtained  but  unfortunately  they  have  all 
shown  so  far  a  reduced  convergence  rate.  After  a 
while  the  global  convergence  is  fully  governed  by  the 
changes  on  the  external  boundary  which  decrease  very 
slowly.  An  example  is  given  in  Fig.  4,  showing  global 
convergence  results  for  the  Wigley  hull.  As  a  mea¬ 
sure  for  the  rate  of  convergence  we  use  the  rate  of 
decay  of  the  maximum  pressure  change  between  suc¬ 
cessive  iterations  anywhere  in  the  computation  do¬ 
main.  Besides  two  lines  representing  the  results  for 
the  old  and  the  new  boundary  conditions,  respec¬ 
tively,  a  dashed  line  is  shown  indicating  the  maxi¬ 
mum  pressure  change  on  the  external  boundary.  It 
is  obvious  from  the  figure  that  a  grid  reflnement  has 
been  applied  between  iteration  numbers  3  &  4  and  6 
&  7;  the  new  boundary  conditions  were  imposed  on 
the  finest  grid  only. 

We  may  note  that  the  slower  convergence  is  not 
the  result  of  a  slow  drift  of  the  pressure  level;  the 
pressure  adjustments  continue  to  be  partly  positive 
and  partly  negative. 


Fig.  4.  Influence  of  boundary  conditions  on  the 
global  convergence  for  the  flow  around  the 
Wigley  hull 


Fig.  5.  Calculated  pressure  change  due  to  viscous- 
inviscid  interaction 
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To  illustrate  that  viscous-inviscid  interaction  is 
automaticivlly  taken  into  account  with  the  new  bound¬ 
ary  conditions,  we  show  a  result  of  the  calculated 
change  of  the  pressure  on  the  external  boundary  with 
respect  to  the  data  obtained  from  the  potential  flow 
calculation  around  the  bare  hull.  In  Fig.  5  the  pres¬ 
sure  changes  on  the  intersection  of  the  external  bound¬ 
ary  and  the  horizontal  symmetry  plane  (undisturbed 
free  surface)  for  the  flow  around  the  Wigley  hull  are 
presented.  The  figure  shows  the  typical  effect  of  vis¬ 
cous-inviscid  interaction,  viz.  a  pressure  drop  in  a 
region  in  the  vicinity  of  the  stern  bordered  on  both 
the  upstream  and  the  downstream  side  by  a  region 
of  pressure  rise.  The  slight  increase  of  the  pressure 
change  towards  the  outlet  station  has  been  verified 
in  an  axisymmetric  flow  case  to  be  a  consequence  of 
the  inexactness  of  the  boundary  condition  p*  =  0;  it 
disappears  when  a  slightly  negative  pressure  gradient 
is  imposed  as  a  boundary  condition. 

We  may  conclude  that  the  application  of  vortic- 
ity  boundary  conditions  is  worth  to  be  investigated 
further.  The  only  deficiency  that  we  have  observed  is 
the  reduced  convergence  rate  caused  by  it.  Attempts 
to  remove  this  deficiency  have  not  yet  been  made, 
however.  As  an  aside  we  note  that  it  is  questionable 
whether  with  the  alternative  technique  of  repeated 
potential  flow  calculations  the  matching  accuracy  can 
ever  be  as  good  as  ACp  =  10"®  -  achieved  in  Fig.  4 
after  17  iterations  -  in  view  of  the  use  of  two  totally 
different  discretisation  methods  for,  respectively,  the 
viscous  and  inviscid  part  of  the  flow. 

.’i.  Global  relaxation 

After  discretisation  and  linearization,  the  differ¬ 
ence  equations  for  all  grid  nodes  can  be  put  together 
in  a  matrix/vector  equation 

A<t>  =  b 

where  A  is  a  sparse  square  matrix,  ^  is  the  vector  of 
unknowns  and  6  is  a  known  vector  (but  containing 
previous  iterates  of  the  velocity  components  due  to 
the  non-linear  convection  terms).  Let  the  entries  of 
A  be  grouped  in  blocks  so  that  all  entries  associated 
with  the  unknown  variables  in  a  certain  transverse 
plane  form  a  block.  If  such  a  block  is  represented  by 
one  element  of  a  new  matrix  B  and  a  corresponding 
grouping  is  carried  through  for  the  vectors  <f>  and  6, 
we  get 

Bip  =  c  (2) 

where  B  is  a  NX  *  NX  square  matrix  with  (in  our 
discretisation)  four  non-zero  diagonals  and  ip  and  c 
are  vectors  of  size  NX.  The  iterative  solution  of  this 
system  has  been  called  in  Section  2  the  global  or  outer 


iteration  process,  to  be  distinguished  from  the  local 
or  inner  iteration  process  needed  to  solve  the  block 
of  equations  associated  with  a  certain  transverse  sec¬ 
tion. 

What  will  be  called  in  this  paper  the  ‘basic  method’ 
to  solve  (2)  is  a  Gauss-Seidel  type  iteration  process: 
B  is  split  into  a  sum  of  a  lower  (£)  and  an  upper  {U) 
triangular  part  where  the  elements  of  L  are  identical 
with  the  corresponding  entries  of  B  while  U  contains 
the  upper  diagonal  of  B  only;  the  solution  is  updated 
via 

Lip"  =  c-  Uip"-^  . 

To  enhance  the  convergence  rate  of  this  process  we 
have  used  earlier  a  source  term  in  the  ^-momentum 
equation,  as  originally  proposed  by  Israeli  and  Lin 
|12]  and  described  for  our  application  in  [1].  It  has 
in  many  cases  proved  to  be  a  useful  artifice,  but  our 
experience  tells  that  it  may  have  undesirable  side- 
effects,  particularly  when  used  in  combination  with 
an  algebraic  turbulence  model.  Notably  in  the  ini¬ 
tial  phase  of  the  calculations  the  source  term  may 
assume  appreciable  values,  generating  a  significant 
overshoot  in  the  velocity  profiles  or  provoking  flow 
separation.  In  the  first  case  the  turbulence  model 
may  show  pathological  behaviour  in  the  determina¬ 
tion  of  the  outer  length  scale,  which  deteriorates  the 
global  convergence.  In  the  second  case  the  required 
change  of  the  discretisation  formulae  will  have  an  in¬ 
fluence  to  the  same  effect. 

We  have  now  abandoned  the  source  term  scheme 
in  favour  of  an  alternative  convergence  accelerator 
with  a  superior  performance.  It  is  described  below. 

When  an  iterative  process  is  used  to  solve  a  time- 
independent  problem,  it  is  often  preferable  to  oper¬ 
ate  with  a  transient  form  of  the  mathematical  model 
and  to  try  to  find  the  steady  state  solution  (13).  Fol¬ 
lowing  this  suggestion,  we  add  a  quasi-time  deriva¬ 
tive  of  the  pressure  to  the  ^-momentum  equation. 
If  for  the  sake  of  compact  notation  we  consider  the 
equations  valid  in  a  Cartesian  coordinate  system,  the 
momentum  eipiation  for  the  dominant  flow  direction 
becomes 

C{u,v,w)+px=pi  (3) 

where  £  is  a  differential  operator  incorporating  the 
convection  and  diffusion  terms  but  no  ‘time’  deriva¬ 
tives. 

In  the  above  Gauss-Seidel  process  the  discretised 
x-momentum  equation  is 

Cii(u,v,w)^  + 

(p”+i’  -  Pr ‘ -  (p?  -  pr')/A<  =  RHSi  (4) 
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whore  Ct^  is  a  finile-dificrcncc  analogue  of  £,  RHSi 
is  a  known  right-hand  side  which  does  not  contain 
variables  at  iteration  level  n  and  At  is  taken  equal 
to  A*.  Next,  one  mtiy  conceive  a  complementary 
discretisation  of  (3): 

£a(«,«,w)"  + 

(pIW  -  pr' )/ -  (pr '  -  P?)/ At  =  RHSi  (5) 

such  that  half  of  the  sum  of  (4)  and  (5)  yields  a  dis¬ 
cretisation  of  all  terms  of  (3)  at  time  (or  iteration) 
level  n,  provided  that 

P"  =  2(P"^'+P"-')  (6) 

is  considered  iis  a  new  value  for  p". 

From  the  combination  of  the  formulae  (4), (5), (6) 
above,  a  predictor-corrector  scheme  for  the  pressure 
is  readily  constructed.  The  predictor  step  is  the  basic 
method,  the  Gauss-Seidel  scheme: 

£a(m, +  (p?+i‘  -  P,‘)/Aa:i  =  RHSi , 

giving  new  values  for  the  velocity  compo¬ 

nents  and  a  first  approximation  p*  to  a  new  value 
of  the  pressure.  The  difference  of  (4)  and  (5)  yields 
a  simple  algebraic  relation  to  determine  a  fictitious 
pn+i.  improved  guess  for  p"  is  then  obtained 
from  the  mean  of  this  p"'*''  and  the  old  pressure  p""*. 
The  latter  operations  may  be  combined  in  the  correc¬ 
tor  step 

Pi  =  5(pr'+p.-)+^(p?+.-p?;.‘)-  (7) 

Because  of  the  appearance  of  p”^,  in  the  right-hand 
side,  p"  must  be  evaluated  in  an  upstream  marching 
sc(|ucnce.  Thus  the  basic  process  of  a  sweep  from 
inlet  to  outlet  station  is  followed  by  reversed  sweep  in 
which  an  improved  value  for  the  pressure  is  obtained 
via  the  simple  algebraic  relation  (7).  As  a  start  for 
this  reversed  sweep  we  have 


PftT.Y  --  Vnx 


as  immediately  follows  from  the  above  formulae  when 
the  mainstream  pressure  gradient  is  zero  on  the  outlet 
boundary. 

It  is  easily  verified  by  repeated  substitution  of  (7) 
that  a  pressure  change  at  station  x,  can  be  expressed 
as 


Ap?=2 


NX  n  -I 


where 


Ap;-  =  p?-pr'.  Apf =p?-pr‘. 

It  implies  that  Ap"  is  determined  by  a  fraction 
(diminishing  with  distance)  of  downstream  pressure 
changes  resulting  from  the  basic  method.  Thus  we 
have  incorporated  the  desirable  feature  of  an  infinite 
propagation  speed  of  pressure  influences  in  upstream 
direction  (a  property  of  the  continuum  equations)  in 
the  numerical  scheme.  In  both  the  basic  method  and 
the  Israeli/Lin  source  term  scheme  the  propagation 
speed  is  only  Aa:,-  per  iteration. 

Readers  familiar  with  the  recent  literature  on  so¬ 
lution  methods  for  the  Reynolds-averaged  Navier- 
Stokes  equations  in  flows  characterized  by  a  dominant 
flow  direction  will  have  observed  that  the  predictor- 
corrector  scheme  introduced  here  has  some  similarity 
with  a  procedure  suggested  by  Davis  ct  al.  in  (14). 
The  differences  are  essential,  however.  In  [14]  the  two 
discretisations  (4)  and  (5)  appear  also  but  the  solu¬ 
tion  process  is  continued  with  p"'*"’.  That  would  be 
all-right  if  the  ^-momentum  equation  stood  on  its 
own  but  when  it  is  coupled  with  other  equations  in 
which  the  pressure  appears  as  well  it  is  a  completely 
unsatisfactory  approach.  For  At  =  Ax  an  essentially 
unstable  scheme  results.  Also  for  smaller  values  of  At 
we  have  not  been  able  to  produce  acceptable  results 
with  their  method. 


Fig.  6.  Maximum  pressure  change  between  succes¬ 
sive  sweeps  in  global  iteration  process  for 
three  methods 
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As  an  illustration  of  the  excellent  performance  of 
our  proposal  we  give  global  convergence  results  for 
1  the  flow  around  an  axisymmetric  body  as  obtained 
by  the  basic  scheme,  the  source  term  scheme  and  our 
new  scheme  in  Fig.  6.  In  all  three  convergence  curves 
two  jumps  appear  which  correspond  each  to  a  grid 
refinement,  being  executed  when  ACpmo*  <  0.02  and 
<  0.01  respectively.  Most  striking  is  the  gain  in  con¬ 
vergence  rate  with  respect  to  the  basic  method  which 
differs  from  the  new  method  by  the  correction  step 
(7)  only.  The  more  so  because  the  correction  step 
is  extremely  simple,  reipiiring  a  completely  insignif¬ 
icant  amount  of  computation  time.  Similar  results 
have  been  obtained  for  other  cases. 

6.  Application 

Since  the  appearance  of  our  earlier  publications 
(1,2,3],  the  number  of  applications  of  our  method  has 
considerably  increased.  Some  of  these  applications 
were  repeated  calculations  for  ‘old’  test  cases  (e.g. 
Wigley  hull,  SSPA  720),  others  concerned  new  explo¬ 
rations.  Among  them  were  computations  including  a 
representation  of  a  propeller  and/or  a  duct  by  a  spec¬ 
ified  external  force  field.  Instead  of  giving  results  of 
some  of  those  exercises  or  improved  results  for  the 
test  cases  that  appeared  in  previous  publications,  we 
have  selected  for  presentation  some  data  obtained  for 
a  rather  demanding  test  case:  the  HSVA  tanker. 

What  makes  this  hull  form  to  a  difficult  case  for 
flow  computations  is  in  the  first  place  the  fullness  of 
the  hull  (block  coefficient  =  0.85),  implying  a  high 
viscous  pressure  resistance  and  presumably  complex 
flow  with  a  risk  of  boundary-layer  separation. 

The  body  plan  of  the  hull  is  given  in  Fig.  7.  A 
2.74  m  model  of  it  has  been  subjected  to  detailed 
measurements  in  a  slotted-wall  wind  tunnel  by 
Wieghardt  and  Kux  (15)  and  a  data  tape  with  a  part 
of  their  results  has  been  kindly  made  available  to  us. 
On  the  basis  of  the  geometry  information  provided  on 
the  data  tape,  a  reconstruction  of  the  hull  shape  was 
carried  out  with  our  hull  fairing  system.  Intermediate 
frame  lines  were  obtained  by  spline  interpolation. 

Calculations  were  made  at  the  Reynolds  number 
of  the  measurements:  Iln  —  5*10®.  Neither  the  wind 
tunnel  wall  nor  the  rod  extending  from  the  back  of  the 
wind  tunnel  model  were  included  in  the  simulation. 
The  lengthwise  extension  of  the  stern-flow-and-wake 
zone  was  chosen  as  0.5  <  2x1  L  <  1.65,  where  L  is  the 
length  between  perpendiculars  and  a;  -  0  midships. 
T)>?  results  to  be  presented  were  obtained  on  a  45  ♦ 
49  '  29  grid. 


Potential  flow  and  boundary-layer  calculations  pro¬ 
vided  us  with  the  non-trivial  part  of  the  boundary 
conditions.  On  the  external  boundary,  conventional 
conditions  (prescription  of  tangential  velocity  com¬ 
ponents  and  pressure  from  the  potential  flow)  were 
applied,  while  a  zero  pressure  gradient  condition  was 
imposed  on  the  outlet  boundary.  The  initial  guess  for 
the  pressure  field  was  obtained  by  assuming  p,  =  0. 

One  of  the  aims  of  the  calculation  of  the  stern 
flow  field  is  to  acquire  information  on  the  velocity 
distribution  near  the  location  where  the  propeller  is 
to  be  mounted.  Let  us  therefore  first  have  a  look  at 
some  contour  plots  of  the  axial  velocity  field  near  the 
stern.  Fig.  8  shows  the  comparison  of  measurements 
and  predictions  in  six  transverse  sections.  In  the  mea¬ 
surements,  the  flow  disturbance  caused  by  a  support 
wire  in  the  wind  tunnel  is  clearly  visible.  When  that 
anomaly  is  taken  into  consideration  there  is  gener¬ 
ally  good  agreement  between  both  sets  of  data  in  the 
outer  part  of  the  boundary  layer  or  wake.  Near  the 
hull,  on  the  other  hand,  in  the  region  just  below  the 
concave  part  of  the  frame  lines,  the  measurements 
indicate  a  much  stronger  retardation  of  the  flow.  S- 
shaped  iso-velocity  contours  show  up  which  do  not 
clearly  appear  in  the  computed  results. 

Usually  the  formation  of  that  kind  of  wake  distri¬ 
bution  is  connected  with  the  development  of  a  longi¬ 
tudinal  vortex.  How  well  that  phenomenon  is  repro¬ 
duced  by  the  calculations  may  be  judged  from  Fig.  9. 
It  shows  vector  plots  of  the  transverse  velocity  com¬ 
ponents  at  various  stations.  From  the  measurements 
as  well  as  the  calculations  only  a  part  of  the  available 
information  has  been  plotted  but  such  that  the  vector 
lengths  are  directly  comparable. 


I 


Fig.  7.  Body  plan  HSVA  tanker 
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Calculated  at  2x1  L  =  0.880 
Measured  at  2xlL  =  0.885 


Fig.  Contour  p|ols.of:axiabveiocity  'distributions 
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There  is  no  clear  evidence  tlnat  the  vortex  for¬ 
mation  is  predi  »c  to  start  at  ii  wrong  position  but 
the  vortex  core  seems  to  stay  closer  to  the  vertical 
symmetry  plane  than  in  the  measurements,  especially 
when  is  taken  into  account  that  the  measurements 
are  not  truly  symmetric  with  respect  to  tlic  geomet¬ 
ric  symmetry  plane.  This  is  in  accordance  with  the 
stronger  deceleration  of  the  tixial  flow. 

The  (picstion  remains  what  is  the  cause  of  the 
discrepancy  in  the  axial  velocity  distribution.  We 
may  observe  that  there  is  little  reason  to  suppose  that 
a  gross  misprediction  of  the  pressure  is  responsible. 


Fig.  10  shows  the  girthwise  pressure  distribution  on 
the  hull  at  station  2x//i  =  0.88  with  an  excellent 
agreement  between  meiisurements  and  calculations 
while  the  potential  flow  results  deviate  considerably. 

A  preliminary  exercise  with  vorticity  boundary 
conditions  on  the  external  boundary  indicated  that 
the  inclusion  of  viscous-inviscid  interaction  docs  not 
bring  about  either  a  change  in  the  near-hull  flow  to 
the  extent  required  for  a  reconciliation  of  mesisure- 
ments  and  predictions.  _  Still  to  be  investigated  are 
the  effects  of  grid  refinement  and  of  a  variation  in  the 
turbulence  model. 


Calculated  at  2i/L  =  0.880 


Measured  at  2x1  L  =  0.885 


Fig.  9.  Vector  plots  of  transverse  velocity  components 
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Cnlciiliitoil  <il  'Izlli  =  0.920 


Mcnsiircd  ill  2a;///  =  0.926 


Measured  at  23:  jL  =  0.977 


lunniww  \  \  \  \ 

Measured  at  2x1  L  =  1.015 


Fig.  9  (continued) 


98 


CflLCULRTEG  IN  VISCOUS  FLOW 


Fig.  10.  Girthwise  pressure  distributions  at  station 
Ixfl  =  0.88 

It  is  not  apparent  from  Fig.  8,  but  our  results  indi¬ 
cate  boundary-layer  separation  at  two  locations:  in  a 
small  region  just  above  the  level  of  the  imaginary  pro¬ 
peller  axis,  starting  from  about  station  2ir/£  =  0.9, 
and  near  the  waterline  (horizontal  symmetry  plane) 
aft  of  station  2®/jC  =  0.97.  In  both  cases  the  thick¬ 
ness  of  the  separation  bubble  is  very  small.  Only  an 
oil  flow  experiment  for  the  visualization  of  the  lim¬ 
iting  streamlines  could  shed  some  light  on  the  faith¬ 
fulness  of  that  prediction.  However,  the  girthwise 
skin  friction  distribution  at  station  2x1  L  =  0.88,  just 
ahead  of  one  of  the  separation  regions,  is  in  fair  agree¬ 
ment  with  the  experimental  data  [16],  as  Fig.  11 
shows. 

It  may  be  concluded  that  many  features  of  the 
experimental  data  arc  satisfactorily  reproduced.  In¬ 
deed,  the  present  results  arc  perhaps  the  most  realis¬ 
tic  ones  among  the  few  that  have  been  reported  so  far 
for  this  test  case.  Yet,  they  can  hardly  be  considered 
good  enough,  if  the  available  set  of  measurements  is 
considered  to  satisfy  high  quality  standards.  Where 
our  method  Inas  been  set  up  with  the  idea  that  it 

biiuuld  give  ultiiiiiite!^  ielldble  luaulla  ful  a  euae  like 

the  HSVA  tanker,  further  improvements  arc  needed. 
They  arc  to  be  found  in  a  fine-tuning  of  the  turbu¬ 
lence  model  and  the  use  of  finer  grids  rather  than  in 
the  numerical  scheme. 


Fig.  11.  Girthwise  skin-friction  distributions  at 
station  2x/L  =  0.88 

7.  Concluding  remarks 

In  this  paper  we  have  given  a  detailed  description 
of  new  developments  in  certain  aspects  of  a  computer 
code  for  the  prediction  of  the  stern  flow  field  of  a  ship: 

•  We  have  explained  how  coordinate-oriented  ve¬ 
locity  variables  may  be  chosen  so  as  to  maintain 
a  high  numerical  accuracy  near  the  grid  singu¬ 
larity  in  the  wake; 

•  We  have  presented  some  results  of  our  first  ap¬ 
plication  of  a  new  set  of  boundary  conditions 
on  the  external  boundary  of  the  computation 
domain,  which  allow  this  boundary  to  be  cho¬ 
sen  close  to  the  edge  of  the  boundary  layer  and 
wake; 

•  We  have  shown  how  the  convergence  rate  of 
the  global  relaxation  of  the  solution  may  be 
improved  by  an  easy  algebraic  update  of  the 
pressure  field  after  every  iteration  cycle. 

Moreover  results  have  been  given  of  the  application 
of  the  code  to  a  difficult  test  case  which  indicate  that 
the  numerical  scheme  can  cope  with  the  complex  flow 
around  a  full  tanker,  although  the  correlation  with 
the  available  experimental  data  should  be  further  im¬ 
proved. 
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DISCUSSION 
by  Y.  Kodama 

You  assumed  a  predominant  flow  direction 
and  omitted  a  few  terms.  I'd  like  to  hear  your 
opinion  about  the  effect  of  those  neglected 
terms. 

Author's  Reply 

The  effect  of  those  neglected  terms  on  the 
final  solution  is  of  no  practical  significance 
in  ship  stern  flows.  They  do  however  influence 
the  boundary  condition  requirements  on  the 
outlet  boundary. 
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Computation  of  a  Free  Surface  Flow  around 
an  Advancing  Ship  by  the  Navier-Stokes  Equations 


T.  Hino 

Ship  Research  Institute 
Tokyo,  Japan 


Abstract 

The  finite-difference  solution  method  for  the 
Navier-Stokes  equations  with  nonlinear  &ee  surface  con¬ 
dition  is  applied  to  the  simulation  of  flow  field  with  a 
free  surface  around  an  advancing  ship.  The  body-fitted 
coordinates  system  is  used  in  order  to  cope  with  a  ship 
of  an  arbitrary  hull  form.  The  coordinates  system  does 
not  fit  to  the  free  surface  geometry  which  must  be  de¬ 
termined  as  the  part  of  solution  in  the  time  marching 
procedure.  The  nonlinear  free  surface  condition  is  im¬ 
plemented  in  the  numeric.d  scheme.  The  algebraic  tur¬ 
bulence  model  is  used  together  with  the  wall  function  on 
the  body  boundary  condition  to  simulate  high  Reynolds 
number  flow.  The  numerical  results  are  compared  with 
the  experimental  data. 

1,  Introduction 

A  viscous  flow  field  around  a  ship  is  strongly  non¬ 
linear  even  when  the  free  surface  effects  are  neglected. 
When  a  free  surface  deformation  is  taken  into  account, 
the  geometry  of  free  surface  boundary  should  be  deter¬ 
mined  as  a  part  of  solution  by  the  nonlinear  free  sur¬ 
face  condition  and  flow  field  becomes  more  complicated 
in  both  physical  and  numerical  aspects.  A  number  of 
efforts  have  been  made  to  solve  this  nonlinear  prob¬ 
lem.  Among  them,  the  finite-difference  solution  meth¬ 
ods  for  the  Navier-Stokes  equations  with  free  surface 
effects  [1,2]  seem  to  be  most  promising  because  of  their 
generality.  However,  even  the  Navier-Stokes  solvers  for 
double-model  flow  around  a  ship  [3,4]  have  not  been 
established  well  in  the  case  of  turbulent  flow  simula¬ 
tion  because  of  various  problems.  There  are  much  more 
difficulties  to  be  overcome  in  the  development  of  free 
surface  flow  solvers,  such  as  the  treatment  of  free  sur¬ 
face  boundary  condition,  grid  generation  strategy  and 
turbulence  model. 

In  the  present  paper,  the  finite-difference  method 
for  the  Navier-Stokes  equations  with  nonlinear  free  sur¬ 
face  condition  developed  in  Reference  [1]  is  extended  to 
high  Reynolds  number  flow  simulation  around  an  ad¬ 
vancing  ship.  Nonlinear  free  surface  condition  is  imple¬ 
mented  in  the  scheme.  The  algebraic  turbulence  model 


is  used  together  with  the  wall  function  method  for  the 
body  boundary  condition. 

The  outline  of  numerical  scheme  is  described  in 
Section  2.  The  numerical  results  for  Wigley’s  parabolic 
hull  and  Todd’s  Series  60,  Cb=0.6  are  shown  and  com¬ 
pared  with  measured  data  in  Section  3  and  4,  respec¬ 
tively.  The  concluding  remarks  is  given  in  Section  5. 

2.  Numerical  Scheme 
2.1  Governing  Equations 

The  governing  equations  are  the  Reynolds  aver¬ 
aged  Navier-Stokes  equations  and  the  continuity  equa¬ 
tion  for  mean  velocity  of  unsteady  three-dimensional 
incompressible  fluid.  They  are  written  in  dimensionless 
form  as  follows; 

«(  -f  UU,  -1-  VUy  +  wu, 

=  -px  -f  (1/Re  -f  -f  Uyy  -f  u„)  (la) 

Vt  -f  UVx  -f  VVy  -k  wv, 

=  -Py  +  (l/Re  +  i/t)(vxx  +  Vyy  +  Vzx)  (16) 
Wt  +  UWx  -1-  VWy  -h  WWt 

=  -Pi  +  (1/Re  -f  vt){wxz  -f  Wyy  -1-  w„)  -  1/Fn^  (Ic) 

«*  +  «»  +  Wz  =  0  (2) 

{x,y,z)  are  Cartesian  coordinates  normalized  by  ship 
length  L  where  x  is  the  free  stream  direction  and  y  is 
the  lateral  direction  and  z,  the  vertical  direction,  up¬ 
ward  positive.  («,  V,  w)  are  mean  velocity  components 
normalized  by  uniform  flow  Uo  in  {x,y,z)  directions, 
respectively,  t  is  time  normalized  by  L/Ua  and  p  is 
pressure  normalized  by  pVl,  where  p  is  the  density  of 
water.  Re  is  the  Reynolds  number,  UoLiv  and  Fn  is 
the  Froude  number,  Uo/y/^,  where  u  is  the  kinematic 
viscosity  of  water  and  g  is  the  gravitational  accelera¬ 
tion  constant,  is  the  dimensionless  eddy  viscosity. 
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In  Eqs.  (l)-(4),  subscripts,  x,  y,  z  and  t  mean  the 
partial  differential. 

The  body-fitted  curvilinear  coordinates  system 
(^1  n>  0  is  introduced  to  cope  with  the  body  boundary 
of  an  arbitrary  form,  where  ^  is  the  direction  from  fore 
to  aft,  ri  the  direction  from  a  ship  or  a  center  plane  to 
the  side  outer  boundary  and  the  girth  direction  from 
keel  to  deck.  As  same  as  the  previous  method  [1],  the 
computational  coordinates  do  not  fit  to  the  free  surface 
.«hape,  so  they  are  not  time-dependent.  The  coordinates 
transformation  is  given  as  follows; 

^  y,z),n  =  f)(x, y,x),C  =  <(x,y,z),i  =  i  (3) 

The  momentum  equations  (1)  and  the  continuity 
equation  (2)  are  transformed  through  Ekjs.  (3)  as 

Ut  -h  Uu(  -b  Vu,,  +  WU( 

=  +  Cx4>()  +  (i/Re  -)■  (4a) 

Vi  +  Uv(  +  Vu,  -b  lVu( 

=  +  ny<l>n  +  (M  +  (46) 

wt  -b  Uw(  -b  Vtu,  -b  Ww( 

=  +  ni4‘r,  +  C^<)  +  i^/Re  +  u<)(V^to)  (4c) 

-b  Cx«(  +  +  »?yU,  -b  <yU{ 

+  C««'<  =  0  (5) 

where  {U,  V,  W)  are  the  unsealed  contravariant  velocity 
components  and  defined 


U  =  ^i«  +  ^yV  + 

(6a) 

V  =:t1iU  +  1]yV  +  rizV) 

(66) 

W  =  Ct«  +  +  CxW 

(6c) 

<f>  is  pressure  from  which  hydrostatic  component  is  ex¬ 
tracted; 

4>  =  p  +  z/Fr?  (7) 

is  the  transformed  Laplacian  operator  and  defined 
as 

V*g  =  (^  +  ^ -i- ^)gii  +  (ni  +  rj;  +  ri;)q^„ 

+«^+c; +<?)?« 

+2(^X>Jx  +  4»?y  +  ^xt)z)g(„ 

+2(rjzCx  +  +  >?xCx)gf,< 

+2(Cifi  +  Ck^k  +  <^i^z)g(( 

■^■(^xx  "b  "b  ^zz)gi  "b  (jlxx  "b  Tjyy  "b  f]zx)gi 
+(Crx  +  (yy  +  Cxx)<7( 


where  q  is  arbitrary  scalar  quantity,  and  so  on 

appeared  in  Eqs.  (4)-(8)  are  the,  metrics  of  the  grid. 

2.2  Basic  Algorithm 

The  ba''',  algorithm  is  same  as  that  of  the  MAC 
method  [5].  The  discretization  is  made  in  the  non- 
staggered  grid,  that  is,  all  variables  are  defined  in  the 
intersections  of  grid  lines.  The  present  method  is  based 
on  the  time  marching  procedure  and  is  divided  into  two 
stages. 

On  the  first  stage,  velocity  is  upda!"d  by  the  mo¬ 
mentum  equations  (6).  The  forward  difference  is  used 
in  time.  The  spatial  differences  are  the  third-order  up¬ 
stream  difference  by  Kawamura  and  Kuwahara  [6]  for 
the  convection  terms,  the  second-order  central  differ¬ 
ence  for  the  pressure  gradient  terms  and  for  the  diffu¬ 
sion  terms  and  the  fourth-order  central  difference  for 
the  grid  metrics  terms. 

On  the  second  stage,  pressure  on  the  next  time  step 
is  computed  so  that  the  velocity  field  on  the  next  time 
step  may  satisfy  the  continuity  condition.  By  taking  di¬ 
vergence  of  the  momentum  equations  (6),  the  following 
Poisson  equation  for  pressure  is  derived. 

VV=  -^zKi-r)sK,-(UK( 


~  ~  C»-6( 

— —  rjiikf,  ■”  C»^( 

-A 

where 

K 

=  UU(  +  V«,  +  -  (1/Re  +  H){V^u) 

L 

=  Uv^  +  Vv,  -b  Wv(  —  (1/Re  -b  i^t)(V^v) 

M 

=  Uw^  +  Vw, -b  —  (1/ife-b  vt)(V^w) 

and 

D 

=  ^x«£  +  »7x«,  +  Cx«(  +  +  r)yV„  +  Cy^C 

-b^xWf  +  r)zVj„  +  CxWf 

The  right-hand-side  of  Eq.(9)  is  evaluated  by  the  values 
at  the  present  time  step.  The  spatial  differences  for 
K,  L  and  M  are  same  as  that  for  Eqs.  (6).  The  time 
differential  appeared  in  the  last  term  is  expressed  by 
the  forward  difference.  Then  D,  divergence  of  velocity, 
on  the  next  time  step  is  set  zero  from  the  continuity 
condition,  while  D  on  the  present  time  step  which  is  not 
necessarily  zero  is  evaluated  by  the  second-order  central 
difference  to  avoid  accumulation  of  numerical  error[5]. 
The  left-hand-side  of  Eq.(9)  is  evaluated  by  the  second- 
order  central  difference  and  solved  iteratively  by  the 
Jacobi  method. 

The  initial  condition  is  still  state,  that  is,  velocity 
and  wave  elevation  are  zero  and  pressure  is  hydrostatic 
(8)  in  the  whole  domidn  of  compulation.  The  constant  ac¬ 
celeration  is  made  by  adding  the  inertia  force  to  the 
momentum  equation  in  x-direction.  Eq.(4a),  until  the 
inflow  velocity  becomes  unity. 
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2.3  Free  Surface  Conditions 

When  the  effects  of  viscosity  and  free  surface  ten¬ 
sion  are  neglected,  the  free  surface  conditions  consist  of 
the  following  two  conditions.  One  is  the  pressure  con¬ 
dition  that  means  that  pressure  on  the  free  surface  is 
equal  to  atmospheric  one.  The  other  is  the  kinematic 
condition  that  tells  the  fluid  particles  on  the  free  surface 
keep  staying  on  it. 

Because  the  grid  points  are  not  on  the  free  surface 
in  the  present  grid  system,  it  is  not  easy  to  satisfy  the 
free  surface  conditions  on  the  exact  location  of  the  free 
surface.  The  pressure  condition  is  implemented  in  the 
solution  process  of  the  Poisson  equation  for  pressure.  To 
give  the  boundary  condition  at  the  intermediate  point 
between  grid  points,  the  ’irregular  stars  method’  used  in 
the  SUMMAC  method  [7]  is  e.xtended  to  the  curvilinear 
coordinates  system. 

The  kinematic  condition  is  used  to  determine  the 
free  surface  shape  in  the  time  marching  process.  The 
wave  elevation  is  defined  in  the  computational  coordi¬ 
nates  as 

<  =  (10) 

The  kinematic  condition  is  written  as 

h,  +  Uhi  +  Vh^-W  =  Q  on  <  =  /»  (H) 

Eq.(ll)  is  transformed  into  the  finite-difference  form  in 
the  same  manner  as  that  for  the  momentum  equations 
(6).  Velocity  ({/,  V,  W)  on  the  free  surface  is  extrapo¬ 
lated  equally  from  the  value  at  the  lower  grid  points. 

2.4  Body  Surface  Conditions 

For  the  body  surface  condition,  the  wall  function 
approach  is  used  to  reduce  the  computation  time.  With 
the  no-slip  condition,  the  minimum  grid  spacing  in  the 
direction  normal  to  the  body  surface  should  be  small 
enough  to  resolve  the  viscous  sublayer  of  the  boundary 
layer  on  the  body.  Because  the  explicit  scheme  in  time 
is  used,  the  time  increment  is  limited  by  the  CFL  condi¬ 
tion  and  should  be  also  small  in  proportion  to  the  grid 
spacing.  The  total  computational  time  to  convergence 
would  be  too  large  for  the  present  computer  power. 

The  wall  function  used  here  is  the  general  logarith¬ 
mic  law,  that  is, 

=  1/k  Inj/’*’ -f  S  (12) 

where  q  is  velocity  magnitude,  u,  the  friction  velocity 
and  y'^  the  normal  distance  from  the  wall  normalized 
by  uIut.  The  constants  «  and  B  are  set  0.4  and  5.5, 
respectively. 

Following  Chen  and  Patel  [8],  the  two  velocity 
points  (  i  =  2  and  3,  where  j  =  1  is  the  wall  )  are 


assumed  to  be  located  in  the  logarithmic  region.  From 
q  and  the  normal  distance  from  the  wall  at  j  =  3, 
is  determined  from  Eq.  (12).  Then  g  at  j  =  2  can 
be  calculated  from  w,  and  the  normal  distance  of  the 
point.  Velocity  at  j  =  2  is  treated  as  the  boundary 
value  in  the  velocity  updating  process.  The  direction  of 
velocity  at  j  =  2  is  assumed  parallel  to  the  wall.  In  the 
accelerating  period,  the  no-slip  condition  is  imposed  for 
velocity  on  the  body.  Pressure  and  wave  elevation  on 
the  wall  (j  =  1)  is  set  equal  to  those  at  j  =  2. 

By  the  use  of  the  wall  function,  the  minimum  grid 
spacing  can  be  more  than  ten  times  as  large  as  that  in 
the  case  of  the  no-slip  condition.  In  the  present  compu¬ 
tations,  typical  value  of  y'^  at  j  =  3  is  taken  about  from 
20  to  100.  The  computing  time  is  reduced  drastically 
by  this  procedure. 

2.5  Other  Boundary  Conditions 

On  the  inflow  boundary,  velocity  is  uniform  flow 
in  ^-direction  after  the  acceleration  and  pressure  is  hy¬ 
drostatic  with  zero  wave  elevation.  On  the  outflow  and 
side  boundaries,  pressure,  velocity  and  wave  elevation 
are  extrapolated  with  zero  gradient  from  the  inside. 

2.6  Turbulence  Model 

Turbulence  model  used  is  the  two-layer  algebraic 
model  by  Baldwin  and  Lomax  [9].  It  is  widely  used  in 
the  aerodynamic  computations  and  also  in  the  incom¬ 
pressible  flow  computation  around  a  ship  by  Kodama 
[3].  In  the  present  study,  flow  is  enforced  to  be  turbulent 
from  the  fore  end  of  a  ship.  The  free  surface  effect  on 
turbulence  is  not  included  in  the  model.  There  has  not 
been  any  turbulence  model  that  can  be  applied  to  the 
boundary  layer  and  wake  of  a  surface-piercing  body  like 
a  ship.  Further  investigation  in  both  computation  and 
experiment  is  required  to  establish  a  turbulence  model 
under  the  free  surface  effects. 

3.  Computation  for  Wigley’s  Hull 
3.1  Computational  Condition 

The  first  computational  results  are  for  Wigley’s 
parabolic  hull.  The  waterlines  and  the  frame  lines  of 
the  hull  geometry  are  defined  by  the  parabolic  lines. 
The  computations  are  made  with  two,  coarse  and  fine, 
grids.  The  grid  generation  scheme  based  on  the  geo¬ 
metrical  method  is  used. 

The  coarse  grid  is  shown  in  Fig.la.  The  number  of 
grid  points  is  51,  20  and  18  in  the  (f,  rj,  C)  directions, 
respectively.  The  H-0  grid  topology  is  adopted.  The 
grid  points  are  clustered  near  the  body  and  near  the 
still  water  surface.  The  computational  domain  in  the 
dimensionless  coordinates  (  where  a:  =  0  is  the  midship, 
y  =  0  the  center  plane  and  z  =  0  the  still  water  level) 
is 
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Fig.  la  Coarse  computational  grid  for  Wigley’s  hull. 


Fig.  lb  Fine  computational  grid  for  Wigley’s  hull. 


-l<a:<l,  0<y<  0.5,  -0.5  <z<  0.0555 

It  should  be  noted  that  the  domain  includes  the  region 
above  the  undisturbed  free  surface,  that  is,  z  >  0.  The 
grid  points  below  the  still  water  surface  is  51  x  20  x  10. 
The  number  of  grid  .points  inside  the  fluid  varies  as  the 
wave  field  develops.  The  minimum  grid  spacing  in  re¬ 
direction  is  0.001. 

The  fine  grid  shown  in  Fig.lb  has  100  x  20  x  38  grid 
points  in  (^,  t),  C)  directions,  respectively.  The  computa¬ 
tional  domain  is  same  as  that  for  the  coarse  grid,  except 
that  —0.5  <  z  <  0.036.  The  grid  points  under  the  free 
surface  is  100  x  20  x  30  and  the  minimum  grid  spacing 
in  re-direction  is  0.0008  in  this  case. 

The  Froude  number  is  0.25  and  the  Reynolds  num¬ 


ber  is  10®  in  both  computations.  The  acceleration  is 
made  in  the  first  500  time  steps.  The  dimensionless 
time  increment  is  0.0005  for  the  coarse  grid  computa¬ 
tion.  In  the  fine  grid  case,  the  dimensionless  time  incre¬ 
ment  is  0.0005  from  1  to  2000-th  time. step  and  0.0003 
from  2001-th  time  step  for  stabilization  of  computation. 

3.2  Accuracy  Analysis 

The  time  derivatives  in  the  momentum  equations 
(6)  and  in  the  free  surface  kinematic  condition  (11) 
are  replaced  by  the  forward  one-sided  difference,  that 
means  accuiacy  in  time  of  the  present  method  is  the 
first-order.  For  the  spatial  differences,  the  pressure  gra¬ 
dient  terms  and  the  diffusion  terms  have  the  second- 
order  accuracy.  The  third-order  difference  is  used  for 
the  convection  terms,  in  which  the  leading  error  is  the 
fourth-derivative  term  and  docs  not  affect  the  diffusion 
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Fig.  2a  Time  evolution  of  computed  wave  pattern  around  Wigley’s  hull 
with  the  coarse  grid.  Contour  interval  is  0.02  x  2ghlU^.  Dotted  lines  show 
negative  values.  Top;  6000-th  step  ( i  =  3.0  ) ,  middle;  8000-th  step  ( <  =  4.0 
)  and  bottom;  10000-th  step  ( <  =  5.0  ). 


Fig.  2b  Time  evolution  of  computed  wave  pattern  around  Wigley’s  hull 
with  the  fine  grid.  Contour  interval  is  0.02  x  2ghfUQ.  Dotted  lines  show  neg¬ 
ative  values.  Top;  6000-th  step  (  <  =  2.2  )  ,  middle;  8000-th  step  ( f  =  2.8  ) 
and  bottom;  11000-th  step  (t  =  3.7  ). 
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Fig.  3b  Pressure  distribution  on  hull  surface,  center  plane  and  free  surface 
around  Wigley’s  hull  computed  with  the  fine  grid.  Contour  interval  is  0.020"^. 
Dotted  lines  show  negative  values. 


terms  of  the  momentum  equations.  The  grid  metrics 
are  evaluated  by  the  fourth-order  difference.  Numerical 
errors  due  to  these  finite  differencing  are  the  function 
of  the  time  increment  and  the  grid  spacing. 

Other  factor  that  determines  accuracy  is  conver¬ 
gence.  As  for  convergence  of  the  Poisson  solution  for 
pressure,  the  residual  is  typically  0(10  *)  after  20  iter¬ 
ations.  In  the  time  integration  process  of  the  present 
method,  the  quantity  that  converges  most  slowly  is  the 
wave  elevation.  Therefore,  convergence  of  the  solution 
is  examined  by  steadiness  of  the  wave  patterns 

The  comparison  of  the  numerical  results  with  the 
fine  and  coarse  grids  provides  information  concerning 
grid  density  effect.  Fig.  2a  shows  the  time  sequence 
of  the  wave  patterns  around  Wigley’s  hull  computed 
with  the  coarse  grid.  The  wave  pattern  has  not  re^hed 
the  steady  state  at  10000-th  time  step  when  the  dimen¬ 


sionless  time  is  5.0.  The  grid  resolution  seem  to  be  not 
sufficient  to  get  convergence.  In  the  case  of  the  fine  grid 
shown  in  Fig.  2b,  on  the  other  hand,  the  wave  pattern 
has  become  almost  steady  at  11000-th  time  step  (the 
dimensionless  time  is  3.49).  The  waves  far  from  t^e 
body  in  the  coarse  grid  case  are  less  steep  than  those  in 
the  fine  grid  case.  The  numerical  dissipation  duedo  the 
finite  differencing  error  decreases  the  wave  amplitude 
when  the  grid  spacing  is  large. 

Fig.3a  and  3b  show  the  pressure  distribution  on 
body  surface ,  center  plane  and  free  surface  in  the  coarse 
and  fine  grid  cases,  respectively.  Pressure  value  on  the 
free  surface  is  identical  to  the  wave  elevation,  because 
hydrostatic  component  is  extracted  from  static  pres¬ 
sure.  Strong  wiggles  of  pressure  can  be  seen  on  the  body 
surface  in  the  coarse  grid  case.  That  may  be  one  reason 
why  the  solution  has  not  converged.  In  the  fine  grid 
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Fig.  4  Perspective  view  of  computed  waves  around  Wigley’s  hull.  Wave 
height  is  three  times  magnified. 


Fig.  5  Comparison  of  computed  auid  measured  wave  profiles  on  ship  sur¬ 
face  of  Wigley’s  hull.  Fn  =  0.25,  Re  =  10*  in  computation  and  He  =  5  x  10® 
in  measurement. 


case,  however,  the  wiggles  are  limited  in  the  restricted 
re^ons  such  as  near  the  fore  end  and  the  aft  end  or  near 
the  free  surface  and  their  magnitude  is  small. 

3.3  Results 

Hereafter,  only  the  fine  grid  results  are  shown. 
Fig.4  shows  the  perspective  view  of  the  free  surface 
configuration,  where  the  wave  amplitude  is  magnified 
by  three  times.  Waves  far  from  the  ship  hull  cannot  be 
seen  clearly.  The  grid  spacing  is  still  too  large,  partic¬ 
ularly  far  from  the  ship  hull,  to  diminish  the  numerical 
dissipation  effects.  Fig.5  is  the  comparison  of  the  com¬ 
puted  and  the  measured  [10]  wave  profiles  on  the  body 
surface.  Agreement  is  very  well  in  wave  amplitude  and 
in  wave  length.  The  orpn  of  wave  making,  apart  from 
the  propagation  of  waves  which  is  affected  by  the  nu¬ 
merical  dissipation,  is  simulated  properly. 


In  Figs.3b  and  5,  stern  wave  generation  which  is  not 
clear  in  the  previous  computation  for  the  low  Reynolds 
number  laminar  flow  [1]  is  simulated  in  the  present 
results.  Stern  waves  are  related  to  pressure  recovery 
at  the  stern  region  and  this  becomes  higher  as  the 
Reynolds  number  increases. 

Computed  pressure  distribution  on  body  surface  is 
shown  in  Fig.6  together  with  the  measured  one  [10]. 
Pressure  patterns  are  in  good  accordance  with  each 
other,  except  for  the  region  of  wiggles  described  above. 
These  wiggles  seem  to  come  from  inappropriate  treat¬ 
ment  of  the  boundary  condition.  Pressure  recovery  at 
the  stern  in  the  lugh  Reynolds  number  flow  described 
above  is  simulated  well. 

Figs.7  show  the  wake  («  velocity)  contours  and  the 
cross  flow  vectors  (v  and  w- velocity)  at  various  stations. 
The  vertical  velocity  component  appears  b>meath  the 
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Fig.  8  Computed  eddy  viscosity  distribution  at  various  stations  of  Wigley ’s 
hu!L  Contour  interval  is  4.0  x  Top  left;  x  =  0.3,  Top  right;  x  =  0.4, 

bottom  left;  x  =  0.5  (A.P.),  bottom  right  x  =  0.6, 


Fig.  9  Computational  Grid  for  Series  60,  Cb=0.60 


free  surface.  In  particular,  large  upward  velocity  is  .seen 
at  F.P.  station,  which  corresponds  with  the  generation 
of  bow  waves.  The  wake  contours  at  A.P.  station  seems 
to  be  too  thick  though  the  corresponding  measured  data 
is  not  presented.  The  improvement  of  the  turbulence 
model  and/or  the  wall  function  approach  is  requited. 

In  Figs.8,  the  eddy  viscosity  distributions  at  var¬ 
ious  stations  are  presented.  The  discontinuity  in  the 
distribution  comes  from  the  fact  that  the  eddy  viscos¬ 
ity  is  determined  line  by  line.  The  strong  eddy  viscosity 
regions  spread  widely  near  the  free  surface  at  x  =  0.4 
and  n.a  stations.  This  may  be  because  the  turbulence 
model  is  affected  by  the  free  surface  motion  and  it  does 
not  have  physical  meaning. 

4.  Computation  for  Series  60,  Cb— 0.6 


The  second  result  is  for  the  practical  ship  hull  form. 
Series  60,  Cb=0.6.  The  computational  dommn  is 

-l<x<l,  0<y<  0.5.  -0.5  <  z  <  0.0384 

and  the  number  of  grid  points  is  100  x  20  .x  38  which  is 
same  as  the  fine  grid  case  for  Wigley’s  hull.  The  com¬ 
putational  grid  is  shown  in  Fig.  9.  The  minimum  grid 
spacing  in  ;7-direction  is  0.0008.  The  Froude  number  is 
0.22  and  the  Reynolds  number  is  10®  in  this  case.  The 
acceleration  is  made  in  the  first  500  time  steps.  The  di¬ 
mensionless  time  increment  is  made  smaller  gradually 
as  the  time  step  increases,  otherv/ise  the  computation 
cannot  be  stable.  From  1st  to  12G0-th  time  step,  the 
time  increment  is  set  0.0005,  then  0.0003  from  1201-th 
to  2000-th  time  step,  0.00025  from  2001-th  to  3000-th 
time  step  and  0.0002  after  that. 

4.2  Results 


4.1  Computational  Condition 
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Fig.  10  Time  evolution  of  computed  wave  pattern  around  Series  60  Con¬ 
tour  interval  is  0.02  x  2ghlUo.  Dotted  lines  show  negative  values.  Top;  31000- 
th  step  ( <  =  7.09  )  ,  middle;  33000-th  step  ( t  =  7.49  )  and  bottom;  35000-th 
step  ( t  =  7.89  ). 


The  time  evolution  of  wave  patterns  ate  shown  in 
Figs.  10.  The  wave  field  has  not  reached  the  steady 
state  at  35000-th  time  step  (the  dimensionjess  time  is 
7.89).  It  takes  very  large  time  to  get  converged  solution 
for  free  surface  problems  by  the  time  marching  proce¬ 
dure,  though  the  use  of  the  wall  function  approach  con¬ 
tributes  to  time  saving  to  some  extent.  Improvement 
of  the  numerical  scheme  is  required  to  get  faster  con¬ 
vergence.  One  reason  why  it  takes  longer  to  get  con¬ 
vergence  in  the  case  of  Series  60  than  in  the  case  of 
Wigley’s  hull  may  be  the  difference  of  flow  complexity. 
The  hull  geometry  of  a  practical  ship,  such  as  Series 
60,  is  more  complicated  than  that  of  Wigley’s  hull  and 
flow  around  the  complicated  geometry  does  not  become 
steady  in  a  short  time. 

Hereafter,  the  numerical  results  at  35000-th  time 
step  are  shown,  because  the  flow  field  near  the  ship  can 
be  considered  as  almost  steady. 

Fig.  1 1  shows  the  pressure  distribution  on  body  sur¬ 
face,  center  plane  and  free  surface.  Wiggles  of  pressure 
can  be  seen  on  the  body  surface  near  the  fore  and  aft 
ends  and  near  the  free  surface.  Wiggles  beneath  the 
free  surface  is  partly  due  to  the  discontinuity  of  grid 
spacings  near  the  free  surface  which  comes  from  the 
constraint  of  the  grid  generation  scheme. 

Fig.  12  shows  the  perspective  view  of  the  free  sur¬ 
face  configuration,  where  wave  amplitude  is  magnified 


by  three  times.  Fig- 13  is  the  comparison  of  the  com¬ 
puted  and  measured  wave  profiles  [11]  on  the  body  sur¬ 
face.  The  slight  unphysical  oscillation  of  wave  elevation 
is  found  in  the  aft  part.  The  hull  geometry  of  Series 
60  is  more  complicated,  particularly  in  the  stern  part, 
than  that  of  Wigley’s  hull  and  the  grid  lines  around  the 
stern  are  more  distorted.  Numerical  error  due  to  the 
distorted  grid  causes  the  oscillation  of  waves.  Except 
that,  the  computed  result  agrees  well  with  measured 
data  in  wave  amplitude  and  in  wave  length. 

In  Fig.l4,  the  computed  pressure  distribution  on 
body  surface  is  compared  with  the  measured  one  [12]. 
Pressure  patterns  are  in  good  accordance  with  each 
other  except  for  the  slight  wiggles  of  computed  results. 
Free  surface  effects  on  pressure  distribution  beneath  the 
free  surface,  that  is,  the  low  pressure  zone  below  the 
wave  trough  and  the  high  pressure  zone  below  the  wave 
crest,  can  be  seen  in  both  computation  and  measure¬ 
ments. 

Figs.l5  show  the  wake  (u  velocity)  contours  and 
the  cross  flow  vectors  (v  and  w  velocity)  at  various  sta¬ 
tions  together  with  the  rheasuted  data  [12].  At  the  F.P. 
station,  large  upward  velocity  appears  as  well  as  in  the 
case  of  Wigley’s  hull.  The  wake  contours  at  the  midship 
station  becomes  thin  around  the  bilge  circle  in  the  mea¬ 
surement  and  this  is  well  simulated  in  the  computation. 
At-thc  A.P.  station,  longitudinal  vortices  can  bee  seen 
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Fig.  11  Pressure  distribution  on  hull  surface,  center  plane  and  free  sur¬ 
face  around  Series  60.  Contour  interval  b  0.02C7|,.  Dotted  lines  show  negative 
values. 


Fig.  12  Perspective  view  of  computed  waves  around  Series  60.  Wave 
height  is  three  times  magnified. 


Fig.  13  Comparison  of  computed  and  measured  wave  profiles  on  ship  sur¬ 
face  of  Series  60.  Fn  =  0.22,  Re  =  10®  in  computation  and  Re  =  1.39  x  10^ 
in  measurement. 
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Fig.  14  Comparison  of  computed  and  measured  pressure  distribution  on 
ship  surface  of  Series  60.  Contour  intervcd  is  shown  in  figure.  Dotted  lines  show 
negative  values.  Fn  =  0.22,  Re  =  10®  in  computation  and  Re  =  7.7  x  10®  in 
measurement. 
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Fig.  15  Computed  and  measured  wake  contours  and  cross  flow  vectors  at 
various  stations  of  Series  60.  Contour  interval  is  0.1  x  u.  Fn.=  0.22,  Re  =  10® 
in  compulation  and  Re  =  7.7  x  10®  in  measurement.  Top  left;  a:  =  -0.5  (F.P.), 
top  right;  a:  =  0  (midship),  middle  left;  x  =  0.25,  middle  right;  x  =  0.4,  bot¬ 
tom  left;  X  =  0.5  (A.P.),  bottom  right  x  =  0.6. 


Fig.  16  Computed  eddy  viscosity  distribution  at  various  stations  of  Series 
60.  Contour  interval  is  4.0  x  IQ-^ut.  Top  left;  x  =  0.25,  top  right;  x  =  0.4, 
bottom  left;  x  =  0.5  (A.P.),  bottom  right  x  —  0.6. 


in  both  measurement  and  computation  at  the  almost 
same  position.  However,  the  computed  wake  contour  is 
thicker  than  measured  one.  At  the  section  of  x=0.6,  the 
positions  of  the  longitudinal  vortices  are  different  from 
each  other. 

Figs.l6  show  the  eddy  viscosity  contours  at  various 
stations.  Non-physical  eddy  viscosity  beneath  the  free 
surface  appeared  in  the  case  of  Wigley’s  hull  cannot  be 
seen  in  this  case. 

5.  Concluding  Remarks 

The  finite-difference  solution  method  for  the 
Reynolds  averaged  Navier-Stokes  equations  is  applied 
to  the  simulation  of  high  Reynolds  number  flow  with  a 
free  surface  around  an  advancing  ship.  The  numerical 
results  for  Wigley’s  hull  and  Series  60,  Cb=0.6  show 
good  agreement  with  the  experimental  data  in  wave 
profiles  and  pressure  distributions  on  the  hull  surface. 
The  further  efforts  are  required  in  the  turbulence  mod¬ 
eling  under  the  free  surface  effect  to  obtain  quantitative 
agreement  for  the  wake  distribution.  The  improvement 
of  the  numerical  scheme  is  also  needed  to  get  converged 
solution  faster. 
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DISCUSSION 
by  S.  Ju 

1.  In  the  wall  function  approach,  y"*" 
values  of  third  grid  points  from  the  body 
between  20  and  100  look  too  small,  since  y'*' 
values  of  2nd  grid  points  from  the  body  will 
be  less  than  10  and  in  the  region  of  laminar 
sublayer. 

2.  How  the  transition  from  the  laminar  to 
turbulent  flow  is  treated? 

Author's  Reply 

1.  Ves.  The  grid  spacing  near  the  wall  in 
this  calculation  is  a  little  too  small.  This 
should  be  improved  in  the  future  calculation. 

2.  Though  the  original  Baldwin-Lomax 
turbulence  model  can  cope  with  the  transition, 
flow  is  assumed  to  be  turbulent  from  the  fore¬ 
end  of  a  ship  in  this  computation. 


DISCUSSION 
by  R.C.  Ertekin 

I  would  like  to  ask  two  questions. 

1)  Because  you  are  solving  a  symmetric 
problem,  and  therefore,  using  the  symmetry 
condition  on  the  center  plane,  the  normal 
vector  at  the  point  where  the  center  plane 
meets  the  bow  or  stern  is  double  valued  or  it 
has  discontinuous  first  derivatives.  As  a 
result,  the  Jacobian  of  the  transformation 
matrix  vanishes  there.  How  did  you  cope  with 
this  problem?  Where  were  the  stagnation  points 
on  the  bow  and  stern?  Have  you  had  any 
difficulty  with  the  no-slip  boundary  condition 
at  these  points? 

2)  I  am  surprised  not  to  see  any 
comparisons  with  the  care  in  which  the  linear 
free  surface  boundary  condition  is  supposed. 
Why  can  you  solve  the  nonlinear  problem  but 
not  the  linear  one?  I  don't  also  understand 
why  you  can  not  calculate  the  resistance 
experienced  by  the  hull.  After  all,  shouldn't 
the  objective  of  such  calculations  be  the 
determination  of  power  requirements?  By  the 
way  when  1  say  the  linear  problem  I  mean  the 
linear  (viscous)  governing  equations  and 
boundary  conditions! 


Author's  Reply 

1.  Along  the  line  of  mapping  singularity, 
flow  quantities,  are  not  computed  but  set  the 
average  of  values  of  the  adjacent  grid  points. 
The  present  scheme  does  not  use  the  no-slip 
boundary  condition  but  use  the  wall-function 
approach.  Anyway,  I  don't  have  any  difficulty 
on  the  bow  or  stern. 

2.  The  implementation  of  the  linearized 
free  surface  condition  in  the  present  scheme 
is  not  impossible,  but  apparently  the  solution 
becomes  less  accurate.  We  cannot  compute  the 
wave-making  resistance  separately  from  the 
numerical  results  but,  of  course,  we  can 
compute  total  resistance.  Please  see  the  reply 
to  Dr.  Musker. 


DISCUSSION 
by  A.J.  Musker 

I  should  be  interested  to  know  whether  you 
have  made  any  efforts  to  calculate  total 
resistance.  The  pressure  contours  appear  to  be 
well  predicted  and  you  presumably  also  have 
calculated  data  on  wall  shear  stress.  Perhaps 
you  could  comment. 

Author's  Reply 


Pressure  resistance  and  friction 
resistance  are  computed  by  the  integration  of 
numerical  results  as  follows. 


Ship 

Fn 

Re 

'p 

rp 

rp 

Higley 

0.25 

10® 

1.44x10*^ 

3.73x10“3 

5.17x10'3 

Series 

60 

0.22 

10« 

0.41x10"^ 

4.13x10“^ 

4.54x10'^ 

where  rp  •  (Pressure  Resist,)/  pU^S 
rp  “  (Friction  Resist.)/  y  pU^S 

rp  »  rp  +  rp 
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Finite-Difference  Simulation  of  a  Viscous  Flow 
about  a  Ship  of  Arbitrary  Configuration 
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Tokyo,  Japan 


Abstract 

The  Improved  version  of  the  WISDAM-II 
method,  a  finite-difference  solution  method 
for  a  three-dimensional  viscous  flow  about  a 
ship  of  arbitrary  configuration,  is  described. 
A  zonal  method  is  used  for  the  boundary-fitted 
coordinate  system  so  that  the  boundary  layer 
is  sufficiently  resolved  with  proper  boundary 
conditions  on  the  body  surface.  The  robustness 
and  the  accuracy  are  improved  by  the 
introduction  of  a  new  difference  scheme. 
Computations  are  performed  for  a  flow  about  a 
Wigley  hull  at  Re=10*  and  the  appropriateness 
of  the  zero-equation  and  the  SGS  turbulence 
models  are  examined. 


l.Introductlon 

A  great  deal  of  efforts  have  been  focused 
for  the  development  of  theoretical  or 

numerical  methods  of  solving  the  whole 
features  of  the  flow  about  a  ship  advancing 

steadily  in  the  deep  water  [5]  (61  [81.  Since 

the  difficulties  arise  from  the  high  Reynolds 
number  viscous  flow,  its  separation,  its 

interaction  with  the  free-surface  waves  and  so 
forth,  we  are  still  far  away  from  the 
completion  of  tho  method. 

However,  methods  so  far  developed  have 

already  turned  out  to  be  useful  for  the 

partial  explanation  of  the  flow  about  a  ship. 
One  example  is  the  TUMMAC-IV  method  by  Miyata 
et  al.,  which  is  currently  used  for  the  design 
of  the  fore-part  of  the  hull,  see  Miyata  et  al 
(11  [21  [31  [41.  The  success  of  this  method  is 
mostly  due  to  the  fact  that  the  wave  length 
of  the  ship  waves  is  sufficiently,  long  and  can 
be  resolved  by  the  available  grid  system. 

For  the  numerical  solution  of  a  viscous  flow 
about  a  ship,  many  research  activities  are 

known.  Larsson  and  his  coworkers  are 

developing  a  method  of  designing  hull  forms  by 
use  of  the  integral  method  for  the  boundary 
layer,  see  Kim  and  Larsson  (51.  Chen  and  Patel 
have  developed  a  partial-parabolic  and  a 
fully-elllptlc  method  for  the  viscous  flow 
about  the  after-body  of  a  ship  [71  [81. 
However,  it  is  still  difficult  to  have 
satisfactory  solution  of  the  separated  flow, 
the  streamwise  vortices  and  the  viscous  flow 


under  the  influence  of  the  free-surface. 

For  the  elucidation  of  the  details  of  a 

turbulent  flow  a  numerical  approach  by  so- 
called  large  eddy  simulation  (LES)  technique 
is  often  employed,  see  Moln  and  Kim,  et  al 
(111  (121  [131.  Since  a  turbulent  flow  at  high 

Reynolds  number  is  composed  of  vortical 

motions  of  wide-ranged  spectrum  and  small- 
soaled  motions  may  also  play  an  Important 

role,  the  resolution  of  viscous  motions  of 

high  frequency  is  very  important.  They  must  be 
directly  solved  or  appropriately 

approximated  in  the  numerical  solution  method. 

With  the  aim  of  developing  a  LES-like 
technique  for  a  flow  about  a  body  of  complex 
geometry  with  free-surface,  a  new  finite- 

difference  method  called  WISDAM-II  is 
developed,  see  Miyata  et  al  [61.  A  boundary- 
fitted  coordinate  system,  which  moves  at  each 
time  step  owing  to  the  deformation  of  the 
free-surface  caused  by  waves,  is  employed  and 
the  subgrid-scale  (SGS)  turbulence  model  is 
incorporated  following  Deardorff  [ill.  This 

method  seems  to  be  very  promising  since  it  is 
very  close  to  the  direct  solution  of  the 
Navier-Stokes  equation,  and  both  the  viscous 

motion  and  free-surface  motion  are 
simultaneously  solved.  However,  the 
improvement  of  the  robustness  and  the  accuracy 
is  postponed  to  the  future  study. 

The  objective  of  this  paper  is  twofold,  one 
is  to  show  the  Improved  version  of  the  WISDAMr 
II  method  and  the  other  is  to  examine  the 
appropriateness  of  the  turbulence  models.  In 
order  to  obtain  sufficiently  fine  spacing  in 
the  boundary  layer  a  zonal  method  is  employed. 
To  attain  sufficient  robustness  as  well  as 
accuracy  the  fourth-order  accurate 
differencing  scheme  combined  with  the 
artificial  dissipation  of  the  fourth^ 
derivative  term  is  used.  Both  the  zero- 
equation  model  and  the  SGS  model  are  used  and 
compared.  The  movement  of  the  free-surface  is 
not  considered  in  this  paper. 


2.  Grid  system  for  a  zonal  method 
Elliptic  partial  differential  grid 
generation  system  proposed  by  Thompson  et 
al.  [9]  is  adopted  to  construct  a  boundary- 
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fitted  curvilinear  coordinate  system  similar 
to  the  previous  study  [61  both  in  topology 

and  in  numerical  process.  The  three- 
dimensional  grid  system  has  a  H-H  type 
topology,  Figure  2.1  illustrates  the 
transformation  from  the  physical  region  D 
to  the  imaginary  transformed  region 
R  where  the  streamwlse  direction 

is  approximately  parallel  to  the  5*  directioni 
the  lateral  grid  lines  are  approximately 
perpendicular  to  the  ship  hull  surface  are  in 
the  direction,  and  the  grid  lines  parallel 
to  the  girth  line  of  ship  hull  is  the 
direction.  The  grid  generation  is  conducted  in 
a  well-documented  grid  generation  procedure 


(61  by 

solving  the 

transformed 

Poisson 

equation 
that  is 

with  Richardson 

relaxation 

method. 

+pklL. 

as* 

0 

the  hull  surface  is  called  "fine  grid".  In  the 
fine  grid  system  about  12  grid  points  of  the 

coarse  grid  system  are  subdevlded  into  40  grid 
points  overlapping  a  region  with  the  thickness 

about  2y/B=0.4  from  the  ship  hull.  The' 

locations  of  the  fine  grid  points  is  set  so 

that  they  may  accord  with  the  grid  points  of 

the  coarse  grid  system.  Therefore,  at  the 
boundary  of  two  zonal  regions  called  "zonal¬ 
boundary"  only  metric  discontinuity  exists. 

Figure  2.2  Illustrates  the  methodology  of  the 
grid-  refinement  along  the  f*-grld  lines  and 
shows  that  the  coarse  grid  points  are  at  the 

same  locations  with  the  correspondent  fine 

grid  points.  Figure  2.3  shows  a  pair  of  the 
coarse  grid  system  and  the  fine  grid  system  of 
a  cross  section  of  the  ship.  The  flux 

conservation  across  the  zonal-boundary  is  on 
the  satisfactory  degree,  The  details  of  the 

boundary  condition  at  the  zonal-boundary  will 
be  described  in  the  subsequent  section. 


where  for  conveniejjce,  the  notation  of  the 
geometric  coefficients  is  defined  as 


gij  =  TfT'jhu 
8  =  det(g,j) 


3.  Computational  procedure  and  algorithm 
Time-dependent  Navier-Stokes  equations  in 
rotational  form  and  the  continuity  equation 
are  the  governing  equations.  [61  [101 

■—  =  —grad{P  +  ^u‘u)+uXu>~-vrol(ia) 
at  JL 


gtl  = 


where  T'j  is  the  transformation  matrix,  gij 
the  covariant  metric  tensor,  and  g't  the 

contravarlant  metric  tensor.  S  is  the 
Kronecker  delta  and  e  the  Eddington 
permutation  symbol. 

Since  the  elliptic  grid  generation  system 
used  in  the  present  study  works  for  smoothing 
the  grid  distribution  rather  than  for 
clustering  grid  lines  in  the  regions  of 

interest,  a  great  number  of  grid  points  are 
required  when  a  single  grid  system  is  employed 
for  a  high  Reynolds  number  flow.  In  the 

present  study,  a  grid  system,  which  is 
generated  in  the  elliptic  method  with  more 
than  250,000  (170  x  30  x  50)  grid  points, 
provides  satisfactory  resolution  for  the 
viscous  flow  only  at  the  Reynolds  number  10®. 

In  order  to  alleviate  the  grid-refinement 
problems  in  the  vicinity  of  the  ship  hull, 

a  zonal  method  is  adopted  in  this  study  so 

that  sufficient  grid  resolution  is  achieved 
in  the  turbulent  boundary  layer  of  ship  at  the 
Reynolds  number  10®.  The  zonal  method  is 
applied  only  in  the  di.'cction.  Tihcrsfore, 

the  inner  zone  with  finer  spacing  is  located 
in  the  vicinity  of  tiie  hull  surface  and 

centerplane.  In  this  study,  the  original  grid 
system  generated  by  the  elliptic  grid 

generation  procedure  is  called  "coarse  grid", 

while  a  finer  grid  system  in  the  vicinity  of 


div(ti)  =  0 

where  u  is  the  velocity  vector,  t  is  the  time, 
P  is  the  pressure  divided  by  the  density,  v  is 
the  kinematic  viscosity,  and  R  is  the  net 
contribution  of  the  turbulent  fluxes  described 
in  the  following  section.  All  of  the  physical 
values  are  defined  in  the  regular  grid  system 
of  the  general  curvilinear  coordinates.  Since 
the  vectors  are  expressed  with 

contravarlant  components,  the  governing 
equations  are  written  by  using  the  notation  of 
metric  tensors  as  follows, 

where  a’  is  the  contravarlant  component  of 
vortlcity  vector. 


and  e’J''  is  a  permutation  third-order  tensor 
defined  as 

fijk  _  g  -  i/Jfd* 
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The  well-known  MAC  method  is  employed  as 
the  computational  procedure.  The  time 
derivative  term  of  Navier-Stokes  equations  is 

approximated  explicitly  by  the  forward 
difference.  From  the  mass  conservation 
condition,  a  Poisson  equation  is  derived  for 
the  Oernoulli-like  scalar  field  (61.  After 
solving  the  Poisson  equation  iteratively  by 
tlie  Richardson  relaxation  method,  a 
correspondent  Bernoulli-like  field  is  given. 
The  details  of  tlie  computational  procedure  Is 

described  in  (61. 

Since  the  zonal  method  is  used  in  the 
present  study,  the  time  Increment  for  the  fine 

grid  system  Is  set  at  one  fifth  of  that  of  the 
coarse  grid  system  for  the  safety  ol  the 

computational  stability.  Therefore  after  one 
step  of  time-marching  is  conducted  in  the 
coarse  grid  system,  five  steps  of  time¬ 
marching  are  conducted  in  the  fine  grid 

system.  The  zonal-boundary  conditions  seem 
to  be  of  crucial  importance  in  this  algorithm 
and  will  be  discussed  in  the  subsequent 

section. 

The  calculation  is  started  with  the  flow 
field  of  uniform  velocity  and  constant 

pressure. 


d.Differenclng  scheme 

The  accuracy  of  the  differencing  scheme  is 
very  important  in  the  finite-difference 
method,  especially  In  the  calculation  of  a 
turbulent  flow  at  a  high  Reynolds  number. 
Since  the  dominant  equations  are  written  in 
the  form  with  conjugate  components  of  the 
transformed  coordinates,  it  is  possible  to 
adopt  various  high-  order  differencing 
schemes  so  far  known  for  the  Cartesian 
coordinates.  The  authors  have  employed  the 
third-order  upwind  difference  scheme  for 
variable  mesh  system  and  suggested  that  one 
may  change  the  factor  of  the  fourth-order 
velocity  differential  derivative  depending  on 
the  mesh  size  and  the  Reynolds  number  to 
compromise  the  accuracy  with  the  stability 
since  the  third-order  upwind  scheme  is 
composed  of  the  fourth-order  centered  scheme 
and  the  artificial  dissipation  of  the  fourth- 
order  derivative  of  velocity  [211  [221. 

In  this  study,  the  above  scheme  is  used  In 
the  transformed  coordinates.  Although  the 
convection  term  is  in  the  rotational  form, 
the  dissipation  term  is  derived  from  the 
convection  term  in  the  gradient  form.  In  the 
curvilinear  coordinates,  the  covariant 
derivative  of  the  contravariant  velocity 
component  is  written  by  using  Christoffel 
symbol  as 


u 


J 


du‘ 

3il 


+ 


and  the  convection  term  in  the  gradient  form 
becomes 


uJu^j  = 


then  using  the  differencing  scheme  recommended 
by  Baba  and  Miyata  [231,  the  dissipation  term 
is  obtained  as  follows 


a 


kl 


aV 


where  a  is  the  factor  for  the  artificial 
dissipation  term.  Further  details  of  the 

derivation  are  referred  to  Miyata,  Zhu  et  al. 
[211  [221  and  Baba  and  Miyata  [231.  The 
derivatives  of  the  convection  term  at  and 

near  the  boundaries  where  sufficient  grid 

points  are  not  available  are  approximated  by 
one-sided  upwind  differencing  scheme  and 

second-order  centered  differencing  scheme 

with  the  artificial  diffusion  term. 

The  other  derivatives  are  approximated  by 

the  second-order  centered  differencing  scheme. 
The  time  derivative  term  is  approximated  by 
the  forward  differencing  scheme. 


■^■Turbulence  models 

In  the  numerical  simulation  it  is 
considered  that  because  of  the  machine 
ability  of  the  temporary  computer  it  is 
impossible  to  calculate  the  turbulent  flow  of 
high  Reynolds  number  without  turbulence  model 
except  few  cases  of  direct  simulation  of  a 
flow  with  very  simple  geometry.  The  choice 
of  the  turbulence  model  as  well  as  the 
computational  procedure  depends  on  the  purpose 
of  the  simulation.  Although  the  turbulent  flow 
is  substantially  unsteady  ,  only  averaged 
steady  flow  field  is  required  in  some  of  the 
engineering  problems.  However,  for  scientific 
purposes  and  in  some  engineering  problems  the 
detailed  unsteady  flow  should  be  simulated. 
Many  simulations  of  turbulent  flow  around  ship 
hull  conducted  so  far  use  Reynolds-averaged 
Navier-Stokes  equations  and  turbulence  .  models 
such  as  algebraic  turbulence  model,  K 

equation,  K-e  model  or  their  combination  181 
[141  [151.  It  is  a  general  approach  in  this 
area  that  when  the  solution  of  simulation 
converges,  the  results  are  compared  with  the 
experimental  ones  which  are  the  averaged 
data  of  the  real  physical  values.  Some 
simulations  have  shown  excellent  agreement 
with  the  averaged  experimental  results.  But 
nobody  so  far  answered  several  fundamental 
questions  how  the  flow  of  the  boundary  layer 
is  deformed  to  develops  into  wake  and  how  is 
the  transition  from  laminar  to  turbulent  flow 
on  the  surface  of  the  forepart  of  a  hull. 

In  order  to  investigate  into  the 
fundamental  physical  features  of  the 
turbulent  flow  around  a  ship,  the  authors 
employ  a  zonal  method  near  the  ship  hull 
surface,  and  on  the  other  hand  adopt  a 
computational  procedure  with  SGS  turbulence 
model,  the  latter  of  which  is  similar  to 
large  eddy  simulation  and  is  called  LES-llke 
procedure  by  the  authors.  Contrary  to  the 
methods  for  an  averaged  flow  this  method'  is 
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supposed  to  resolve  unsteady  turbulent  fluid 
motions  of  smaller  scale  and  it  will  provide 
useful  information  for  the  understanding  of 
the  fundamental  features  of  the  turbulence 
structure  of  the  ship  boundary  layer.  The 
present  study  from  above-mentioned  standpoint 
will  hopefully  to  throw  a  light  to  the 
research  of  this  area. 

In  this  study  two  turbulence  models  are 
usedi  one  is  the  algebraic  turbulence 

model  and  the  other  is  subgrid-scale 
turbulence  model.  In  order  to  exmamlne  the 
possibility  of  applying  the  SGS  turbulence 
model  to  the  turbulent  flow  around  ship  by 
comparing  the  computational  results  of  the  two 
turbulence  models  with  the  experimental  data. 
Then  the  details  of  the  physical  features  from 
the  computation  are  discussed.  The 
formulation  of  the  subgrid-scale  turbulence 
model  is  essentially  same  with  the  previous 
study  by  Deadroff-type  [111  and  is  based  on 
the  eddy  viscosity  concept,  that  is  to  say, 
the  subgrid-scale  stresses  used  in  this  study 
are  isotropic  ones.  The  SGS  eddy  viscosity  is 
defined  as 


where  A  is  set  constant  at  2G.0.  The  details 
of  the  formulation  of  subgrid-scale;  turbulence 
model  are-  described  in  [Bl. 

The  algebraic  turbulence  model  used  in  this 
study  is  a  modified  Cebecl-Smith  type  [171 
[181.  For  the  inner  region  of  the  boundary 
layer  the  Prandtl-van  Driest  formulation  is 
used  as 


l  =  ky[\-e-y*'''  ] 


and  for  the  outer  region  the  Clauser's 
formulation  together  with  Klebanoff's 
intermittency  function  is  applied  as  follows. 


£  =  at/ d'rKi,b 


‘■,  =  (Co/))M2P7yo'')'". 


and  the  SGS  stresses  are  written  as 
n‘)s7V‘= g,„,  -  2v.  ?. 


The  correspondent  boundary  layer  displacement 
thickness  8’  and  boundary  layer  thickness  8  in 
the  case  of  zero-pressure  gradient  are 
determined  by  y..x  of  the  maximum  point  of  the 
root  of  the  shear  stress  where  the  velocity 
is  defined  from  the  law  of  the  wall  of  the 
Coles  formulation  [191 


However,  using  this  formulation  of  SGS 
turbulence  model  without  any  special  treatment 
near  the  ship  hull  surface,  the  turbulent 
production  may  be  insufficient  and  be  diffused 
out  in  the  vicinity  region  inside  the 
laminar  viscous  sublayer  [121  [131.  This  is 
because  the  essential  turbulence  generation 
near  the  hull  surface  is  due  to  the 

inhomogeneous  wall  turbulence,  which  is 
characterized  by  a  mixing  length  of  the 
scale  of  sublayer  thickness  and  of 

boundary  layer  thickness.  The  effects  of  the 
curvature  of  a  wall  as  well  as  the  pressure 
gradient  should  also  be  considered  in  the 
turbulence  models.  However,  they  are  postponed 
to  the  future  study. 

In  order  to  take  into  account  the 
inhomogeneous  effect  of  the  wall  turbulence  in 
the  subgrid-scale  turbulence  model,  the 
Prandtl-van  Driest  formulation  is  introduced 
for  the  reduction  of  the  turbulence  scale  near 
the  hull  surface  by  mulUplying  the 
subgrld-scale  in  the  Smagorinsky  eddy 
viscosity  by  the  exponential  damping 
function,  that  is, 

,j=  J  (I  ] 


and  the  boundary  layer  thickness  8*  and  the 
dispaleement  thickness  8  are  obtained  as 

i5  =  l.936y„„ 

5'' =5^111  +  1) 

Also  both  the  accelerated  and  the  decelerated 
flows  including  separated  flows  are  considered 
in  this  formulation  of  the  modified  Cebeoi- 
Smith  model,  see  Stock  and  Hasse  [173. 


B.Boundarv  Condition 

No-slip  velocity  condition  is  -Implemented 
at  the  ship  hull  surface.  In  this  study  the 
first  grid  point  in  the  fluid  region  is  set 
inside  the  viscous  sublayer,  and  the  velocity 
at  this  point  is  Interpolated  by  the  velocity 
profile  of  van  Driest  [181  given  as 
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(zone 


I*  =  Ky  +  (1  ] 


where  u*  =  u/ut  and  y‘  =  y  ui  /w.  As  shown  in 
Figure  G.l,  point  A  is  the  nearest  point  and 
point  B  is  the  second  point.  At  each  time- 
step  the  friction  velocity  on  the  ship  hull 
surface  is  calculated  so  that  the  velocity  at 
point  B  satisfies  the  above  equation.  And 
then  the  velocity  at  point  A  is  interpolated 
by  the  following  equation. 

ill  =  ill.  =  ^ 

ub  ‘Jo 

where  u*  is  the  component  of  velocity  along 
grid  line  and  u®  is  along  grid  line, 

both  of  the  lines  are  parallel  to  the  ship 
hull  surface.  And  q  is  the  velocity  magnitude 
at  the  grid  point,  which  is  calculated-  by  the 
ordinary  procedure  at  point  B  and  by  the 
equation  of  van  Driest’s  velocity  profile  at 
point  A. 

At  the  other  boundaries,  the  uniform  stream 
velocity  is  set  at  the  inflow  boundary  and 
zero  normal-gradient  condition  is  set  at  the 
side  and  outflow  boundaries. 

The  pressure  is  fixed  at  the  bottom  boundary 
and  zero  normal-gradient  condition  of 
pressure  are  set  at  the  other  boundaries. 

The  zonal-boundary  that  connects  two  zones 
described  in  the  previous  section  is  placed 
along  the  grid  line.  As  shown  in  figure 
6.2,  the  velocities  and  momentum  terms  of  the 
Navler-Stokes  equation  in  the  overlapping 
region  of  the  coarse  grid  system  are  set  at 
the  same  values  with  those  of  the  fine  grid 
system  for  the  mass  and  momentum  conservation. 
The  algorithm  of  the  calculation  with  the 
zonal-boundary  is  as  follows. 

1.  Calculation  in  the  coarse  grid  (zone 

2): 

a.  Calculate  the  momentum  terms  of  the 
Navler-Stokes  equation  while  they  are 
interpolated  from  zone  1  in  the  overlapping 
region  by  using  the  updated  velocity  in  zone 

2. 

b.  Calculate  the  source  term  of  the  Poisson 
equation  in  zone  2  and  iterate  the  pressure 
solution  loop  under  the  zonal-boundary 
condition,  which  the  pressure  at  the  point 
A'  (figure  6.2)  is  set  at  the  same  values 
with  the  pressure  at  point  A  of  the  fine  grid 
(zone  2). 

c.  Update  the  velocity  in  the  corse  grid 
(zone  2). 


2.  Calculation  in  the  fine  grid 
1): 

a.  Calculate  the  momentum  terms  of  the 
Navier-Stokes  equation  by  using  the  velocity 
of  the  fine  grid  (zone  1). 

b.  Compose  the  Poisson  equation  for  the  fine 
grid  (zone  1)  and  solve  it  under  the  zonal¬ 
boundary  condition  that  the  pressure  at  point 
B  (figure.6.2)  is  set  at  the  same  value  with 
that  at  point  B*  in  the  coarse  grid  (zone  1). 

c.  Update  the  velocity  at  the  fine  grid 
(zone  1)  and  update  the  velocities  in  the 
overlapping  region  of  the  coarse  grid  system. 


7.  Computed  results 

Computations  are  performed  for  a  flow  about 
a  Wigley  hull  at  the  Reynolds  number  (Re)  10® 
with  the  algebraic  turbulence  model  (modified 
Cebeci-Smith  model)  (Case  1)  or  the  subgrid- 
scale  model  (Case  2).  It  is  noted  that  in  the 
computed  results  the  viscous  flow  about  a 
hull  is  not  wholly  developed  but  it  is  on  the 
transition  stage,  since  the  computations  are 
continued  only  for  T=1.2  (dimensionless  time, 
T=tUa/L,  Ua  is  uniform  flow  velocity  and  L  is 
ship  length)  in  the  Case  1  and  for  T=0.8  in 
the  Case  2. 

The  grid  system  shown  in  Fig. 2.3  is  used  and 
the  number  of  grid  points  is  255,000  for  the 
coarse  grid  system  and  340,000  for  the  fine 
grid  system.  The  smallest  grid 
spacing  in  the  direction  about  0.0059(  of 
the  ship  length.  The  time  Increment  At  is 
0.00005  for  the  coarse  grid  system  and  0.00001 
for  the  fine  grid  system,  respectively.  The 
factor  of  the  artificial  dissipation  term  a  is 
set  at  6.0.  The  computations  are  conducted  on 
HITAC  S820/80  supercomputer  with  almost  20 
hours  of  CPU  time.  The  vectorlzatlon  ratio  of 
CPU  time  is  98)(  for  both  cases. 

The  pressure  distribution  on  the  ship  hull 
surface  (x®=0.0)  computed  with  the  algebraic 
turbulence  model  is  compared  in  Flg.7.1.  The 
agreement  with  the  measured  results  by  Sarda 
[201  is  not  very  satisfactory  since  the  flow 
is  not  fully  developed  and  furthermore  in  the 
algebraic  turbulence  model  used  in  this  study 
the  displacement  thickness  of  the  boundary 
layer  is  determined  by  the  well-known  Coles 
velocity  profiles  for  the  zero-pressure 
gradient  [i7]  while  the  decelerated  flow  near 
the  after  end  of  ship  is  involves  large 
pressure  gradient.  However  it  is  noted  the 
overall  flow  field  is  approximately  realistic. 

In  order  to  examine  the  detailed  flow  field 
comparison  is  made  of  the  flow  variables  at 
two  longitudinal  location  x‘/L=0.8012 
(€*=110)  and  x*/L=0.9218  (€*=120),  where  the 
viscous  flow  along  the  hull  surface  may 
gradually  develops  and  iitree-^dimenslonal 
motions  may  become  important.  The  data  are 
Illustrated  in  Fig, 7.3  and  7.4  for  Case  1,  and 
in  Fig.7.5  and  7.6  for  (iase  2.  All  variables 
are  made  dimensionless  following  the 
equations  described  in  the  previous  sections. 
The  distribution  of  velocity  components. 
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vortlcity  components,  eddy  viscosity 

coefficient  and  Reynolds  shear  stresses  along 
the  lateral  grid  line  are  presented  at  two 
vertical  location  x®=-0.0463  (^®=30)  and  x^=- 
0.0341  ({^=35)  while  the  water  plane  Is  at 

x’=0.0  and  the  keel  Is  at  x^=-0.0625. 

The  contour  maps  of  u‘  and  indicate  that 
the  boundary  layer  is  still  developing  and  the 
streamwise  vortex  Is  going  to  be  formed  in  it. 

The  thickness  of  boundary  layer  In  Case  1  Is 
much  thinner  than  Case  2.  This  is  mostly  due 
to  the  small  magnitude  of  the  eddy  viscosity, 
which  may  deteriorate  the  diffusive  effect  of 
turbulent  flow.  It  is  approximately  one 
seventh  of  the  case  of  the  subgrid-scale 
model.  At  the  bottom  of  Flg.7.3  to  6  the 
computed  Reynolds  shear  stresses  are  shown. 
Since  their  magnitude  reaches  the  maximum 
value  of  10^  according  to  the  measured  results 
[201,  the  turbulent  flow  is  not  wholly 
developed  in  the  computations.  However  it  is 

shown  that  two  components  of  the  shear 
stresses  which  are  not  considered  in  Case  1 
are  important  In  this  flow  field  and  hence  the 
use  of  the  algebraic  zero-equation  model  is 
questionable. 

The  relation  between  the  location  of  the 
maximum  shear  and  the  boundary  layer  thickness 
is  shown  in  Pig.7.2.  According  to  Stock  and 
Haase  [171,  the  relation  should  be  given  by 

the  linear  equation  a=1.936Y.  •>.  This 
indicates  that  the  boundary  layer  is 

excessively  enlarged  by  the  subgrld-scale 
model  and  on  the  contrary  It  Is  supressed  by 
the  zero-equation  model.  This  tendency  Is 
amplified  at  {‘=120  more  than  at  {‘=110.  It  is 
supposed  that  the  subgrid-scale  turbulence 

model  overestimates  the  turbulence  stresses 
and  the  zero  equation  model  underestimates  in 
this  region. 

The  figures  for  vortlcity  components 

indicates  that  all  three  components  play  some 
Important  roles  and  their  interactions  may  be 
significant.  Notwithstanding  the  difference  in 
the  thickness  of  the  boundary  layer  it  Is 
common  to  Case  1  and  2  that  the  inflection 
of  vortlcity  profile  appears  at  {‘=120. 


8.  Concluding  remarks 

The  improved  version  of  the  WISDAM-II  method 
is  still  under  development  and  comprehensive 
comparison  with  the  measured  results  or 
interesting  elucidation  of  the  complicated 
turbulent  motions  are  beyond  the  scope  of  the 
paper.  Since  the  present  method  avoid 
approximation  as  far  as  possible,  the  accuracy 
seems  to  be  on  a  high  level  but  it  is  often 
accompanied  by  the  extremely  long  CPU  time 
even  by  the  supercomputer. 

The  purpose  of  the  present  method  is  to 
solve  both  wave  and  viscous  motions 

simultaneously,  It  is  already  demonstrated 
that  this  is  achieved  by  use  of  the  moving 

grid  system.  [61  However  the  difference  of 

wave  length  between  free-surface  waves  and 
viscous  turbulent  motions  is  tremendous.  The 
use  zonal  method  described  here  will  be  one 


of  the  promising  approach. 

For  the  numerical  simulation  of  the  detailed 
viscous  flows  on  the  hull  surface  we  must  be 
very  careful  as  suggested  by  the  present  test 
computations  The  zero-equation  model  ignores 
some  of  the  Reynolds  stresses  which  may  not  be 
sufficiently  small  in  the  real  flow.  The  two- 
equation  model  is  said  to  be  insufficient  for 

the  separated  flow.  The  subgrld-scale  model 
may  give  excessive  turbulence  stresses  when  it 
is  used  in  the  grid  system  of  which  spacing  is 
not  sufficiently  small.  The  subgrid-scale 
model  will  be  useful  not  only  for  the  large 
eddy  simulation  but  also  for  the  flow 

simulation  of  engineering  purposes.  However, 
the  coefficients  and  scales  for  the  model  must 

be  carefully  chosen. 
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Fig. 2. 3  Grid  system  for  the  zonal  method 
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Fig.  6.1  Definition  sketch  for  the  treatments 
on  t:he  wall. 


Fig. 7.1  Longitudinal  distribution  of  pressure  on  the  hull  surface,  - ;  potential  theory 

0;  experiment  by  Sarda  {20]  at  Re=4.5xl0*,  -  ;  present  computation  with 

zero-equation  model  at  T«0.6,  X  ;  do  at  T=1.2. 
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Fig. 7. 2  Relatiop  between  the  boundary  layer  thickness  {5  )  and  the  location  of  .maximum 
Reynolds  stress  [Y max) ,  blank  and  black  marks  are  for  the  SGS  and  the 
zero-equation  model, respectively,  and  numbers'  in  parentheses  Indicate  location. 
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Fig. 7. 3  Computed  results  with  the  zero-equation  model  at  f  *«110,  T=1.2. 

(a)  contour  map  of  U| ,  (b)  contour  map  of  (c)  velocity  profiles,  0;Ui,  Oitij 
0;U3  (left;  f ’=30,  right;  f ’=35) ,  (d)  vorticity  profiles,  Oiffli/  0;»j/  0;U3  (do), 
(e)  turbulent  eddy  viscosity;  (f)  Reynolds  shear  stress 


Fig. 7. 4  same  as  Fig. 7. 3  at  f  '=120,  T=1.2. 
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Abstract 

This  paper  presents  a  numerical  method  for  calculating 
the  total  Green’s  function  for  the  wave  resistance  case  of  a 
source  in  steady  translation  below  the  free  surface.  Starting 
with  a  representation  of  this  function  in  the  complex  plane 
given  by  Bessho  a  series  of  transformations  of  variables  are 
used  to  reduce  it  to  three  real  single  integrals.  The 
integrands  are  regular  and  are  entirely  in  terms  of  elemen¬ 
tary  functions.  Two  of  the  integrals  are  even  in  the  direc¬ 
tion  of  flow  while  the  remaining  integral  is  odd.  The  even 
and  odd  integrals  may  also  be  conveniently  expressed  in 
terms  of  the  near  and  far  field  components.  While  the 
method  is  applicabie  nearly  everywhere  (except  for  the  well 
known  difficulties  at  the  limiting  cases  when  the  source  is 
located  near  the  free  surface  or  the  field  point  is  close  to  the 
source),  computer  time  varies  in  the  computation  domain. 

A  computer  code  has  been  written  to  implement  the 
above  method.  Sample  calculated  results  are  given  in 
several  forms  to  show  the  accuracy  and  computer  time 
requirements  of  the  code.  A  series  of  line  and  contour  plots 
are  given  to  show  typical  shapes  of  the  integrands  at  dif¬ 
ferent  locations  in  the  computation  domain  as  well  as  to 
exhibit  the  relative  behavior  of  the  various  component 
integrals. 

1.  Introduction 

For  a  number  of  decades,  interest  in  the  important 
Green’s  function  for  a  submerged  nonoscillating  source  mov¬ 
ing  at  constant  forward  speed  in  fluid  of  infinite  depth  has 
largely  centered  on  its  far  field  characteristics.  This  was 
both  due  to  the  greater  simplicity  of  the  far  field  evaluation 
as  well  as  its  direct  applicability  to  finding  the  hull  resis¬ 
tance  component  due  to  wavemaking.  The  far  field  wave 
pattern  required  only  the  evaluation  of  a  single  integral  with 
a  regular  integrand  over  a  one-dimensional  wavenumber 
rpace  while  the  complete  Green’s  function  involves  the  addi¬ 
tional  calculation  of  a  double  integral  with  a  singular 
integrand  over  a  two-dimensional  wavenumber  space.  The 
applicability  of  using  only  the  far  field  analysis  to  obtain  the 
wave  resistance  was  aided  by  the  pioneering  work  of 
Michell  [1]  who  showed  that  reasonable  estimates  of  the 
source  strengths  modeling  the  hull  surface  for  the  case  of 
thin  ships  could  be  obtained  directly  from  ship  geometry, 


without  need  to  ascertain  the  near  field  mutual  influence  of 
the  sources.  The  landmark  paper  by  Eggers,  Sharma,  and 
Ward  [2]  presents  a  comprehensive  survey  of  different 
methods  of  usir^  the  single-integral  far  field  Green’s  func¬ 
tion  to  obtain  the  wave  resistance. 

In  recent  years,  with  the  availability  of  ever  larger  and 
faster  computers,  interest  has  been  enlarged  to  include  the 
near  field  terms  of  the  Green’s  function  as  well  as  a  more 
accurate  calculation  of  its  far  field  behavior.  An  evaluation 
of  the  near  field  terms  would  give  a  more  accurate  determi¬ 
nation  of  the  source  strengths  for  hull  forms  which  do  not 
conform  to  thin  ship  theory  as  well  as  a  more  detailed  defin¬ 
ition  of  the  flow  field  and  pressure  forces  on  or  near  the 
hull.  In  the  far  field  case,  the  use  of  modem  day  remote 
sensing  technology  makes  it  of  interest  to  assess  the  ship 
wake  for  wavelengths  which  are  significantly  shorter  than 
those  applicable  to  the  wave  resistance  problem. 

Efforts  at  rendering  the  initial  double  integral  represen¬ 
tation  of  the  Green’s  function  amenable  to  numerical  calcula¬ 
tion  usually  involve  expressing  it  as  a  series  of  single 
integrals.  Noblesse  [3]  gives  several  alternate  single  integral 
representations.  A  popular  form  is  to  express  the  Green’s 
function  as  two  single  integrals  consisting  of  a  near  field  part 
N  which  is  even  in  tht  fiow  direction  x,  and  a  wave  distur¬ 
bance  part  W  which  is  defined  only  downstream  of  the 
source.  The  near  field  part  N  has  an  integrand  which  is  in 
terms  of  the  higher  order  derived  exponential  integral  func¬ 
tion.  Noblesse  [4]  and  Euvrard  [5]  have  conducted  detailed 
studies  of  the  behavior  of  N  and  W,  especially  at  limiting 
regions  of  the  computation  domain. 

In  terms  of  actual  numerical  implementation,  Newman 
[6]  has  developed  a  procedure  for  calculating  N  in  terms  of 
ex'ensive  sets  of  tabulated  coefficients  of  Chebyshev  or  ordi¬ 
nary  polynomials.  The  coefficients  take  oh  four  diiTcrcni 
sets  of  values,  depending  on  the  radial  distance  R  from  the 
source.  In  the  case  of  the  wave  disturbance  part  W,  Nob¬ 
lesse  [7J  and  Newman  [8]  have  developed  procedures  for  the 
specialized  case  of  the  vertical  xz  centerplane  while  Baar  and 
Price  [9]  implement  a  more  general  calculation  for  the  entire 
domain  with  the  exception  of  the  region  near  the  free  sur¬ 
face.  In  these  studies,  the  computation  region  is  again 
divided  into  sever?!  regions  depending  on  the  values  of  x/z 
or  x/^y^  +  z* .  In  many  cases,  the  solution  is  in  terms  of 
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a  series  of  functions,  and  there  is  often  a  delicate  baiance 
between  the  regions  of  convergence  of  near  field  and  asymp¬ 
totic  expansions. 

Our  paper  presents  a  numerical  implementation  of  a 
representation  of  the  Green’s  function  developed  by  Bessho 
[10].  By  means  of  a  series  of  ingenious  transformations,  he 
succeeds  in  reducing  the  entire  Green’s  function  to  a  single 
integral  along  a  curved  path  in  the  compiex  piane.  The 
integrand  is  regular  and  is  entirely  in  terms  of  elementary 
functions.  This  remarkable  representation  has  been  noted  by 
previous  investigators  [4,6]  and  has  prompted  Ursell  [11]  to 
give  a  more  complete  derivation,  inciuding  the  justification 
of  an  important  intermediate  step.  Our  work  differs  from 
previous  numerical  implementations  in  several  aspects.  Our 
work  is  entirely  in  terms  of  integrals  as  opposed  to  the  use 
of  expansions  in  series.  Our  impiementation  is  for  nearly 
the  entire  computation  domain  and  for  the  complete  Green’s 
function  as  opposed  to  specialized  domains  or  particular 
parts  of  the  Green’s  function. 

The  paper  starts  with  a  concise  statement  of  the  critical 
points  of  Bessho’s  contribution.  Then,  a  more  complete 
description  of  the  derivation,  as  given  by  Ursell,  is  given  in 
outline  form.  One  reason  for  giving  this  derivation  is  to 
point  out  the  starting  point  for  our  numerical  work,  which 
occurs  before  the  final  single  integral  representation  is 
reached.  A  detailed  description  is  then  given  of  the  transfor¬ 
mations  required  to  convert  the  original  complex  integrals  to 
three  real  integrals,  two  of  which  are  even  in  x  (Gf)  and  one 
is  odd  in  x  (Gg).  The  simple  relationship  between  G,  and 
G<,  and  the  commoniy  used  N  and  H'  is  pointed  out.  Pecu¬ 
liar  features  of  each  of  the  three  integrands  are  discussed, 
and  the  procedures  used  for  their  integration  are  pointed  out. 
A  special  limiting  process  is  used  to  obtain  G«  and  G„  on 
the  axis  directiy  downstream  of  a  source  at  the  free  surface. 
The  variation  of  computer  time  requirements  and  accuracy 
of  the  calculated  results  in  the  computation  domain  are  dis¬ 
cussed.  Numerical  results  are  presented  to  check  on  the 
accuracy  of  our  procedure  and  to  illustrate  in  gtaphicai  form 
the  behavior  of  the  integrands  and  their  integrated  values. 
The  paper  concludes  with  a  summary  of  the  principal  find¬ 
ings. 

2.  Derivation  of  Bessho's  Single  Integral  Representation 


Image  Sink 
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Current  U 


Figure  1.  Definition  of  Coordinate  System  and  Flow  Configuration 
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lim  f '  deC  dk 

(-0  ^  -I  '0 


exp  [  -k(z  +Z)  +  ik  (x  -  X)cos6  +  ik(y  -  Y)  sin  g]  ^2) 
kcoi^d—  1  —iccosO 

In  the  above  equation,  all  length  variables  have  been  maue 
dimensionless  by  multiplication  by  the  factor  g  /U^  where  g 
is  the  gravity  constant.  Gq  represents  an  inverse  double 
Fourier  transform  over  the  two-dimensional  k-6 
wavenumber  space.  The  parameter  c(>0)  is  added  to 
ensure  that  the  radiation  condition  is  satisfied  at  infinity. 
Also,  following  Ursell,  the  terms  {x  —  X),  (y  -  Y),  and 
(z  +  Z)  appearing  in  Eq.  (2)  are  simply  replaced  by  x,y, 
and  z  for  the  sake  of  convenience. 


2.2  Concise  Statement  of  Bessho's  Approach 


.The  usual  way  of  simplifying  the  double  integral 
expression  for  Go  is  to  perform  an  initial  integration  over  k 
or  0,  thus  reducing  the  double  integral  to  a  single  integral. 
The  integrand,  however,  is  not  entirely  in  terms  of  elemen¬ 
tary  functions  but  contains  the  higher  order  derived  exponen¬ 
tial  integral  function  £i(u)  defined  by 

£,(«)  =  (3) 


2.1  Initial  Representation  in  Double  Integral  Form 


In  this  work,  we  will  consistently  follow  the  notation 
used  by  Ursell  [11].  Figure  1  shows  the  coordinate  sy.stem 
used  in  our  work,  where  x  corresponds  to  the  direction  of 
the  current  flow  U,  y  is  the  horizontal  direction  perpendicu¬ 
lar  to  X,  and  z  is  the  vertical  direction  positive  downwards. 
For  a  stationary  nonoscillating  source  iocated  at  (X,y,Z)  the 
Green’s  function  G(.x,y,z;  X,Y,Z)  at  field  point  (x,y,z)  is 
given  by 

G(x,y,z)  -  ~  ^  ^0  (I) 


In  Bessho’s  approach,  the  initial  integration  to  reduce 
the  double  integral  to  a  single  integral  is  not  performed  at 
the  outset.  Instead,  after  a  series  of  transformations  of  the 
double  integral,  including  changes  of  variables,  deformation 
of  the  paths  of  integration  in  the  complex  plane,  expressing 
Go  as  derivatives  of  more  convergent  integrals,  and  inter¬ 
changing  order  of  integration,  the  double  integral  is  finally 
converted  to  single  integral  form  by  means  of  the  following 
crucial  equality 


r  dm 

'  -W  //I  —  Q 


(4) 


where  /{>  =  [(x-X)^  +  (y-T)^  -F  (z-Zf]''^ 
R  =  [(x~Xf  +  (y-y)^  +  (z+Zff^ 


2x1  exp  (i  PQ)  (P  >  0,  Im  (2  >  0) 
=  -  2x1  exp  (i PQ)  (P  <  0,  Im  G  <  0) 
0  (P  •  Im  2  <  0) 
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where  P  is  real  and  Q  is  complex.  Thus,  the  order  of 
integration  is  reduced  entirely  in  terms  of  elementary  func¬ 
tions.  The  following  section  gives  a  summary  of  UrselTs 
detailed  derivation  and  justiflcaticn  of  Bessho’s  approach. 

2.3  Summary  of  Ursell's  Derivation 

Using  the  equality 

f  ^  cos  6  d6  =  \  -cos  6  d6  (5) 

Jr/2  Jo 

rewrite  Gq  in  Eq.  (2)  as  the  following  sum  of  A  and  B 


Actually,  the  integral  Aq  +  Bq  can  be  more  directly 
simplified  (without  the  need  to  use  Bessel  functions)  by  not¬ 
ing  that  the  order  of  integration  can  be  interchanged  since  it 
is  absolutely  convergent,  carrying  out  the  simple  integral 
with  respect  to  m,  and  making  the  change  of  variables 
w  =  c''  in  the  resulting  single  integral  to  arrive  at  the  same 
result  given  above. 

By  making  similar  shifts  in  the  paths  of  integration  of 
Ai  (y  =  ia  +  y  iri  +  w,  w  real)  and  Bj  (v  =  ia  - 

■jiti  +  *v>,  w  real),  the  sum  /4i  +  Bj  takes  the  form 


Go  (x,y,z)  =  A(x,y,z)  +  B(x,y,z)  (6) 

where  A  and  B  are  now  integrated  from  -ir/2  to  +ir/2 
over  d. 

By  introducing  the  following  two  sets  of  new  variables 


/4i  +  Bi  -  lim  t  dm  (  dw 

exp  (-imp  sinh  w+fmp  sinh  g)  ^ 
m  -  i  sinh  (w  +  ia)  -  it 


m  =  Jk  cos  d,  tanh  v  =  sin  d 


due  to  residues  at  poles  crossed  by  the  shifts) 


y  =psina,  z  =  pcosa,  x  =  psinh/3,  R  =  pcosh/3  (8) 


and  writing  and  B  as 

^  =  ^0  +  f  ■£■  A,,  B  =  Bo  +  /  B,  (9) 

the  following  expressions  are  obtained  for  /4o,  Bq,  ^i,  and 
Bu 

i4o  =  “  (  "dm  (  ”  dvexpt-mpcosh(v-ia)+/mA:]  (10a) 

TT  *  0  *  “OS 


1-00  -  00 

Bo  =  — J  dm]  dvtxpl-mpcosh(v-ia)-imx]  (10b) 

X  ^  0  ^  —00 

^,=-ilimrdmf"  ^,expI-mpcqsh(v-ia)-Himxl 
7r«-o'’o  ■’-00  m-coshv-re 


By  interchanging  the  order  of  integration,  Bessho  notes 
that  the  integral  with  respect  to  m  is  of  the  form  given  in 
Eq.  (4)  and  thus  the  double  integral  is  converted  to  a  single 
integral  entirely  in  terms  of  elementary  functions. 

Ursell  points  out  that  the  double  integral  in  Eq.  (12) 
does  not  satisfy  the  sufficient  (but  not  necessary)  condition 
of  absolute  convergence  in  order  to  justify  the  interchange  of 
order  of  integration.  His  proof  of  the  validity  of  the  inter¬ 
change  basically  consists  of  extending  Bessho’s  idea  of  gen¬ 
erating  derivative  functions,  shown  in  Eq.  (9),  to  generate 
the  following  still  more  strongly  convergent  integrals  if  2  and 
Bz 


if2=-limrd/nr  + 

TT  e-o  0  J -»  (1 -Ofw-coshv -ie) 


B,=^limrdmr 

ir  <-o''o  ■'-00  m-coshv+i€ 

(lOd) 


B2=^limrdmr  ^v.£^tr"»./?..90sh(v-i«)-imx] 
ir  f-o''o  ■' -a>  (l-fim)(m -cosh  V -fie) 


The  reason  for  introducing  the  new  integrals  i4|  and  B|  is 
that  they  are  more  strongly  convergent  than  the  original 
integrals  A  and  B. 

The  double  integrals  Ao  and  Bq  are  simplified  by 
Ursell  by  making  the  change  of  variables  v  -  /a  —  v,  and 
using  equality  (9.6.24)  of  Ref.  [12]  to  convert  the  integrand 
in  terms  of  the  Bessel  function  Kq 

4  r  ^ 

Aq  +  Bo  =  —  J  ^  dm  Ko(mp)  cos  mx 


which  are  related  to  /f  i  and  Bj  as  follows 

(\--^)A2,Bi=  (\-j^)B2  (14) 

Ursell  proceeds  to  operate  on  i42  and  B2  in  a  manner  similar 
to  Bessho’s  transformations  of  A\  and  B].  That  is,  once 
again  the  paths  of  integration  are  shifted  for 

A2  (v  =  ia  +  ^  Tti  +  w,w  real)  and  B2(v  =  ia  - 
^  Tfi  +  w,  w  real),  and  the  resultant  residue  evaluated  at 

the  pole  of  the  integrand  crossed  by  this  shift  (for  some  but 
not  all  m)  where  the  pole  V  is  defined  by 
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m  +  ie  for  B2 

'=osh>'(m)  for  (15) 

By  making  the  further  change  of  variables  from  m  to  V,  as 
given  in  Eq.  (15),  in  the  single  integral  resulting  from  the 
residue  evaluation,  the  following  expressions  are  obtained 
for  A2  and  B2,  where  each  is  given  in  terms  of  a  single 
integral  and  a  double  integral 

,  1  f "  dm  f "  j 

A2  =  — hm  I  I  dw 

Te-0''0  1  -  im  ■*  -» 


In  either  case,  Eq.  (17a)  is  expressed  as  the  following  sum 
of  two  single  integrals 

Hw,B)dw 

^  2/  gxp  [“P  (sinhg  -  sinh w)sinh(w  +  iodV 

^0  1 +sinh(H’ +ia) 


+  2;  f "  exp[p(sinh|8-sinhH>)]  . 
h  1 +sinh(H-  +  ja) 


exp  (-imp  sinh  w  +  imp  sinh  B) 
m  -  i  sinh  (w  +  ia)  -  U 


exp(— p  cosh  V  cosh  (V-ia)+ix  cosh  V) 
l-fcoshK 


B2  =  — ^lim  t  — — 

T  «-o  •’0  1  +  jm 


exp  (imp  sinh  w  -  imp  sinh  fi) 
m  +  i  sinh  (w  +  ia)  +  ie 


t  exp(-pcoshFcosh(l'-/a)-u:coshI') 

1+icoshl' 

(16d) 


where  a  is  taken  to  be  &0  in  Eqs.  (16b)  and  (16d). 

Ursell  shows  that  the  double  integrals  (16a)  and  (16c) 
are  absolutely  convergent,  and  thus  it  is  permissible  to  inter¬ 
change  the  order  of  integration.  By  writing  —m  for  m  in 
Eq.  (16c)  the  two  double  integrals  can  be  combined  into  a 
single  form,  with  order  of  integration  interchanged 

-i-f*  d  d  gxp (- fm p sinh w  +  fwp sinh g) 

TT  ^ -®  ”’*-00  (1 -(m)[m  - 1  sinhfw +ia)] 

=  -^  f  "  dw  l(yv,  B)  (17a) 

^  —flo 


The  presence  of  the  extra  factor  (1  -  im)  in  the  denomina¬ 
tor  makes  the  equalities  given  by  Eq.  (4)  not  directly  appli¬ 
cable  for  evaluating  I(w,B).  Instead,  Ursell  evaluates  it  by 
means  of  an  elaborate  contour  integration,  accounting  for  the 
residues  due  to  the  poles  which  are  enclosed  for  0<w<B 
and  /3<h’<  00.  Actually,  Eq.  (17a)  can  be  put  in  a  form  to 
which  Eq.  (4)  is  applicable,  by  rewriting  the  denominator, 
as  follows 


(1  —  /m)[m  -  i  sinh(M'  +  ia)] 


sinh(w  +  ia)  +  1 


m  —  i  sinh  (w  +  f a)  -  ■ 


The  component  single  integrals  (16b),  (16d),  (18a),  and 
(18b)  which  together  define  A2  +  B2  form  the  starting  point 
for  our  numerical  analysis  and  implementation.  Ursell 
proceeds  to  essentially  sum  these  component  integrals  and 
perform  the  derivatives  indicated  in  l^s.  (14)  and  (9)  to 
obtain  Bessho’s  representation  of  Gq  =  ^  +  B  as  a  single 
integral  in  the  complex  plane. 

To  begin  the  compacting  process,  these  four  integrals 
are  all  expressed  in  terms  of  the  variable  u  by  letting 

k'  =  «  +  -^ir/  in  Eq.  (16b),  K  =  «--^ir/  in  Eq.  (16d), 
and  tv  =  u  —  ICC  in  Eqs.  (18a)  and  (18b),  resulting  in 


r » fi  +  Ia  *0  *1 

A2+B2=2i  [J_»+ i,+ J  J 


1  -fsinhu 


exp  [(p  sinh  («  -  ia)  -  x)  sinh  «) 


+  2i  f  exp[-(p sinh(i«  -ia)  -x)]  (19) 

l+sinh« 

In  carrying  out  the  differentiations  d/dx  indicated  in 
Eqs.  (14)  and  (9)  it  is  important  to  recognize  that  the  limits 
of  integration  involve  the  variables  a  and  |3.  From  the 
transformation  Eq.  (8),  it  is  seen  that 

f  .0,  4  (20, 


Performing  first  the  operations  indicated  in  Eq.  (14)  on 
i42  +  B2  to  obtain  Ai  +  B  |  and  then  the  transformations 
indicated  by  Eq.  (9),  using  the  result  given  in  Eq.  (11),  the 
following  complex  single  integrcl  representation  for  Gq  is 
obtained 

Go  =  24+B  =  -|+i^(A,+B,)=2 
+  sinhttexp[(psinh(M-io)-x)sinhtt]</K  (21). 

.  -  Xf  I 


The  above  integration  paths  are  not  the  same  as  those  used 
by  Bessho,  shown  in  Fig.  2.  In  order  to  obtain  the  integrals 
in  the  Bessho  form,  make  the  substitutions 
X  =  -X,  X  =  p  sinh  b,  u  =  -v,  and  note  that  Go(a)  = 
Go(.-a)>  resulting  in 


136 


Figure  2.  Bessho's  Integration  Paths 


In  the  above,  use  has  been  made  of  the  identity 
cosh  (ilO  =  cos  V  relating  trigonometric  and  hyperbolic 
cosines. 

Carrying  out  the  differentiations  indicated  in  Eq.  (14), 
the  following  integrals  are  obtained  for/4i  +5] 

Ai+Bi  =(l-j^nA2+B2) 

=  2i  j  ^  exp[-p(sinh0  -  sinhw)sinh(u'  +  ia)]  dw  (23a) 

i 

-  2  J  ^  exp  [-pcosfcos(f  -  a)  +  ivcosf]  rff  (23b) 

,0 

+  2ij  ^  exp[-pcoshKcosh(F  - /a)  +  utcoshl^dK  (23c) 


Go{-X,y,z) 


-2 


00 — L,,/  ao  +  .^T/ 

f  +f 

^0  ^i+ta 


sinhvexp  [(p  sinh(v -fa) -X)  sinh  v]r/v  (22) 


3.  Computational  Implementation  of  Bessho's  Method 


In  this  chapter  we  will  present  our  computational 
implem.-iitation  of  Bessho’s  method.  As  mentioned  previ¬ 
ously,  our  analysts  starts  from  the  four  component  complex 
single  integrals  given  in  Eqs.  (16b),  (16d),  (18a),  and  (18b). 
Tlirough  a  series  of  transformations,  we  simplify  and  con¬ 
dense  these  complex  integrals  to  three  real  integt^s,  two  of 
which  are  even  in  x  and  the  other  is  odd  in  x.  Taken 
together,  these  integrals  represent  the  entire  Green’s  fonc- 
tton.  Reference  [13]  describes  the  FORTRAN  77  computer 
program  which  evaluates  these  integrals. 


““Ct 

+  2  J  ^  exp[  -  pcosf  cos(f  +  a)  -  ixcosf  ]  df  (23d) 

+  2/ 1  °  exp[-pcoshKcosh(K  -  ia)  -  urcoshF] dV  (23e) 
•  —  00 

The  above  equation  is  a  result  of  the  following  considera¬ 
tions.  Recalling  from  Eq.  (20)  that  dB/dx  =  l/R,  the 
derivatives  d/dx  of  the  variable  limits  of  integration  appear¬ 
ing  in  Eqs.  (18a)  and  (18b)  cancel  each  other.  Reckling 
from  Eq.  (8)  that  x  =  p  sinh  jS  the  operation  (1  -  d/dx) 
applied  to  the  integrands  results  in  Eq.  (18b)  going  to  zero 
and  a  removal  of  the  denominator  in  the  other  five  integrals. 

Proceeding  similarly,  using  Eqs.  (9)  and  (11),  we 
obtain  Gq  in  the  form 

Go  =  ■^  +1  +Bi)  =  G]  +  G2  +  Gj  +  G4 


3.1  Simplification  of  Complex  Integrals 


We  start  by  making  the  change  of  variables  f  =  iV  for 
part  of  the  integration  of  Fx]s.  (16b)  and  (16d)  and  then 
rewrite  each  integral  as  two  integrals  with  real  limits  of 
integration,  resulting  in  the  following  expression  for 
A2  B2 

A2  +  B2=  Eq.(\Ba)  +  £9.(18*) 

„  f  T'  expr-pcosf  cos(f  -  a)  +  txcosfl  .  ..  ngb  n 
^0  1  -  /  cosf 

^  2/j  °  exp[-pcoshKcosh(K  -  ia)  +  txcoshKI  2) 

^  1  '  i  cos/s  f 


./j 

=  2J^sinh(H’  +  ia) 

e>tp[“P(sinh^  -  sinhM’)sinh(vt>  +  /a)]  dw  (24a) 

1 

+  2  J  ^  cosf  exp[  -  pcos fcos(f  -  «)  +  ixcosf]  (24b) 

T 

+  2  J  ^  cosf  exp[  -  pcosf cos(f  +  a)  -  ixcosf ]  d  f  (24c) 

,0 

+  4 1  coshF  sin(:r  coshIO 


exp[-pcosfcos(f  ■l-a)-focosf1  (i6d  1) 
^0  1+icosf  ‘  ■  f 


+  2i{°  expr-pcoshFcosh(F  -  ia)  -  trcoshK]  2) 

^-00  1+jcoshK 


exp[-p  coshF cosh(K  -  /a)]  dV  (24d) 

In  the  above  equation,  the  two  integrals  in  terms  of  the  vari¬ 
able  V  have  b^n  combined  into  a  single  integral  by  using 
the  well  known  identity  -  g-ixaahy  _  2/  (x  cosh 

y). 
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In  the  following,  we  express  the  above  complex 
integrals  as  the  sum  of  real  and  imaginary  parts,  and  con¬ 
sider  only  the  real  part.  By  means  of  a  series  of  transforma¬ 
tions,  we  reduce  the  resulting  integrals  to  compact  form. 

3.2  Conversion  to  Real  Integrals 


Consider  first  Gi  given  by  Eq.  (24a).  By  first  expand¬ 
ing  sinh  (w  +  id)  and  then  making  the  change  of  variables 
cosh  w  dw  =  dw',  G\  becomes  the  following 

Gi  =  2t''"''^  ’^^^[cosct  ,  '^■■"-^cosfArsina'^w^  +  1 

'Jo  ^2  +  1 

+  l)  +  sinasin(A:sina''/w^  -h  1 
-yw'Jw^  +  +  (25) 


G4  =  4 1 "  sin  (X Vh-2  + 1  )cos(yH>V + 1)  )c  + ^)dw  (29) 

By  making  the  further  change  of  variables  dw  =  sec^fl  d8, 
we  can  transform  G4  to  the  single  integral'  form  given  in  Eq. 
(13.3b)  of  Wehausen  and  Laitone  [14] 

G4  =  4  j  sin(xsec^6cos9)cos(ysec^esin0)e“*“^*sec^Wfl 

(30) 

In  our  numerical  computations  we  find  it  somewhat  more 
convenient  to  make  the  change  of  variables  se<?6  sin  6  =  u 
and  use  the  following  alternate  form  proposed  in  [2] 

G4  =  4  j  ^  sin  Qcs)  cos  (yu)e  — jdu  (31) 


Let  us  now  consider  G2  and  G3  given  by  Eqs.  (24b) 
and  (24c).  By  using  the  well  known  relationship 

g±£«cosr  _  gQj 

these  two  integrals  can  be  conveniently  written  out.  By 
making  the  change  of  variables  f  =  -  f '  in  Gj,  Gj  +  G3 
can  be  written  as  the  following  single  integral 


where  s(«)  = 


1  +  ^1  +  4u^ 
2 


=  sec  6. 


Adding  the  component  integrals  given  by  Eqs.  (25), 
(27),  and  (31),  the  resulting  form  for  Gq  in  real  form  is 
given  by 


T* 

G2  +  G3  =2j^^^cosfcos(A:cosf)c“'’“*f“‘<f"“'df  (26) 
2 

By  making  the  change  of  variables  f  =  f'  +  a/2,  using 
various  trigonometric  identities  for  the  cosine  terms,  keeping 
only  the  even  functions  of  (since  the  odd  functions  give  a 
zero  integral),  and  (very  similar  to  the  final  transformation 
indicated  for  Eq.  (25))  making  the  change  of  variables 
cos  fdf  =  dw,  the  integrand  of  G2  +  G3  takes  on  a  form 
resembling  that  of  Gi  given  in  Eq.  (25) 


Ga  =  Gx  +  Gc  +  Go  =  Gf  +  G„ 


[cosa— ;  ■  cos(*sina'^w^  +  1 

®  Vw^  +  l 


-yw  VH>^  +  l)+sinosin(jcsina'MvJ  +  l 


-yw-^w^  +  l)]e-A:«>50M.+pco.aH.‘j^  (32a) 


G2  +  G3=4j^  ^  [cosy  cos  (x  cosy'll  -  w^) 


cos (x sin w)  - w  — /■■>  sin (x cos —w^) 

2  Vf-  2 

n  — ^(coso+I-2h'’) 

sin(x  sin  —  w)]e  ^  dw  (27) 

Finally,  let  us  consider  G4  given  by  Eq.  (24d).  By 
making  use  of  the  identity  cosh  (K  -  /a)  =  cosh  V  cos 
o  -  I  sinh  V  sin  a  the  real  part  of  G4  is  written  as 

G4  =  4  J  ^  cosh  V  sin  (x  cosh  10 

cos  (p  cosh  F  sinh  F  sin  a)  e  •'«>»“  dF  (28) 

By  making  the  change  of  variables  cosh  V  dV  =  dw  and 
recalling  Eq.  (8),  G4  becomes 


+  4j^  ^  [cos  —  cos(x cos Y 1  - w^ ) cos(x sin y  w) 

.  a 

-wsiny  _ 

'  TiiTTT.^-  sin  (x  cos  1  -  w^ )  sin  (x  sin  w)] 

V1_h>2  2  2 

— :;;^(co$a+ 1 -2w*) 

e  ^  dw  (32b) 

+  4  J  ^  sin  (xs)  cos  (yu)e  ^  d«  (32c) 

where  s(u)  is  defined  in  Eq.  (31),  and  p  and  a  in  Eq.  (8). 
Since  G„  given  by  Eq.  (32c)  corresponds  to  the  single 
integral  part  of  the  total  Orcen  s  fitncticn  given  !n'‘[14j,  G^, 
the  sum  of  G^  and  G^  given  respectively  by  Eqs.  (32a)  and 
(32b),  corresponds  to  the  double  integral  part.  Equation 
(32c)  shows  that  Go  is  odd  about  x  =  0  and  has  an  infinite 
upper  limit  of  integration  while  Eqs.  (32a)  and  (32b)  show 
that  the  Gf  is  even  about  x  =  0  and  has  upper  limits  of 
integration  which  depend. on  the  field  point. 


138 


The  integrals  Go  and  G,  are  also  simply  related  to  the 
commonly  used  near  field  and  wave  disturbance  components 
N  and  W  [4,6,9].  Comparison  of  the  expressions  for  Gg  and 
W  shows  that 

W(x,  y,  z)  =  Go(x,  y,  z)  +  G^dj:  |  ,y,  z)  (33) 

Since  +  /V  =  G^  +  G„  is  related  to  Gt  and  Gg  as  fol¬ 
lows 

N{x,  y,  z)  =  Gg(x,  y,  z)  -  G„(| j:  I ,  y,  z)  (34) 
3.3  Behavior  of  the  Integrands 


It  is  of  interest  to  investigate  the  behavior  of  the  three 
integrands  in  different  regions  of  the  x,  y,  z  computation 
domain  in  order  to  derive  effective  integtation  schemes. 
While  the  behavior  of  the  Integrand  for  the  odd  integral  Gg 
is  relatively  well  known,  we  do  not  believe  that  the 
integrands  of  the  even  integrals  G,  and  Gg  have  been  previ¬ 
ously  considered. 

Figures  3  to  5  respectively  show  the  integrands  for  G^, 
Gg,  and  Gg  at  various  (A:,y,z)  locations.  In  these  figures, 
the  horizontal  and  vertical  coordinates  have  been  normalized 
so  that  the  independent  variable  lies  between  0  and  1,  and 
the  integrand  lies  between  -1  and  1. 


INDEPENOENT  VAPIaOLE  U 

Figure  3.  Integrands  for  C, 


INDEPENOENT  VAPIADLE  O 

Figure  4.  Integrands  for  G, 


INDEPENDENT  VAPIASLE  U 


Figure  5.  Integrands  for  G„ 

These  figures  show  that  the  behavior  of  the  integrands 
varies  greatly,  depending  on  (A:,y,z).  Thus,  it  is  not  likely 
that  any  single  integration  approach  will  be  optimum 
throughout  the  entire  computation  domain  for  a  given 
integral.  It  is  this  great  divergence  in  behavior  which  has 
led  previous  investigators  to  consider  only  specialized  com¬ 
ponents  of  Go  and  to  divide  the  computation  domain  into 
several  regions  [4-9].  Our  principal  effort  has  been  to  deter¬ 
mine  minimum  integration  domains  for  the  two  integrals 
which  have  theoretically  infinite  upper  limits  of  integration; 
Gg  and  (asx/p  —  «>)  G^. 

Figure  3  shows  that  G^  has  a  smooth  integrand  for 
small  or  moderate  values  of  j;/p,  but  at  larger  values,  the 
integrand  seems  to  concentrate  at  thin  strips  at  the  left  and 
right  ends  of  the  domain  of  integration.  This  is  due  to  the 
fact  that  the  argument  of  the  exponential  function  in  Eq. 
(32a),  f(w)  =  -X  cosaw  +  p  cos  a  is  zero  at  the 
ends  of  the  integration  interval,  w  =  0  and  w  =  x/p,  and 
takes  on  negative  values  in  between.  Noting  that  /(w)  is 
symmetric  about  the  midpoint  of  the  interval,  w  =x/2p, 
the  following  integration  scheme  is  adopted  for  G^.  First, 
the  limits  of  integration  lying  on  either  side  of  x/2p  are 
determined  by  setting  f(w)  =  -A,  where  A  may  be  chosen- 
to  be  suitably  large,  say,  20  (i.e.,  e~‘*  -  2  X  10"®), 
resulting  in 

~±Aw=  +  ± '^{xl2pf  -AA/{pcosa)  (35) 

2p  2p 

For  cases  where  the  term  under  the  square  root  sign  is  nega¬ 
tive,  Aw  H  0.  Integration  for  G^  is  thus  confined  to  the 
two  strips  Aw  as  follows 

Gx  =  f  '  g(w)e^^”^  dw  +  [  g(w) dw 

_  ^xnp  Aw  ^  +  x/p)]ef^'"^  dw  (36) 

where  g(w)  are  the  trigonometric  functions  multiplying 
in  Eq.  (32a)  and  the  last  equality  results  from  the  symmetry 
of  /(w)  about  x/2p. 
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The  error  incurred  by  using  a  finite  upper  limit  uu  in 
the  integral  for  Gg,  Eq.  (32c),  may  be  estimated  as  follows. 
By  neglecting  the  trigonometric  factors,  which  have  magni¬ 
tudes  less  or  equal  to  1,  and  changing  the  variable  of 
integration  from  u  to  s,  defined  in  Eq.  (31),  the  error  6  is 
bounded  by 


€ 


ds 


(37) 


1/  |a;  I  as  |a:  I  —  oo,  we  have  derived  in  [13]  the  following 
expression  giving  the  first  order  far  field  behavior  in  the 
neighborhood  of  the  axis  (r,  0,  0) 

Gg(x,y,z)  ~  sgn(*)2  +t‘) sin(---f-^>4- 

P  4(y^  +  2^) 


+  |  +  f)+2' 


Ui 


(sinj:  +sgn(A;)cosA:)e‘ 


(40) 


where  sm  =  Y  +  V  7  +  By  making  the  change  of 

variables  t  =  P,  the  above  may  be  integrated  by  parts  to 
give 


e  £ 


2e' 


Z  «M 


2  f  <“  _,i,  d  ,s .  , 

+  —  I,  e  —  (—)ds 
2  ds  u 


(38) 


This  equation  generalizes,  for  the  case  of  large  ;ic,  the 
expression  given  in  [5]  for  the  wave  disturbance  W  for  the 
specialized  case  z  =  0.  The  above  equation  confirms  the 
findings  in  [5]  that  the  limit  z  =  0,  y  —  0  is  singular,  and 
that  (provided  z  ^  0)  the  limit  y  =  oz,  z  —  0  is  indepen¬ 
dent  of  a.  Since  the  near  field  component  N  is  well 
behaved,  Eq.  (34)  shows  that  G,  must  show  a  similar 
behavior. 


where  -^  (“)  =  ’T"  “  1)"'^  S  0.  Therefore,  it  is 

ds  u  ds 

necessary  to  consider  only  the  first  term  in  deriving  esti¬ 
mates  of  the  maximum  error  incurred  by  using  finite  values 
of  uu.  By  considering  «  and  z  to  be  given  parameters,  Eq. 
(38)  may  be  solved  iteratively  for  the  required  ^upper  limit 
uu.  Table  1  gives  the  calculated  vilues  of  ««  for 
e  =  (10-^  10-^  10'«)  and  z  =  (10.,  1.,  0.1,  0.01). 
Table  1  shows  the  manner  in  which  increases  with 
decreasing  values  of  e  and  z. 


We  find  it  convenient  to  compute  the  values  of  G^  and 
Gg  for  y  =  0,  z—  0.  In  this  case,  a  =  tan"*(y/z)  =  0. 
The  integral  Gg  may  be  calculated  in  a  straightforward 
manner  by  setting  z  =  0  and  then  evaluating  the  well 
behaved  integrand  between  the  finite  limits  0  and  1.  In  the 
case  of  Gx,  the  limiting  process  must  be  applied  with  some 
care.  In  particular,  taking  care  to  preserve  the  previously 
noted  symmetry  of  the  exponential  factor  about  the  midpoint 
of  the  integration  interval  x/2z,  the  integral  Gj,  has  the  fol¬ 
lowing  limit 


Table  1  —  Variation  of  the  Upper  Limit  of 
Integration  in  Gg  with  Error  Criterion 
e  and  ^urce  Submergence  z 


e 

II 

p 

Z  =  1.0 

Z  =0.1 

z  =  0.01 

10“^ 

0.01 

6.2 

77. 

880. 

lo--* 

0.085 

8.4 

99. 

1100. 

10-* 

0.60 

13.0 

140. 

1500. 

3.4  Limiting  Behavior  as  p  —  0 


Use  of  the  above  error  estimate  appears  to  indicate  that 
“sf  ■*  *  ns  Z  —  0.  Yet  it  is  well  known  [4,8]  that 
Gg{x,  y  =  0,  z  =  0)  is  given  by 

Gg{.x,  0,  0)  =  y  W(x)  =  -2rYi(,x),  x>0  (39) 

where  T]  is  the  Bessel  function  of  the  second  kind  of  order 
one  [12].  The  existence  of  the  limit  shows  that  a  higher 
order  enor  analysis,  accounting  for  the  oscillatory  tri¬ 
gonometric  functions  in  Eq.  (32c),  would  lead  to  a  more 
efficient  procedure  for  the  integration  of  G„. 


lim  G,  (X,  0,  z)  =  lim  2  r 

t-O  t-o  '0  Vh,2  +  1 


=  lint  2 J 


x/7z 


+  1  ■'^(x/z  -  w)^  +  1 


'dH- 


=  2\°° - e-^dw  +  -  (41) 

Thus,  Go  may  be  conveniently  calculated  on  the  axis 
(x,  0,  0)  by  adding  Gg,  Gg,  and  G,. 


3.5  Computer  Time  Requirements 


Computer  time  depends  on  various  factors,  of  which 
the  values  of  x,  y,  and  z,  the  error  criterion  e,  the  type  of 
integral,  and  the  integration  rule  are  the  most  important. 
The  simple  trapezoidal  rule  and  the  higher  order  Simpson’s 
rule  were  used  to  integrate  each  of  the  three  integrals  over  a 
range  of  x,  y,  z,  and  e.  The  integration  starts  with  an  initial 
partition  of  the  given  range  into  two  intervals,  and  then  suc¬ 
cessively  doubling  the  number  of  intervals  until  the 
integrated  values  from  two  successive  iterations  agree  to 
within  the  specified  error  t. 


In  order  to  obtain  the  complete  function  Gq  for 
(x,  0,  0)  it  is  necessary  to  calculate  G^  and  Gg  defined  in 
Eqs.  (32a)  and  (32b)  as  y  —  0  and  z  —  0.  Since  Go  exhi¬ 
bits  singular  behavior  in  the  neighborhood  of  this  axis,  it  is 
necessary  to  use  care  in  taking  this  limit.  By  starting  with 
Eq.  (29)  for  Gg,  and  neglecting  terms  which  are  well 
behaved  near  the  axis  p  =  0  and  which  are  of  the  order  of 


We  have  found  that  on  average,  the  use  of  Simpson’s 
rule  for  G,(=G^  +  Gg)  results  in  a  computer  time  which  is 
0.3  of  the  time  using  the  trapezoidrd  rule,  while  the 
corresponding  ratio  for  Gg  is  1.5  [13].  These  trends  may  be 
due  to  the  fact  that  the  (usually)  smoother  integrands  of  Gg 
benefit  from  the  parabolic  fit  through  the  points  used  in 
Simpson’s  rule,  while  the  (often)  oscillatory  integrands  of 
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Go  seem  to  be  better  approximated  by  the  straight  line  fit  of 
the  trapezoidal  rule.  We  realize  that,  based  on  the  diverse 
behavior  of  the  integrands  shown  in  Figures  3  to  5,  the  use 
of  different  integration  rules  (for  the  same  integral)  based  on 
X,  y,  and  z  would  result  in  even  greater  savings  of  computer 
time.  We  have  not,  however,  pursued  such  detailed  refine¬ 
ments. 


x/p)  but  tend  to  increase  somewhat  for  (more  confine¬ 
ment  of  the  exponential  factor  to  a  narrow  region  near 
w  =  cos(a/2)).  It  may  be  noted  that  in  the  analysis  given 
in  [9]  for  W,  which  is  closely  related  to  Go,  the  ^culation 
is  limited  to  values  of  y/z  less  than  tan  (86.4°)  =  15.9. 

4.  Numerical  Results 


Figure  6  shows  the  average  CFU  time  per  field  point 
for  Gx,  Go,  and  G„,  respectively,  using  the  Hewlett  Packard 
(HP)  9000,  Model  550  minicomputer  for  e  =  10“^  for  vari¬ 
ous  intervals  in  the  region  0.1  S  x,  y,  z  £  40.  It  is  well 
known  that  for  values  of  x,  y,  z  near  the  origin  (0,  0,  0)  and 
the  axis  (x,  0,  0)  the  behavior  of  Gq  is  singular.  For  a  given 
x-interval,  the  figure  shows  two  sets  of  numbers.  The  upper 
set  gives  the  average  CPU  time  for  a  fixed  value  of  y  (indi¬ 
cated  on  the  vertical  axis)  and  a  uniform  xz  grid  of  field 
points  over  the  interval  indicated  on  the  horizontal  axis. 
The  lower  set  of  numbers  gives  corresponding  results  for  a 
fixed  value  of  z  and  a  uniform  xy  grid.  Several  runs  were 
repeated  using  €  =  10"®  and  these  suggest  that  average 
CPU  time  is  approximately  tripled  compared  to  the 
€  =  10“^  results.  Also,  some  runs  have  been  made  on  the 
Cray  XMP/24  mainframe  computer  and  the  corresponding 
CPU  times  are  typically  60  times  smaller. 
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Figure  6.  Approximate  Computer  Times 
per  Field  Point  for  t  =  10 


Most  of  the  computer  time  trends  can  be  directly 
inferred  from  the  expressions  contained  in  Eq.  (32)  or 
shown  in  Figs.  3-5.  One  trend  is  that  the  overall  sum  of  the 
CPU  times  for  all  three  integrals  tends  to  be  a  minimum 
around  (1,1,1),  which  may  be  infened  from  the  smooth 
behavior  of  all  the  integrands  at  this  point.  Another  trend  is 
the  increase  in  CPU  time  with  increasing  x  since  this  leads 
to  increasing  oscillatory  behavior  of  the  integrand.  With 
increasing  z,  computer  times  decrease  for  Gg  (larger  effect 
of  the  exponential  decay  factor)  and  G^  (smaller  values  of 


We  first  present  various  checks  which  have  been  made 
on  the  accuracy  of  our  formulation.  We  then  present  con¬ 
tour  plots  of  the  various  integrals  to  show  Aeir  overall 
behavior.  Finally,  we  give  line  plots  of  these  integrals  to 
show  the  finer  details  of  their  individual  and  relative 
behavior. 

4.1  Numerical  Checks 


Newman  [6]  gives  accurately  calculated  benchmark 
values  of  W(x,y,z)  for  the  field  points  {R,  0,0),  (0,/?,  0), 
and  (0,0, R)  where  R  =  1,  4,  10.  The  last  two  sets  are 
most  convenient  for  us  to  calculate  and  we  shall  discuss 
these  first.  For  both  of  these  cases  x  =  0,  where  G^  =  0, 
and  Eq.  (34)  then  shows  that  N  m  Gf.  In  addition,  since  x 
=  0,  then  x/p  =  0,  the  integral  G^  m  0,  reducing  the  cal¬ 
culation  to  N  =  Gg.  For  an  e  =  0.0001,  our  calculated 
values  [13]  agree  with  those  given  in  [6]  to  at  least  four 
decimal  places. 

The  set  (R,  0,0)  provides  a  more  thorough  check  on 
the  accuracy  of  our  formulation  since  all  three  of  the 
integrals  G^,  G^,  and  Gg  would  be  involved.  Unfortunately, 
our  upper  limit  of  integration  for  G^  —  »  as  z  —  0.  We 
perform  this  check  in  two  ways.  One  way  is  for  us  to  calcu¬ 
late  the  three  integrals  and  form  N  according  to  Eq.  (34)  for 
small  values  of  z.  For  an  e  =  0.001  and  z  =  0.01,  we 
obtain  agreement  to  at  least  two  decimal  places  with  the 
benchmark  results  [13].  While  this  method  is  computation¬ 
ally  expensive  and  inefficient,  it  does  show  the  stability  of 
our  formulation  as  z  ->  0.  The  second  and  more  convenient 
method  is  to  calculate  N(x,  0,  0)  with  the  aid  of  Eqs.  (39) 
and  (41)  for  G„  (x,  0,  0)  and  G^  (x,  0,  0),  respectively. 
Using  this  approach,  our  results  agree  with  those  in  [6]  to 
six  decimal  places  for  e  =  10"®. 

4.2  Contour  Plots 


Figures  7a  to  d  respectively  show  contour  plots  for  the 
component  integrals  G,,  G^,  G„,  and  N  fop  the  case  of  z  = 
0.1  over  a  101  X  41  rectangular  grid  with  0  £  x  S  50, 
and  0  £  y  £  20.  To  illustrate  the  effect  of  z.  Figures  8a 
and  b  respectively  show  G,  for-z  =  0.1,  and  1.0  for  the 
same  rectangular  grid. 

Figure  7a  shows  that  the  largest  waves  of  G,  are  con¬ 
fined  in  a  triangular  region  which  does  not  extend  to  the  x 
axis.  Figure  7b  shows  that  the  wave  pattern  for  Gg  is  rela¬ 
tively  simple,  consisting  of  waves  whose  crests  are  nearly 
parallel  to  the  y  axis.  Figure  7c  shows  the  familiar  far  field 
wave  patterns  confined  to  the  Kelvin  sector.  Figure  7d 
shows  that  the  near  field  integral  A*  has  .or.tour  lines  which 
are  nearly  circular  and  asymptotically  decay  as  2/R. 

Figures  8a  and  b  show  the  well  known  disappearance 
of  the  clutter  corresponding  to  the  short  waves  as  z 
increases. 
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Figure  7a.  Contour  Plot  of  G,,  z  =0.1 


Figure  7d.  Contour  Plot  of  N,  z  =  0.1 


Figure  7c.  Contour  Plot  of  G„,  z  =0.1 


Figure  8b.  Contour  Plot  of  G,,  z 
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4.3  Detailed  Line  Plots 

Figures  9a  and  b  respectively  show  line  plots  of  the 
component  integrals  G^,  Gc,  and  at  y  =  0  and  4  for  z 
=  0. 1  and  0  £  X  £  20.  To  obtain  a  view  of  the  behavior 
of  the  integrals  over  a  wider  range  of  x,  including  upstream 
values,  Figures  10a  and  b  respectively  show  plots  of  Gq  at 
y  =  0  and  20  for  z  =  0.1  and  -100  S  x  S  100. 


00  40  00  12  0  ICO  20  0 


4XIAL  distance  X 

Figure  9a.  Line  Plots  of  Gxt  Gc,  G^;  y  =  0 
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Figure  10b.  Upstream  and  Downstream  Line  Plots  of  Gq,  y  »  20 


Figure  9  shows  that  the  relative  behavior  between  the 
component  integrals  varies  with  the  location  y.  Figure  9a 
shows  that  on  the  x  axis,  y  =  0,  the  even  integral  com¬ 
ponent  Cc  resembles  the  odd  integral  Go,  while  the  com¬ 
ponent  G^  serves  as  a  correction  factor  indicating  the  differ¬ 
ences  between  G,  and  Gg.  At  the  off  axis  location  y  =  4, 
Figure  9b  shows  that  the  reverse  is  true,  i.e.,  now  G^ 
resemble  Go,  while  Gg  tends  to  serve  as  the  correction  fac¬ 
tor. 

Figure  10  shows  the  expected  trend  that  Gq  —  0  far 
upstream  of  the  source.  TTiis  is  a  veriHcation  of  our 
approach  in  that  the  separate  calculations  of  G,  and  Gg  do 
combine  to  give  the  required  annulment  far  upstream.  This 
figure  shows  that  the  local  disturbance  is  nonoscillatofy, 
decays  rapidly  near  x  =  0,  and  then  shows  a  slow  but  per¬ 
ceptible  decay  far  upstream. 


5.  Conclusions 

A  numerical  procedure  has  been  developed  to  calculate 
the  complete  wave  resistance  Green’s  function  Go  for  the 
case  of  a  nonoscillating  source  translating  below  the  free 
surface.  The  numerical  implementation  is  based  on  the 
unique  work  of  Bessho,  who  succeeds  in  representing  Gq  as 
a  single  integral  in  the  complex  plane.  We  have  recast  this 
integral  as  three  real  single  integrals  G,,  Gg,  and  Gg,  where 
Gj  +  Gg  corresponds  to  the  double  or  even  integral  G<  and 
the  third  integral  to  the  single  or  odd  integral  in  the  usual 
representation  of  Gq.  By  simple  rearrangement,  we  can  also 
express  our  results  in  terms  of  the  more  physical  near  field 
and  wavelike  components  N  and  W.  Computer  time  depends 
on  a  number  of  f'-  ;tors,  principally  the  submergence  of  the 
source  z,  the  required  accuracy  e,  and  the  horizontal  dis¬ 
tances  X  and  y  from  the  source. 

A  number  of  checks  have  been  performed  on  the  accu¬ 
racy  of  our  numerical  analysis  and  computer  code  develop¬ 
ment.  For  field  points  located  on  each  of  the  three  coordi¬ 
nate  axes,  our  calculated  values  for  fV  agree  well  with  accu¬ 
rately  calculated  benchmark  values.  Our  comparison  for  the 
points  on  the  x  axis  is  facilitated  by  using  specialized  limit 
expressions  for  y  =  O;  z  —  0  for  two  of  our  three  integrals. 
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Also,  the  calculated  results  show  the  required  mutual  annul¬ 
ment  of  Gg  and  far  upstream.  A  number  of  line  plots 
ate  given  to  shown  the  often  dramatic  differences  in  the 
behavior  of  the  integrands  in  different  regions  of  the  compu¬ 
tation  domain.  Contour  and  line  plots  show  the  relative  and 
detailed  behavior  of  the  various  integrals. 
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ABSTRACT 

The  study  presents  a  modified  mathemati¬ 
cal  expression  for  the  wave-spectrum  function 
in  the  Fourier  representation  of  the  wave 
pattern  of  a  ship  advancing  at  constant  speed 
In  calm  water.  This  new  expression  Is 
obtained  from  the  well-known  usual  expression 
via  several  applications  of  Stokes'  theorem 
resulting  In  the  combining  of  the  Integrals 
along  the  waterline  and  over  the  hull  surface 
of  the  ship.  The  modified  expression  for  the 
wave-spectrum  function  is  considerably  better 
suited  than  the  usual  expression  for  accurate 
numerical  evaluation  because  the  significant 
numerical  cancellations  which  occur  between 
the  waterline  and  hull  Integrals  In  the  usual 
expression  are  automatically  and  exactly 
accounted  for  In  the  modified  expression,  as 
is  demonstrated  mathematically  and  confirmed 
numerically. 

INTRODUCTION 

Near-fleld  potential-flow  calculations 
about  ships  advancing  at  constant  speeds  In 
calm  water  are  routinely  required  for  evalua¬ 
ting  their  hydrodynamic  characteristics,  both 
In  calm  water  and  in  waves,  and  for  determin¬ 
ing  the  required  propulsion  and  control 
devices.  Calculations  of  far-fleld  ship  wave 
patterns  are  also  Important  In  connection 
v;lth  wave-resistance  predictions  and  remote 
sensing  of  ship  wakes.  In  particular,  the 
latter  practical  application  requires  the 
capability  to  determine  the  short  divergent 
waves  in  the  wave  spectrum  having  wavelengths 
between  5  cm  and  40  cm  associated  with  Bragg 
scattering  of  the  electromagnetic  waves  In 
typicsl  SA.R  systsrjs  used  in  rcTnctc  sensing  o* 
ship  wakes.  No  meaningful  predictions  of 
such  short  waves  can  be  obtained  on  the  basis 
of  currently  available  numerical  methods. 

More  generally,  numerical  predictions  of  the 
steady  wave  pattern  at  large  and  moderate 
distances  behind  a  ship  are  notoriously  dif¬ 
ficult  and  unreliable,  as  was  recently  made 
clear  at  the  Workshop  on  Kelvin  Wake 
Computations  [l].  Ship  wave-resistance  cal¬ 
culations  are  also  knov/n  to  be  unreliable. 


Several  alternative  numerical  methods 
have  been  developed  foe  evaluating  near-fleld 
flow  about  a  ship,  that  Is,  flow  at  the  hull 
surface  and  In  Its  vicinity.  These  Include 
finite-difference  methods,  e.g.  Coleman  [2] 
and  Mlyata  and  Nlshlmura  [3] ,  and  the  more 
widely  used  boundary-lntegral-equatlon 
methods,  also  known  as  panel  methods.  The 
latter  methods  can  be  divided  Into  two  main 
groups,  according  to  the  Green  function  that 
is  used.  These  two  groups  of  methods  are  the 
Ranklne-source  method  and  the  Neumann-Kelvln 
method,  which  are  based  on  the  simple  Ranklne 
(free-space)  fundamental  solution  and  the 
more  complex  Green  function  satisfying  the 
linearized  free-surface  boundary  condition, 
respectively. 

The  Ranklne-source  method  was  Initiated 
by  Gadd  [4],  Dawson  [s]  and  Daube  [6],  and 
has  since  been  adopted  by  many  authors.  The 
Neumann-Kelvln  approach  has  a  long  history. 

A  survey  of  recent  numerical  predictions 
obtained  by  a  number  of  authors  on  the  basis 
of  the  Neumann-Kelvln  method  may  be  found  In 
Baar  (7].  This  study  and  that  by  Andrew, 

Baar  and  Price  [8]  also  contain  extensive 
comparisons  of  the  authors'  own  Neumann- 
Kelvln  numerical  predictions  with  experimen¬ 
tal  data.  An  approximate  solution,  defined 
explicitly  In  terms  of  the  value  of  the 
Froude  number  and  the  hull  shape,  to  the 
Neumann-Kelvln  problem  was  proposed  In 
Noblesse  [9],  This  slender-shlp  approximation 
was  recently  used  by  Scragg  et  al..[l0]  and 
compared  to  both  Neumann-Kelvln  predictions 
and  experimental  data  In  [7]  and  [8]  and  to 
experimental  data  In  [l]  and  [ll]. 

The  aforementioned  alternative  numerical 
methods  for  predicting  flow  in  the  vicinity 
of  a  ship  arc  not  all  directly  suitable  for 
predicting  the  far-fleld  wave  pattern  of  a 
ship.  More  precisely,  the  finite-difference 
method  and  the  Ranklne-source  panel  method 
require  truncating  the  flow  domain  at  some 
relapively-small  distance  away  from  the  ship 
and  therefore  can  only  be  used  for  near-fleld 
flow  calculations.  (However,  these  near-fleld 
flow  predictions  can  be  used  as  Input  to  the 
far-fleld  Neumann-Kelvln  flow  representation 
considered  In  this  study.)  On  the  other  hand, 
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the  Neumann-Kelvin  theoretical  framework  is 
equally  suitable  for  near-field  and  far-field 
flow  predictions*  Indeed,  the  far-field 
Neumann-Kelvin  flow  representation  is  a 
simplified  particular  case  of  the  correspond¬ 
ing  near-field  representation. 

The  problem  considered  in  this  study  is 
that  of  evaluating  the  steady  wave  spectrum 
and  the  wave  pattern  of  a  ship  at  moderate 
and  large  distances  behind  it  in  terms  of  the 
near-field  flow  on  the  hull  surface.  The 
near-field  flow  thus  is  assumed  known  for  the 
purpose  of  the  present  study,  which  la  con¬ 
cerned  with  the  prediction  of  the  steady  wave 
spectrum  and  the  wave  potential  behind  a  ship 
stern  within  the  Neumann-Kelvin  theoretical 
framework  as  was  just  noted. 

This  theory  expresses  the  wave  potential 
in  terms  of  a  Fourier  representation,  as  is 
well  known  and  is  specifically  indicated  by 
Eq.  (3)  in  this  study.  The  wave-spectrum  (or 
wave-amplitude)  function  in  this  Fourier 
representation  is  defined  by  the  sum  of  an 
integral  along  the  mean  waterline  and  an 
Integral  over  the  mean  wettf.d-hull  surface. 
This  expression  for  the  wave-spectrum  func¬ 
tion  is  ill  suited  for  acx'.urata  numerical 
evaluation  because  the  waterline  integral  and 
the  hull  integral  largely  cancel  out,  as  la 
shown  further  on  in  this  study.  Errors  which 
inevitably  occur  in  the  numerical  evaluation 
of  the  waterline  and  hull  Integrals  cause 
imperfect  numerical  cancellations  between 
these  integrals  and  corresponding  large 
errors  in  their  sum.  This  fundamental  diffi¬ 
culty  was  recognised  in  [9]  and  in  [l2], 
where  attempts  to  remedy  It  were  presented. 
However,  these  ad  hoc  approximate  numerical 
remedies,  based  upon  combining  the  waterline 
Integral  with  the  contribution  to  the  hull 
Integral  stemming  from  the  upper  part  of  the 
hull  surface  ace  not  satisfactory. 

A  conceptually  simpler  and  numerically 
more  effective  remedy  is  presented  in  this 
study,  in  which  a  modified  mathematical 
expression  for  the  wave-spectrum  function  is 
obtained  via  several  applications  of  Stokes' 
theorem  resulting  in  the  combining  of  the 
waterline  Integral  and  the  hull  Integral, 

This  new  expression  for  the  wave-spectrum 
function  is  considerably  better  suited  than 
the  usual  expression  for  accurate  numerical 
evaluation  because  the  significant  numerical 
cancellations  which  occur  between  the  water¬ 
line  and  hull  Integrals  in  the  usual  expres¬ 
sion  are  automatically  and  exactly  accounted 
for,  via  a  mathematical  transformation.  In 
the  modified  expression  obtained  in  this 
study.  The  fundamental  advantage  of  the  new 
expression  over  the  usual  one  may  readily  be 
appreciated  from  Fig.  4. 

Another  interesting  feature  of  the  modi¬ 
fied  expression  for  the  wave-spectrum  func¬ 
tion  is  that  it  only  requires  the  tangential 
velocity  at  the  hull,  not  the  potential, 
whereas  the  usual  expression  requires  the 
values  of  both  the  velocity  potential  and  its 
gradient  at  the  hull.  The  modified  expres¬ 
sion  thus  defines  the  wave-spectrum  function 


in  terras  of  the  speed  and  the  size  of  the 
ship,  the  shape  of  the  mean  wetted-hull  sur¬ 
face  and  the  tangential  velocity  at  the  mean 
hull  surface.  This  expression  is  suitable 
for  use  in  conjunction  with  any,  near-fieW 
flow-calculation  method,  Including  boundary- 
integral-equation  methods  based  on  source 
distributions  and  other  numerical  methods  in 
which  the  velocity  vector  is  determined 
directly  on  the  mean  hull  surface  rather  than 
derived  from  the  potential,  tt  provides  a 
practical  and  reliable  method  for  coupling  a 
far-field  Neumann-Kelvin  flow  representation 
with  any  near-field  flow-calculation  method, 
including  methods  based  on  the  use  of  Rankine 
sources  or  finite  differences. 

NBUMANN-KEhVIN  REPRESENTATION  FOR 
THE  WAVE  POTENTIAL 

As  already  noted,  this  study  considers 
steady  potential  flow  about  a  ship  advancing 
at  constant  speed  in  calm  water  of  infinite 
depth  and  lateral  extent.  Nondimenslonal 
coordinates  and  flow  variables  are  defined  in 
terms  of  the  length  L  and  the  speed  U  of  the 
ship  and  the  water  density  p.  The  undisturbed 
sea  surface  is  chosen  as  the  plane  z  ■  0, 
with  the  z-axls  pointing  upwards,  and  the  x- 
axls  is  taken  in  the  ship  centerplane  (port¬ 
end  starboard-symmetry  is  assumed)  and  point¬ 
ing  toward  the  bow,  as  is  depicted  in  Fig.  1. 
The  Froude  number  and  its  Inverse  are  denoted 
by  F  and  v,  respectively,  and  ate  given  by 

F  -  U/(gL)^^^  <•  1/v  ,  (1) 

where  g  is  the  acceleration  of  gravity. 

Within  the  so-called  Neumann-Kelvin  theo¬ 
retical  framework,  the  velocity  potential 
i(>(5)  at  any  point  5  “  (5>  h)  C  £  0)  strictly 
outside  the  ship  hull  surface  ia  defined  in 
terms  of  an  Integral  representation  [9,  13] 
involving  Integrals  along  the  mean  waterline 
and  over  the  mean  wetted-hull  surface  of  the 
ship.  The  Integrands  of  these  Integrals 
Involve  the  values  of  the  potential  ^  and  of 
its  gradient  at  the  mean  hull  surface  as  well 
as  the  Green  function  and  its  gradient.  The 
Green  function  may  be  expressed  as  the  sum  of 
three  terms  [l4]  corresponding  to  a  Rankine 
source/slnk  pair,  a  nonosclllatory  nenr-fleld 
flow  disturbance  and  the  wave  pattern  behind 
the  singular  point  in  the  Green  function. 
Likewise,  the  potential  41  (5)  may  then  be 
expressed  as  the  sura  of  three  terms,  as 
follows: 

-(■(e)  »  4g(5)  +  <l>„(5)  +  ♦yCe)  ,  (2) 

where  i|>S  »  ♦n  3"'^  *('W  correspond  to  the  singu¬ 
lar  source/slnk  term,  the  nonosclllatory 
neat-field  term  and  the  wave  terra,  respec¬ 
tively,  In  the  expression  for  the  Green 
function.  This  study  is  restricted  to  the 
numerical  evaluation  of  the  wave  potential 

,  which  is  the  most  complf  •  of  the  three 
components  in  Eq.  (2)  and  is  dominant  at  some 
distance  behind  the  ship. 
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More  precisely,  the  problem  considered  In 
this  study  Is  that  of  evaluating  the  viave 
potential  (|iw(5)  at  any  point  (5,  n,  C  <  0) 
behind  the  ship  stern.  It  Is  shown  ln'~[9] 
and  [13]  that  the  wave  potential  may  be 
defined  In  terras  of  the  following  Fourier 
Integral  representation: 

<j>y(5)  “  (2/ti)  /“  exp(v^CP^)  cos(v^npt) 

Ira  exp(lv^Cp)  K(t)  dt  ,  (3) 

where  p  Is  defined  In  terras  of  the  Fourier 
variable  t  by  the  relation 

p  =  (1  +  t^)  ,  (4) 

and  K(t)  represents  the  wave-spectrum  func¬ 
tion  defined  further  on  In  this  study.  The 
wave  potential  <|)w(5)  in  Eq.  (3)  Is  expressed 
In  terras  of  a  familiar  Fourier  superposition 
of  elementary  plane  wa''es  propagating  at 
angles  6  from  the  ship  track  given  by 

tan6  “  t  .  (5) 

The  amplitudes  of  these  elementary  plane-wave 
components  are  essentially  given  by  the  func¬ 
tion  K(t),  which  may  thus  be  referred  to  as 
the  far-fleld  wave-amplitude  function  or  as 
the  free-wave  spectrum  function.  The  wave- 
spectrum  function  K(t)  contains  essential 
Information  directly  relevant  to  a  ship's 
wave  resistance  and  wave  pattern.  In  partic¬ 
ular,  the  wave  resistance,  R  say,  experienced 
by  the  ship  Is  defined  In  terras  of  the  wave- 
spectrum  function  by  means  of  the  well-known 
Havelock  formula 

itR/(pU\^)  =  /"  [K(t)]^  p  dt  .  (6) 

The  wave-spectrum  function  K(t)  In  Eqs. 
(3)  and  (6)  may  be  expressed  as  the  sura  of 
two  terras  [9],  as  follows: 

K(t)  =Kg(t)  +K^(t)  ,  (7) 

where  Kg  represents  the  (zeroth-order) 
slender-shlp  approximation  and  the 
Neumann-Kelvln  correction  terra  In  the 
Meuiiann-Kelvin  approximation  Kg  +  K^.  More 
precisely,  the  function  Kg  +  K^  corresponds 
to  the  usual  linearized  Neuraann-Kelvln 
approximation.  In  which  the  nonlinear  terras 
In  the  free-surface  boundary  condition  are 
neglected.  These  nonlinear  terras  yield  an 
additional  terra  In  the  expression  for  the 
spectrum  function  K,  defined  by  an  Integral 
over  the  mean  free  surface  [9,13],  which  Is 
ignored  here.  The  slender-shlp  approximation 
Kg  is  defined  explicitly  In  terras  of  the 
value  of  the  Froude  number  and  the  hull 
shape,  whereas  the  Neunann-Kelvln  correction 
also  depends  on  the  value  of  the  potential 
ij)  at  the  mean  hull  surface.  The  functions  Kg 
and  K*  are  considered  In  turn,  beginning  with 
the  slender-shlp  approximation  Kg. 


THE  SLENDER-SHIP  APPROXIMATION 


The  slender-shlp  approximation  Kg(t)  to 
the  wave-spectrum  function  K(t)  is  defined  In 
[9]  as  the  sun  of  a  line  Integral  Kw(b)  along 
the  ship's  mean  waterline  w  and  a  surface 
Integral  Ki,(t)  over  the  ship's  mean  wetted- 
hull  surface  h,  as  follows: 


KQ(t)  =  K^(t)  +K|^(t)  ,  (8) 

where  the  waterline  and  hull  integrals  are 
given  by 

K  -  /  (E  +E  )n  ^t  dX  ,  (9a) 

exp(v^p^z)(E^+E_)n^  da  .  (9b) 

In  these  expressions,  E+  represent  the 
trigonometric  functions  defined  as 

E^  »  exp[-lv^p^(ux  ±  vy)]  ,  (10) 

where  u  and  v  are  given  by 

u  “  1/p  and  V  =  t/p  ;  (11a, b) 

it  may  then  be  seen  from  Eq.  (4)  that  we  have 

l>u>0  and  0<v<l  (12a, b) 

for  0  ^  t  £  "  >  with 

u^  +  v^  =  1  .  (13) 


Furthermore,  w  and  h  represent  the  positive 
halves  of  the  mean  waterline  and  of  the  mean 
wetted-hull  surface,  respectively,  as  Is 
depicted  In  Fig.  1  where  h  =  s  +  b  with  s  “ 
hull  side  and  b  =  hull  bottom.  Also,  dX  Is 
the  differential  element  of  arc  length  of  w 
and  da  the  differential  element  of  area  of  h. 
Finally,  n  =•  (n^,  ny,  n^)  Is  the  unit  vector 
normal  to  h  and  pointing  outside  the  ship, 
and  t  “  (tj{,  ty,  tj  “  0)  is  the  unit  vector 
tangent  to  w  and  pointing  toward  the  bow,  as 
Is  shown  In  Fig.  1. 

The  hull  bottom  of  a  typical  ship  Is  a 
nearly  horizontal  surface,  so  that  we  have 
n,j  =  0  on  b,  but  n^  Is  usually  significant  on 
the  hull  side  in  the  bow  and  stern  regions. 
However,  the  hull  side  of  a  typical  ship  Is  a 
nearly  vertical  surface,  l.e.  we  have  n^  =  0 
on  s.  It  Is  therefore  convenient  to  express 
the  hull  integral  as  the  sum  of  Integrals 
over  the  hull  side  and  the  hull  bottom,  and 
to  modify  the  hull-side  Integral  Into  a  form 
Involving  the  source  density  nj.  Instead  of 
njt  by  using  Stokes'  theorem  in  the  manner 
shown  in  [l3].  The  slender-shlp  approxima¬ 
tion  ■^g(t)  iwy  then  be  expressed  In  the  form 


f  /4.\  —  V  O.  V  M  V 
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where  the  functions  K  *(t),  K  ,(t)  and  K.  *(t) 

j  e  t  j  W  ^ 

are  derlned  as 


K  *  =  /  (E>E  )(n  ^-u^)t  dX  ,  (15a) 

w  'w  +  -  X  y  ’ 
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K^,  -  /^,  exp(v2p2z)(E^+E_)ty  dl  ,  (ISb) 

Kj^*  =  -Iv^u  /g  exp(v^p^z)(E^+E_)n^  da 

+  exp(v^p^z)(E^+E_)n^  da  .  (15c) 

In  the  foregoing  modified  expression  for 
the  slender-shlp  approximation  Ko(t),  the 
function  Ky*(t)  represents  a  modified  water¬ 
line  Integral,  with  source  density  (nx^-u^)ty 
Instead  of  n^j^ty  in  Eq.  (9a).  Furthermore, 
the  function  K„t (t)  corresponds  to  a  line 
Integral  along  the  waterllne-llke  curve  w’ 
separating  the  hull  side  s  and  the  hull 
bottom  b,  as  Is  shown  In  Fig.  1;  the  unit 
tangent  vector  t  ■  (t^,  ty,  t^)  to  the  "lower 
waterline"  w*  points  toward  the  bow.  Finally, 
Kj,*(t)  represents  a  modified  hull  Integral 
consisting  of  the  sura  of  an  Integral  over  the 
hull  bottom  b  and  the  hull  side  s,  with 
source  densities  given  by  n^;  and  -lunz  , 
respectively.  The  latter  source  density  Is 
null  for  a  wall-sided  ship  and,  more 
generally,  vanishes  In  the  limit  t  +  “  ,  as 
may  be  seen  from  Eqs.  (4)  and  (11a).  The 
hull-side  Integral  therefore  Is  generally 
less  Important  In  the  modified  expression 
(14)  than  In  the  original  expression  (8).  In 
particular,  the  hull-side  and  hull-bottom 
Integrals  In  Eq.  (15c)  are  null  for  a  wall¬ 
sided  ship  with  a  flat  horizontal  bottom 
(l.e.,  a  strut-llke  form),  for  which  Eq.(14) 
thus  expresses  the  slender-shlp  approximation 
Ko(t)  as  the  sum  of  two  line  Integrals.  For 
large  values  of  v2p2  ■  (sec20)/F2  ,  the  trig¬ 
onometric  functions  E±  defined  by  Eq.  (10) 
oscillate  rapidly.  The  dominant  contribution 
to  the  modified  waterline  Integral  K^*  In  Eq. 
(14)  therefore  stems  from  the  points.  If  any, 
where  the  phases  u2p2(ux  ±  vy)  of  the  trigo¬ 
nometric  functions  E+  are  stationary.  These 
points  of  stationary  phase  are  defined  by  the 
conditions  udx  ±  vdy  =•  0,  which  yield  the 
relations 

°  t  “  +  u  ;  (I6a,b,c) 

the  latter  two  relations  can  be  obtained  from 
Eq.  (I6a)  by  using  Eq.  (13)  and  the  Identity 
tx^  +  ty^  “  !• 

The  term  u^  In  the  Integrand  of  the  modi¬ 
fied  waterline  Integral  K„*  defined  by  Eq. 
(15a)  stems  from  the  Integral  on  the  hull 
side  In  Eq.  (8),  as  may  be  seen  by  comparing 
the  alternative  expressions  for  the  function 
Kq  given  by  Eqs.  (8),  (9a, b)  and  Eqs.  (14), 
(15a, b,c).  We  have  n,t  »  -ty  along  the  top 
waterline  of  a  wall-sided  snip;  Eq.  (16c) 
therefore  shows  that  the  terra  nx^-u^  In  the 
Integrand  of  the  modified  waterline  Integral 
K„*  vanishes  at  a  point  of  stationary  phase 
for  a  wall-sided  ship.  This  result  Indicates 
chat  the  waterline  Integral  and  the  hull-side 
Integral  In  Eq.  (8)  cancel  out  In  a  first 
approximation  (specifically,  within  the 
stationary-phase  approximation)  for  a  wall¬ 
sided  ship.  The  major  contributions  to  these 
two  Integrals  thus  are  combined  Into  the 
modified  waterline  Integral  K^,*  In  the  modi¬ 


fied  expression  (14),  and  the  modified  hull- 
side  Integral  In  Eq.  (14)  is  less  Important 
than  the  original  hull-side  Integral  In  Eq. 
(8)  as  was  already  noted. 

The  modified  expression  for  the  slender- 
shlp  approximation  Ko(t)  defined  by  Eqs.  (14) 
and  (lSa,b,c)  thus  Is  better  suited  for  accu¬ 
rate  numerical  evaluation  than  the  usual 
expression  defined  by  Eqs.  (8)  and  (9a, b)  for 
large  values  of  u2p2,  that  Is  for  small 
values  of  the  Froude  number  and/or  large 
values  of  t  “  tanO.  However,  significant  can¬ 
cellations  may  be  expected  to  occur  between 
Che  line  Integrals  K^*  and  in  Eq.(14)  for 
relatively  large  values  of  the  Froude  number 
and  small  values  of  tan9.  More  precisely, 
the  terra  -u2(E++E_)ty  In  the  Integrand  of  the 
top-waterllne  integral  K„*  defined  by  Eq. 
(15a)  and  the  Integrand  u2exp(v2p2z)(E4.+E_)ty 
of  the  lower-waterline  Integral  K„i  defined 
by  Eq.  (15b)  nay  nearly  cancel  out  if 
exp  K  1,  that  Is  for  small  values  of 

v2p2(i  where  d  Is  the  ship  draft. 

It  therefore  is  useful  to  express  Eq. 

(14)  in  the  following  form: 


K.o(t)  »K*(t)  +K'(t)  ,  (17) 

where  the  functions  K^(c)  andK'(t)  are 
defined  as 


■  -fw 

[n  ^-u^+u^exp(v^p^z)]  t  dl  ,  (I8a) 

X  y 

K'  ■  u^  /^,  exp(v^p^z)(E^+E_)ty  dl 

-  u^  /  exp(v^p^z)(E  +E_^)t  dl 
w  T  y 

-  iv^u  exp(v^p^z)(E^+E_)n^  da 

+  exp(v^p^z)(E_^+E_)n^  da  .  (18b) 


In  the  Integrals  along  the  top  waterline  w  In 
Eqs.  (18a, b),  z  Is  to  be  taken  equal  (or, 
more  generally,  approximately  equal)  to  the 
vertical  coordinate  of  the  point  (x,y,z)  on 
the  lower  waterline  w’  ,  In  such  a  way  that 
the  Integrals  along  the  lower  waterline  w* 
and  the  top  waterline  w  In  Eq.  (18b)  nearly 
cancel  out. 

In  the  simple  case  of  a  strut-llke  hull 
form  we  have  n^  “  0  on  the  hull  bottom  b  and 
ng  “  0  on  the  hull  side  s.  Furthermore,  the 
lower  waterline  w’  Is  Identical  to  the  top 
waterline  w  except  for  a  vertical  translation 
equal  to  the  ship  draft  d,  and  z  In  the 
Integrals  along  the  lower  and  top  waterllnes 
w'  and  w  in  Eq.  (18b)  Is  equal  to  -d.  For 
such  a  simple  strut-llke  hull  we  then  have 
K'(t)  “  0  and  Eq.  (17)  yields  Ko(t)  ••  K*(t). 
The  modified  waterline  Integral  K*  defined 
by  Eq.  (18a)  thus  provides  an  exact  expres¬ 
sion  for  the  slender-shlp  approximation  Kq  in 
the  special  case  of  a  strut-llke  hull  form. 

For  a  simple  hull  In  the  shape  of  a  strut 
Che  alternative  expressions  for  the  slender- 
shlp  approximation  Kq  defined  by  Eqs.  (8)  and 
(17)  become 
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Kjj(t)  =  K.^(t)  +Kg(t)  =  K*(t)  ,  (19) 

where  the  hull  Integral  Kjj  In  Eq.  (8)  was 
replaced  by  the  hull-side  Integral  Kg  since 
we  have  nj{  »  0  on  the  horizontal  bottom  of  a 
strut.  The  real  and  Imaginary  parts  of  the 
functions  K„(t)  ,  Kg(t)  and  Ko(t)  =  K*(t)  are 
depicted  In  Fig,  2  for  0  _<  t  »  tanO  _<  5 
(corresponding  to  0  £  9  <  79°)  for  a  specific 
strut-llke  hull  form  at  three  values  of  the 
Froude  number,  namely  0.1  (top  row),  0.2 
(center  row)  and  0.3  (bottom  row).  The  strut 
considered  for  the  calculations  presented  In 
Fig.  2  has  beam/length  and  draft/length 
ratios  equal  to  0.16  and  0.07,  respectively, 
and  consists  of  a  pointed  bow  region  0.2  <  x 
^0,5  with  parabolic  waterllnes,  a  straight 
middle-body  region  -0.3  ^  x  ^  0.2  and  a 
rounded  stern  region  -0.5  £  x  ^  -0.3  with 
elliptic  waterllnes. 

The  top  tow  of  Fig.  2,  corresponding  to 
the  small  value  of  the  Froude  number  F  equal 
to  0.1,  shows  that  the  function  Kq  Is  signif¬ 
icantly  smaller  than  the  waterline  and  hull- 
side  Integrals  K^,  and  Kg  In  Eqs.  (19)  and 
(8),  This  numerical  result  Is  In  accordance 
with  the  previously-established  theoretical 
result  that  the  major  contributions  to  the 
Integrals  and  Kg  cancel  out  for  small  val¬ 
ues  of  the  Froude  number.  The  function  Kq  , 
especially  Its  real  part  represented  by  a 
solid  line.  Is  also  appreciably  smaller  than 
the  functions  K^,  and  Kg  In  the  center  row  of 
Fig.  2  corresponding  to  F  =  0,2  and,  to  a 
reduced  degree,  In  the  bottom  row  correspond¬ 
ing  to  the  fairly  large  value  0.3  of  F. 

The  integral  Kyi(t)  along  the  lower 
waterline  w'  In  Eqs.  (14),  (15b)  and  (18b)  is 
also  depicted  In  Fig.  2.  The  top  cow  of  this 
figure,  corresponding  to  F  =  0.1,  shows  that 
the  lower-watecllne  Integral  K;,i  (t)  Is  negli¬ 
gible  In  comparison  with  the  function  Ko(t)  = 
K*(t)  for  all  values  of  t  due  to  the  expo¬ 
nential  function  exp  (v^p^z)  In  the  Integrand 
of  the  lower-waterline  Integral  K^,^  .  How¬ 
ever,  this  Integral  Is  significant  for  small 
and  moderate  values  of  t  =  tan9  In  the  center 
and  bottom  rows  of  Fig.  2  corresponding  to 
F  =  0.2  and  0.3,  respectively. 

For  typical  hull  forms  Eq.  (17)  expresses 
the  slender-shlp  approximation  Ko(t)  as  the 
.sum  of  the  modified  waterline  Integral  K*(t) 
defined  by  Eq.  (18a)  and  the  remainder  K'(t) 
defined  by  Eq,  (18b).  The  remainder  K* (t) 
may  generally  be  expected  to  provide  a  rela¬ 
tively  small  correction  to  the  dominant 
waterline  Integral  K*(t).  tn  particular,  the 
integrals  along  the  lower  and  top  waterllnes 
w'  and  w  and  the  hull-bottom  Integral  In  Eq, 
(18b)  decay  exponentially  due  to  the  exponen¬ 
tial  function  exp(v^p^z)  In  their  Integrands. 
These  three  Integrals  thus  are_ negligible  for 
sufficiently  large  values  of  v^p^  ,  for  which 
the  major  contribution  to  the  remainder  K' 
stems  from  the  upper  part  of  the  hull  side  In 
the  hull-side  Integral  In  Eq.  (18b). 

It  may  thus  be  useful  to  divide  Che  hull 
side  Into  an  upper  part  -5  ^  z  ^  0  and  a 
lower  part  z  _<  -6  ,  where  6~ls  some  fraction 


of  the  depth  of  the  hull  side  s.  The  upper 
hull  side  can  be  approximately  defined  by  the 
parametric  equations  x  »  a(l)  +  z  a(Jl)  and 
y  “  b(l)  +  z  8(1)  for  -5(1)  .<  z  £  0  ,  where  1 
represents  the  arc  length  along  the  top 
waterline  w  defined  by  x  »  a(l)  and  y  »  b(l), 
and  o  “  3x/3z  and  8  *•  3y/9z  are  the  slopes  of 
Che  hull  surface  at  the  waterline.  The  con¬ 
tribution  of  the  upper  part  of  the  hull  side 
to  the  hull-side  Integral  In  Eq.  (18b)  can 
then  be  expressed  as  an  Integral  along  the 
top  waterline  w,  which  can  be  grouped  with 
the  top-waterllne  Integral  K*  defined  by  Eq. 
(18a).  In  this  manner  the  dominant  waterline 
Integral  K*  Is  modified  by  Including  the  con¬ 
tribution  of  the  upper  part  of  the  hull  side 
to  the  hull-side  Integral  In  Eq.  (18b), 
whereas  the  remainder  K’  Is  modified  by 
restricting  the  Integration  In  the  hull-side 
Integral  to  the  lower  part  of  the  hull  side. 

This  modified  remainder  K'  thus  is  expo¬ 
nentially  small  for  large  values  of  v^p^  » 
and  can  only  be  significant  for 
small  and  moderate  values  of  v^p^.  The  hull 
bottom  b,  the  lower  part  of  the  hull  side  s 
and  Che  lower  and  top  waterllnes  w'  and  w  In 
expression  (18b)  for  the  remainder  K'  may 
then  be  approximated  by  using  a  relatively 
coarse  discretization,  whereas  a  finer 
discretization  may  be  used  for  representing 
the  top  waterline  w  In  expression  (18a)  for 
the  dominant  waterline  Integral  K*  ,  The 
modified  form  of  the  top-waterllne  Integral 
(I8a)  Including  the  contribution  of  the  upper 
hull  side  to  the  hull-side  Integral  in  Eq, 
(18b)  can  easily  be  derived  from  Eq,  (18b). 

THE  MEUMANN-KELVIN  APPROXIMATIOH 

The  correction  term  Ka  in  Eq.  (7)  for  the 
Neumann-Kelvln  approximation  Kq  +  to  the 
wave-spectrum  function  K  is  defined  by  the 


sura  of  a  waterline  Integral  and  a  hull- 
surface  Integral  [9,13]: 

K^(t)  -  Kjj(t)  +K,^’(t)  +Kjj'(t)  ,  (20) 

where  Kvj(t)  and  Kv;'(t)  are  the  waterline 
Integrals  andKH'(t)  the  hull-surface 
Integral  defined  as 

\  (E^+E_)(t^*^+8^tg)ty  <tt  ,  (21a) 

K„'  -  iv%  (E++E_)^ty  dl  ,  (21b) 

Kjj'  -  (v^p)^  exp(v^p^z) 

(E_j_n^+E_n_)^  da  .  (21c) 

In  the  foregoing  equations  E+  are  the  trigo¬ 
nometric  functions  defined  by  Eq.  (10).  The 
functions  n+  In  Eq.  (21c)  are  defined  as 

n^  ”  -n^  + 


In  Eqs.  (21a-c)  and  (22),  t  •  (t^,  ty,  0)  is 
the  unit  vector  tangent  to  the  waterline  w 
and  pointing  toward  the  bow,  as  was  already 
defined,  s  ■  (s^,  Sy,  Sg)  is  a  unit  vector 
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tangent  to  the  hull  surface  h  and  pointing 
downwards  and  n  =  (nj^,  ny,  nz)  Is  the  unit 
vector  normal  to  h  and  pointing  outside  the 
ship,  as  Is  shown  In  Fig.  1.  Finally,  (j)t  and 
(j>g  In  Eq.  (21a)  represent  the  components  of 
the  velocity  vector  V({i  In  the  directions  of 
the  unit  tangent  vectors  t  and  s  to  h, 
respectively. 

Numerical  evaluation  of  the  waterline  and 
hull  Integrals  In  Eq.  (20)  is  a  seemingly 
simple  task,  given  the  value  of  the  potential 
if  on  the  mean  hull  surface  h  +  w  ;  In  partic¬ 
ular,  the  Integrands  of  the  Integrals  defined 
by  Eqs.  (21a-c)  are  continuous  functions. 
Nevertheless,  accurate  and  efficient  numeri¬ 
cal  evaluation  of  these  Integrals  requires 
careful  analysis  because  the  trigonometric 
functions  E+  defined  by  Eq.  (10)  oscillate 
rapidly  for  large  values  of  v^p^,  as  Is  the 
case  for  typical  values  of  the  Froude  number 
F  =  1/v  and  of  the  Fourier  variable  p^  =  1  + 
t2  =  sec^e,  and  because  the  potential  f  In 
the  Integrands  of  the  waterline  and  hull 
Integrals  Kvj'  and  K^'  in  Eqs.  (21b, c)  Is  mul¬ 
tiplied  by  the  large  numbers  v^p  and  (v^p)^, 
respectively.  More  precisely,  we  have  10^  < 
v**  <  lO**  for  0.1  <  F  <  0.32  and  p2  >  10  for 
0  >  72°;  values  of  (v^p)^  as  large  as  10® 
thus  are  possible.  The  waterline  and  hull 
Integrals  Ky'  and  Kjj'  In  Eq.  (20)  may  then  be 
expected  to  be  dominant  and  to  largely  cancel 
out,  as  is  shown  In  Fig.  3. 

More  precisely.  Fig.  3  depicts  the  func¬ 
tions  ,  Kh  +  Ky’  and  Kj;'  for  0  _<  t  _<  10 
(corresponding  to  0  £  0  <  85°)  for  the'’8lraple 
hull  form  considered  previously  In  Fig.  2 
with  an  assumed  simple  mathematical  expres¬ 
sion  for  the  value  of  the  velocity  potential 
(f  at  the  hull  surface.  Specifically,  the 
potential  In  Eqs.  (21a-c)  is  taken  as  (f  “  F^ 
exp(v^z)  cos(v^(x-l/2)-3n/8] ,  which  corre¬ 
sponds  to  an  elementary  plane  progressive 
wave.  This  simple  hull  form  and  assumed  sim¬ 
ple  expression  for  the  potential  at  the  hull 
surface  are  used  for  the  calculations  pre¬ 
sented  In  Fig.  3  because  they  permit  accurate 
numerical  calculations  (the  required  Integra¬ 
tions  can  be  partially  performed  analytical¬ 
ly)  and  they  are  adequate  for  the  purpose  of 
numerically  Illustrating  the  essential  prop¬ 
erties  of  the  several  alternative  mathemati¬ 
cal  expressions  for  the  Neumann-Kelvtn 
correction  examined  In  this  study.  Figure 
3  corresponds  to  a  value  of  the  Froude  number 
equal  to  0.15.  It  may  be  seen  from  Fig.  3 
that  the  function  Is  considerably  smaller 
than  the  waterline  and  hull  Integrals  Ky  + 

Ky'  and  K;;'  .  In  particular,  the  waterline 
and  hull  Integrals  Ky  +  Ky'  and  Kjj'  do  not 
appear  to  vanish  In  the  limit  t  +  (0 

90°).  Significant  cancellations  therefore 
occur  between  the  waterline  and  hull 
Integrals  In  Eq.  (20).  These  significant 
cancellations  occur  for  all  values  of  3  but 
ate  especially  notable  for  large  values  of  0, 
corresponding  to  the  short  divergent  waves  In 
the  spectrum. 

The  errors  which  Inevitably  occur  la  the 
numerical  evaluation  of  the  Integrals  + 


Ky'  and  Kjj'  cause  Imperfect  numerical  cancel¬ 
lations  between  these  components  and  corre¬ 
sponding  large  errors  in  their  sum.  Numerical 
errors  In  the  sum  can  be  especially  diffi¬ 
cult  to  control  because  the  errors  associated 
with  the  numerical  evaluation  of  the  hull 
Integral  Kjj'  and  the  waterline  Integral  + 
Kvi'  are  not  necessarily  comparable  (due  to 
differences  In  the  errors  associated  with 
numerical  Integration  over  hull  panels  and 
waterline  segments).  The  usual  expression 
(20)  for  the  Neumann-Kelvln  correction  In 
Eq.  (7)  thus  Is  111  suited  for  accurate 
numerical  evaluation.  A  modified  mathemati¬ 
cal  expression  In  which  the  cancellations 
between  the  waterline  and  hull  integrals  Ky  + 
Ky'  and  Kjj*  depicted  In  Fig.  3  are  automati¬ 
cally  and  exactly  accounted  for,  via  a  mathe¬ 
matical  transformation.  Is  presented  below. 

By  using  Stokes'  theorem  In  the  manner 
explained  In  [13]  we  can  combine  the  water¬ 
line  and  hull  integrals  Ky'  and  K^'  defined 
by  Eqs.  (21b, c)  into  a  modified  hull  Integral 
K;;  ,  as  follows: 

Kjj(t)  "  Ky'(t)  +K^'(t)  ,  (23) 

where  the  modified  hull  Integral  Kjj  is  given 
by 

Kjj  =  iv^p  exp(v^p^z)(E^a^+E_a_)  da  (24) 
with 

a.  “  n  3i))/3x  -  n  3i))/3z 

*2  X 

±  lv(n  3(}i/3y  -  n  3i|i/3x)  .  (25) 

X  y 

By  substituting  Eq.  (23)  Into  Eq.  (20)  we  may 
then  obtain  the  following  modified  expression 
for  the  Neumann-Kelvln  correction  K|j,(t): 

K^(t)  »  Kjj(t)  +  Kjj(t)  .  (26) 

The  functions  Kvj'  ,  Kh'  and  K;j  are  depic¬ 
ted  In  Fig.  3.  This  figure  shows  that  the 
waterline  and  hull  Integrals  Ky'  and  K^'  are 
considerably  larger  than  the  modified  hull 
integral  Kjj  .  Although  the  latter  Integral 
is  Identical  to  the  sum  of  the  integrals  Ky* 
and  Kh’  ,  it  clearly  Is  preferable  to  evalu¬ 
ate  Kh  directly  by  means  of  Eqs.  (24)  and 
(25)  rather  than  as  the  sum  of  the  Integrals 
Ky'  and  Kh'  defined  by  Eqs.  (21b, c).  The 
modified  expression  for  the  Neumann-Kelvln 
correction  Ki(t)  given  by  Eqs.  (26),  (2la), 
(24)  and  (25)  therefore  represents  a  signifi¬ 
cant  Improvement  In  comparison  with  the  usual 
expression  given  by  Eqs.  (20)  and  (21a-c).  It 
Is  shown  In  [l3]  that  the  cancellations 
between  the  waterline  integral  Ky’  and  the 
hull  Integral  Kq'  depicted  In  Fig.  3  can  be 
explained  mathematically  for  a  wall-sided 
ship  form  by  performing  an  asymptotic  analy¬ 
sis  In  the  limit  v^p^  +  «  similar  to  that 
presented  previously  in  this  study  for  the 
slender-shlp  approximation  Kq  . 

The  functions  Ky  ,  Kh  and  K^  in  the  modi¬ 
fied  expression  (26)  for  the  Neumann-Kelvln 
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correction  are  depicted  In  Fig.  3.  It  may  be 
seen  that  the  waterline  Integral  Ky  and  the 
modified  hull  Integral  Kjj  are  appreciably 
larger  than  their  sum  ,  especially  for 
large  values  of  t.  Significant  cancellations 
therefore  still  occur  between  the  waterline 
and  hull  integrals  In  Eq.  (26).  Further  mod¬ 
ifications  of  the  expression  for  the  function 
Ka  defined  by  Eqs.  (26),  (21a),  (2A)  and 
(25)  are  then  desirable  for  numerical 
calculations.  These  modifications  are  now 
presented. 

By  making  use  of  Stokes'  theorem  and  a 
classical  formula  In  vector  analysis  we  can 
obtain  [13]  the  following  alternative  expres¬ 
sion  for  the  Neuraann-Kelvln  correction  : 

K^(t)  -  K^^(t;C)  +K^(t5C)  ,  (27) 

where  Ky(t;C)  and  KH(t;C)  ate  the  modified 
waterline  and  hull  Integrals  defined  as 

(E^a^+E_a_)  dl  ,  (28a) 

Kr  -  iv^  /r  exp(v^p^z)(E^A^-E_A_)  da  .  (28b) 

The  amplitude  functions  oa  and  X±  In  Eqs. 
(28a, b)  are  given  by 


are  tangent  to  curves  which  approximately 
correspond  to  waterlines  and  framelines  and 
they  point  toward  the  bow  and  the  keel, 
respectively.  The  vectors  t  and  s  thus  are 
roughly  (but  not  necessarily  exactly)  ortho¬ 
gonal.  At  the  mean  free  surface,  the  vector 
t  is  tangent  to  the  top  waterline  (and  we 
thus  have  t^  “  0)  in  agreement  with  our  pre¬ 
vious  definition. 

Equations  (31a-c)  yield 


ny3^/3z-n^3(^/3y  “ 

(n  t  -n  t  )ij>^  +  (n  s  -n  8  )i 
y  z  z  y  '^t  y  z  z  y  s  » 

n^3i^/3x-n^34>/3z  " 

(n  t  -n  t  )4^  +  (n  8  -n  8  )()>  , 

z  X  X  z  ’^t  z  X  X  z  ’^s  ’ 

n  3^/3y-n  3^/3x  » 

X  y 

(n  t  -n  t  )4^  +  (n  s  -n  8  )(li  . 
X  y  y  X  '^t  X  y  y  x  ’^s 


(33a) 

(33b) 

(33c) 


By  using  Eqs.  (33a-c)  in  Eq.  (29b)  we  may 
express  the  amplitude  functions  A^  In  the 
form 


I  t  x  8  I  A^  « 


"  ^‘^x'*’t  ®x‘*'s^'^y  “  "  Cu)3(ti/3c  ,  (29a) 

A^  =  (Cu  -  v)(n  3(|)/3z  -  n  3({i/3y) 

-  y  z 

±  (Cv  +  u)(n  34i/3x  -  n  3(|i/3z) 

Z  X 

+  iC(n  3(|i/3y  -  n  3<ti/3x)  .  (29b) 

X  y 

In  the  foregoing  expressions,  C  Is  an 
arbitrary  complex  function  of  t  which  may  be 
selected  at  will.  Equations  (27),  (28a, b) 
and  (29a, b)  thus  define  a  one-parameter  fam¬ 
ily  of  alternative  raathematlcally-equlvalent 
expressions  for  the  Neumann-Kelvln  correction 
In  Eq.  (7). 

The  velocity  components  3(j/3x,  3i}i/3y  and 
3(|)/3z  In  Eq.  (29b)  defining  the  amplitude 
functions  A±  in  Eq.  (28b)  can  be  expressed  In 
terras  of  the  components  iJt  and  <^s  of  the 
velocity  vector  V<^  along  two  unit  vectors 


[(v-Cu)t^  +  (u+Cv)ty  -  lCt^]3ij>/3s 
-  [(v-Cu)s^  T  (u+Cv)8y  -  lC8^]3i|)/3t  .  (34) 

The  components  i|)g  and  (|>t;  of  7(j)  along  the 
unit  tangent  vectors  s  and  t  and  the  veloci¬ 
ties  3ij>/3s  »  V(|i*8  and  3^/3t  ■  7<|>»t  are 
related  as  follows 


3i)>/3s  +  e  4>  , 

s  c 

(35a) 

34>/3t  ”  4’).  ^  ♦g  > 

(35b) 

-  (34./3S  -  e  3((./3t)/(l  -  )  , 

(35c) 

-  (3^/3t  -  e  3(|)/38)/(1  -  e^ )  , 

(35d) 

where  e  Is  defined  as 

C  =  t  ♦  8  . 

(36) 

*^y’  *^z^  ®  ”  ^®x’  ®y’  ®z^  (30a, b) 

tangent  to  the  hull  surface.  More  precisely, 
we  have  7()>  =  n  3i)i/3n  +  t  <>t  +  s  <tig  ,  which 
yields 


3^/3x  “  n  3^/3n  +  t  ^  +  s  ,  (31a) 

X  X  C  X  s 

3if/3y  »  n  34i/3n  +  t  6  +  s  i  ,  (31b) 

y  y  t  y  s 

3(tr/3z  “  n^3<|i/3n  +  t^<j>|.  +  8^4'g  »  (31c) 

where  3<(i/3n  Is  the  velocity  component  along 
the  unit  outward  normal  vector  n  to  the  hull 
surface  defined  as 

n=(tx8)/|tx8|.  (32) 

Tlie  vectors  t  and  s  to  the  ship  hull  surface 


An  asymptotic  analysis  [ 13]  indicates 
that  the  modified  waterline  and  hull  Inte¬ 
grals  Kvj(t;C)  and  !CH(t;C)  in  Eq.  (27)  vanish 
more  rapidly  than  the  corresponding  Integrals 
Kw(t)  and  Kn(t)  in  Eq.  (26)  if  the  function 
C(t)  vanishes  in  the  limit  t  +  “  ,  that  Is  If 
we  have 

C(t)  +  0  as  t  +  “>  .  (37) 

An  obvious  choice  for  the  arbitrary  function 
C(t)  that  satisfies  this  condition  is 

C(t)  »  0  .  (38) 

The  corresponding  expression  for  the  Neumann- 
Kelvin  correction  K|j,  may  be  written  In  the 
form 
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K^(t)  =Ky"(t)  +Kjj"(c)  ,  (39) 

where  the  waterline  nnd  hull  Integrals  Ky* ' 
and  Kh"  are  defined  by  Eqs.  (28a, b),  (29a), 
(34)  and  (38). 

The  functions  Ky  and  K]j  In  Eq.  (26)  and 
the  functions  Kyj' '  and  K.h''  ®9*  (39)  are 

depicted  In  Fig.  3.  It  may  be  seen  that  the 
functions  Ky' '  and  Kjj' '  vanish  more  rapidly 
than  the  functions  Ky  and  Kh  for  Increasing 
values  of  t.  In  accordance  with  condition 
(37).  The  cancellations  occurring  between  the 
waterline  and  hull  Integrals  K^j  and  Kjj  for 
large  values  of  t  thus  are  significantly 
reduced  In  the  alternative  expression  (39), 
which  is  therefore  preferable  to  expression 
(26)  for  large  values  of  t.  However,  the 
functions  Kvf"  and  Kh"  are  appreciably 
larger  than  the  functions  Ky  and  Kh  for  small 
values  of  t,  and  significant  cancellations 
thus  occur  between  the  waterline  and  hull 
Integrals  Ky' '  and  Kh' '  for  small  values  of  t. 
Expression  (26)  therefore  Is  preferable  to 
expression  (39)  for  small  values  of  t,  where¬ 
as  the  reverse  holds  for  large  values  of  t. 

The  amplitude  functions  In  the  Integrands 
of  the  waterline  and  hull  Integrals  In  Eqs. 
(26)  and  (27)  can  be  shown  [13]  to  be  nearly 
Identical  for  small  values  of  t  If  the-arbl- 
trary  function  C(t)  satisfy  the  condition 

V  -  u  C(t)  «  1  as  t  +  0  .  (40) 

This  condition  ensures  that  the  waterline  and 
hull  Integrals  in  Eq.  (27)  are  nearly  identi¬ 
cal  to  the  corresponding  Integrals  In  Eq. 

(26)  in  the  limit  t  0.  The  large-t  and 
small-t  conditions  (37)  and  (40)  are  satis¬ 
fied  If  the  function  C(t)  is  selected  In  the 
form 

C(t)  »  u  V  X(t)  .  (41) 

2 

Condition  (40)  then  becomes  v(l-u  X)  «  1  as 
t  +  0.  Equation  (13)  shows  that  we  have 
v(l-u2x)  ~  v3  as  t  0  If  the  arbitrary  func¬ 
tion  X(t)  satisfies  the  condition 

X(t)  1  as  t  0  .  (42) 

An  obvious  choice  for  the  function  X(t) 
satisfying  condition  (42)  Is 

X(t)  =  1  .  (43) 

The  corresponding  expression  for  the  Neuraann- 
Kelvin  correction  K^  may  be  written  In  the 
form 

K^(t)  =  K„*(t)  +Kn*(t)  ,  (44) 

where  the  waterline  and  hull  Integrals  Ku* 
and  Kh*  are  defined  by  Eqs.  (28a, b),  (29a) 
and  (34)  in  which  C  Is  replaced  by  uv  ,  that 
Is 

C(t)  »uv=t  /  (l  +  t2).  (45) 

The  functions  Ky  and  Kh  In  Eq.  (26)  and 


the  functions  Ky*  and  Kh*  in  Eq.  (44)  are 
depicted  In  Fig.  3.  It  may  be  seen  that  the 
functions  Ky*  and  Kh*  vanish  more  rapidly 
than  the  functions  Ky  and  Kh  for  Increasing 
values  of  t.  In  this  respect,  the  functions 
Ky*  and  Kh*  are  comparable  to  the  functions 
Ky"  and  Kh"  also  depicted  In  Fig.  3. 

However,  the  functions  Kvi*  and  Kh*  and  the 
functions  Ky* '  and  Kh' '  are  significantly 
different  for  small  and  moderate  values  of  t. 
More  precisely,  the  functions  Ky' '  and  Kh' ' 
are  appreciably  larger  than  the  functions  Ky 
and  Kh  ,  as  was  already  noted,  whereas  the 
functions  Ky*  and  Kh*  are  comparable  to. 

Indeed  somewhat  smaller  than,  the  functions 
Ky  and  Kh  for  small  and  moderate  values  of  t. 
Figure  3  shows  that  the  cancellations  which 
occur  between  the  waterline  and  hull  Integrals 
Kh  and  Kh  In  Eq,  (26)  are  reduced  signifi¬ 
cantly  for  the  modified  waterline  and  hull 
Integrals  Kvj*  and  Kh*  in  Eq.  (44).  The  lat¬ 
ter  expression  for  the  NeumannHCelvln  correc¬ 
tion  K|^  therefore  Is  preferable  to  the  former 
one  for  accurate  numerical  calculations. 

In  summary,  the  waterline  and  hull 
Integrals  Ky  +  Ky'  and  Kh'  In  the  original 
expression  (20)  for  the  Neumann-Kelvln  cor¬ 
rection  K^  and  the  modified  waterline  and 
hull  Integrals  Ky*  and  Kh*  in  the  alternative 
expression  (44)  are  depicted  In  Fig,  4  for 
the  simple  case  considered  previously  In  Fig, 

3  and  for  three  values  of  the  Froude  number, 
namely  F  “  0,1  (top  tow),  0,2  (center  tow) 
and  0.3  (bottom  row).  The  function  K,],  is 
also  represented  In  Fig,  4,  This  figure 
shows  that  the  spectrum  function  is  sig¬ 
nificantly  smaller  and  vanishes  much  mote 
rapidly  with  Increasing  values  of  t  than  its 
components  K^  +  Ky'  and  Kh'  in  the  usual 
expression  (20),  as  was  already  observed  In 
Fig.  3,  Large  cancellations  therefore  occur 
among  these  components  and  Eq,  (20)  is  ill 
suited  for  accurate  numerical  calculations, 
notably  for  evaluating  the  short  divergent 
waves  In  the  wave  spectrum  corresponding  to 
large  values  of  t.  However,  Fig.  4  also 
shows  that  the  modified  waterline  and  hull 
Integrals  Ky*  and  Kh*  in  Eq.  (44)  are  appre¬ 
ciably  smaller  than  the  original  waterline 
and  hull  Integrals  Ky  +  Kg'  and  Kh',  and  are 
In  fact  comparable  to  the  function  K^. 

Although  the  alternative  expressions  (20)  and 
(44)  are  mathematically  equivalent,  the  modi¬ 
fied  expression  (44)  clearly  Is  considerably 
better  suited  than  the  usual  expression  (20) 
for  accurate  numerical  calculations. 

CONCLUSION 

In  expression  (2)  for  the  velocity  poten¬ 
tial  of  steady  flow  about  a  ship,  the  wave 
potential  ij>w(5)  at  any  point  5  “  (5»H,?  £  0) 
behind  the  stern  of  the  ship  is  defined  by 
Eq,  (3),  where  v  and  p  are  given  by  Eqs.  (1) 
and  (4),  respectively,  and  K(t)  represents 
the  wave-spectrum  function.  The  latter  func¬ 
tion  Is  defined  by  Eq.  (7)  as  the  sum  of  the 
slender-shlp  approximation  Kq  ,  which  Is 
defined  explicitly  In  terms  of  the  Froude 
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number  and  tlte  shape  of  the  hull,  and  the 
Neumann-Kelvln  correction  term  K*  ,  which 
also  Involves  the  potential  at  the  hull.  The 
wave  resistance,  of  the  ship  Is  defined  In 
terras  of  the  uave-s  pact  rum  fii’icclon  by  means 
of  the  Havelock  formula  (b,'.  The  Fourier 
variable  t  In  Eqs,  (3)  and  (6)  la  related  to 
the  angle  9  of  propagation  of  ‘-he  free  waves 
In  the  ship  wave  pattern  by  the  relation 
t  »  tanO,  as  Is  given  by  F.q.  (5). 

The  slcuder-shlp  approximation  K^)  In  Eq. 
(7)  l3  dcfln'’d  by  the  usual  expression  given 
by  'Jqs.  (8)  and  (93. b),  or  by  the  alternative 
modified  expression  defined  by  Eqs.  (17)  and 
(I8a,b).  The  latter  expression  defines  the 
spectrum  function  Kq  as  the  aura  of  a  modified 
Integral  K*  along  the  ship  waterline  n  and  a 
remainder  K'  .  In  the  special  case  o;  a 
strut-llke  hull  form,  the  remainder  K'  Is 
null  and  the  modified  waterline  Integral  K* 
provides  an  asaut  expression  for  the  slender- 
shlp  approximation  K.q, 

The  Neumann^Ceivlu  correction  Ka  In  Eq. 
(7)  is  defined  by  the  usual  expression  given 
by  Eqs.  (20)  and  (21a-c)  or  by  the  alterna¬ 
tive  modified  expression  given  by  Eqs.  (27), 
(28a, b),  (29a)  and  (34).  This  alternative 
expression  Involves  an  arbitrary  complex 
function  C(t),  and  thus  defines  a  one- 
parameter  family  of  mathemaClcally-equlvalent 
expressions  for  the  Neumann-Kelvln  correction 
In  Eq.  (7).  In  particular,  the  first 
modified  expression,  defined  by  Eqs.  (26), 
(21a),  (24)  and  (25),  obtained  In  this  study 
is  a  special  case  of  the  general  expression 
given  by  Eqs.  (27),  (28a, b),  (29a)  and  (34) 
corresponding  to  the  choice  C(t)  »  t. 
Analytical  and  numerical  considerations  led 
to  the  particular  expression  given  by  Eq. 
(44),  which  corresponds  to  the  choice  C(t)  = 
uv  defined  by  Eq.  (45)  where  u  and  v  are 
given  by  Eqs.  (lla,b).  Figure  4  shows  that 
the  mathematical  expression  corresponding  to 
Eq.  (44)  Is  considerably  better  suited  than 
the  usual  expression  (20)  for  accurate  numer¬ 
ical  evaluation  because  the  large  cancella¬ 
tions  which  occur  between  the  waterline 
Integral  Ky  +  Kvj'  and  the  hull  Integral  Kji' 

In  the  usual  expression  (20)  are  automati¬ 
cally  and  exactly  accounted  for,  via  a  mathe¬ 
matical  transformation,  in  the  new  expression 
(44)  Involving  the  modified  waterline  and 
hull  Integrals  Ky*  and  Ky*  . 

Another  Interesting  feature  of  the  new 
expression  for  the  Neumann-Kelvln  correction 
K*  given  by  Eqs.  (27),  (28a, b),  (29a)  and 
(34)  Is  that  It  only  requires  the  tangential 
velocity  at  the  hull,  not  the  potential, 
whereas  the  usual  expression  given  by  Eqs. 
(20)  and  (21a-c)  requires  the  values  of  both 
the  velocity  potential  and  Its  gradient  at 
the  hull.  The  new  expression  for  obtained 
in  this  study  thus  defines  the  wave-spectrum 
function  Kq  +  In  terms  of  the  speed  and 
the  size  of  the  ship,  the  shape  of  the  mean 
wetted-hull  surface  and  the  tangential  veloc¬ 
ity  at  the  mean  hull  surface.  This  expression 
Is  suitable  for  use  In  conjunction  with  any 
nenr-field  flow-calculation  method.  Including 


boundary-integral-equation  methods  based  on 
source  distributions  and  other  numerical 
methods  In  which  the  velocity  vector  Is 
determined  directly  rather  than  derived  from 
the  potential.  It  provides  a  practical  and 
robust  method  for  coupling  a  far-fleld 
Neumann-Kelvln  flow  representation  with  any 
near-field  flow-calculation  method.  Including 
methods  based  on  the  use  of  Ranklne  sources 
or  finite  differences. 

For  large  values  of  t  «  tan9,  the  major 
contributions  to  the  Integrals  over  the  ship 
hull  surface  In  Eqs.  (18b)  and  (28b)  stem 
from  the  upper  part  of  the  hull  surface  In 
the  vicinity  of  the  mean  waterline  w  due  to 
the  exponential  function  exp  (v^p^z).  These 
hull  Integrals,  and  consequently  the  spectrum 
functions  Kq  and  K,),  ,  may  then  be  approxi¬ 
mated  by  waterline  Integrals  for  large  values 
of  tanS,  as  has  Indeed  been  shown  in  this 
study  for  the  special  case  of  a  wall-sided 
hull.  This  asymptotic  approximation  can  be 
extended  to  ship  forms  having  flare,  and 
refined  by  retaining  the  first  few  terras  In 
the  asymptotic  approximation.  A  detailed 
short-wave  asymptotic  analysis  has  been  per¬ 
formed  and  will  be  reported  elsewhere  as  It 
Is  Important  for  evaluating  the  short  diver¬ 
gent  waves  of  Interest  for  applications  to 
remote-sensing  of  ship  wakes.  Simplified 
approximate  expressions  for  the  wave  spectrum 
functions  Kq  and  K^  defined  in  terras  of  sin¬ 
gle  (one  fold)  integrals  along  the  ship  axis 
(or  waterline)  can  also  be  obtained  in  the 
long-wave  limit  by  expanding  the  exponential 
function  exp  (v^p^z)  and  the  trigonometric 
function  exp  (iv‘pty)  in  Taylor  series. 

These  long-wave  approximations  will  also  be 
reported  elsewhere.  The  short-wave  and 
long-wave  asymptotic  analyses  mentioned  above 
may  also  suggest  alternative  choices  for  the 
arbitrary  function  C(t)  in  Eqs.  (27),  (29a) 
and  (34)  to  that  defined  by  Eq.  (45). 
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Fig.  1  -  Definition  Sketch 
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K,  K3  K,  =  K,,  K„. 
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Fig.  2  -  Comparison  of  the  usual  expression  Ko  *  +  Ks  alternative  modified  expression 

Kg  =  K*  for  the  slender-shlp  approximation  Kg  to  the  wave-spectrum  function  K(t)  in  the  special 
case  of  a  simple  strut-llke  hull  form.  The  real  (solid  line)  and  imaginary  (dashed  line)  parts 
of  the  functions  (first  column  on  left).  Kg  (second  column)  and  Kg  »  K*  (third  column)  are 
depicted  foe  0  <  tan9  £  5,  co'respondlng  to  0  ^  9  <  79®,  and  for  three  values  of  the  Froude 
number  F,  namely  0.1  (top  row),  0.2  (center  row)  and  0.3  (bottom  row).  The  Integral  K;,t  along 
the  lower  waterline  w'  in  Eqs.  (14)  and  (18b)  Is  also  depicted  In  the  column  on  the  right. 
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Fig.  3  -  Comparison  of  the  usual  expression  +  Kh*  +  Ku'  and  the  three  alternative  modified 

expressions  =  Kjj  +  Kjj  ,  =  K^' '  +  Kjj' '  and  =  Ky*  +  K]j*  for  the  Neumann-Kelvln  correction 

terra  K|j,  in  the  expression  for  the  wave  spectrum  function  K(t)  for  a  simple  strut-llke  hull  form 
and  an  assumed  simple  expression  for  the  potential  at  the  hull  surface.  The  real  and  imaginary 
parts  of  the  ten  functions  ,  Ky  +  Ky'  ,  ,  Kg'  ,  Kw  ,  Kg  ,  Ky''  ,  Kg''  ,  Ky*  and  Kg*  ate 

depicted  for  0  _<  tanO  £  10,  corresponding  to  0  ^  0  <  85°,  and  for  a  value  of  the  Froude  number 
equal  to  0.15. 
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Fig.  4  -  Comparison  of  the  usual  expression  “  Ky  +  Ky'  +  the  alternative  modified 

expression  <•  K^*  +  Kh*  for  the  Neuraann-Kelvin  correction  terra  in  the  expression  for  the 
wave-spectrum  function  K(t)  for  a  simple  strut-like  hull  form  and  an  assumed  simple  expression 
for  the  potential  at  the  hull  surface.  The  real  and  Imaginary  parts  of  the  five  functions  Ky  + 
Ky'  (first  column  on  left),  Ky'  (second  column  on  left),  (center  column),  Ky*  (second  column 
on  right)  and  Kjj*  (first  column  on  right)  are  depicted  for  0  _<  tan9  _<  5,  corresponding  to  0  _<  8 
<  79®,  and  for  three  values  of  the  Froude  number  F,  namely  0.1  (top  row),  0.2  (center  row)  and 
0.3  (bottom  row).  Large  cancellations  occur  between  the  waterline  Integral  Ky  +  Ky’  and  the 
hull  Integral  Ky'  in  the  usual  expression  for  K,),  which  is  then  ill  suited  for  accurate  numerical 
calculations,  notably  for  evaluating  the  short  waves  in  the  spectrum  corresponding  to  large 
values  of  tan9.  The  modified  waterline  Integral  Ky*  and  hull  Integral  Ky*  in  the  alternative  new 
expression  for  K^  are  significantly  smaller  than  the  usual  waterline  and  hull  integrals,  and  are 
comparable  to  the  function  K*  .  Although  the  alternative  expressions  K^  “  Ky  +  Ky'  +  Ky'  and  K^ 

“  Ky*  +  Ky*  are  mathematically  equivalent,  the  latter  expression  is  considerably  better  suited 
than  the  former  one  for  accurate  numerical  evaluation. 
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Abstract 

The  aim  of  this  work  is  to  clarify  the  validity  of  ship 
wave  ray  theories  at  and  near  the  ship’s  surface.  As 
previous  numerical  investigations  have  led  to  ambigu¬ 
ities  due  to  a  breakdown  of  the  ray  analysis  near  the 
bow  and  stern  stagnation  points,  we  shall  take  care  for 
the  surface  tension  effect  in  order  to  milden  such  defi¬ 
ciencies;  then  the  wave  length  never  surpasses  a  positive 
minimum  length  whlcli  is  attained  at  the  boundary  of 
a  finite  waveless  zone  around  a  stagnation  point.  It  is 
found,  however,  that  the  ray  equations  degenerate  at 
these  boundaries,  and  that  rays  can  be  traced  into  the 
far  field  only  if  their  starting  point  is  selected  outside  a 
finite  belt  surrounding  the  waveless  zone. 

For  a  class  of  bi-circular  prismatic  struts  of  infinite 
downward  extent  we  investigate  two  alternative  formu¬ 
lations  of  the  free  surface  condition  and  their  implica¬ 
tions  for  the  ray  geometry.  For  low  speeds  we  find  in 
both  cases  an  increase  of  the  Kelvin  wave  cusp  angle  due 
to  capillarity.  We  extended  the  ray  tracing  to  capillary 
waves  ahead  of  a  blunt  bow. 

Introduction 

The  wave  field  at  a  point  far  away  from  a  ship  in 
stationary  motion  is  well  represented  through  Kelvin’s 
pattern,  found  in  a  wedge-shaped  region,  with  only  a 
finite  number  of  wave  components,  given  through  wave 
length,  wave  front  angle  and  complex  amplitude.  The 
first  two  are  constant  along  straight  lines  (character¬ 
istics)  tluough  a  hypothetical  origin,  conceived  as  the 
locus  of  a  point  disturbance. 

Observations  suggest  that  under  local  modifications 
sucli  a  wave  model  may  be  adequate  even  near  a  ship; 
Ursell  (l]  hence  generalised  this  approach  for  waves  due 
to  a  point  disturbance  in  a  slightly  non-uniform  flow. 
FVom  a  set  of  physical  assumptions,  he  replaced  the 
intensity  and  direction  of  the  uniform  flow  by  the  lo¬ 
cal  components  to  obtain  an  analoguous  spatially  vary¬ 
ing  “dispersion  relation”  between  wave  angle  and  wave 
number;  from  a  partial  differential  equation  he  obtained 
“rays”  along  the  resultant  of  the  local  flow  with  a  group 


velocity  vector.  To  simplify  the  problem,  Ursell  consid¬ 
ered  only  rays  passing  through  the  disturbance,  though 
he  admitted  that  his  assumptions  are  questionable 
there.  Inui  and  Kajitani  [2]  used  this  approach  for  waves 
near  a  ship’s  bow,  with  the  “  double  body  flow  ”  as  the 
basic  non-uniform  flow. 

Keller  (3)  derived  Ursell’s  results  from  a  more  formal 
approach,  tacitly  assuming  pertinence  and  uniform  va¬ 
lidity  of  his  ray  theory  up  to  the  ship’s  water  line;  he 
even  concluded  for  certain  sliips  that  rays  must  origi¬ 
nate  from  the  double  body  flow  stagnation  points  only. 
Yim(4j  evaluated  this  approach  numerically,  but  due  to 
zero  wave  length  at  these  points  he  had  to  start  ray  trac¬ 
ing  using  values  at  some  distance.  For  certain  rays  car¬ 
rying  transverse  waves  he  observed  that  they  re-entered 
the  hull;  to  avoid  this,  he  introduced  some  ntcchanism 
of  reflection. 

Brandsma  [5]  investigated  a  class  of  bi-circular  forms 
witli  varying  entrance  angle.  Even  with  “backshooting” 
from  downstream,  he  failed  to  find  rays  due  to  trans¬ 
verse  waves  originating  at  the  stagnation  points;  he 
tlicrefore  concluded  that  no  transverse  waves  can  em¬ 
anate  from  the  bow.We  shall  demonstrate  analytically 
that  the  rate  of  change  of  the  wave  front  angle  along 
the  ray  together  with  the  change  of  ray  direo- 
tj.«n  has  a  factor  as  inverse  distance  from  the 
stagnation  points*  Thus  it  demsinds  more  detai¬ 
led  analysis  to  clarify  the  validity  of  Kel¬ 
ler's  ray  theory  near  the  stagnation  points. 

Through  our  present  investigation  we  want  to  clarify 
whether  the  inclusion  of  surface  tension  effects  can  im¬ 
prove  the  situation  at  least  to  the  point  that  ray  theory 
can  give  some  qualitative  information  about  the  wave 
pattern  geometry  in  accord  with  experimental  observa¬ 
tions  for  not  so  slender  ships.  We  selected  the  class  of 
bi-circular  struts  and  thus  have  even  the  case  of  a  blunt 
bow  included. 

'Otherwise  rays  could  be  extended  to  the  domain  far 
ahead  through  backward  tracing,  at  least  in  case  of  a 
submerged  disturbance. 
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Tlie  underlying  analysis  was  presented  by  Eggers  [6), 
where  two  alternative  appoaches  were  considered  ;  (/I)' 
based  on  the  conventional  surface  condition  (/I)  of  slow 
ship  theory,  supplemented  for  surface  tension  following 
Maruo(7]  and  (/1+ )'  based  on  a  modified  free  surface 
condition,  derived  by  Eggers(8)  from  certain  invariance 
requirements  for  wave  resistance,  again  supplemented 
for  capillarity  efiects.  In  both  cases  we  obtain  zones 
around  the  stagnation  points  where  no  steady  waves  can 
exist;  at  their  boundaries,  only  waves  of  minimum  wave 
speed,  with  wave  front  orthogonal  to  the  double  body 
flow,  can  occur.  If  we  start  rays  from  these  boundaries 
rather  than  from  the  stagnation  points,  we  apparently 
have  a  well  defined  initial  value  problem,  even  for  blunt 
bow  forms.  • 


The  neglect  of  gCrVst  (the  second  term  of  a  formally 
divergent  Tbylor  expans  m)  leads  to  the  approach  (>!)' 
investigated  by  Maruo,  whicli  was  developed  'from  the 
"conventional”  approach  (A)  underlying  the  ray  analy¬ 
ses  of  Keller,  Yim  and  Brandsma.  Let  us  now  consider  u 

and  V  as  slowly-varying  (i.e.locally  constant)  quantities 
and  let  us  disregard  effects  of  phase  and  of  amplitude, 
as  they  are  of  no  concern  for  investigations  on  ray  ge¬ 
ometry.  A  potential  of  the  form 

$  oc  with  S  =  S{x,y)  (3) 

represents  a  wave  with  wave  number  vector 

k  =  VS  =  {L’l ,kj}  =  {k  cos 0‘,ksin 0)  (4) 


In  our  computational  investigations,  we  could  con¬ 
firm  Maruo’s  experimental  finding  that  capillarity  ef¬ 
fects  can  be  significant  even  if  the  model  speed  exceeds 
the  minimum  wave  speed  considerably. 

However,  we  found  ourselves  confronted  with  some 
instability  phenomenon.  Due  to  the  strung  rate  of 
change  of  the  wave  angle  along  the  ray  near  its  origin, 
the  wave  length  re-approached  its  minimum  value  after 
a  short  time  and  the  analysis  broke  down.  To  find  rays 
which  can  be  continued  into  the  far  field,  we  had  to  se¬ 
lect  the  starting  point  outside  some  “belt  of  short-livity” 
surrounding  the  waveless  zone. 

Derivation  Of  Dispersion  Relation  And 
Ray  Equations  rVom  FVee  Surface  Conditions. 

For  simplicity,  we  shall  restrict  ourselves  to  a  2-D 
flow  around  prismatic  struts  of  infinite  vertical  exten¬ 
sion.  Let  us  consider  a  velocity  potential  of  the  form 
U(j>r  +  U<p,  where  U  stands  for  the  far  field  uniform 
flow  in  the  -l-x  direction,  Utp,  represents  the  “double 
body  flow”  (unbounded  in  the  upward  z-direction)  and 
Uip  is  the  lowest  order  wavy  potential.  With  u  = 
Ucfirx,  V  =  U^ry  ,  witli  (r  =  -  X?  -  v^)/2g  aiid 

Dr{x,y)  =  (uCr)x  +  (vCr)y,  <P  for  z  =  0  lias  to  satisfy 

uV**  +  2uUV5*y  +  uVyy  +  g{<Pz  -t’  <ir<Pzz) 

=  MCrx'Px  +  Cry'Pv)  +  ^r{x,y)  (i) 

(see  Eggers  (10));  for  inclusion  of  surface  tension,  a  term 
Kipzzz  Lqs  to  be  added  on  the  l.h.s.  (see  Maruo  (7|). 

Seeking  for  wave-type  solutions,  we  concentrate  on 
the  homogenous  part  of  above  d.e.;  we  further  disre¬ 
gard  the  (amplitude  modulating)®  terms  with  ipx  anJ 
(py.  Hence  we  consider  the  “modified  approach”  (-4+)' 

«Vx*+2uuy!iy-huVyy-flCr(¥’*i+V’yy)  =  -ii<Pzzz-g<Pz 

(2) 


’Quite  recently,this  approach  has  been  justified  under 
new  arguments  by  van  Gemert(9). 

’See  Longuet-IIiggins  and  Stewart  fill  and  (81. 


if  ki  and  k2  are  also  slowly  varying.  Here  0  is  the  angle 
of  k  against  the  x-direction.  Let  us  define  the  speed 
ratio  q  and  the  flow  angle  /?  through  u  =  UqcosP  and 
V  =  Uq  sin/?.  Then  y  =  0  -  fS  is  the  angle  of  k  against 
the  flow  direction.  In  accord  with  Brandsma  and  Yim, 
we  have  selected  the  orientation  of  k  such  that  cosy  is 
non-negative, i.e.  fcis  '  oppo.site  to  the  propagation 
of  a  wave  stationary  to  the  ship.- 


Fig.l  Sketch  for  flow  angle  0  and  wave  angles  0  and  7 
(both  shown  with  negative  values,  typical  for  the 
starboard  side  of  the  bow). 


Inserting  (3)  into  (2)  leads  to 

{ku  cos  <1  -f  fcv  sin  0)^  =  gk  +  g^r  (5) 

Eenote  c  as  the  phase  velocity  with  direc¬ 
tion  C-cooO  ,-3in  8>.  If  we  consider  station¬ 
ary  waves  only,  o  must  balance  with  the  proje¬ 
ction  of  the  basic  flow  •(.u,v'J  in  t.he  direction 
of  0,  i«o»  cc  u  003  8+  V  sin  6  S’  Uq  cos  "y.  riju- 
ation  (5)  thus  leads  to  the  "disperikion  rela¬ 
tion" 

c  =  \Jglk  +  yCr  +  (6) 

Equation  (5)  may  equivalently  be  expressed  as 


m..  „  U.  1  _  Cl,?  j.  -I-  ijl'-.l®  =  0 


Noting  that  ki  =  ||,fc2  =  we  may  consider  this 
as  a  partial  d.e.  for  the  function  S(x,y)  for  wliicli 
‘Note  that  the  term  g(r  appears  only  under  (A’*')', 
not  under  (A)';  it  may  remind  us  of  c  =  for  waves 
on  shallow  water  of  depth  h. 
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“diaracteristic  stripes"  (i.e.  diaracteristic  curves  in  the 
jti,fc2}-space)  can  be  found  from  the  equations 

dx_dF^  dy  _dF^  ^  ^  ,o\ 

dr  dki  ’  dr  dk^  'dr  *  ’  dr  v  \  ) 
which  define  a  curve  parameter  r.  Unde.'  multiple  use 
of  above  relations,  considering  that 

d^uki+vki) _ 0(uA:i -t-uij) 

Wi  ■  Wi  " 


eick) 

dki 


Cg  COS  0  ; 


d{ck) 

dk2 


Cg  sin  0 


(10) 


(where  Cg  =  d{kc)/dk  is  in  accord  with  the  concept  of 
group  velocity  related  to  Uq  cos'/  as  phase  velocity),  we 
find 


Cg  =  ^(i'c)  =  ^\/*^  +  +  I^K. 

^;(s+2sC,+3*=k)=^(1+^^^)(11) 


2fcc' 


We  obtain 

dx 

dr 


dF 


=  2- 


—kc 


d 


kc 


dki  ^ki  +  vkj  dki  ^ki  +  ufcj 


In  a  similar  way 


dy  2  ,  ... 

-  =  ^(u-c,smd) 


rVom  (6)  we  find 


d(kc)  ^ 
dx  2c  dx^ 


(13) 


(14) 


and  thus 

F. 


kc 


d 


kc 


=  -^  =  -2- 

dr  uki  +  vki  dx  vki  -1  vk2 

=  -2-^ikc  -  uki  -  vl;2) 
dx 

2  d.k  . 

2 

=  -r((uWi+Wi)/2+c(«i  cosd+Vj,  sind))(15) 


Fg  =  — ((uUy+uUy)/2+c(«yCosd+Uj,sinO))(16) 


Then  we  find  the  rate  of  change  of  the  wave  angle  0  from 

(17) 


2  dr 


kc^  d  kz 

— —  —  arctan  — 
2  (IT  hi 


<?  a  dkz  dki 


=  —c^(FgZCiz0~F^s\i\O)l2 
~  ((</Cr)vCOSd  “  (ffCr)x  Smd)/2 
+  cu*  sin  20  -  cui  cos  20  (18) 


where  we  have  used  ~  —  Vy,  «y  =  v,  for  our  2-D  basic 
flow.  In  a  similar  way  we  obtain® 

c*  dk  <?  ,,  dki  dkz. 

I'Tr  =  2ib'(^'‘ ‘57 + 

~  ((flCr)eCOs0+(</Cr)vSin(?)/2 

-  cUi  cos2t?— cu*  sin2d  (19) 


R-om  equs.(12)  and  (13)  we  can  easily  confirm  the  gen¬ 
eral  result 


tan(/3  '}•  a)  = 


dy  __  V  -  Cg  sind 
dx  V  -  Cg  cos  0 


(20) 


(with  a  defined  as  the  ray  angle  against  the  double 
body  flow)  which  contains  the  choice  of  approach  only 
tlirough  the  explicit  expression  for  Cg.  We  may  thus  re¬ 
call  Ursell’s  observation  that  the  ray  direction  is  along 
the  resultant  of  the  basic  flow  and  the  “group  ve¬ 
locity”  taken  along  the  wave  normal  vector  -k,  and 
that  this  docs  not  require  asymptotic  analysis  such  as 
the  principle  of  stationary  phase  (see  discussion  to(8))® 


Fig.2  Ray  direction  as  resultant  of  basic  flow 
and  Cg  along  direction  of  -h 
(with  angle  a  against  flow  direction). 


Restrictions  For  The  Wave  Parameters. 


rVom  the  dispersion  relation  (6)  we  have 

=  g/k  -b  g(r  -b  Kk  (21) 


“The  terms  with  gC  (missing  under  approach  (/!)') 
reflect  the  statement  of  Longuet-iliggins  and  Stewart 
(11)  that  short  waves  superposed  a  long  wave  shorten 
when  climbing,  increasing  their  length  again  when 
descending. 

‘For  later  use,  we  have  introduced  in  Fig.2  an  “ac¬ 
tion  transport  velocity”  Cai  along  the  tangent  to  the  ray 
direction. 
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A  iniiiimum  of  c  is  found  at  A:  =  \/gfii  giving 

c  =  +|(1  -  q^)lp^  =  U^{\  -  9^  +  2pS)/2  (22) 

wliere  c,n  =  .v^4k(/  is  the  inininiuin  velocity  of  capillary- 
gravity  waves  and  p  =  c,„/£/  is  a  dimensionless  param¬ 
eter  of  surface  tension.  We  introduce  a  dimensionless 
wave  length  A  =  gl{kU^)\  then  (5)  is  equivalent  to 

5^  cos^  7  =  A -h  (1  -  5*)/2 -h  p‘'/4A  (23) 

In  a  plane  of  the  variables  5*  and  A  ,  for  p  constant, 
(22)  represents  a  family  of  hyperbolas  between  the 
asymptotes  A  =  0  and  A  =  A.,  =  (1  -I-  2cos^  7)9*  -  1/2. 

We  ixre  interested  in  the  brancli  with  A  >  0;  (other¬ 
wise, we  would  have  an  increase  of  the  wave  flow  down¬ 
wards,  see(3)).  Solving  for  A,  we  obtain 

^  _  (1 -f  2cos*7)g^  -  1  l±Sg 

2  ‘2 

Sq=^/l-  (2pV(2c032  7  +  1)92  _  1))2 

Sg  is  real  only  for  9^  >  (1  -I-  2p^)/(2cos2  7  -h  1)  > 
(1-1-  2p*)/3;  this  implies  that  in  the  zones  around  the 
stagnation  points  where  9^  <  (1  -f  2p’)/3  no  steady 
waves  can  exist. 

The  upper  sign  of  the  root  corresponds  to  gravity 
dominated  waves  (A  =  Ag);  the  capillarity  dominated 
waves  (A  =  Ae,  lower  sign)  are  better  described  by^ 

P'1  2  2 

^  4  (1 -1- 2cos2  7)92  -  1 


(24) 

(25) 


O 


For  gravity  waves  with  g®  >  1  -f  y/Sp^  this  implies 

A  >  A^i„,  =  (g^  - 1)  (1  -b  yi-3pV(l-?'7)  /2  (30) 

One  may  observe  that  this  limitation  is  automatically 
met  if  I  7  |<  ir/4  with  dA/dg*  >  1/2  -f  cos*  7  >  1  then 
(see  Fig. 3).  One  may  note  that  for  any  7  we  find  from 
(22),(25)  and  (5) 


For  any  7,  confluence  of  the  two  roots  occurs  for 
A  =  p*/2  corresponding  to  the  nunimum  of  c  found 
earlier  (21).  For  the  range  (1  -1-  2p*)/3  <  g*  <  1  -b  2p* 
the  angle  7  is  restricted  through 

|7|<  i  arccos  -  2^  (27) 

(under  approach  (A) ,  I7 1<  arccos p,  independent  from 
g*).  Beyond  this  range,  for  g*  >  1  -b  2p*,  the  minimum 
of  Ag  is  no  longer  p*/2  but  the  value  corresponding  to 
7  =  2.  Then  we  have 

.  ^  g*-l  l-bVl-(2p*/(g*-T5F_.g’  1 

Afl  >  — - 2 - T  “  2  ' 


(c/y)*=A,-bAc-b(l-g')/2  (31) 

All  the  above  restrictions  can  be  visualized  tlu'ougli  a 
display  of  the  dependence  between  the  wave  front  an¬ 
gle  7  and  the  ray  direction  angle  a  with  p  and  g  held 
constant.  PVom  a  geometrical  interpretation  of  (19),  in¬ 
voking  the  sine  theorem  of  elementary  trigonometry  (see 
Fig2.),  we  find 

sin  a  sin(7-a)_  sin  7 
cg  Ug  "  c„,  ^  ’ 

and  hence 

.  sin  7  sin  27 

tana  = - —  =  - - r - —  (33) 

cos'f-Ug  cg  1 -b  cos27  -  2c/cj 


If  we  accept  the  argument  that  stationary  waves  can¬ 
not  propagate  into  areas  where  Cg/c  is  negative,  the  do¬ 
main  of  admitted  A  values  is  further  restricted  (see(ll)) 
through 

^  =  A  +  +  (29) 

'The  relevant  analysis  has  been  established  and  pro¬ 
foundly  discussed  by  Crapper  (13)  for  the  non-modified 
approacli  (A)' 


Setting  p  =o,5sI>  we  have  Cgjc  =  1/2  in  accord  with 
Kelvin’s  results;  we  find  that  |a|  will  increase  with  I7I 
up  to  some  maximum  a*  =  arctan(l/'v/8)  and  then  fall 
olT  to  zero  with  7  =  tr/2.  vVe  may  observe  that  for  non¬ 
zero  p,  unless  g*  >  1,  o  approaches  zero  only  together 
with  7,  as  cos  7  will  remain  positive.  Thus  an  outgoing 
ray  (o  >  0)  can  turn  inward  again  only  if  the  wave 
front  normal  changes  from  inward  (7  <  0)  to  outward 
at  the  "caustic”  (in  the  terminology  of  Yim  (17))  under 
a  maximum  of  the  wave  length  due  to  7  =  0. 
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One  may  consider  the  range  of  negative  a  in  order  to 
have  7  positive.  If  we  exclude  liere  those  parts  of  curves 
where  a  turns  positive  due  to  Cj,  <  0  (only  for  9*  >  1 
under  (/!+)'), we  may  observe  that  a  as  an  odd  function 
will  in  general  have  op^yosite  sign  to  7. 

Let  us  refer  to  the  range  for  which  |  a  |  is  increasing 
from  zero  with  1 7 1  as  to  that  of  transverse  waves  and 
define  i.;  e  maximum  value  attained  for  a  in  this  range 
as  the  modified  Kelvin  angle  aj..  Then  we  find  that  for 
<  i  -h  2p-  each  curve  for  gravity  dominated  waves 
turns  under  horizontal  tangent  (  with  a  =  7r/2  -I-  7)  into 
one  for  capillarity  dominated  waves,  so  that  after  tana 
changed  sign  due  to  increase  of  c^/c  >  1  for  such  waves, 
7  falls  off  to  zero  again  with  the  ray  finally  normal  to 
the  wave  crest  again,  but  opposite  now  to  the  flow  di¬ 
rection. 


Note  that  our 

formulations  and  considerations  throughout  this  paper 
are  refered  to  the  domain  around  the  starboard  side 
of  the  bow,  where  a  is  positive  ,  hence  7  negative  in 
general.  To  deal  with  the  other  ship  side,  statements 
remain  valid  if  fi  and  0,  7  and  a  are  counted  clockwise 
against  the  x-axis  and  ilow  direction  there.  Note  that, 
observing  AkKje^  =  f(Aq^  cos^7)  in  (11),  we  have  the 
deviation  of  Cg/c  form  1/2  depending  on  p  and  on 
oven  under  approach  (A)',  where  the  term  (1  -  (fi)/2 
is  disregarded.  Cg/c  and  hence  |tt|  increases  with  de¬ 
creasing  speed  U  (i.e.  increasing  p]  and  with  decreasing 
distance  from  the  stagnation  point  (i.e.  decreasing  q) 
for  7  held  constant .  This  implies  an  increase  of  the  mod¬ 
ified  Kelvin  angle  (which  is  measured  against  the  flow 
direction!)  especially  near  the  bow,  in  particular  under 
approach  (i4+)'!  This  is  well  in  accord  with  the  exper¬ 
imental  observations  of  Miyata(14]  with  wedge-  shaped 
models  with  U  =  0.5m/s,  (p  as  0.462)  and  U  —  Ini/s, 
(p  «  0.231)  . 

Away  from  the  bow,  where  g^  a:  1,  thus  C  «  0, 
there  is  little  difierence  between  (/I"*")'  and  {A}'.  But 
again  we  observe  an  increase  of  Ok  with  decreasing  U  in 
accord  with  Miyata’s  experiments  with  a  rudder  model 
(see  Inui  [15])  for  the  speeds  U  =  1.15m/s,  1.72m/s  and 
U  =  2.3inls  corresponding  to  p  =  0.3,  0.14  and  0.1. 

In  the  domain  where  g^  >  1  aside  of  the  ship,  a  re¬ 
duction  of  Ok  is  predicted  under  (/!■*' )'  including  a  ter¬ 
mination  of  rays  with  short  gravity  v/aves  with  Cg  ap¬ 
proaching  negative  values.  We  may  mention  that  for  a 
vertical  circular  cylinder,  g^  increases  up  to  4.0,  whereas 
for  conventional  forms  g'^  will  not  exceed  1.2. 

It  is  only  for  nut  too  small  q  and  for  not  too  large  p 
that  a  is  really  stationary  for  a  -  cck  and  thus  marks 
a  transition  from  transverse  to  divergent  waves,  so  that 
with  da/dy  =  0  we  may  expect  a  wave  cusp  effect.  Let 
us  seardi  for  the  most  forward  point  along  the  water 
line  of  a  sliip  where  stationarity  occurs  (i.e.  immedi¬ 


ately  near  the  stagnation  point  for  pointed  bows)  and 
trace  a  curve  from  there  with  dy/dx  =  tan(d  f  a^)  ; 
thin  should  define  sonc  cusp  line. 


g’  =  1  (far  field) 


/  f 

/ 


90“ 


7 


t  \  .t  li  II  il .. 
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-180“ 
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Fig.4Wave  front  angle  7  versus  ray  angle  a 


161 


The  Sitixatloti  Of  llay  'iYaciiig  Near  A  Corucr 
And  The  Short  Life  Of  Rays  Near  The  Waveless  Zone. 

Let  us  again  consider  2-D  potential  flow  as  the  basic 
flow,  so  that  complex  analysis  can  be  used.We  introduce 

Z  =  X  +  iy  =  r  ■  e'^Y  =  u  —  iv  =  Uq-  e~'^,  (34) 

K  =  ki-  iki  =  k  ■  e-'®  (35) 

and 

p  =  (s(r)x  -  i(5Cr)„  =  -idVldZ)V  (36) 

The  P  stands  for  some  gradient  of  the  double  body  flow 
pressure®  We  can  write  the  first  ray  equations  (12)  and 
(13)  as 


With  ds  as  differential  of  the  arclength  along  the  ray, this 
implies  that  dr/ds  =  1/  |  dZjdr  |=  kcj^Cat,  so  that  we 
can  write  (19)  and  (18)  as 


K  ds 


/l^  _  iL 

\kdr  ^dr)  ds 


dZ 


(38) 


Here  o  means  1  for  (<4+ )  and  (A"'’)',  it  means  0  for  (A) 
and  (A)'.-  The  flow  in  the  vicinity  of  a  stagnation  point 
due  to  a  corner  is  basically  the  flow  near  a  corner  be¬ 
tween  infinite  planes  as  decribed  by  Milne-  Thomson 
(12),  we  have 


Then  the  rale  of  cliange  of  0,p,  and  k  along  the  ray  is 
found  from 


K  ds 


e'O  Po 

Col  Tf-Po 


(43) 


Observing  (34)  and  (5),  separating  real  and  imaginary 
part  ill  (43),  we  find 


^  _  ^1  ^  Po  I  sin  (0-6) 
ds  r  Ci,(  K—Po  \  2cos7 


-1-  sin  (y-l-  0-  Sj  j  (44) 


ds 


and  thus 


,  dV  1  dZ 
•im-rr  77*7" 
dZ  V  ds 


-Im 


Jo_ 

■K-Po 


z 


1 

r 


Jo_ 

ir-/3o 


■  sin  [a  P  ~  6) 


e>(“+/3) 


(45) 


d^_d[0-P)_l  Po 

ds  ds  r  v  ~  Po 

(si«(a  +P-5)i-^  +  ®in(27  +  P  -  5))) 

Due  to  the  preaenoe  of  the  factor  l/r,  which 
tends  to  infinity  at  the  stagnation  point,  that 
night  cause  trouble  when  doing  ray  tracing  near 


the  bow.  This  may  explain  tiie  dilema  of  Brands- 
ma  (taking  0=0) 

In  order  that  a  ray  should  travel  along  the  ship’s  wa¬ 
ter  line  (or  more  generally  just  coincide  with  a  stream¬ 
line),  we  must  have  a  =  0  i.c.7  =  0  hence  do/ds  i.e. 
d-y/ds  =  0.  It  is  not  clear  why  this  should  be  possible 
for  general  hull  geometries,  as  for  a  =  7  =  0,  hence 
0  ^  P,  vie  find  with  Coi  =  c  ~  Cg 


V  «  Q  •  ei'”Po/(^-Po)  ,  2^Q/(>r-A)) 


(39) 


where  Q  is  a  real  constant;  this  means  that  the  range 
Po  <  S  <  IT  for  the  polar  angle  5  is  mapped  on  the  range 
>  P(S)  =  Po{n  -  -  Po)  >  0  for  the  flow  angle. 

Li  the  special  case  of  a  bi-circular  strut  of  opening  angle 
2Po  and  length  L,  under  parallel  flow  of  strength  U,  we 
have 

Q  =  (40) 

n  -  Po 

so  that  q  =  g(r)  =  7r/(5r-/3o)-(r/L)^^‘'/(’'"^“)  and  hence 


dV  _  Po  V 
dZ  IT  -  Po  Z 


P 


Po 

TT  -Po 


(41) 

(42) 


*TuIin  [16]  Luitsiuerud  a  quantity  related  to  [/'[  as  a 
disturbance  parameter  and  came  to  the  vexing  conclu¬ 
sion  that  ray  theory  does  not  apply  for  bow  entrance 
angles  Po  <  7r/3  as  otherwise  P  is  not  bounded;  on 
the  other  hand,  Maruo  [7]  disclaimed  the  validity  of  ray 
theory  for  Po  >  7r/3  due  to  divergence  of  an  integral 
representing  the  phase. 


1  dk  -1  Uq  Po  [  cos (■y+  P-6) 


k  ds 


r  Cat 


t  Po  f, 

Tl-Po  \ 


2  COS  7 


-1-cos 


=  (47) 

ds  pZ  \c  c  -  Cg  J  i 

valid  even  away  from  stagnation  points.- 

For  the  rate  of  change  of  the  wave  number  k  we  find 

(27+/?-<5)) 

(48) 

K  the  value  of  A  along  a  ray  should  equal  the  critical 
value  p^/2,  this  would  correspond  to  the  minimum  for 
gravity  waves;  hence  k  then  must  decrease  along  the  ray. 
However,  due  to  the  rapid  increase  of  7  near  a  stagna¬ 
tion  point,  the  sum  of  cosine  terms  may  change  sign,  so 
that  k  increases  (in  particular  for  (A)'  where  the  first 
cosine  term  is  deleted)  and  A  approaches  p^/2  again. 
Here  the  ray  must  terminate,  as  for  A  =  p*/2,  even 
off  the  waveless  zone  boundary,  the  partial  derivatives 
of  A  both  regarding  y"  and  7  vanish  simuitaneuusly  in 
conflict  with  the  ray  equations,  can  not  be  varied 
independent  from  7.  Tliis  explains  the  previously  men¬ 
tioned  occurence  of  short  life  rays.  Thus  the  choice  of 
initial  points  for  rays  is  moot,  quite  apart  from  the  am¬ 
biguity  of  assigning  initial  values  there  for  amplitude 
and  phase. 
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Further  Considerations  About  The  Ray  Approach 

A  “ray”  in  the  sense  of  our  analysis  is  defined 
as  a  cliaracteristic  to  a  partial  differential  equation 
=  0  for  a  function  S(x,y),  see(3). 

But  we  should  ascer¬ 
tain  that  the  essential  features  of  the  complex  3-D  flow 
near  the  ship,  including  sensitive  variations,  can  really 
be  modeled  adequately  through  functions  S(x,y)  with 
slowly  varying  gradient  and  associated  complex  ampli¬ 
tude  functions  A(x,y) .  Note  that  until  Yim’s  (17)  re¬ 
cent  investigations,  no  effects  of  the  FVoude  number  on 
ray  curvature  could  be  modeled,  and  the  variation  of 
wave  resistance  only  resulted  from  interference  effects 
in  the  far  field  computed  through  integration  along  the 
rays-  Nevertheless,  our  in 

vestigation  showed  that  certain  global  characteristics 
the  wave  pattern,  such  as  the  variation  of  a*,,  and  henci 
of  the  tangential  direction  of  the  wave  domain  bound¬ 
ary  (visible  in  the  rich  stock  of  Miyata’s  experimental 
results)  can  be  predicted  even  near  the  bow  with  ap- 
proacli  (A^)'. 

An  evaluation  of  merits  for  the  competitive  ap- 
proaclies  {A)'  and  (A+)'  may  be  attempted.  But 

it  does  not  seem  pertinent  to  discrim¬ 
inate  between  a  “correct”  and  a  “less  consistent”  ap- 
proacli,  although  it  is  obvious  that  with  inclusion  of  sur¬ 
face  tension  effects  the  rule  of  “automatic  order  change 
through  differentiation”,  essential  for  (A)  ,  can  not  be 
maintained. 

Actually,  the  omission  of  terms  with  g(r  (and  hence 
with  1-g^)  under(A)'  has  no  fundamental  consequences 
for  our  analysis  in  general.  Certainly,  the  extent  of  zones 
without  steady  waves  ahead  of  a  blunt  bow  is  consider¬ 
ably  larger  under  (A'*’)’,  well  in  accord  with  data  from 
experiments  with  a  vertical  circular  cylinder,  for  which 
we  have  evaluated  both  approaches.  However,  the  nu¬ 
merous  recent  investigations  on  the  flow  ahead  of  a  blunt 
bow  (see  the  survey  by  Mori  (18))  make  clear  that  be¬ 
tween  the  bow  and  the  stationary  capillary  wave  zone  we 
have  to  expect  a  finite  domain  with  either  a  stationary 
plateau,  a  turbulent  free  surface  or  instationary  waves 
propagating  forward  (Osawa  (19)),  and  the  flow  visuali¬ 
sation  experiments  of  Kayo  et  al  (20)  display  a  system 
of  instationary  “necklace  vorticies”  in  this  domain.  And 
the  decay  of  capillary  waves  through  viscosity,  as  inves¬ 
tigated  by  Messick  and  Wu  (21)  should  be  considered. 


Numerical  Calculations. 

Our  calculations  have  been  performed  both  for  ap- 
proacli  (A+y  and  approach  (A)'.  We  considered  the 
class  of  bi-circular  cylinders  which  had  already  been  in¬ 
vestigated  by  Brandsma  with  conventional  ray  theory. 
The  analytical  expression  for  the  velocity  potential  W 
is  given  in  complex  notation  [12]  in  terms  of  bicircular 
coordinates  ^  and  tj  through 

Z  =  X  +  iy  =  i/2  •  cot(^/2)  (49) 

W  =  tp  +  itl;  =  UL-  i7ncot(C/n)  (50) 

with  C  =  f +  »■»;.  ^  =  ^1  -^2, 7/=  Mri/rj),  n  = 
where  Po  stands  for  half  the  entrance  angle  and  L  for  the 
Ml  of  the  strut.  The  symbols  r),5i,r2,^2  stand  for 
polar  coordinates  regarding  the  strut  end  points.  For 
economical  reasons,  we  deduced  explicit  expressions  in 
real  mode  for  u,  v  and  their  derivatives.  We  evaluated 
the  ray  equations  by  the  Runge-Kutta  method. 


Fig. 5  Bi-circular  coordinate  system  around  a  bi- 
circular  strut. 

The  aforementioned  boundary  of  the  short-life  zone 
was  determined  numerically,  assuming  =  const  there. 
It  did  not  require  much  accuracy,  we  found  that  rays 
emanating  outside  such  a  border  line  were  not  sensitive 
to  the  choice  of  their  origin.  We  selected  7  =  0  as 
initial  value,  securing  a  maximum  for  the  wave  length 
and  its  rate  of  increase,  hence  minimum  probability  that 
it  may  become  stationary  and  decrease  again  along  the 
ray.  Thus  it  is  obviously  adequate  rather  to  operate 
with  a  continuous  distribution  of  disturbances  than  with 
a  concentration  in  the  stagnation  points. 

Due  to  inciusion  of  surface  tension,  steady  compo¬ 
nents  of  bow  capillary  waves  could  be  investigated  as 
well.  We  traced  rays  with  capillary  waves  from  that 
part  of  the  outer  boundary  of  the  short-life  belt  where 
the  basic  flow  is  incoming,  and  rays  with  gravity  waves 
from  the  part  with  outgoing  flow;  the  two  domains  have 
no  common  boundary,  save  the  point  where  the  basic 
flow  is  tangent  to  the  belt. 
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llic  rays  of  giavily-  and  aipillarily  -  waves  in  the  eases 
of  diffcrciil  body  advance  speeds  and  cnlrance  angles  arc 
shown  in  Fig.6,8,  0,  and  Fig.lOi 

To  show  the  difference  between  ours  and  the  conventional 
ray  theay  luxl  lest  part  of  our  ptoguun,  forwaid-  ( dwwisiiciun ) 
and  backward  -  (  upstraun  from  tlic  far  field )  tracing  based 
ai  caivenlional  ray  theory  arc  also  pcrfomied.  For  tlie  titter, 
considering  the  uncertainty  due  to  the  stagnation  point,  rays 
arc  backiraced  from  the  far  field  towards  the  bow,  itcratcly, 
by  changing  initial  conditions,  the  results  in  the  far  field 
by  usual  ( forward  tracing )  method  being  used  as  the  first 
set  of  which,  till  ray  reaches  a  given  -  sized  neighborhood 
of  bow  stagnation  point,  and  wave  angle  converges  at  the 
same  time,  tlic  results  are  shown  in  Fig.  12. 

In  all  tlic  figures  of  rays  piesenicd,  the  ptiirs  of  members 
attached  to  each  ray  give  9  ^  and  0  f  the  initial  and  final 
values  of  0  (in  degree ) .  The  short  segments  on  the  rays 
show  the  local  wave  fronts. 

To  get  better  accurraoy,  step  widths  in  ray  tracing  with 
Rupge-Kutia  method  were  atrcfully  chosen,  and  the  reliability 
was  checked  by  halving  the  stop  widths. 


Conclusions 

III  tlic  course  of  an  assessemeiit  of  the  ray  approach 
with  regard  to  representing  essential  features  of  the  wave 
pattern,  we  have  incorporated  capillarity  effects  in  our 
analysis  to  overcome  obvious  shortcomings  near  the  bow 
stagnation  point . 

Our  formulation  (A.+  )'  (eq.  (2))  generalizes  approacli 
(/!)',  where  certain  terms  related  to  the  double-body 
flow  pressure  are  disregarded.  Although  within  our 
work  we  could  neither  provide  a  rational  model  for  ray 
generation  nor  even  a  justification  for  extending  the  ray 
aiiproach  the  hull  surface  vicinity,  the  following  facts 
have  been  discovered  or  confirmed. 

Our  numerical  investigations  have  displayed  several 
global  effects  on  the  wave  pattern  geometry  result¬ 
ing  from  the  inclusion  of  capillartity  to  our  analytical 
model;  they  gain  practical  relevance  for  small  speeds, 
say  for  U=2  m/s  (if  we  consider  a  minimum  capillary 
wave  speed  of  0.23  m/s.)  : 

(1)  Both  the  far-field  Kelvin  angle  and  the  ’’modi¬ 
fied  Kelvin  angle”  near  the  bow  (i.e.  the  angle  between 
tangents  to  tiie  wave  region  boundary  and  to  the  hull 
water  line)  are  found  to  increase  with  decreasing  U. 

(2)  With  increasing  bow  entrance  angle,  both  the  zones 
of  no  steady  waves  and  the  surrounding  short-life  belt, 
from  whicli  no  rays  proceeding  into  the  far  field  can  be 
found,  grow  in  size. 


(3)  The  outward  extent  of  this  belt  is  decreasing  with 
increasing  U,  i.e.  the  stronger  the  capillarity 
the  larger  the  shert  life  belt. 

The  above  findings  are  in  qualitative  accord  with 
some  tendencies  one  may  observe  from  experimental  vi¬ 
sualizations  of  flow  and  wave  pattern  as  presented  by 
liiui[15]  (his  Fig.2-2  is  reproduced  in  our  Fig. 7),  of  Miy- 
ata(14],  of  Maruo[7)  and  of  Osawa[l9)  (see  Fig. 11).  It 
is  true  that  we  can  not  expect  our  analytical  model  to 
cover  all  features  of  the  complex  phenomena  observeed, 
effects  of  viscosity  and  finite  wave  elevation  in  particu¬ 
lar,  though  the  latter  may  be  assumed  to  be  less  signif¬ 
icant  considering  the  low  speeds  of  the  models.  Thus  it 
seems  that  in  this  regard  ray  theory  displays  a  certain 
value  for  predicting  ship  wave  phenomena,  although  the 
re-entrance  of  rays  or  their  reflection  at  the  water  line 
must  be  considered  an  open  problem,  among  others.  In 
any  case,  the  authors  would  like  to  emphasize  the  need 
to  take  account  of  surface  tension  at  low  speeds,  well  in 
accord  with  Maruo[7).  We  hope  that  our  work  reported 
here  can  add  some  further  weight  on  this  aspect 
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Fig. 6  Rays  of  gravity  waves  for  a  bicircular  cylinder 
with  half  ciitrancc  angle  Ac=  22.  5°  ,  in  cases  p“  0.  6.  0.  4 
and  0.  1,  corresponding  to  U=*  0.  39,  0.  58  and  2.  31m/s 
respectively,  for  Cin°  0.  231m/s. 

(a),  (b),  and  (c)  are  baaed  upon  (A'*’)'; 

(d)  13  based  upon  (a)'. 

(tracing  is  stopped  if  the  ray  enters 
the  body) 


Fig.7  Wave  pattern  of  a  rudder  model  of  length  0.3ni 
with  U  =  0.G5,  0.5  and  O.S-l  in/s  (by  courtesy  of  Prof. 
T.lnui  from  (15]). 

(For  this  rudderi  Fn»0.4i  p»0,33} 

Fn=0,3,  psO.45} 

Pn«0,2,  p=0.60) 
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Fig.  10  Rays  of  bow  capillary  waves  in  front  of  a  cir- 
cular  cylinder  (moving  to  tlie  left)  under  approach  (/I)' 
for  U  =  O.fcn/s  (p=0.37)  and  U=0.fm/s  (p=0.25). 


Fig. 11  Bow  vmves  in  front  of  an  advancing 
cylinder  with  diwetrc  Bb  O.46  in.  moving  to 
the  left,  at  the  speeds  of'U«0»6.  0,7  and  0,9 
m/s  (From  K.  Osavia  L19J  ) 
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Pig, 12  Rays  traced  with  ap¬ 


proaches  based  upon  conven¬ 
tional  ray  theory: 

(a)  Porward(downstream)tra- 
fiing; 

(b)  Backward  (upstream) 
tracing  from  far  field, 

(Rays  that  enter  the  body 
have  been  removed  ) 


Fig.l3 .  outer  boundary  of  rays 
of  gravity  waves,  traced 
with  dy/dx=tan(p/;^+p),  based 
upon  (A*i  , 

li,B,  it  might  not  be  the  at¬ 
tainable  boundary  of  rays 
of  gravity  waves;  and,  it 
is  not  a  boundary  between 
ray  families  of  gravity- 
and  capillary-  waves. 
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Pig,l5  Rays  of  bow  capillary  waves 
(based  upon  (A)'  ) 


I.M..  t,x  i.«a^  <:m  ‘  i!#o 


7.^  Pig.  16  Rays  of  gravity  waves 
(based  upon  (A) '  ) 


0  o  a  to  a  ta*'*'  i  oo  i.90  i.^o  t  to  i  to  2  ec 
. .  X 


•W.-M,;' 


Pig, 17  Precision  check  for  the  tracing 
technique,  the  upper  curves  are  obta¬ 
ined  by  halving  the  step  width  used 
for  the  bellow  curves,  the  difference 
is  shown  neKlipcible, 


^IC«/UI*0.100 


DISCUSSION 
by  H.  Kajitani 

1)  I  suppose  the  ray  tracing  is  a  kind  of 
low  speed  theory.  I'm  not  sure  that  a  pretty 
high  Fn  applied  in  Fig.7  is  available  or  not. 

2)  Could  you  comment  on  what  difference 
can  be  observed  on  the  traced  characteristic 
lines  between  with  and  without  surface  tension 
effects? 

3)  The  wave  length  of  capillary  waves  in 
front  of  a  ship  bow  changes  with  its  distance. 
Have  you  computed  the  capillary  wave  phase? 

Author's  Reply 

Prof.  Kajitani's  worrying  about  applying 
ray  theory  for  high  Fn  is  certainly  natural. 
We  use  Fig.  1,  the  highest  Fn  is  0.4 
there, (from  Inui  and  Miyata)  to  show  the 
qualita^tive  confirmation  with  the  test 
results.  We  don't  think  that  ray  theories 
(at  present)  can  predict  strong  non  linear 
effect.  Keller[3]  claimed  that  ray  theory  may 
be  useful  for  Fn  ^0.7.  We  are  more  conserva¬ 
tive  in  this  regard.  As  to  the  differences 
between  those  with  and  without  surface 
tension,  they  could  be  listed  in  Table  Al. 

We  have  not  yet  calculated  the  capillary 
wave  phase.  It  could  be  carried  out  through 
integration. 


DISCUSSION 
by  H.S.  Choi 

First  of  all,  I  would  like  to  congratulate 
the  authors  that  the  surface-tension  effect 

Table  Al 


has  been  successfully  included  in  the  ray 
theory  to  clarify  the  wave  pattern  around  the 
bow  more  clearly.  It  may  be  more  usefully 
applied  to  a  small-scale  models.  If  it  is  the 
case  it  is  possible  that  the  local  phase 
velocity  reaches  to  the  minimum  celerity  of 
capillary  gravity  waves  (=25  cm/sec)  and  the 
capillary  wave  breaks.  It  implies  that  a  new 
source  of  singularity  has  been  invited  to  your 
method.  I  would  be  happy  if  you  comment  on  it. 

Author's  Reply 

Thank  you  for  your  comment.  If  the  wave 
length  of  a  gravity  wave  is  decreasing  when 
progressing,  the  wave  might  break  before  the 
local  phase  speed  c  reaches  the  local  minimum 
phase  speed  cm.  In  our  approach,  we  start  rays 
of  gravity  waves  from  the  short-life-belt 
boundary,  where  exist  the  shortest  omitted 
gravity  waves.  The  waves  seem  to  become  longer 
when  propagating  (cf.  (48),  which  shows  that 
near  the  bow,  l/k*dk/ds  <  0,  that  means 
increasing  wave  length  along  rays  ),  If  c<Cjj| 
does  happen  somewhere,  our  program  will  treat 
the  corresponding  ray  as  short  life  ray, 
terminate  the  tracing  and  enlarge  the  short 
life  belt.  We  thus  have  not  that  kind  of  new 
source  of  singularity.  You  may  be  right  to 
consider  these  new  singularities.  But  I  wonder 
if  they  would  cause  only  secondary  effect. 

DISCUSSION 
by  A.  Hermans 

I  congratulate  the  authors  with  their 
interesting  extension  of  ray  theory,  I  agree 
with  them  that  in  the  region  of  very  short 
waves  (near  the  stagnation  points)  surface 
tension  is  dominant  and  that  its  influence  on 
the  ray  pattern  is  seen  in  the  whole  field.  It 


Conventional  ray  theory 
(no  surface  tension) 

Present  ray  theory 
(Include  surface  theory) 

1  Point  disturbance,  all  rays  are 
from  stagnation  point;  Statlonry 
waves  exist  even  near  the  stag¬ 
nation  point. 

2  Ray  and  wave  patterns  are  Inde¬ 
pendent  of  body  speed  U. 

1  Region  disturbance,  rays  that  can 
reach  far  field  are  from  the  boud- 
ary  of  that  region;  Ho  stationary 
waves  can  exist  Inside  of  It.** 

2  Patterns  are  dependent  on  U. 

Change  tendencies  of  size  of  short 
life  belt,  local  and  far  field 
Kelvin  Angles  etc.  are  In  accord¬ 
ance  with  experiments. 

*)  In  Fiq.7,  the  rudder  being  smal',  Fn=0.4  corresponds  to  a  "slow"  speed  in  the  scale  of 
minimum  phase  velocity  Cm  (in  uniform  flow) 

**)  Observing  carefully  the  region  right  in  front  of  slowly  advancing  body  of  blunt  bow, 
say  a  circular  cylinder  as  shown  in  Fig.ll,  one  could  find  (in  some  region  of  body 
speed)  in  stationary  waves  between  the  stationary  capillary  region  and  a  turbulent 
region  close  to  the  bow.  What  we  considered  was  only  the  stationary  waves. 
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makes  the  mode  for  the  ray  pattern  more 
accurate  than  the  one  described  by  Brandsma 
and  myself.  It  is  a  pity  that  the  authors  do 
not  say  one  word  on  the  influence  of  the  wave 
excitation  coefficients  and  the  corresponding 
wave  amplitude.  It  is  my  philosophy  that  one 
must  try  to  balance  all  components  of  the 
building.  To  iny  opinion  one  approach  has  such 
a  balance  at  its  own  level.  Do  the  authors 
expect  that  our  approach  to  the  amplitude 
problem  is  applicable  in  this  case?  If  so,  do 
they  expect  that  the  influence  of  surface 
tension  is  noticeable  there  just  as  well. 

Author's  Reply 

Thank  you  for  your  congratulations  and 
comments.  The  aim  of  this  paper  is  to  find  out 
if  surface  tension  is  taken  into  con¬ 
sideration,  the  ambiguity  and  difficulties  of 
the  conventional  Ray  theory,  as  found  by  many 
others,  can  be  overcome.  We  would  not  blame  an 


existing  theory  for  not  being  perfect.  On  the 
contrary,  we  appreciate  every  effort  made  by 
previous  authors  who  developed  ray  theory  and 
made  it  possible  to  apply  it  in  practice.  In 
view  of  that  some  important  features  of  the 
real  world  can  not  be  predicted  with 
conventional  ray  theory,  we  think  that  some 
improvements  may  be  necessary. 

We  have  not  yet  calculated  amplitude.  Our 
concern  in  this  paper  is  on  ray  pattern.  Our 
results  show  that  surface  tension  may  not  be 
disregarded  for  slow  ship  problems,  at  least 
in  small  scale  cases.  Even  if  it  turns  out  to 
have  no  significant  effect  on  the  final 
results  in  some  cases,  it  can  still  be  used  as 
a  way  to  circumvent  the  difficulties  in  ray 
theory.  From  the  viewpoint  of  validation,  the 
assumption  of  infinitesimal  wave  length  at  the 
stagnation  point  is  always  an  unpleasant 
thing.  We  tried  to  get  rid  of  it. 
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Numerical  Calculations  of  the  Viscous  Flow  over  the  Ship  Stern 
by  Fully  Elliptic  and  Partially  Parabolic  Navier-Stokes  Equations 


K.  J.  Oh  and  S.  H.  Kang 
Seoul  National  University 
Seoul,  Korea 
T.  Kobayashi 
University  of  Tokyo 
Tokyo,  Japan 


Ab.«ract 

Two  computer  codes  have  been  developed  to  solve  the 
Reynolds  averaged  Navier-Stokes  equations;  namely  the  fully 
elliptic  method  and  the  partially  parabolic  method.  These  arc 
applied  to  simulate  flows  over  the  stem  of  the  SSPA  model  as 
a  bench  mark  as  well  as  a  multi-purpose  ship  with  a  barge 
type  stem.  The  numerically  generated  body-fitted  coordinate 
system  is  used  to  manage  the  complex  geometry  of  the  ship- 
hull.  A  standard  form  of  the  k-€  turbulence  model  is 
adopted  for  modelling  of  the  Reynolds  stresses. 

Simulated  results  by  both  methods  are  nearly  identical 
when  the  longitudinal  flow  reversal  does  not  appear.  The 
partially  parabolic  method  requires  only  half  of  the  memory 
storage  and  cuts  CPU  time  by  20%  in  comparison  with  the 
fully  elliptic  method.  The  capability  of  programs  developed 
in  the  present  study  arc  confirmed  by  sucessfully  simulating 
pressures,  skin  frictions  and  mean  velocities  over  stems  of  the 
two  models.  The  growth  of  the  viscous  layer  over  the  stem  is 
well-simulated  and  the  secondary  motion  is  also  captuied, 
which  is  usually  observed  in  the  experiments.  Nevertheless 
the  standard  form  of  the  k-e  model  is  not  adequate  for 
predicting  the  turbulent  kinetic  energy  over  the  stem. 
Simulated  nominal  wake  fractions  show  good  accordance 
with  wake  measurements.  However,  values  of  the  outerpart 
of  the  wake  are  over-estimated,  while  the  trends  of  the 
circumferential  variations  arc  consistent  with  wake 
measurements.  Coefficients  of  the  viscous  resistance 
predicted  by  present  methods  arc  under-estimated  by  10 
percent.  If  further  developments  on  the  turbulence  model 
and  numerics  arc  accomplished,  this  method  of  numerical 
simulations  of  the  viscous  flow  over  the  stern  would  be 
promising  for  the  hull  form  design. 

1.  Introduction 


The  importance  of  the  viscous  flow  simulations  around 
the  shi}'  hy!l  hcis  received  wide  scknowledgement  in  the  light 
of  the  hull-form  design.  Predictions  of  the  viscous  resistance 
are  useful  in  the  stage  of  the  bare  hull-form  design.  Ship 
forms  of  good  resistance  and  propulsion  performance  cannot 
be  developed  without  considering  the  propulsion  efficiency 
as  well  as  the  form  factor.  Such  design  and  development  can 
be  effectively  attained,  only  if  numerical  method  can 
estimate  form  factors,  nominal  and  effective  wakes  on  the 
propeller  plane,  and  thrust  deduction  factors.  These  design 
parameters  can  not  be  reasonably  obtained  without  complex 
three-dimensional  turbulent  flow  simulations  over  the  ship 
stern  and  in  the  wake. 


Viscous  flows  over  the  ship  hull  have  been  calculated  by 
the  three-dimensional  boundary  layer  theory.  If  free  surface 
effects  are  excluded,  experiments  and  calculations  indicate 
that  the  first-order  boundary  layer  equations  adequately 
describe  the  flow  over  a  large  part  of  a  ship  hull.  But  it 
begins  to  break  down  gradually  over  the  stem,  which  is 
around  10-20  percent  of  the  ship  length[l,2].  Et^rimental 
information  pertaining  to  the  evolution  of  the  flow  over  the 
stem  as  well  as  in  the  near  wake  has  been  reviewed  by 
Patel[2].  Much  research  has  been  done  for  thick  boundary 
layers  over  the  stem  in  the  past,  but  they  have  failed  to 
provide  a  designer  with  valuable  information. 

The  partially  parabolic,  or  the  semi-elliptic  type,  of  the 
Navier-Stokes  equations  have  been  recently  employed  to 
simulate  the  complex  viscous  flow  over  the  stem  instead  of 
the  full  elliptic  Navier-Stokes(NS)  equations  in  consideration 
of  physical  phenomena  that  there  is  usually  no  region  of  flow 
reversal  in  the  direction  of  ship  motion.  These  equations  can 
be  used  to  describe  flows  between  the  thin  boundary  layer 
upstream  and  the  wake  far  downstream  from  the  ship.  The 
p^ially  parabolic  Navier-Stokes(PPNS)  equations  have  been 
first  employed  to  calculate  flows  and  heat  transfer  in  the 
straight  square  duct  by  Pratap  and  Spalding[3].  Abdelmeguid 
ct  al.[4]  was  the  first  to  have  applied  to  ship  hulls.  Markatos 
et  al.fsj,  Muraoka[6,7]  etc.  have  presented  further  researches 
and  several  papers[8,9,10]  appear  in  the  2nd  Symposium  on 
Ship  Viscous  Resistance  in  1985.  Chen  and  Patel[ll]  have 
adopted  the  finite  analytic  numerical  scheme  and  produced 
reasonably  accurate  results  for  flows  external  to  an 
axisymmetric  body  of  revolution  and  three-dimensional 
mathematical  models.  A  computer  program  STERN/PPNS 
has  been  developed  based  on  the  partially  parabolic  method 
and  applied  to  several  models  to  demonstrate  its  performance 
by  Kang  and  Oh[12,13,14].  The  program  proved  to  be 
reasonably  accurate  in  describing  the  pressure  distributions  on 
the  hull  and  the  velocity  contours. 

When  there  appeals  flow  reversal  over  the  hull,  the  NS 
equations  should  be  solved.  .A  computer  cods  ST'ERN.WS  has 
been  developed  in  the  present  study  and  it’s  performance  has 
been  investigated  by  cross  checking  each  of  their  respective 
similated  results  of  flows  over  the  stem.  The  SSPA  720 
model  is  selected  as  an  bench-mark  model  and  a  multi¬ 
purpose  ship  with  a  barge  type  stem  for  the  present  study. 
The  possibility  for  the  program  to  be  used  for  design  purposes 
is  investigated  in  the  present  paper  by  estimating  the  viscous 
resistance  and  nominal  wakes  on  the  propeller  plane  of  a 
barge  type  ship  form.  Estimated  results  are  compared  with 
measured  data  in  the  towing  tank.  Before  going  further,  basic 
equations  and  calculation  method  are  briefly  summarized. 
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2.  Governing  Equations  and  Boundary  Conditions 
2.1  Governing  Equation 

Geometiy  of  the  ship  hull  is  described  in  the  cylindrical 
coordinate  system  {x,  r,  0)  as  shown  in  Fig.l.  Governing 
equations  for  the  incompressible,  steady,  and  turbulent  flow 
are  given  by  the  continuity  and  Reynolds  averaged  Navier- 
Stokes  equations.  Reynolds  stresses  are  modelled  by  using 
the  eddy  viscosity.  In  the  jt-e  turbulence  model  adopted  in 
the  presen'  study,  the.  eddy  viscosity  is  given  by  turbulence 
kinetic  energy  k  and  dissipation  rate  c  which  are  obtained 
from  their  transport  equations.  In  the  cylindrical  coordinate, 
above  governing  equations  can  be  written  in  the  general  form 
as  follows; 


d  Id  Id  d  del) 

—m)  +  — (rv<t.)  +  — (^4.)=  — (r,^— )  + 

d;c  r  dr  r  d9  dx  dj: 

1  d  dd)  1  d  dd> 


where 4) ,  stand  for  the  flow  variables,  diffusion 

coefficient  and  source  terms  for  each  variables.  These  are 
summarized  in  Table  1. 


2.2  Boundary-Fitted  Coordinate  System 

The  calculation  domain  is  bounded  by  the  hull  surface  S, 
the  center-plane  C,  the  water  surface  W,  the  upstream 
section  A,  the  downstream  section  B,  and  the  outer  boundarj- 
2  far  from  the  hull  surface  as  shown  Fig.l.  A  boundary 
fitted  coordinate  is  adopted  to  transform  the  physical  domain 
in  the  cylinderical  coordinate  into  a  rectangular 
computational  domain  in  Fig.2.  The  numerical  grid 
generation  is  widely  used  for  such  a  transformation.  With 
the  values  of  the  coordinates  specified  on  the  boundaries  of 
the  physieal  domainCx,  r,  9),  it  then  remains  to  generate  the 
vai'.ies  of  these  coordinates  in  the  interior  of  the 
domaind,  ri,  {)•  This  can  be  obtained  from  the  solutions  of 
the  following  elliptic  parti?'  fifferential  equations[ll]; 


=  0  ,  V^0  =  0  (2) 

r 

where 


A  :  upitrMm 
B  :  doimitrMm 
S  :  hu»  end  woM  oin 


Z  i  bOtf>danr 


Fig.l  Physical  domain  and  coordinate  system. 


Fig.2  Computational  domain. 


Fig.3  Body-fitted  coordinate  system  and 
velocity  components. 


,g^  denote  metric  tensors,  and  /  are  control  functions  for 
alignment  of  grid  points  in  the  domain. 

Design  parameters  and  expermental  data  are  usually 
presented  at  each  stations  of  the  ship  hull.  Therefore  it  is 
convenient  if  constant  |  planes  are  chosen  to  be  coincided 
with  constant  x  planes.  If  we  put  ?=6(x),  then  following 
equations  are  obtained. 

+  g\  +  2g\^  +  2g\ 

+  25%  +  ^  (3) 

+  2g\i+f\  +  f\  +  f6^  =  0  W 

Grid  control  function  /'  is  calculated  from  the  distribution  of 
thex  planes.  In  the  radial  direction,  grid  contol  function/^ 
is  determined  by  grid  distributions  on  the  inlet  and  exit 
plane  for  aid  lines  to  be  smoothly  generated.  Grid  control 
function/^  is  prescribed  with  the  grid  distribution  on  the 


outer  boundary. 

/  (6. 11.0  =  -8  — 

(5) 

/(Oii,0  =  — + 

'■'•n 

(6) 

/^(§>  11.  0  “  ~ 

(7) 

where 

F,(0-n,0  =  -s“t— ]£-£,  . 

n 
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^1,  ^2  denote  values  of  ^  corresponding  to  upstream  and 
downstream  sections  respectively  and  TI2  denote  the  value  at 
the  outer  boundary.  Symmetric  Neumann  boundary 
conditions  arc  used  at  the  water  plane  (0=0“’)  and  the 
center  plane  (0=90®).  Dirichlet  boundary  condition  is  used 
at  other  boundaries. 

2.3  Transformed  Governing  Equations 

Transformation  of  independent  variables  (x,  r,  0)  in 
governing  equations  are  considered,  leaving  velocity 
components  {U,  V,  W)  in  the  original  (x,  r,  0)  coordinate  in 
Fig.3.  Then  governing  equations  are  generally  represented  as 
the  following  form[12]. 


-[— +  blv4>  +  blW4>) 
J  05 

+  —(biUi>  +  bjv^  +  bf^V^,) 

+  —(bfUib  +  blv<i,  +  f>|vv4>)] 


The  above  equations  arc  still  the  exact  equations  in  so  far  as 
no  approximations  have  been  made  beyond  those  inherent  in 
the  turbulence  model.  The  equation  (8)  can  be  rendered 
partially  parabolic  by  neglecting  the  first  term  which  involves 
the  second  order  derivative  term  with  respect  to  Physically 
this  is  not  the  same  as  neglecting  4>x:  nor  docs  it  imply  that 
diffusion  in  either  x  or  |  direction  is  ncglectcd[ll]. 

2.4  Boundary  Conditions 

Boundary  conditions  at  each  boundaries  of  the  solution 
domain  arc  summarized  as  below. 


(1)  Upstream  A;  The  position  is  extended  to  the  upstream  as 
far  as  thin  boundary  layer  equations  and  the  potential  flow 
theory  are  valid.  Then  distributions  of  (U,  V,  W,  k,  e)  can 
be  prescribed  from  boundary  layer  calculation.  If  it  is  placed 
over  the  itiid-ship,  then  distributions  may  be  assumed  by 
using  integral  parameters  without  exerting  significant 
influences  on  downstream  calculation.  The  streamwise 
velocity  profile  in  the  boundary  layer  is  specified  by  l/7th 
law, 


U,  8 


and  the  velocity  in  the  inviscid  region  is  given  as  the  free 
stream  velocity.  The  turbulent  kinetic  energy!:  and  the 
dissipation  rate  e  arc  also  given  by  the  flat  plate 
correlations  with  the  boundary  layer  tliickness  and  skin- 
friction  coefficient. 


(2)  Downstream  B;  At  one  ship  length  downstream  from  the 
stem,  zero  gradient  condition  is  assumed  for  the  all  variables. 
In  partially  parabolic  calculation,  only  the  zero  pressure 
gradient  condition  is  required. 

(3)  Hull  surface  S;  The  wall  function  is  adopted  in  the 
present  study.  The  grid  points  next  to  the  wall  arc  located  in 


the  fully  turbulent  layer,  and  it  is  assumed  that  the  law  of  the 
wall  is  satisfied  and  the  velocity  vectors  .in  this  region  are 
collateral.  The  boundary  values  at  the  first  grid  point  are 
obtained  by  assuming  the  local  equilibrium  between  turbulent 
kinetic  energy  production  and  dissipation.  They  are  given  as 
follows. 


Tw  -  k^^ 

P  H^n*) 

(10) 

k  - 

(11) 

V‘ 

C  - 

(12) 

The  magnitude  of  the  velocity  at  the  first  grid  point  near 
the  wall  is  given  as  V,  and  n  is  nomal  distance  from  the 
wall. 

(4)  External  boundary  2:  K  placed  sufficiently  far  from 
the  hull  surface  so  that  uniform  flows  and  no  turbulence 
condition  can  be  assumed  there. 


U=U„,W  =  k  =  i  =  0,  —  =  0,p  = 


(5)  Center  plane  C  and  water  plane  W;  Symmetric  condition 
arc  imposed. 

dU  dV  dk  dt.  ^  ,,,, 

W  =  0,  —  =  —  =  —  =  —  =  0  (14) 

di  dl  dl  dC. 

(6)  Wake  center  line  C;  Following  conditions  arc  enforced. 

„  dU  dk  d€  „ 

^=^  =  0,  —  =  —  =  —  =  0  (15). 

df]  dt]  dt) 


3.  Numerical  Scheme 

Uniform  grid  spacings  are  taken  in  the  calculation  domain 
(A5=A-ri=At=l)  and  grid  control  functions  are  determined 
by  specified  values  on  the  boundarys.  The  grid  construction  is 
obtained  by  solving  equation  (3),  (4)  by  the  finite  difference 
method. 

The  Finite  Volume  Method  is  applied  for  discretizing  the 
governing  equations  and  the  hybrid  scheme  is  employed  in 
the  evaluation  of  the  convection  terms.  The  finite  difference 
equations  are  obtained  by  integrating  the  governing  equations 
over  individual  control  volumes  formed  by  the  staggered  grids 
systcm(15].  The  scalar  variables p,  it,  e  arc  located  at  the  grid 
nodes  themselves,  while  velocity  components  arc  positioned 
between  the  scalar  nodes.  Such  a  staggered  grid  has  benifit  of 
having  the  velocities  at  the  boundaries  of  the  scalar  cells 
where  they  arc  needed  in  integrating  convective  terms. 
Furthermore  the  pressure  nodes  are  located  on  cither  side  of 
the  velocity  node  and  it  is  easy  to  calculate  the  pressure 
gradient  terms  in  the  momentum  equations. 

Then  the  final  form  of  the  discretized  governing  equations 
arc  obtained. 


a,(j)p  =  +  agd)^  +  a,y<{)^ 

+  4"  “o't'W  +  “S.  (1^/ 

The  subscript  P  refer  to  the  grid  node  to  be  considered  and 
the  subscript  C/,ZJ  correspond  to  the  upstream  and 
downstream  grid  respectively.  Tlie  other  neighbouring  grids 
in  the  sections  arc  given  by  the  subscript  Al,  S,  E,  W.  Tlic 
<i>a>  4“  ^N>  4*5  etc.  represent  the  convection  and  diffusion 
at  ea'  orresponding  control  surfacc[16]. 
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Fig.4  Over-view  of  generated  grids  of  the  SSPA  model. 


When  the  partially  parabolic  form  of  equation  (8)  is  solved, 
the  discretized  equations  arc  obtained  by  the  similar  way. 

Op^p  =  +  a£(j)£  +  +  S,j,  (17) 

Since,  the  diffusion  term  in  the  §  direction  is  removed  from 
the  equation  (8),  only  the  convection  term  C„  is  included  in 
the  5  direction.  The  unknown  variables  {U,  V,  W,  k,  t) 
can  be  obtained  by  solving  the  equation  (16)  or  (17)  under 
the  assumed  or  estimated  pressures. 

The  estimated  pressures  are  indirectly  corrected  for  the 
continuity  equation  to  be  satisfied.  K  SIMPLE(Semi-Implicit 
Pressure  Linked  Equation)  algorithm  is  adopted[lS],  the 
discretized  equation  for  the  pressure-correction  is  obtained, 
lliis  equations  can  be  represented  by  the  same  form  with  the 
equation  (16),  which  has  fully  elliptic  characteristics. 

In  the  fully  elliptic  calculation,  the  flow  variables  are 
iteratively  solved  and  the  converged  solutions  are  obtaiined. 
The  procedures  are  summarized  as: 

(1)  Construct  the  coordinate  system,  and  calculate  the 
metric  tensors  and  Jacobian. 

(2)  Specify  initial  conditions  at  the  inlet  plane. 

(3)  Solve  the  velocities  with  assumed  or  previously  calculated 
pressures. 

(4)  Solve  the  pressure-co^ection  equations 

(5)  Correct  pressure  distributions  and  velocities. 

(6)  Calculate  the  k,  e. 

(7)  Return  to  step(3)  and  repeat  step(3)-(7)  untill  the 
residues  are  reduced  by  0.1%  of  the  reference  values. 

To  solve  the  partially  parabolic  equation,  the  marching 
procedure  along  the  g  -direction  is  employed. 
(I/,  V,  W,  k,  f)  at  each  sections  are  calculated  with 
upstream  values  of  each  variables  and  previously  calculated 
pressure.  Pressure-corrections  are  achieved  on  each  section 
without  any  correction  of  the  upstream  and  the  downstream 
pressures  during  the  marching  procedure.  Pressure  of  the 
whole  domain  should  be  stored  in  the  partially  parabolic 
method  and  several  sweeps  in  the  ^-direction  are  required  to 
obtain  tiie  converged  solutions.  The  procedure  are 
summarized  as: 

(1)  Construct  *he  coordinate  system,  and  calculate  the 
metric  tensors  and  Jacobian. 

(2)  Specify  initial  conditions  at  the  upstream  boundary. 

(3)  Calculate  velocities  at  the  downstream  with  the 
previously  calculated  pressures. 


Fig.5  Pressure  distributions  over  several  streamlines 
on  the  SSPA  model. 


lK> 


Fig.6  Skin  friction  coefficients  over  several  streamlines 
on  the  SSPA  model. 


(4)  Correct  the  pressure  distributions  and  velocities. 

(5)  Calculate  k,  t  at  the  downstream 

(6)  Marching  to  the  downstream  boundary. 

(7)  Return  to  step(3)  and  repeat  step(3)-(6)  untill  the  mass 
residue  are  Piduc^  by  0.1%  of  the  reference  value. 
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Fig.7  Girth-wise  variation  of  pressure  coefficient 
at  x/L  =0.9  of  the  SSPA  model. 


Fig.8  Girth-wise  variation  of  skin-friction  coefficients 
at  xlL  =0.9  of  the  SSPA  model. 


4.  Calculations  and  Discussion 

A  computer  code,  STERN/PPNS  based  on  PPNS 
equations  has  been  developed  by  the  method  described  above 
and  is  applied  to  flows  over  several  mathematical  models. 
Calculated  results  by  STERN/PPNS  have  been  discussed  by 
Kang  et  al.[12,13,14].  Simulated  flow  fields  and  pressure 
distributions  are  generally  in  good  agreement  with  tested 
data.  But  calculations  have  a  marked  trend  to  over-estimate 
turbulent  kinetic  energies  near  the  stem.  Such  a  trend  has 
also  been  pointed  out  by  Chen  and  Patcl[ll]. 

Another  code  STERN/NS  based  on  NS  equations  has 
been  developed  in  the  present  study.  General  performances 
of  the  code  have  been  checked  by  simulating  flows  over 
several  mathematical  models  by  Oh[16].  Performance 
characteristics  of  two  programs  have  been  intensively 
investigated  and  compared  in  the  present  study  by  simulating 
flows  over  the  SSPA  720  model  and  a  multi  purpose  barge 
type  ship.  The  first  one  was  a  container  ship  model,  which 
was  tested  in  the  wind-tunnel  by  Larsson[17]  and  used  as  one 
of  standard  models  of  ITTC-SSPA  Workshop[2].  The  latter 
model  has  a  barge  type  stem,  which  was  chosen  to  investigate 
the  possibility  of  the  numerical  simulation  of  viscous  flows  to 
be  used  for  design  purposes. 

4.1  SSPA  720  model 

Part  of  the  numerically  generated  grid  system  is  presented 
in  Fig.4.  Numbers  of  meshes  in  the  (?,  t),  {)-directions  arc 
(58,  25,  14)  respectively.  They  cover  the  calulation  domain 
of  0.5<x/L<2.0,  r/L<0.8.  Circumferential  grids  are 
distributed  to  coincide  with  external  stream  lines  along  which 
measurements  have  been  taken,  meshes  in  [he  ruuiul 
direction  arc  progressively  closely  spaced  near  the  hull. 
Calculation  is  performed  at  Reynolds  number  5.0x10”, 
where  the  model  was  tested  in  the  wind  tunnel.  Converged 
solutions  arc  obtained  after  90  sweeps  by  STERN/PPNS  and 
190  iterations  by  STERN/NS.  PPNS  procedure  save  CPU 
time  by  20  percent  as  well  as  considerable  memory  storage  in 
comparison  with  the  full  elliptic  procedure. 


Fig.9  Simulated  viscous  layer  over  the  stern  of  the  SSPA 
model  by  STERN/NS. 


^)IUMttbT  therms 

Fig.lO  Comparison  of  calculated  velocity  contours  and 
cross  velocity  vectors  at  x/L  =0.95  of  the  SSPA 
model. 

Estimated  pressure  coefficients  along  each  streamlines  are 
shown  in  Fig.5.  Both  calculations  are  in  very  good  agreement 
with  blockage  corrected  data.  The  present  programs  can  take 
into  account  the  blockage  effect  by  considering  the  existence 
of  the  outer  wall.  Even  though  SIERN/NS  shows  slightly 
lower  estimations  than  STERN/PPNS,  differences  are 
nigligible  in  this  case  of  flow  without  seperation.  However, 
some  attenuations  appear  in  the  estimated  pressures  just  over 
the  stem  by  using  fully  elliptic  calculations.  Such  attenuations 
might  be  originated  from  neglected  longitudinal  diffusion 
terms  in  the  partially  parabolic  method.  The  capability  of  the 
both  programs  is  confirmed  to  simulate  the  interaction 
between  the  thick  boundary  layer  and  the  external  flow  by 
succssful  prediction  of  hull  pressures.  On  the  other  hand, 
predicted  skin  friction  coefficients  arc  qualitatively  in  good 
Hccordsncc  with  znessursments  2s  shovt'n  in  Fig.6. 
Considerable  uncertainty  should  be  taken  into  account  as  far 
as  skin  friction  measurements  arc  concerned.  It  is  also  true 
that  enough  number  of  grids  could  not  be  allocated  near  the 
surface.  It  is  seen  that  coefficients  of  skin  friction  reduces 
over  the  stem,  where  the  shear  layer  grows  thick  according  to 
the  strong  adverse  pressure  gradient  and  the  stream  line 
convergence  except  along  the  keel  line.  Girthwisc 
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Fig.ll  Profiles  of  resultant  velocity  at  xlL  =0.95 
of  the  SSPA  model. 


distribution  of  pressure  coefficients  and  skin  friction 
coefficients  calculated  in  the  present  study  are  compared  with 
measured  values  in  Fig,7  and  Fig.8.  Secondary  flow  is 
directed  away  from  the  keel  and  the  water  plane  according  to 
the  girth-wise  pressure  gradient,  and  the  shear  layer  rapidly 
grows  thick  at  the  mid-girth.  SWn  friction  coefficients  at  the 
keel  show  their  largest  values  and  decreases  along  the  girth  to 
the  water  plane. 

*rhe  feature  of  shear  layer  formation  over  the  stem  by 
STERN/NS  program  is  shown  in  Fig.9  .  The  contours  of  the 
axial  velocity  component  and  the  pattern  of  the  transverse 
motion  at  x//,=0.95  are  shown  in  Fig.lO.  The  boundary  layer 
remains  thin  along  the  kr.el  line  according  to  the  divergence 
of  streamlines.  The  thickness  of  the  viscous  layer  over  the 
mid-girth  is  almost  as  large  as  the  draft  of  the  model.  The 
axial  velocity  contour  is  well-simulated  in  comparison  with 
the  measured  contour.  The  bilge  vortex,  which  is  a  general 
feature  of  the  stem-flow,  is  also  observed  in  the  simulation. 
Distributions  of  the  total  velocity  at  several  points  where  each 
streamlines  intersect  with  the  x/f,= 0.95  section  are  compared 
with  measured  data  in  Fig.ll.  Here  it  should  be  noted  that 
measurements  are  obtained  normal  to  the  hull  and 
calculations  are  computed  on  transverse  sections.  There  are 
good  agreements  between  calculations  and  measurements, 
although  some  error  might  be  involved  due  to  such 
differences  in  the  location.  Turbulent  kinetic  energy 
distributions  are  compared  in  Fig.l2,  where  typical  characters 
of  turbulence  in  the  stem  flow  appear.  Turbulence  kinetic 
energy  shows  considerable  reduction  in  the  magnitude  near 
the  hull  over  streamlines  3,  5,  and  7,  which  is  quite  a  unusual 


Fig.l2  Profiles  of  turbulent  kinetic  energy  at  xlL  =0.95 
of  the  SSPA  model. 


feature  in  the  thin  boundary  layer.  It  is  explained  that  such 
reduction  is  due  to  strong  flow  convergence  without  enough 
generation  in  the  turbulence  kinetic  energy  over  the  stem. 
The  k-e  model  in  the  present  study  fails  to  capture  such  a 
phenomena  taking  place  over  the  stem.  An  algebraic  stress 
model  may  well  be  a  furture  choice  for  sucessful  simulations. 

4.2  Barge  Type  Ship 

An  object  of  the  present  study  is  to  investigate  the 
potentiality  of  programs  to  be  used  for  design  purposes.  The 
selected  model,  37K  PROBOCON,  was  originally  designed 
by  KSEC(Korea  Shipbuilding  and  Engineering  Co.)  and 
developed  by  SSPA  through  several  series  tests  in  the  towing 
tank.  The  body  plan  is  shown  in  Fig.l3.  Considerable 
reductions  in  the  viscous  resistance  as  well  as  increases  in  the 
propulsion  efficiency  have  been  reported  in  comparison  with 
conventional  stem  shapes.  Components  of  the  resistance 
coefficient  and  measured  nominal  wake  distributions  in  the 
towing  tank  are  availablc[18].  Furthermore  pressure 
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Fig.l4  Over-view  of  generated  grids  of 
37K  PROBOCON. 

distributions  on  the  corresponsing  double  body  have  been 
measured  in  the  wind-tunnel[19]. 

Numerically  generated  grids  are  shown  in  Fig.l4. 
Numbers  of  mesh  points  in  the  (5,  ii,  5)-directions  are  (54, 
25,  32)  respectively.  Calculation  is  performed  in  the  domain 
of  0.5'^/Z,<2.0,  r/L<0.963,  and  at  Reynolds  number 
8.5x10“ ,  where  the  model  was  tested  in  the  towing  tank. 
Converged  solutions  are  obtained  after  90  sweeps  with 
STERN/PPNS  and  200  iterations  with  STERN/NS. 

Pressure  distributions  at  several  stations  over  the  stem  by 
the  present  calculations,  by  the  inviscid  calculations  with 
Hess  and  Smith  program,  and  by  the  wind-tunnel  experiment 
are  compared  in  Fig.l5.  The  experiment  has  been  carried  out 
at  Rej;,=2.0xl0“  and  the  measured  data  includes  a  small 
amount  of  blockage  effects.  The  present  methods  generally 
show  good  performance  of  the  pressure  estimation  on  the 
hull.  The  fully  elliptic  procedure  gives  somewhat  lower 
predictions  of  pressure.  The  potentid  flow  theory  does  not 
properly  simulate  pressures,  especially  near  0=3O‘’-4O“ 
where  the  boundary  layers  have  been  grown  thick  according 
to  the  streamline  convergence. 

Overall  feature  of  axial  velocity  contours  and  velocity 
vectors  on  transverse  sections  to  the  downstream  are  shown 
in  Fig.l6.  As  observed  in  the  experiment[19],  streamlines  are 
uniformly  distributed  over  the  stem,  and  consequently  the 
gradual  girth-wise  variation  of  the  boundary  layer  thickness  is 
obtained.  Bilge  vortex  is  usually  generated  over  the  stem  due 
to  the  girth-wise  pressure  distribution.  Such  vortex  is 
simulated  as  an  open  type  separation  over  the  afterbody  as 
shown  in  Eg.l7.  The  region  of  votex  extends  and  the  strengh 
at  the  core  decreases  downstream  as  shown  in  Fig.18. 

Although  the  physical  propeller  plane  is  not  divided  into 
fine  enough  grids  to  expect  reasonable  results,  estimations  of 
the  nominal  wakes  are  tried.  It  is  not  found  how  to  allocate 
grids  effectively  not  only  for  the  whole  flow  domain  but  also 
for  the  local  re^on  near  the  propeller  by  adjusting  grid 
control  functions.  Wake  fractions  have  been  measured  at 
four  radial  positions  (0.4R,  0.64R,  0.88R,  1.12R)  in  the 
towing  tank.  R  denotes  the  radius  of  the  propeller.  Predicted 
results  in  Rg.l9  are  generally  acceptable  at  0.64R  and  0.88R, 
except  between  the  stem  bulb  and  the  ship  bottom,  where 
only  a  few  mesh  points  can  afford  to  be  allocated.  However, 
wake  fractions  are  over-estimated  at  the  outer  part  of  the 
propeller  and  under-estimated  near  the  hub.  The  trends  are 
qualitatively  consistent  with  measurements.  As  far  as  grids 
generations  are  concerned,  it  should  be  stressed  that  enough 
meshes  are  to  be  allocated  locally  over  the  propeller  plane,  as 
well  as  globally  over  each  ship  sections.  It  is  also  .noted  that 
free  surface  effects  are  included  in  wake  measurements. 
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Fig.l5  Girth-wise  variations  of  pressures  at  several 
stations  of  37K  PROBOCON. 


Fig.l6  Simulated  viscous  layer  over  the  stem  of 
37K  PROBOCON  by  STERN/NS. 


Finally  the  capability  of  codes  to  estimate  the  viscous 
resistance  is  investigated.  It  may  be  obtained  by  integrating 
the  pressures  and  the  skin  frictions  over  the  hull  surface  of 
the  double  model  while  free  surface  effects  are  neglected. 

But  considerable  numerical  errors  are  expected  during  the 
integration.  A  wake  survey  method  to  estimate  the  viscous 
resistance  component  in  the  towing  te$t[20]  is  adopted. 

C,  =  - z - (18) 

l/2pt.’X 

where  Hg=Pg+pU^/2,H=p+plP'/2  and  S  is  the  wetted 
surface  area  of  the  hull.  The  integration  position  of  the  wake 
w  is  half  the  ship-length  dowrutrean  from  the  stem. 
Estimated  coefficients  of  the  viscous  resistance  by  the 
partially  para^lic  method  and  by  the  fully  elliptic  method 
are  3.57x10”’  and  3.52x10”^  respectively.  On  the  other 
hand,  (he  measured  value  was  3.9x10  '^  and  the  form  factor, 
was  0.23.  All  the  simulation  errors,  i.e.  presures  and 
velocities,  arc  fummed  up  to  show  10%  under-estimation.  It 
should  be.  noted  that  wave  effedis  or.  the  viscou?  resistance 
can  not  be  taken  into  account  ai  all  during  the  resist^cd  test. 

If  we  take  into  account  such  uncertainties,  the  present 
predictions  give  us  acceptable  values.  If  changes  in  the 
viscous  resistance  with  any  modification  of  the  hull  form  is 
reasonably  estimated,  the  computer  codes  will  be  very  useful 
as  far  as  the  bare  hull  design  is  concerned. 
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Fig.l7  Simulation  of  bilge  vortex  over  the  stern  of 
37K  PROBOCON  by  STERN/NS. 


Fig.18  Variation  of  longitudinal  component  of  vorticity 
in  the  wake  of  37K  PROBOCON. 


Fig.l9  Variation  of  nominal  wake  of 
37K  PROBOCON  (x/i  =0.975). 


5.  Conclusion 

(1)  Two  computer  program  have  been  developed  in  the 
present  study.  STERN/PPNS  simulates  flows  over  the  stem 
by  the  partiily  parabolic  method,  and  the  STERN/NS  by  the 
fully  clliptie  method.  Simulated  results  are  shown  to  be 
nearly  identical.  This  indicates  that  the  effects  of  stream-wise 
dffusion  terms  arc  negligible  when  the  flow  reversal  does  not 
appear  over  the  stem.  They  also  cross  check  each  others’ 
numerical  scheme.  The  partially  parabolic  method  requires 
only  half  of  the  memory  storage  and  reduces  CPU  time  by 
20%  in  comparison  with  the  fully  elliptic  method. 

(2)  The  capability  of  programs  developed  in  the  present 
study  is  confirmed  by  sucessfully  simulating  pressures,  skin 
frictions  and  mean  velocities  over  the  stem  of  the  both 
models.  The  growth  of  the  viscous  layer  over  the  stem  is 
well-simulated  and  the  secondary  motion  is  also  captured, 
which  is  usually  observed  in  the  experiments. 

(3)  There  appca.'s  to  be  some  deficiency  of  the  k-t 
model  enough  to  simulate  the  turbulence  fields  over  the 
stem.  The  standard  form  of  the  model  usually  over-predicts 
the  turbulent  kinetic  energy.  It  is  also  investigated  that  the 
model  cannot  properly  account  for  the  reduction  of  the 
turbulent  kinetic  energy  near  the  wall  when  the  viscous  layer 
becomes  thick  over  the  stem. 

(4)  The  streamlines  over  the  stem  of  the  barge  type  ship 
form  show  uniform  distributions,  consequently  the  gradual 
girth-wise  variations  of  the  boundary  layer  thickness  and  the 
pressure  distribution  arc  noted. 
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Table  1.  <(),  and  for  the  governing  equation. 


V,  =  V  +  V,  ,  V,  =  C^k^lt 

C^“0.09,  Co-1.0,  C,-1.44,  C2-I.92,  Ot-l.O,  <t.=  1.3 


(5)  Simulated  nominal  wake  fractions  show  good 
accordance  with  wake  measurements.  But  values  of  the 
outerpart  of  the  wake  are  over-predicted,  while  the  trends  of 
the  circumferential  variation  are  consistent  with  wake 
measurements.  Setting  aside  the  question  of  the  validity  of 
the  turbulence  model,  it  should  studied  further  how  to 
allocate  enough  meshes  locally  over  the  propeller  plane,  as 
well  as  globally  over  each  ship  sections. 

(6)  Tlie  capability  of  the  codes  to  estimate  the  viscous 
resistance  is  investigated.  A  coefficients  of  the  viscous 
resistance  predicted  by  the  present  method  are  shown  to  be 
under-estimated  by  10  percent.  If  further  developments  on 
!hc  turbulence  niodc!  2nd  numerics  sre  sccomplishcd,  .he 
numerical  simulation  of  the  viscous  flow  over  the  stem  will 
be  promising  for  the  hull  form  design. 
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ABSTRACT 

The  research  on  CFD  for  ship  flows 
carried  out  at  SSPA  and  Chalmers  Uni¬ 
versity  of  Technology  in  recent  years 
is  summarized.  Methods  for  potential 
flow  calculations  including  first  and 
higher  order  theories  with  linear  or 
non-linear  free  surface  boundary  con¬ 
ditions  are  presented.  The  importance 
of  higher  order  effects  and  non¬ 
linearity  is  discussed.  A  viscous  flow 
method  based  on  the  Reynolds-averaged 
Navier-Stokes  equations  is  also  intro¬ 
duced.  The  method  may  be  run  either  in 
the  partially  parabolic  mode  or  fully 
elliptically.  A  comparison  is  made 
between  results  of  the  two  modes.  Grid 
dependence  studies  and  validation 
against  experiments  are  presented  for 
all  methods. 


1.  INTRODUCTION 


Computational  Fluid  Dynamics  (CFD) 
has  been  a  major  research  area  at  SSPA 
for  a  number  of  years.  During  the 
seventies  several  computer  programs  for 
calculating  laminar  and  turbulent 
boundary  layers  were  developed.  These 
methods  turned  out  to  be  very  useful 
for  thin  boundary  layers  but  failed 
completely  near  the  ship  stern  [1]. 
During  the  eighties  a  strong  effort  has 
therefore  been  made  to  develop  more 
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accurate  methods,  such  as  the  higher 
order  boundary  layer  Integral  method 
[2],  [3],  the  ADI  method  in  body-fitted 
coordinates  [4]  and  the  streamline 
curvature  method  [5].  All  of  these 
produced  improved  results  near  the 
stern,  but  none  of  them  could  accura¬ 
tely  predict  the  near  wake  and  the 
viscous/lnviscid  Interaction.  A  more 
accurate  approach  to  these  problems  was 
obviously  required. 

The  situation  was  anticipated  around 
1980,  when  the  development  of  a  Navier- 
Stokes  method  was  started.  After 
testing  and  analysing  various  routes  to 
find  the  best  possible  coordinate  sys¬ 
tem  and  solution  procedure  a  method  was 
developed  in  1985-1988.  Several  diffe¬ 
rent  programs  were  written  based  on 
somewhat  different  approximations  of 
the  Navier-Stokes  equations  [6],  [7], 

[8]  and  [9].  Introduction  of  the  pro¬ 
peller  effect  has  been  made  recently 
[10]. 

In  the  early  eighties  interest  was 
also  directed  towards  the  free  surface 
potential  flow,  and  the  first  methods, 
based  on  Dawson's  theory,  were  deve¬ 
loped  during  1983-1986  [11],  [12], 

[13] .  The  call  for  more  accurate  solu¬ 
tions  in  certain  cases  prompted  the 
development  of  methods  with  a  more 
exact  free  surface  boundary  condition 
and  better  numerical  accuracy.  These 
methods  are  presented  in  detail  in 

[14] ,  [15],  [16],  [17],  [18]  and  [19]. 
The  purpose  of  the  present  paper  is  to 
introduce  the  new  development,  to  give 
some  exampl.es  of  the  application  of  the 
programs  and  to  compare  the  results 
from  different  levels  of  approximation, 
in  the  potential  flow  as  well  as  in  the 
viscous  flow. 
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2.  POTENTIAL  FLOW  METHODS 
2.1  Governing  equations 


At  the  free  surface,  two  boundary 
conditions  must  be  imposed,  i  e  the 
flow  must  be  tangent  to  the  surface 


In  this  class  of  methods,  the  flow  is 
considered  steady,  inviscid,  irrota- 
tional  and  incompressible.  A  right- 
handed  coordinate  system  Oxyz  is 
employed  with  the  origin  on  the  mean 
free  surface,  x  positive  in  the 
direction  of  the  uniform  flow,  and  z 
positive  upwards.  A  ship,  piercing  the 
free  surface,  is  assumed  to  be  in  a 
uniform  onset  flow  of  velocity  U,,.  (See 
Fig  1 . )  The  flow  field  around  the  ship 
may  be  described  by  a  velocity 
potential  <t>,  which  is  generated  by  a 
distribution  of  sources  on  a  surface  S 
and  by  the  uniform  onset  flow  in  the  x- 
direction. 


p<Si.Tli.£,) 


^x^'x  ^y^'y  "  ^z  “  0 

and  the  pressure  constant 

gh  +  I  (  7(#.*70  -  U*  )  =  0  (6) 


Further,  no  upstream  waves  must  be 
generated. 

The  exact  problem  formulated  above  is 
nonlinear,  since  the  equations  (5)  and 
(6)  are  nonlinear  and  are  to  be  satis¬ 
fied  on  the  wavy  surface  ZBh(x,y), 
which  is  unknown.  In  the  present  work 
an  Iteration  procedure  is  applied  and 
the  free  surface  boundary  condition  in 
each  iteration  is  linearized  about  the 
previous  solution.  When  the  process 
converges  the  exact  solution  is 
approached . 

Unknown  sources  o  on  the  hull  and 
wavy  surface  z=h(x,y)  will  induce  a 
potential  <t>  and  a  wave  elevation  h, 
which  satisfy  the  boundary  conditions 
(5)  and  (6). 


Fig  1  Coordinate  systems  in  poten¬ 
tial  flow  methods 


0(x,y,z)  »  a(q)/r(p,q)  dS  +  U„x  (1) 

•'s 

where  a(q)  is  the  source  density  on  the 
surface  element  dS  and  r(p,q)  is  the 
distance  from  the  point  q  to  the  field 
point  p(x,y,z)  where  the  potential  is 
being  evaluated. 

The  potential  0  given  in  Eq  (1)  is 
governed  by  the  Laplace  equation. 

7*0  =  0  (2) 

in  the  fluid  domain  and  satisfies  the 
regularity  condition  at  infinity 

70  =  >  lU«„0,0)  as  r  -*»  (3) 

The  sour-;e  density  o  is  to  be 
determined  from  the  boundary  condi¬ 
tions  on  the  hull  and  free  surface.  On 
the  wetted  null  surface  the  solid 
boundary  condition  is 

0n  =  0  (4) 


0^(0, h)  ■  0xhx  +  ^y^  ~  't>z  “  ^ 

D2(o,h)  -  h  -  ^  t  U*  -  (0X+4 
+0z)  ]  =  0 

Small  perturbations  6a  and  6h  of  the 
previous  solution  are  introduced,  and 
the  equations  expanded  to  first  order 
in  a  Taylor  series. 

Di(a,h)  *  01(0', h')  +ADi(a,h'’) 

+  ADi(a*,h) 

«  Di(a',h'>)  +  ^  Di(c.h»)6o 
+  Di(o*,h)6h  *  0 

(8) 

D2(o,h)  »  D2\o®  h°>'  +  AD2(a,h°) 

+  AD2(d°,il) 

.  b2(d-,h-)  ^^D2(a,h“)'ficr 

-  3^-  «  0 


where  n  denotes  the  outward  normal 


(14) 


Here  the  superscript,  corresponds  ^x^x°  ^y^y°  ~  *x®*^x 

to  the  previous  solution,  which  is 

assumed  to  be  known.  Thus,  +  *y6hy  =  0 


01(0° ^h”)  =  <I>xhi  +  4-yh^  -  *2 
02(0” ^h»)  =  h°  -  [u^  -  (4.2 

+  4.^  +  *|)] 

where  4>  is  the  potential  induced  by 
a°  on  the  free  surface  z  =  h°(x  y). 
Introducing  the  perturbation  60 1  the 
partial  increments  of  Di  and  Do  may  be 
written 


ADi(o^h‘’)  =  60xhi  +  60yh^  -  60^ 


(10) 


6h  =  {U“+4.“+4.*  -  2(*x<^'x+*y^y)}  /  2g 


These  are  the  equations  solved  in 
the  linear  methods.  They  may  be  applied 
either  on  2=0  [11],  [19]  or  on 
z=h°(x,y)  [15],  the  so  called  Bernoulli 
wave. 

To  obtain  a  solution  satisfying  the 
exact  boundary  conditions  (non-linear 
in  0  and  h)  the  iterations  continue 
from  the  linear  solution  using  (12)  and 
(13).  After  5-10  iterations  6h  and  60 
are  usually  sufficiently  small,  and  the 
process  may  be  considered  converged. 


AD2^(o°  h)  =  4>jj6hy  +  ♦ydhy  +  (*xz^x 
+  4y2hy  -  $2z)^^ 

AD2(o^h»)  =  |(♦xS«x  +  V^y  ♦z^'i^'z) 

(11) 

AD2(o*,h)  =  6h  +  i(*x*xz  +  Vyz 
+  ♦z^zz)*^ 

Therefore  the  linearized  free  surface 
boundary  conditions  are 

•^x^i  +  <^yhy  -  0z  +  ♦x^hx  +  ♦yShy  + 

( '^xz^x'*'^yz^y  ^zz^®^  “  ® 

{  1  +  -(♦x4’xz'*'*y*yz'''*z*zz)  }6h  = 

1  (13) 

1  {  tt2  *2  *2  *2 

2g^  ^<»“*x"*y"*z  " 

(0x6'^x+4-y60y+026^z)  )  -h° 

(12)  and  (13)  are  to  be  applied  on 
z=h<’(x,y) 

To  start  the  iteration  process  the 
double  model  case  is  first  computed. 
This  yields  4>  and  h°,  and  a  linear 
solution  0,  n  may  be  obtained  from 

(12)  and  (33).  However,  for  this 
particular  case  as  well  as  z- 
derivatives  of  0x  ^*^*1  *y  equal  to 
zero,  for  symmetry  reasons,  so  (12)  and 

(13)  are  simplified  to 


2.2  Numerical  Solution 

2.2.1  Free  Surface  Grid 

In  the  numerical  implementation  the 
first  step  is  to  discretize  the 
integral  domain  S  in  ( 1 )  into  a  large 
number  of  small  panels.  The  domain 
consists  of  the  hull  surface  and  part 
of  the  free  surface.  In  principle  the 
free  surface  panel  distribution  should 
be  extended  over  the  entire  region 
where  there  are  significant  waves,  but 
for  practical  reasons  the  region  of 
free  surface  panels  has  to  be  limited 
to  the  area  near  the  hull.  The 
influence  of  the  truncation  v;ill  be 
discussed  later. 


To  generate  the  free  surface  grid, 
two  different  principles  have  been 
used.  Following  Dawson  [26],  Xia  [11] 
generated  a  grid  based  on  the  stream¬ 
lines  of  the  double  model  flow.  This 
approach  has  the  advantage  that  a 
somewhat  simpler  form  of  the  boundary 
conditions  (14)  and  (15)  may  be  used  in 
the  linear  case.  Dawson  showed  that  the 
equations  can  be  rewritten  as  ordinary 
differential  equations  in  1,  when  1  is 
the  arc  length  along  a  streamline, 

Using  a  streamline  grid  thus  enables 
simple  numerical  differentiation 
(Dawsons  derivation  was  not  quite 
correct,  but  the  error  is  small). There 
is,  however,  one  serious  disadvantage 
of  the  streamline  grid,  as  noted  by  Xia 
&  Larsson  [12]:  the  grid  gets  very 
coarse  at  the  ends  of  the  hull,  where  a 


fine  grid  is  required.  Therefore 
more  recent  methods  [12] -[19].  The 


longitudinal  lines  are  now  generated 
numerically  by  interpolation  between 
the  edge  of  the  panelled  region  and  the 
hull.  The  transverse  lines  can  be 


either  hyperbolas  [11]-[17]  or  straight 
lines  [18],  [19].  A  typical  grid  is 
shown  in  Fig. 2.  For  non-linear  calcu¬ 
lations  the  free  surface  panels  are 
moved  to  the  wavy  surface  in  each 
iteration. 


Fig  2  Panel  distribution.  SSPA 
Ro-Ro  ship,  medium  bulb 


To  obtain  derivatives  of  a  function  g 
in  the  x  and  y  directions,  derivatives 
along  the  L  (longitudinal)  and  T 
(transverse)  directions  are  obtained 
from 

9x  ”  axigT  -  ax2gi, 

(16) 

gy  «■  g-j 

where 
axi  = 

ax2  =  -  yi  +  fi* 

and  y  »  fL(x)  is  the  equation  for  a 
longitudinal  line. 

Derivatives  with  respect  to  L  and  T 
are  obtained  either  from  three  point  or 
four  point  finite  difference  operators 

9Li  ”  CA^g^^  +  CCigi_2NL 

gipi  “  GA^g^  +  GBig^+i  +  GCigi+2 

or  (17) 

9Li  “  CA^g^  +  CBigi_NL  +  CCigi_2NL 

+  CDigi_3NL 

g^i  »  GA^g^  +  GBj^gi+i  +  GC^gi+g 
+  GDigj^+3 

where  NL  is  the  number  of  longitudinal 
strips  on  the  free  surface. 

The  coefficients  of  the  upstream 
operator  (CA,  CB,  CC  and  CD)  and  the 
downstream  operator  (GA,  GB,  GC,  GD) 


are  calculated  from  the  distance  bet¬ 
ween  successive  control  points  on  the 
free  surface  panels,  see  [11]. 

Dawson  conjectured  that  the  use  of 
upstream  differences  along  the  stream¬ 
lines  should  prevent  upstream  waves. 
This  has  been  true  of  all  cases  com¬ 
puted  by  the  present  methods  even 
though  the  streamlines  have  been  re¬ 
placed  by  the  body-fitted  longitudinal 
lines. 

During  the  Iteration  process  in  the 
nonlinear  procedure  the  calculation 
domain  is  changed  in  each  iteration. 

The  free  surface  sources  are  moved  to 
the  previous  wavy  surface  in  every  step 
and  the  boundary  condition  is  applied 
there.  This  means  that  the  hull  surface 
has  to  change  as  well,  so  a  special 
panelization  procedure  has  been  intro¬ 
duced  in  the  program.  A  typical  panel 
distribution  is  shown  in  Fig.  3. 


Fig  3  Hull  panel  distribution  in 

the  non-linear  method.  Series 
60,  Cq  »  0.60.  Fn  -  0.32 


2.2.2.  Higher  Order  Effects 

Xla's  methods  [11]-[14]  were  of  first 
order  l.e.  the  panels  on  the  hull  and 
free  surface  were  flat  and  with  a  con¬ 
stant  source  strength.  To  obtain  a  more 
accurate  solution  without  increasing 
the  number  of  panels  Ni  [15] -[18] 
introduced  a  higher  order  technique  in 
which  tne  panels  are  parabolic  and  the 
source  distribution  linear.  The  tech¬ 
nique,  which  is  similar  to  the  one  pro¬ 
posed  by  Hess  [20],  has  been  further 
Improved  by  Kim  [19]. 

A  parabolic  panel  is  defined  in 
following  form 

C’  “  !Jo  +  Ape'  +  B^n’ 

(18) 

+  Po5’*  +  2Qo%'n'  +  Ron'“ 

where  a  panel  element  co-ordinate 
system  ( 5' , ^ , 5 ' )  is  constructed  using 
the  four  corner  points.  Thus,  the 
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origin  Is  defined  as  the  average  of  the 
corner  points,  while  the  5 '-direction 
is  normal  to  the  two  diagonal  vectors. 
The  six  parameters  (Zq,Aq,Bq,Pq,Qp  and 
Rq)  are  determined  by:  (a)  requiring 
the  panel  to  pass  through  the  corner 
points  of  the  panel  (four  conditions), 
and  (b)  requiring  the  panel  to  pass  as 
closely  as  possible,  in  a  least  squares 
sense,  to  the  eight  additional  input 
points  for  the  adjacent  panels  (two 
additional  conditions ) . 

In  the  present  method  the  control 
point  is  the  point  on  the  curved  panel 
closest  to  the  average  point  of  the 
four  input  points.  This  control  point 
is  characterized  by  the  condition  that 
the  vector  from  the  origin  is  parallel 
to  the  local  normal  vector 


[C'ei+n'ej+?'(5',n' )e^]  x 

(19) 


Eq  (19)  is  equivalent  to  the  two 
scalar  equations 

G(5',n')  =  5'H'(C',n')?^.(e',h')  -  0 

(20) 

H(C',n')  =  n'H'(C',n’)5^.(5',n')  =  0 

These  nonlinear  equations  are  solved 
by  Newton-Raphson  iteration. 

Once  the  control  point  is  determined, 
the  panel  co-ordinate  system  ( 5 ' , n '  / ?  ' ) 
is  transformed  to  a  new  projected  flat 
panel  which  is  tangent  to  the  parabolic 
panel  and  the  tangent  point  is  both  the 
control  point  and  the  origin  of  new 
panel  co-ordinate  system  { 5 , n / ? )  see 
Fig  1.  The  equation  of  the  panel  may  be 
written 

F(5,ti/i;)  =  +  2Q5ri  + 

=  0  (21) 

The  source  density  distribution  is 
assumed  to  be  linear  on  each  panel. 

o(C»n)  =  Oq  +  OrC  +  o  n  (22) 

s  n 

This  is  fitted  in  the  least  squares 


sense  to  the  values  of  source  density 
at  the  control  points  of  the  M  adjacent 
panels.  Thus  the  source  derivatives  on 
the  panel  in  question  may  be  expressed 
in  terms  of  the  unknown  values  of  the 
source  density  on  the  adjacent  panels 
in  the  form 

M  (5) 

(23) 

M  (n) 

O  «  E  Cj{  Oj^ 

9  k-o 


The  desired  source  density  coefficients 
)  and  )  gj.©  obtained  by 
minimizing  the  error  function  E 

Min  e 


According  to  Eq  (1)  the  perturbation 
potential  at  the  i-th  field  point 
(Sl'Hi/Ci)  induced  by  the  j~th  panel  on 
which  the  source  density  a  is 
distributed  is 

=  |^j(a/r)  dS  (25) 

Since  in  the  higher  order  method  the 
integration  is  to  be  carried  out  over  a 
curved  surface,  expressions  for  1/r  and 
dS  are  different  from  the  corresponding 
first  order  ones.  The  expression  for 
is  further  complicated  by  the 
variation  of  a  on  each  panel.  In  [18] 
the  following  expression  for  is 
derived 


“^Ij 


=  +  2Q*[f 


(26) 


Here  M  is  the  number  of  adjacent 
panels. 
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(29) 


All  the  4>  terms  In  (26)  can  be 
calculated  numerically  and  they  may  be 
interpreted  as  follows;  *1?' 
corresponds  to  a  flat  panel  with  a 
constant  source  density,  *1?^/  *i9 

and  *4?^  are  caused  by  the  parabolic 
panel  shape,  ^  and  '  come  from 

the  linear  variation  of  the  source 
density.  All  these  terms  depend  only 
on  the  geometry  of  the  j-th  panel,  but 
the  curvature  terms  P,  Q,  R  and  the 
source  derivative  coefficients  and 

C^n)  depend  on  the  surrounding  panels. 


The  individual  ♦'s  in  Eq  (26)  are 


■ , 

[Aj 

■ . 

fhj 

$  (Q)  - 
*ij 

[Aj  ^i^j^j/^f 

♦  (R)  = 
*ij 

fAj  qn^/rl  d?dn 

*ij 

jAjCj/rf  dCdn 

4.  (In)  , 
ij 

lAj  nj/^f  dCdn 

where  tf  is  the  distance  between 
(Ci/  Hi,  ?i)  and  the  j-th  control  point 
(  nj/  0)  on  the  flat  panel  (see  Fig 
I)."' Then  the  velocity  induced  by  the 
panel  is  obtained  by  taking  the 
gradient  of  the  corresponding 
potential. 


n  n  J 


(28) 

+1^  E  ^  {  Cjj  (  5 1 5 )  +  Cjj  ( "^ )  ♦  ( 1  )  }  O 


The  subscript  ij  is  omitted  in  the 
equation  for  simplicity,  |nd  new 
velocity  terms  (♦?,  ♦*,  ♦*)  are  intro¬ 
duced.  They  are  velocity  components 
Induced  at  the  i-th  control  point  by  a 
unit  source  density  on  the  j-th  panel. 
All  the  Induced  velocities  in  (28)  can 
be  obtained  analytically. 

The  velocities  the  reference 
coordinate  can  be  calculated  from  the 
coordinate  transformation 


'■^x 

ail 

a21 

aai 

= 

ai2 

a22 

a32 

■ 

* 

n 

.  (29) 

♦z 

ai3 

323 

a33 

These  velocities  may  also  be  written 


as 

NE 

♦xi  “ 

E 

j=l 

XijOj  +  U„ 

NE 

*yi  “ 

E 

j=l 

’^ij'^j 

(30) 

NE 

*zi  “ 

E 

j=l 

Zij°j 

Here 

the 

velocity  influence 

coeffi- 

cients  and  are  the 

velocity  components  in  the  reference 
coordinate  system  (x,  y,  z)  at  the  i-th 
control  point,  induced  by  a  source 
density  which  is  unity  at  the  control 
point  of  the  j-th  panel.  In  the  first 
order  method  the  velocity  induced  by  a 
panel  depends  only  on  the  panel  Itself. 
The  essentially  new  feature  of  the 
higher  order  method  is  that  the 
velocity  Induced  by  a  panel  depends  on 
the  values  of  source  density  also  at 
the  control  points  of  adjacent 
elements.  Thus  the  Influence 
coefficients  for  a  panel  depend  not 
only  on  the  geometry  of  that  panel  but 
also  on  the  geometry  of  adjacent 
panels. 

The  second  order  derivatives  pf 
required  in  ( 12 )  and  ( 13 )  are  more 
complicated  than  the  first  order  ones, 
lii  the  present  work,  the  magnitude  of 
the  second  derivative  terms  related  to 
the  curvature  and  linear  variation  of 
source  density  are  assumed  to  be  small 
and  vanish  rapidly  during  the 
iteration.  Therefore  the  second  order 
derivative  terms  are  calculated  from  a 
source  velocity  which  corresponds  to 
the  flat  panel  with  constant  source 
density. 


♦xz 

NE 

ai3 

*yz 

=  E 

j  =  l 

323 

*zz 

i 

333 

— 

—1 

ail  ^21  ^31 

ai2  ^22  ^32 


*55 

• 

*nn 

♦  .. 

* 

4> 

ij 


(31) 
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NE  Is  here  again  th'i  total  number  of 
panels. 


2.2.3  Solution  Procedure 

The  boundary  conditions  (4)  and  (12), 
(13)  or  (14),  (15)  may  be  transformed 
into  a  set  of  linear  equations  in  a 
using  the  relations  above  for  the  first 
and  second  derivations  of  *. 

[  A  ]  {  a  }  -  {  B  }  (32) 

where  [A]  is  a  NE  x  NE  matrix  and  {B} 
is  the  right-hand  side  array. 

The  upper  part  of  the  A-matrix  and  B- 
vector,  corresponding  to  the  hull 
boundary  condition,  is  obtained  in  a 
straightforward  way,  while  the  lower 
part,  corresponding  to  the  free 
surface,  is  considerably  more  complex. 
The  equations  are  given  in  [18]  and 
[19].  Unfortunately,  the  lower  part  of 
the  matrix  is  not  diagonally  dominant, 
so  Iterative  methods  cannot  be  used  in 
the  solution.  This  is  therefore  found 
by  a  Gaussian  elimination  procedure. 

2.2.4  Wave  Resistance 

Having  obtained  the  source  strengths, 
velocities  may  be  computed  from  (30) 
and  the  pressures  from  the  Bernoulli 
equation.  To  obtain  the  resistance,  two 
principally  different  methods  have  been 
employed.  Either  the  force  is  found  by 
pressure  integration  over  the  hull  or 
by  integration  of  the  sources  over  the 
free  surface.  In  the  former  case, 
different  formulas  are  used  depending 
on  whether  or  not  the  higher  order 
technique  is  employed,  l.e. 

NB  NB 

Cw  =  S  Cpi  Nxi  ASi  /  E  ASi  (33) 

where  NB  is  the  number  of  panels  and  Nj^ 
and  ASi  are  the  x-component  of  the 
normal  and  the  area  respectively  of  a 
panel,  or 


Ng 

™  ‘So*  s«  5  *  s-!" 

i  E^ 

(aiiN^  +  321^0  +  331^^)* 

INB  p 

(l+2ip2)d5dn|  E  2)d5dn 

The  latter  formula  is  derived 
assuming  that  the  pressure  varies 
linearly  over  the  panel  in  a  similar 
way  as  the  source  strength.  Cp  and  Cp^^ 
are  the  slopes  of  the  pressure^ 


variation,  a^i,  a2i  and  a3i  are  the 
first  column  of  the  transformation 
matrix  between  the  panel  and  reference 
coordinate  systems.  Nr®,  N  ®  and  N^® 
are  the  components  of^the  normal  vector 
in  the  panel  coordinate  system  and  ^2 
is  a  term  which  takes  into  account  the 
change  in  panel  area  due  to  curvature. 

The  formula  for  obtaining  the 
resistance  from  the  free  surface 
sources  is  derived  from  the  momentum 
theorem  applied  to  a  control  volume 
outside  the  hull,  under  the  undistrubed 
free  surface  and  extending  to  infinity 
sidewards,  downwards  and  longitudi¬ 
nally.  The  detailed  derivation  is  given 
in  [18].  It  yields 

NF  NB 

C„  -  (4it  E  UBiOi^kSi)  /  (U«*E  ASi)  (35) 

It  should  be  noted  that  this  formula 
is  valid  only  for  the  linear  case. 

2.3  Validation 

The  methods  presented  have  been 
validated  in  a  number  of  ways.  A  gia 1 
dependence  study  was  first  carried  out 
for  the  linear  first  order  method  to 
investigate  the  sensitivity  of  the 
solution  to  the  panelization  on  the 
free  surface.  Most  likely  the  results 
from  this  study  are  valid  also  for  the 
other  methods.  The  improvement  in 
accuracy  when  introducing  the  higher 
order  method  was  then  tested  against 
two  analytical  results  without  a  free 
surface. 

Comparison  with  measurements  have 
been  made  for  a  number  of  cases  such  as 
the  Wlgley  hull,  the  Series  60,  Cg-O.BO 
hull,  the  HSVA- tanker,  the  high  speed 
ship  ATHENA,  a  Ro-Ro  ship  designed  at 
SSPA  and  two  sailing  yachts.  All  these 
comparisons  are  described  in  detail  in 
[11] -[19].  As  an  example  only  the 
calculations  for  the  Ro-Ro  ship  will  be 
presented  here.  This  case  is  parti¬ 
cularly  interesting  since  a  study  of 
several  bulb  alternatives  was  made.  It 
is  also  the  only  case  for  which  calcu¬ 
lations  have  been  carried  out  using  the 
first  and  higher  order  linear,  as  well 
as  the  higher  order  non-linear  method. 
Interesting  comparisons  between  all 
three  methods  may  thus  be  made. 

2,3,1  Grid  Dependence  Study 

Since  one  of  the  most  important 
questions  in  connection  with  the 
present  methods  is  the  dependence  of 
the  solution  on  the  panel  distribution, 
particularly  on  the  free  surface,  a 
systematic  variation  was  carried  out. 
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The  test  case  was  the  Wigley  hull. 
Employing  the  coordinate  system  defined 
In  Fig  1,  the  equation  for  the  hull 
surface  reads 


A  panel  distribution  similar  to  case 
No  9  of  Table  1  has  been  used  In  most 
work  afterwards. 


y  “ 


1_ 

10 


( 


1 


t*) 


f  1  -  — 
^  ^  64 


(36) 


In  table  1  (last  page)  the  number  of 
panels  on  the  hull  and  on  the  surface, 
the  extent  of  the  panelled  part  of  the 
free  surface  In  the  x-  and  y- 
dlrectlons,  the  Froude  number  and  the 
wave  resistance  coefficient  are  given. 

In  run  No  1,  only  approximately  1/4 
of  the  half  ship  length,  1,  was  used 
for  the  free  surface  extent  In  the  y- 
dlrectlon.  The  calculation  gave  an 
unresonably  high  wave  resistance  at  Fn 
-  0.266  and  broke  down  at  Fjj  »  0.45.  In 
runs  of  No  2,  3  and  4,  the  free  surface 
region  was  enlarged  and  divided  Into  5, 
10,  and  15  strips  respectively.  At  Fn  - 
0.266,  the  resistance  changed  signi¬ 
ficantly  from  run  to  run,  but  at  F^ 

0.45  there  was  no  change  between  the 
last  two  runs. 


The  free  surface  extent  In  the  x- 
dlrectlon  was  tested  In  runs  No  3,  5, 

6,  7  and  8.  From  No  3  to  No  5  the  free 
surface  region  was  extended  by  1/4  1. 
The  wave  resistance  did  not  change  very 
much,  but  as  the  free  surface  region 
was  enlarged  by  1/2  from  run  No  6  to 
No  7,  the  wave  resistance  changed, 
particularly  for  the  highest  Froude 
numbers.  From  run  No  7  to  run  No  8, 
part  of  the  free  surface  region  was 
moved  from  the  bow  to  the  stern.  The 
wave  resistance  did  not  change  at  F^  > 
0.266,  whereas  It  was  Increased  by  10% 
at  F,^  »  0.45. 

There  were  no  systematic  changes  In 
the  panel  distribution  on  the  hull,  but 
two  slightly  different  hull  panel 
distributions  were  used  In  the 
successive  tests.  This  should  not  cause 
large  changes  In  the  final  results.  The 
considerable  difference  In  the  wave 
resistance  between  runs  No  3  and  No  6 
Is  likely  to  have  been  caused  by  the 
change  of  the  panels  on  the  free 
surface.  More  even  panels  were  placed 
on  the  free  surface  for  run  No  6  than 
those  for  case  No  3. 


The  results  obtained  Imply  that  the 
choice  of  the  panels  depends  on  the 
Froude  number  to  be  evaluated.  Smaller 
panels  should  be  used  for  low  Froude 
numbers,  while  a  larger  free  surface 
portion  Is  required  for  high  Froude 
numbers.  It  Is  wise  to  vary  the  panel 
arrangement  for  different  Froude 
numbers . 


2.3.2  Analytical  Test  Cases 

To  Investigate  the  improvement  In 
accuracy  when  Introducing  the  higher 
order  technique  the  flow  around  a 
sphere  was  calculated.  In  Fig  4  the 
velocity  distribution  along  a  generator 
through  the  stagnation  point  Is  shown. 
Two  grids  were  tested,  one  with  a 
distribution  similar  to  a  typical  ship 
case,  l.e.  with  22  longitudinal  and  40 
transverse  strips  on  one  quarter  of  the 
sphere  and  one  with  5x10  strips.  It  Is 
seen  that  both  higher  order  solutions 
are  extremely  accurate,  while  there  Is 
some  error  also  for  the  880  panel  first 
order  case.  Small  as  this  error  may 
seem.  It  may  have  a  significant  In¬ 
fluence  on  the  drag.  Integrating  the 
pressure  on  one  half  of  the  sphere 
yields  the  following  results  for  the 
drag  coefficient  c,^ 


First  order  Higher  order  Exact 
Cx  0.0550  0.0622  0.0625 

Error  12%  0.5% 


-  Anolyllt  tolulion 

i  First  ordtr  solution  ttO  ifftctivo 

o  HlQtiir  ordir  solution  ponils 


Fig  4  Velocity  distribution  oh  a 
sphere 
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The  higher  order  calculation  is  thus 
considerably  more  accurate.  It  should 
be  noted  that  the  computer  time  for  a 
given  number  of  panels  increases  by 
about  10%  for  a  case  of  this  size. 


2.3.4  The  SSPA  Ro-Ro  Shit 


The  body  plan  of  the  SSPA  Ro-Ro  ship 
is  shown  in  Fig  5  with  a  small,  a 
medium  and  a  large  bulb.  A  comparison 
between  the  measured  residuary 
resistance  and  the  computed  wave 
resistance  (pressure  integration)  using 
two  linear  (first  and  higher  order) 
versions  and  one  non-linear  (higher 
order)  version  of  the  same  program  [19] 
is  made  for  the  medium  bulb  in  Fig  6. 
The  panel  distribution  is  shown  in  Fig 
2. 


Fig  5  Body  plan,  SSPA  Ro-Ro  ship 
with  different  bulbs 

Cw»IO’ 


Fig  6  Predicted  wave  resistance 
compared  with  measured 
residual  resistance.  SSPA 
Ro-Ro  ship,  medium  bulb 


A  common  problem  in  most  evaluations 
of  wave  resistance  calculations  is  that 
the  wave  pattern  resistance  is  seldom 
measured.  In  the  present  case  the  form 
factor  has  been  determined  using  a 
Prohaska  plot,  and  the  viscous 
resistance  based  on  the  ITTC-57  corre¬ 
lation  and  the  form  factor  has  been 
subtracted  from  the  total  resistance  to 
get  the  residuary  resistance. 


Iteration 


Fig  7  Convergence  history.  Wave 
resistance  of  SSPA  Ro-Ro 
ship,  medium  bulb 

As  appears  from  Fig  6  the  difference 
between  the  linear  and  non-linear 
higher  order  methods  is  quite  small  for 
this  case.  This  is  also  apparent  from 
Fig  7  where  the  convergence  history  of 
the  wave  resistance  is  shown.  The  final 
converged  value  after  7  iterations  is 
not  very  much  different  from  the  first 
value,  corresponding  to  the  linear 
solution.  Larger  differences  have  been 
noted  for  bluffer  ships  [16]  and  non¬ 
linearity  should  be  extremely  important 
for  hulls  with  large  overhangs  such  as 
sailing  yachts. 
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ii! 

L 


17  Measured 


Fig  8  Wave  profiles  at  F_  =  0.21. 
SSPA  Ro-Ro  ship 


Cwx10'^ 


Fig  9  Wave  resistance.  SSPA  Ro-Ro 
ship 


The  first  order  solution  of  Fig  6  is 
not  as  accurate  as  the  higher  order 
solutions,  but  even  the  first  order 
results  are  not  grossly  in  error. 

Interesting  comparisons  between 
results  for  the  three  bulbs  and  the 
case  without  a  bulb  can  be  made  in  Fig 
8  and  9  based  on  higher  order  linear 
solutions.  The  measured  wave  profiles 
of  the  four  cases  are  very  much 
different  as  appears  from  Fig  8,  and 
the  differences  are  quite  well 
predicted.  The  absolute  values  of  the 
wave  resistance.  Fig  9,  are  not  as 
accurate  in  all  cases,  but  the  method 
is  able  to  rank  the  cases  in  the  right 
order. 


3  VISCOUS  FLOW  METHODS 

Although,  as  indicated  in  the 
Introduction,  a  number  of  different 
methods  for  computing  the  viscous  flow 
(boundary  layer /wake)  around  ships 
have  been  developed  at  SSPA/CTH,  only 
the  Navier-Stokes  methods  will  be 
presented  in  the  present  review. 

3.1  Coordinate  systems  and  grid 

In  the  SSPA  Navier-Stokes  methods 
the  coordinate  systems  of  Fig  10  are 
employed.  These  systems,  which  differ 
from  the  ones  of  the  potential  flow 
methods,  are  more  convenient  for  tensor 
notation  which  is  required  for  the 
fully  transformed  Navier-Stokes 
equations  in  curvilinear  nonortho- 
gonal  coordinates.  are  the  global 
Cartesian  reference  coordinates,  while 
are  the  grid  oriented  ones,  as 
appears  from  Fig  10.  The  relation 
between  the  two  systems  is  of  the  form 


-  fi  (i  -  1,  2,  3)  (37) 

where  ts  the  Laplacian  operator  in 
orthogonal  coordinates  (C^)  and  f^  are 
control  functions  which  may  be  assigned 
appropriate  values  to  yield  the  desired 
stretching  of  coordinate  surfaces.  The 
equations  are  Inverted  by  exchanging 
the  dependent  and  Independent 
variables 

”  7*5^  (38) 

The  Laplacian  operator  may  be  written 
2  1  3  hih2h3  ^ 

7  “  hih2h3 

(39) 
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View  of  the  water  plane 


Fig  10  Coordinate  systems  in  Navier- 
Stokes  methods 

here  h^,  h2,  h3  are  metric  coefficients 
in  the  frame  After  selecting 

and  assigning  proper  values  for 
the  control  functions  f^,  equations  are 
solved  numerically.  A  more  detailed 
description  of  the  grid  generation  is 
given  in  [9].  Fig  11  shows  the 
coordinate  system  for  the  SSPA  720 
Model . 

3.2  Governing  equations 

The  governing  equations  solved  are 
the  Reynolds  equations  obtained  from 
the  Navier-Stokes  equations  by 
averaging  over  the  largest,  turbulent 
time  scale.  In  this  way  the 
unsteadiness  due  to  turbulence  is 
removed  at  the  expense  of  having  to 
Introduce  a  turbulence  model  for  the 
Reynolds  stesses.  In  the  coordinate 
system  above  the  Incompressible 
momentum  equations  may  be  written  (see 
[6]  for  a  derivation). 


Fig  11  Longitudinal  and  transverse 
views  of  the  grid.  SSPA 
720  Model 

The  incompressible  continuity 
equation  may  be  written 


where  J  is  the  Jacobian 


u^  are  the  physical  components  of  the 
velocity  vector,  l.e.  the  components 
based  on  unit  vectors  parallel  to  the 
covariant  base  vectors  whose 
magnitude  jg^l  is  denoted  h(i).  g^J  is 
the  contravariant  metric  tensor  and 
is  a  Christoff  el  symbol  of  the 
second  kind.  is  to  be  Interpreted  a 
a  partial  derivative  with  respect  to  x 


and  u^ 


is  defined  from  the  relation 


gJV..u^} 


u^,j  =  Qji'^^ 

(42) 

where 

Qjl  "  h(j)  qJi 

(43) 

and 

Qjl  =  h^J)  h^i)  h(i)  rji 

-^1  ^'(ilij^d) 

i  (  44  J 

where  6^^  is  the  Kronecher  delta  ana 

-1 

k  =  3k 

An  Index  written  within  a  bracket 
means  that  it  is  not  considered  in  the 
summation  rule.  The  quantity  Vg, 
finally,  is  the  effective  viscosity 


at6+h-^)U^ai6  »  ^  [g^^3i3j6-g^JrJj3^6]  + 
^  9^^3jVi^  +  <49) 

°ei  it  ®  ■  °e2  1“ 

The  generation  term  can  be  written 


G  =  V(h7Lh7j-,u'",u^„  + 

t'  (m)  (i)  ,i  ,m 


_ni  . -1  . -1  mi. 
®  ®mj*'(m)Nj)“,i“,n> 


(50) 


If  no  wall  functions  are  used  the 
(46)  rate  of  dissipation  and  the  eddy 
viscosity  are  obtained  from 


where  Rjj  is  the  Reynolds  number  and  vt 
is  the  eddy  viscosity  which  is  obtained 
from 


^t  - 


(47) 


e  - 

(51) 

^t  " 


respectively.  The  following  length 
scales  are  used 


The  following  standard  values  are 
used  for  the  constants:  c„  -  0.09, 
cgi  »  1.44,  Cg2  “  1.92,  Ok  1.0  and 
Og  =  1.3 

Two  turbulence  models  are  being  used. 
If  no  wall  functions  are  employed  the 
turbulence  model  is  of  the  two-layer 
type.  Thus,  in  the  inner  region  an 
equation  for  the  turbulent  kinetic 
energy  k  is  solved  together  with  a 
prescribed  length  scale.  In  the  outer 
part  the  length  scale  is  replaced  by  an 
equation  for  the  rate  of  dissipation  of 
kinetic  energy, g  .  If  wall  functions 
are  used  as  the  inner  boundary 
condition  for  the  flow,  the  k- e  model 
is  used  throughout.  The  transport 
equations  for  k  and  e  are  as  follows 


^t**  *  ^(i)“^^i’^ 


s 


Ig  -  Ciy  (1  -  e"V^6) 
Ip  «  Ciy  (1  -  e"^y\  ) 


(52) 


where  Ry  »  Rj^  /k  y  ,  y  is  the  distance 
in  the  normal  direction  to  the  surface. 
The  following  constants  are  used: 


Cl  -  kCj;3/4  ^  2Ci  ,  Ap  «  70 

0.418  ,  as  reported  in  Chen  and 
Patel  [23] 

The  velocity  components  u^,  the 
turbulent  quantities  k  and  6,  the  time 
t  and  the  pressure  p  are  made  dimen¬ 
sionless  in  the  usual  way  by  the  free- 
stream  velocity  Uq,  the  reference 
length  L  and  the  density  p. 


^7  Lg^-^i^j*^  -  (48) 

+  ^  g^^3jV„8,k  +6-6 
Ok  J  E  1 


3.3  Numerical  solution 

The  Reynolds  equations  and  the 
transport  equations  for  k  and  6  can  be 
rearranged  into  the  following  general 
form 


196 


2A0330  +  28032^  ■*■  1^033^0  +  E03^0  +  S0 
where 

2A0  =  Reff^3«^'^^/h(3)  “ 

2B0  -  Reff(®0'^^/^(2)  "  g^JSjVE) 

°0  “  ''^eff(®0'^^/^(l)  "  9^^3jVE) 

E«  -  a^Rgff 

S0  =  S0  -  2(g^29j^3^0  + 


The  discretization  scheme  by  Chen  & 
Patel  [21]  has  been  adopted  with  some 
minor  modifications  due  to  the  presence 

of  the  term  g^hidi<P.  Within  each  cell 
the  coefficients  are  treated  as  con¬ 
stant.  The  finite-analytical  scheme  is 
used  in  the  cross-plane  and  a  second- 
order  central  and  first-order  upwind 
difference  approximation  is  used  for 
the  second  and  first-order  derivative 
in  the  x^-direction,  respectively.  In 
NASELL,  this  results  in  an  eleven-point 
discretization  formula  that  takes  the 
following  form  using  compass  notations: 


(55) 


30  =  1  for  <t>  =  u^,  u^,  u^  and 

0p  - 

y3\B*^NB  ^t^P  ”  ^  ~ 

ak  »  ojt  a£  *  og 

NB  « 

D,U,N,S,E,W,NE,NW,SE,SW 

Rgff  is  the  effective  Reynolds  number 
and  is  defined  as 

^NB 

«  WP'  \  =  CpE^/(pdt),  R0 

Peff  *  1/^E 

P  - 

1  +  Vl°0l  2g^^  +  E^/ct) 

Finally,  the  source  terms  S0  are 

Sui  =  ReffC(h"(n,)  u"  -  g"'^3jVE)Q^,lul 

S  " 

<-°0'O>max  9'' 

(p  +  -~  k)- 

(54) 

Cy  - 

(°0'O)max  9“ 

-h(i)h(i)g^yj3^Vp3  .  gjmg^Ql^^l  _ 

*^8  “ 

P^/g(Bk),  -  P^  -  Cg 

2g^"’Qmlu^j  +  g^'"QjiQ?;mu*'+ 

Pg/g(Ah),  Cg  =  Pg  - 

Sk  =  g^ym®!^^  -  Reff(G  -  €) 

Sg  <=  g^"'rjn,3ie  -  ReffCcgi  ^  >3-062 

Sw 

=  (1  -  Pa  -  PB)/g(Ah)/g{Bk) 

In  most  ship  flows  there  is  a 
predominant  flow  direction  usually 
approximately  aligned  with  the  x^ 

^SE 

Se 

K  e^^^^C  C  “  e”^®^C 

^SW'  ''NW  ®  ^SW 

-  e"2Ahc 

direction  of  the  grid.  Under  these 
circumstances  the  term  3i3i0  may  be 
neglected  and  the  elliptic  equations 
(53) become  parabolic.  The  advantage  of 
this  approximation  is  that  a  marching 
technique  may  be  used  in  the  solution. 
On  the  other  hand,  the  fully  elliptic 
equations  are  more  accurate  for  complex 
flows,  particularly  if  recirculation  of 
the  flow  occurs.  At  SSPA  two  different 
programs  have  been  developed;  NASELL 
for  the  fully  elliptic  equations  and 
NASPAR  for  the  parabolized  equations. 


Cp  =  h'^d  -  P^)/f(Ah)/2  = 


k‘(l  -  Pg)/f(Bk)/2 


Pft  =  E2e"“"“^g(Ah)g(Bk)f(Ah) 


Pb  “  1  +  (h/k)'‘(P  -  l)f{Bk)/f(Ah) 
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2  m-l  [(Anr  +  (x^h)^]  ^cos/(A^+B^+X^k) 
X^h  =  (m  -  g)** 

g(x)  =  1  +  f(x)  -  xg(x)/(l  - 


h  =  l//g;-=,  k  =  l//g“.  A  =  h(A^)p 
B  =  *«(B0)p 


In  NASPAR, downstream  points,  index  D, 
are  excluded,  so  the  discretization 
formula  contains  ten  points. 

The  compass  notation  and  the  location 
of  points  are  described  further  in  Fig 
12.  The  superscript  n-1  denotes  the 
previous  time  level,  while  the 
superscript  n  for  the  present  time 
level  has  been  left  out.  The  time  step 
is  denoted  dt.  Asymptotic  expressions 
for  P;^  and  Pg  are  used  for  large  cell 
Reynolds  numbers,  following  Chen  & 

Patel  [21]. 


Fig  12  Staggered  grid  and  compass 
notations 


The  scheme  is  not  symmetric  with 
respect  to  the  coordinate  directions, 
but  treats  the  x^ -direction  in  a 
simpler  way.  Therefore  special  care  has 
to  be  taken  with  solutions  produced  in 
regions  where  the  velocity  vector  is  at 
large  angles  to  the  x^-coordinate  line. 
In  the  present  application  to  ship 
stern  flows  this  problem  is  rarely  en¬ 
countered.  Longitudinal  vortices  occur, 
but  without  any  larger  deviation 
between  the  velocity  and  coordinate¬ 
line  directions.  In  very  few  cases 
small  local  separatldns  with  reverse 
flow  may  occur  in  the  stern-most  part. 
The  flow  in  the  transverse  plane  is 
very  essential  for  stern  flows,  since 
it  controls  phenomena  such  as  the 
transverse  distribution  of  fluid  and 
the  curvature  of  the  streamlines,  which 
determines  the  pressure.  The  more 
accurate  finite- analytical  scheme  is 
therefore  applied  in  this  plane. 

The  pressure-velocity  coupling  is 
treated  with  the  SIMPLER-algorithm, 
Patankar  [22] .  Details  from  a 
derivation  of  the  equations  for  the 
particular  coordinate  system  and 
velocity  components  are  given  in  [6], 
The  resulting  equations  are 


'i  -  “J*  -  -  pp 

■  "n*  -  -  PP  I”) 


“I  ■  “I*  -  “I'Pi  -  Pp 


where  the  u^*  is  the  solution  of  the 
momentum  equations  using  the  pressure 
from  the  previous  time  level  and  is 
the  coefficient  for  the  orthogonal  part 
of  the  pressure  gradient  in  the  i-th 
momentum  equation. 


The  compass  notation  for  the  location 
of  the  velocity  components  in  the 
staggered  grid  are  shcpwn  in  Fig  12.  The 
pressure  correction  p  is  determined 
from  the  equation 
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Vi.  ■  “3  Wkb  -  ” 


(58) 


where 


®NB  “  “  J3  ®NB 


NB  =  D,U,N,S,E,W 


[u='*J/h,3)l^ 


(59) 


The  pressure,  finally,  is  calculated 
from  the  pressure  equation: 


®pPp  =  ^3  ^NbPnB  -  ° 


(60) 


where 

(61) 


The  pseudo-velocities  equal  the  sum 
of  the  terms  on  the  right-hand  side  of 
the  corresponding  momentum  equation 
(55)  ,  except  for  the  source  term, 
which  is  modified  in  such  a  way  that 
the  orthogonal  part  of  the  pressure 
gradient  is  tal<en  out: 


Oi  =  Z  AnbU^b  +  At(ui)"-^-  Ri 

(02; 

nb  =  u,d,n,s,e,w,ne,nw,se,sw 

and  Rj^  -  Ri  +  B^3^p  (no  summation) 

In  NASPAR  the  pressure  correction 
equation  has  to  be  parabolic  so  the 
downstream  values  are  taken  from  a 
previous  time  step.  This  may  be 
expected  to  slow  down  convergence,  but 
does  not  influence  the  final  result. 

The  methods  can  handle  unsteady 
flows,  but  only  steady  flows  have  been 
considered  so  far.  The  time  history  is 
therefore  merely  a  route  to  the  steady 
state.  Time  accuracy  is  irrelevant  and 
the  largest  possible  time  step  should 
be  used.  The  different  steps  in  NASPAR, 
Involved  in  the  calculation  of  veloci¬ 
ties,  turbulence  quantities  and  pres¬ 
sure  at  a  time  level  can  be  described 
as  follows: 


-  The  momentum,  pressure  correction 
and  turbulence  equations  are  parabolic 
and  can  therefore  be  solved  in  one  x^- 
constant  plane  at  a  time  from  inlet  to 
outlet  plane.  This  is  done  as  follows: 

o  The  momentum  equations  ( 55 )  are  solved 
using  pressure  and  coefficients  based 
on  velocities  from  previous  time  level. 
The  algebraic  equation  systems  are 
solved  using  a  fixed  number  of  line  by 
line  sweeps  with  a  tri-diagonal  matrix 
algorithm.  Lagging  and  zero  pressure 
field  are  used  in  the  first  time  level. 

o  The  coefficients  for  the  parabolized 
pressure-correction  equation  (58) 
calculated  and  the  algebraic  equations 
are  solved  using  a  fixed  number  of  line 
by  line  sweeps  with  a  tri-diagonal 
matrix  algorithm.  The  velocities  are 
corrected  using  ( 57 ) . 

o  The  divergence  of  the  pseudoveloci¬ 
ties  0^(61)  and  the  coefficients  of  the 
pressure  equation  are  stored. 

o  The  transport  equations  for  the  tur¬ 
bulent  kinetic  energy  and  the  rate  of 
turbulent  energy  dissipation  ( 54 ) are 
solved  using  a  fixed  number  of  line  by 
line  sweeps  with  a  tri-diagonal  matrix 
algorithm. 

-  When  the  marching  procedure  is  com¬ 
pleted,  i  e  the  last  x^  »  constant 
plane  is  reached,  the  elliptic  pressure 
equation  (60)  is  solved.  Two  techniques 
have  been  used  to  solve  the  resulting 
algebraic  equations.  One  in  which  the 
pressure  has  been  updated  in  one  plane 
at  a  time,  sweeping  upstream  from  the 
outlet  to  the  inlet  plane.  A  line  by 
line  sweep  technique  is  then  used  in 
each  plane.  The  other  solution  tech¬ 
nique  is  complete  line  by  line  sweep 
with  a  tri-diagonal  matrix  algorithm. 

-  The  calculation  continues  at  the  next 
time  level  and  all  the  above  steps  are 
repeated . 

In  the  elliptic  program  NASELL  the 
marching  technique  cannot  be  employed. 
The  steps  are  then  as  follows 

-  Velocities,  pressures  and  turbu¬ 
lence  quantities  in  the  solution  domain 
are  estimated,  usually  from  a  NASPAR 
solution. 

-  The  momentum  equations  (55)  are 
solved  based  on  the  known  pressure 
using  a  line  by  line  r deration 
technique . 

-  The  velocity  field  is  corrected  to 
become  divergence  free  using  (57)  and 
(58)  Stones  strongly  implicit  algorithm 
is  used. 
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-  The  pressure  is  computed  from  (60) 
using  the  same  algorithm. 

-  The  transport  equations  for  k  and  6 
are  solved  using  the  line  by  line  tech¬ 
nique. 

-  The  same  steps  are  repeated  at  the 
next  time  level. 

In  both  methods  the  solution  is 
assumed  converged  when  the  global 
divergence  is  below  a  critical  value. 


3.4  Boundary  Conditions 


The  calculation  domain  is  shown  in 
Fig  11. 


(1)  Upstream  and  initial  condition 


The  profiles  of  the  velocity 
components  u^  and  the  turbulent 
quantities  k  and  6  are  required  at  the 
Inflow  section.  Only  standard  boundary 
layer  profiles  for  u^,  k  and  6  (u^  »  u^ 
»  0)  have  been  used  in  the  calcualtions 
so  far.  No  condition  for  the  pressure 
is  required. 

Lagging  has  been  used  during  the 
first  time  step  for  the  velocity  and 
the  turbulent  quantities  and  the 
pressure  field  is  assumed  to  be  con¬ 
stant  and  equal  to  zero. 


(2)  Outflow  condition 


u2  t.  u^  «  0,  32^^  ••  32**  *•  32^  “  ® 

otherwise 

u^  »  0,  32^^  “  32**^  “  32*^  “  ^2^  “  ® 

For  the  body  boundary  condition  there 
are  two  alternatives:  either  the 
computational  domain  may  be  extended 
into  the  viscous  sublayer  and  the  no- 
sllp  condition  applied  (this  requires  a 
two-layer  turbulence  model)  or  the  wall 
law  may  be  used.  In  the  former  case  the 
conditions  are  simply 

u*-  »  u^  »  u^  >■  k  -  0 

If  wall  functions  are  used  a 
procedure  similar  to  the  one  of  Chen  & 
Patel  [21]  has  been  employed.  The 
procedure  requires  that  the  two  points 
closest  to  the  wall  are  located  in  the 
logarithmic  layer.  It  is  assumed  that 
the  velocity  at  the  Innermost  point  is 
parallel  to  the  wall  which  yields 
u2  «  0  at  x^  »  2  and  that  the  velocity 
vector  does  not  rotate  between  the 
first  and  second  point  in  the  plane 
parallel  to  the  wall.  The  last  assump¬ 
tion  yields 

(S^)x2.2 

fHL,  .  .(HL)  , 

^  q  ^  x2»2  '  q  '  x2»3 


In  the  present  calculations  the 
outflow  section  Is  located  in  the  far 
wake  and  a  zero  pressure  gradient 
condition  32P  =  0  is  used. 

(3)  Outer  edge 

The  outer  plane  may  be  located  far 
from  the  body,  where  the  flow  is  nearly 
undisturbed  and  thus 


where  q  is  the  magnitude  of  the  velo¬ 
city. 

The  procedure  is  iterative  and  starts 
by  calculating  the  magnitude  of  the 
velocity  q2  at  x^  «  2  with  an  assumed 
skin  friction  velocity  u.j  from  the  wall 
law 

q2  »  lny+2  +  B 


p  =  0,  u^  =  l,u2  =  0  ,  32**  “  32  S  =  0 

and  the  normal  velocity  component  u^  is 
calculated  from  the  local  continuity. 

Alternatively,  p,  u*-  and  u^  may  be 
taken  from  a  potential  flow  solution. 

(4)  Symmetry  planes 

The  undisturbed  water  surface  and  the 
centerline  plane  are  treated  as  symme¬ 
try  planes,  i  e 

u^  =  0,  33U-  =  33u2  =  33k  =  336  =  0 

( 5 )  Wake  center  plane 

The  following  conditions  have  been 
applied  at  wake  center  planes  that  are 
degenerated  to  a  single  line 


where  k-  0.42,B  •<  5.45  and  y"*"  «  Re 

The  velocity  components  at  x^  »  2  can 
then  be  calculated  from  equation (63). 
The  components  serve  as  boundary  condi¬ 
tions  for  the  momentum  equations.  q3 
can  be  calculated  from  the  solution  and 
an  updated  u  can  be  calculated  from 
the  wall  law^ applied  at  point  x^  »  3. 
The  procedure  is  repeated  until  conver¬ 
gence. 

The  boundary  conditions  at  x^  »  2  for 
the  k-  and  E-equatlons  are 


3.5  Validation 


3.5.1  Grid  dependence  study 


A  study  was  carried  out  to  investi¬ 
gate  how  the  solutions  depend  on  the 
grid  and  what  the  proper  number  o£ 
clusters  is  in  each  coordinate 
direction  for  ship  stern  flow  calcu¬ 
lations.  Due  to  computer  limitations 
the  study  had  to  be  rather  restricted, 
however. 

The  systematic  variations  were  made 
using  four  different  grids  to  investi¬ 
gate  the  grid  dependence  in  the  three 
coordinate  directions.  For  all  four 
grids  the  calculation  domain  was  the 
same,  that  is  the  inlet  plane  was 
placed  at  the  midship,  2x/L  •  0.0;  the 
outlet  plane  at  2x/L  -  10  in  the  far 
wake;  the  outer  edge  boundary  on  a  cir¬ 
cular  cylinder  located  one  ship  length 
from  the  centre  line;  and  the  two 
Innermost  grid  points  were  located 
within  the  logarithmic  layer. 

In  case  1  the  grid  has  a  number  of 
clusters  equal  to  LLxMMxNN  »  60  x  19 
X  9,  where  LL,  MM  and  NN  are  the  number 
of  clusters  in  the  x^,  xr  and  x^ 
directions  respectively. 

The  number  of  clusters  in  the 
transverse  direction  x^  in  case  1  might 
be  too  small  to  capture  the  variation 
of  the  cross  flow  and  the  rapid  pres¬ 
sure  change  near  the  region  of  the 
keel.  Thus  in  case  2,  NN  was  Increased 
to  15.  The  grid  in  case  2  has  the 
number  of  clusters  equal  to  LLxMMxNN 
«  60  X  21  X  ]  5. 

In  case  3,  the  grid  was  designed  to 
test  the  grid  dependence  in  the  pre¬ 
dominant  flow  direction  x^,  LL  was 
decreased  to  30.  The  grid  had  the 
number  of  clusters  equal  to  LLxMMxNN  = 
30  x  21  X  15. 

The  velocity  profiles  and  the  pro¬ 
files  of  other  physical  quantities  in 
the  normal  direction  might  be  quite 
Influenced  by  the  number  of  clusters  in 
the  normal  direction  x^.  Based  on  the 
grid  of  case  3,  we  increased  the  number 
of  clusters  in  the  normal  direction  to 
MM  •=  41,  getting  the  grid  case  4:  LLx 
MMxNN  «  30  X  41  X  15. 


A  summary  of  the  four  cases  is  qlven 
in  Table  2. 


Case 

LL 

MM 

NN 

Total  number 
clusters 

Of 

1 

60 

19 

9 

10  260 

2 

60 

21 

15 

18  900 

3 

30 

21 

15 

9  450 

4 

30 

41 

15 

18  450 

Table  2. 

The 

four  grid  variation 

cases 

The  calculations  for  the  four  cases 
were  carried  out  using  standard  boun- 
da;^  layer  profiles  for  u^,  k  and  6 
(u2  -  u^  »  0)  as  the  inlet  profiles. 


O 


Fig  13  Grid  dependence.  Distribution 
of  Cp  and  u^.  at  2x/L  »  0.8 

The  glrthwlse  pressure  and  friction 
velocity  variations  at  2x/L  «  0.8  for 
the  four  grids  ore  shown  in  Fig  13.  The 
Influence  of  the  cluster  numbers  in  the 
transverse  direction  can  clearly  be 
seen  from  the  figure.  Comparing  the 
grid  case  1,  60  x  19  x  9,  with  other 
grids  it  is  obvious  that  nine  clusters 
are  too  few  to  resolve  the  problem  in 
the  transverse  direction.  The  Cp 
variation  is  almost  the  same  for  the 
other  three  grids,  since  the  same 
number  of  clusters  was  used  in  the 
transverse  direction.  Owing  to  the 
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The  influence  of  the  number  of 
clusters  in  the  normal  direction  can  be 
tested  by  comparing  the  results  of  grid 
3  and  grid  4.  The  to<'al  velocity  pro¬ 
files  at  2x/L  =0.8  along  the  water 
line,  keel  and  at  the  bilge  are  shown 
in  Fig  14.  There  aie  small  discrepan¬ 
cies  between  the  results  for  the  two 
grids.  Also  in  Fig  13  the  girthwise  u^ 
variation  of  the  grid  30  x  41  x  15  is 
only  slightly  different  than  the 
others.  This  means  that  there  is  a  very 
small  grid  sensitivi.ty  in  the  normal 
direction.  If  we  look  at  the  isowakes 
from  the  results  of  the  four  grids  at 
2x/L  «  0.91  shown  in  Fig  15,  they 
correspond  quite  well  with  each  other. 


The  pressure  and  friction  velocity 

variations  along  the  water  line  and  the 
keel  from  the  results  of  grid  2  and  3 
are  shown  in  Fig  16.  Grids  1  and  4  are 
not  shown  in  this  figure,  since  their 
(x^,  x2) -planes  are  slightly  different. 
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Fig  10  Grid  dependence.  Cp  and  u.^ 

along  the  waterline  and  keel 


The  Influence  of  the  number  of 
clusters  in  the  x^-direotlon  is  tested 
from  this  comparison.  The  results  are 
almost  the  same  in  the  whole  region. 
Increasing  the  number  of  clusters  from 
30  to  60  gives  only  very  small  changes. 
It  is  therefore  concluded  that  30 
clusters  is  enough  in  this  direction. 

These  limited  systematic  studies  of 
grid-dependence  indicate  that  there  is 
some  grid  sensitivity  .in  the  cross 
section,  but  not  in  the  longitudinal 
direction.  Special  attention  must  be 
paid  to  regions  of  abrupt  change  in 
geometry,  such  as  the  stern  region  and 
near  the  keel.  Concentration  of 
clusters  to  these  regions  may  be  an 
adequate  alternative  to  fine  grids. 
Considering  this  possibility  a  grid  of 
30  X  20  X  15  would  be  proper  for 
practical  use. 
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3.5.2  Location  of  the  outer  edge  of  the 
computational  domain 

As  indicated  above,  the  outer  edge  of 
the  computational  domain  can  be  located 
so  far  from  the  body  that  free  stream 
conditions  may  be  specified.  Another 
alternative  is  to  obtain  velocities 
(except  for  the  normal  component)  and 
pressure  from  a  potential  flow  solu¬ 
tion.  However,  outside  the  boundary- 
layer  there  is  a  region  in  which  the 
viscous  and  Inviscid  flow  interact.  To 
apply  the  boundary  condition  here  an 
iterative  procedure  between  the  poten¬ 
tial  and  viscous  solutions  must  be  in¬ 
troduced.  To  investigate  the  location 
of  the  region  of  viscous-lnviscid 
interaction  for  the  SSPA  Model  a  series 
of  calculations  was  carried  out  using 
different  locations  of  the  outer  edge. 
The  largest  distance  to  the  edge  mea¬ 
sured  from  the  keel  is  1.08  (dimension¬ 
less  by  L/2)  for  a  grid  with  60  x  19  x 
15  clusters.  The  distance  was  varied  by 
dropping  clusters  in  the  normal 
direction  so  that  the  distance  was  re¬ 
duced  to  0.51,  0.24,  0.11  and  0.05 
respectively.  The  last  grid  consists  of 
60  X  11  X  15  clusters.  For  each  calcu¬ 
lation  the  boundary  conditions  at  the 
outer  edge  and  at  the  inflow  (outside 
the  boundary  layer)  were  calculated 
from  the  potential  flow  solution.  The 
resulting  pressure-fields  are 
normalized  at  a  point  by  subtracting  a 
constant  in  the  following  comparisons. 
Fig  17  shows  pressure  profiles  at  four 
different  x-stations,  distinguished  by 
symbols.  The  symbols  are  placed  at  the 
corresponding  outer  edge.  The  line 
types  distinguish  different  calcula¬ 
tions,  1  e  different  locations  of  the 
outer  edge.  The  profiles  shown  in  Fig 
17  (N  «  14)  are  from  the  region  close 
to  the  keel  where  the  boundary  layer  is 
very  thin,  and  the  profiles  shown  in 
Fig  17  (N  »  7)  are  from  bilge  region, 
where  the  boundary  layer  is  thick.  Both 
figuns  show  that  the  profiles  from  the 
calculation  with  the  outer  edge  located 
at  0.05  are  different  from  the  others, 
indicating  that  the  boundary  conditions 
have  been  applied  in  the  interaction 
region.  Thus,  the  Interaction  region 
extends  out  to  a  surface  which  is 
located  between  the  outer  edges  of  the 
calculation  domain  0.11  and  0.05. 

A  calculation  of  the  potential  flow 
and  the  laminar  and  thin  turbulent 

stern-flow  calculation.  The  cost  for 
using  the  potential flow  condition  is 
therefore  low.  The  gain  would  be  a 
reduction  of  clusters  in  the  normal 
direction  and  a  convenient  way  to 
handle  blockage-effects  in  tunnel 
simulations. 


Fig  17  Variation  in  outer  edge 

location.  Cp  distribution  in 
the  X*  direction 


3.5.3  Comparison  between  parabolized 

and  elliptic  solution 

The  comparlon  between  the 
parabolized  and  elliptic  methods  was 
carried  out  for  the  SSPA  720  Model  with 
a  grid  consisting  of  60  x  19  x  15 
clusters.  The  inlet  profiles  were 
standard  boundary-layer  profiles, 
normal  and  transverse  velocity 
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components  were  zero  and  a  constant 
velocity  »  was  outside  the  boundary- 
layer.  The  solution  after  one  sweep 
from  the  partially-parabolio  method  was 
used  as  input  for  the  fully-elliptic 
algorithm. 


The  pressure  and  friction  velocity 
variation  in  the  girthwise  direction  at 
2x/Ii  -  0.8  are  shown  in  Fig  18.  The 
partially-parabolic  and  fully-elliptic 
algorithms  give  almost  the  same 
results.  No  noticeable  difference 
between  the  solutions  can  be  seen. 


This  is  not  surprising  since  the  only 
simplification  made  In  the  parabolized 
algorithm,  as  mentioned  before,  is  that 
the  second  derivative  ( 3  ^  3 1  <t>)  in  the 
predominant  direction  is  neglected. 

This  higher  order  term  is  of  signi¬ 
ficant  Importance  only  for  bluff  stern 
flow  with  separation,  but  not  for 
slender  sterns,  like  the  one  of  the 
SSPA  model.  Thus  the  two  algorithms 
should  give  the  same  results. 

The  CPU  time  for  the  partially- 
parabolic  algorithm  is  about  70%  of 
that  of  the  fully  elliptic  one. 


3.5.4  Comparison  with  experimental 
data 


The  grid  60  x  21  x  15  was  used  to 
make  the  final  calculations.  The  inlet 
profile  at  midship  (2x/L  •  0.0)  for  the 
longitudinal  velocity  component  U 
within  the  boundary  layer  was  deter¬ 
mined  from  the  wall  law  using  the 
measured  boundary  layer  thickness  and 
friction  velocity  from  Larsson.  The 
normal  component  V  and  the  transverse 
component  W  were  assumed  to  be  zero. 
Outside  the  boundary  layer  the 
distribution  of  U  was  calculated  using 
Hess  &  Smith's  potential  flow  calcula¬ 
tion  method.  The  k  and  €  within  the 
boundary  layer  v;ere  calculated 
according  to  Klebanoff  &  Bradshaw  as 
presented  in  [24]  and  set  to  zero  out¬ 
side. 

The  calculated  results  for  the  Reynolds 
number  Rg  >«  UqL/  «  5.0  x  10®,  were 
compared  with  the  experimental  data  of 
Larsson  [25].  Owing  to  the  different 
coordinate  systems  used  in  the 
calculations  and  the  experiments  it  is 
difficult  to  make  direct  comparisons  of 
all  quantities  of  interest.  Therefore 
only  limited  comparisons  are  presented 
here. 


Fig  18  Comparison  between  results  of 
elliptical  parabolized 
methods 


Fig  19  Comparison  with  experiments. 

Cp  distribution  along  water¬ 
line  and  keel 
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The  pressure  distribution  on  the  hull 
surface  along  the  water  line  and  the 
wake  centerline  as  well  as  along  the 
keel  are  prsented  in  Fig  19  along  with 
the  measurements.  The  original 
experimental  data  of  Larsson[25]  are 
subject  to  wlndtunnel  blockage  effects. 
Corrections  have  been  introduced  in  the 
figures  using  the  formula  given  by 
Larsson[25],  which  was  formulated  after 
carrying  out  potential-flow  calcu¬ 
lations  with  and  without  tunnel 
constraints.  Fig  20  shows  the  glrthwlse 
pressure  distributions  at  three 
stations.  It  is  clear  from  these 
figures  that  the  agreement  between 
calculations  and  measurements  is  quite 
good. 


stations 


Fig  21  U.J  distribution  along  vjater- 
line  and  keel 


Fig  21  shows  the  calculated  wall 
shear  velocity  distributions  along 
water  line  and  keel  and  in  Fig  22  the 
girthwise  distributions  at  three 
transverse  cross  sections  are  given 
along  with  the  measurements.  It  can  be 
seen  from  the  figures  that  in  the  stern 
region  the  calculations  overprediot  the 
wall  shear  velocity  along  the  water 
line,  but  underpredict  it  along  the 
keel.  This  indicates  that  the 
calculated  velocity  profiles  in  these 
regions  might  differ  somewhat  from  the 
measured  profiles.  It  is  difficult  to 
make  comparisons  of  velocity  profiles, 
owing  to  the  different  coordinate 
systems  used  in  calculations  and 
experiments,  as  mentioned  above. 
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SIRTH  LENSTH 


Xso-wa1tC£  aoAturcaont*  x*  0.9,  u/u-0.6,  0.7,  0.8,  0.9,  0,9S,  1.0 
calculation  x>0.89 ,  o/uaO.£,  0.7,  0.8,  0.9,  0,95 


SSPA720  Ut  AT  ZX/L  •  O.B 


Fig  22  u.^  distribution  at  three 

stations 


Wake  contours  are  given  for  two 
stations  In  Fig  23.  A  reasonable 
correspondence  with  measurements  is 
noted  at  2x/L  «  0.8,  while  at  0.9  the 
outermost  Iso-wake  Is  displaced 
outwards.  Close  to  the  keel  the 
boundary  layer  thickness  Is  over- 
predicted  at  both  stations.  The  results 
were  obtained  with  the  wall  law  as  the 
Inner  boundary  condition.  Preliminary 
results  from  the  latest  version  of 
NASPAR,  where  the  wall  law  is  removed, 
indicate  that  the  prediciton  of  the 
flow  near  the  keel  can  be  much  im¬ 
proved  in  this  way. 


Uo-wekcs  Bcasurcncntf  x»0.8  u/u-0.6,  0.1,  0.8,  0,9,  0,95 
calculatlorv  x»0.8 >  q/U*0.8,  0,7,  0.8,  0.9,  0.95 


Fig  23  Iso-wakes  at  two  stations 


4  FINAL  COMMENTS 

Methods  for  computing  free  surface 
potential  flows  as  well  as  complex 
viscous  flows  have  been  presented.  The 
development  has  taken  place  over  a  long 
period  of  time  and  includes  five  PhD 
projects.  Several  computer  programs 
have  been  written,  but  they  are  now 
combined  into  one  program  for  the 
potential  flow  and  one  for  the  Navier- 
Stokes  flow.  These  flow  programs, 
together  with  a  boundary  layer  code 
(for  laminar  and  turbulent  flows  as 
well  as  transition)  represent  a 
powerful  tool,  named  SHIPFLOW,  for 
investigating  the  flow  and  resistance 
properties  of  ships.  The  SHIPFLOW 
system  is  also  equipped  with  state-of- 
the-art  pre-  and  postprocessors,  which 
makes  it  easy  to  use.  For  preliminary 
project  investigations  the  system 
represents  an  alternative  to  tank 
testing,  i.e.  it  could  be  used  as  a 
numerical  towing  tank.  It  should  be 
noted  that  there  are  several  features 
of  the  programs  which  have  not  been 
presented  in  this  survey. 

Such  features  are  the  transom  stern 
option  and  the  slnkage  and  trim  calcu¬ 
lation  in  the  potential  flow  as  well  as 
the  propeller  effect  in  the  Navier- 
Stokes  code.  Quite  interesting  is  also 
the  most  recent  development,  in  which  a 
mathematical  optimization  scheme  is 
linked  to  the  flow  programs,  enabling 
optimization  of  hull  forms  from  a 
resistance  point  of  view  to  be  carried 
out  automatically.  Owing  to  space  limi¬ 
tations  these  features  have  had  to  be 
left  out,  but  they  are  explained  in  the 
references  [10],  [li]  and  [19]. 
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Table  1.  Grid  dependence  study 
Wlgley  hull. 


run  no 

panel  arrangement 
(half  range) 
hull  free  surface 

extent  of  the  free  surface 
(in  half  ship  length) 
x-direction  y-direction 

X 

o 

o 

1 

24  X  6 

34  X  5 

-1.50  to  1.50 

0.28 

0.266 

0.450 

1.204 

2 

24  X  6 

34  X  5 

-1.50  to  1.50 

0.775 

0.266 

0.313 

0.598 

1.437 

3 

24  X  6 

34  X  10 

-1.50  to  1.50 

0.775 

0.266 

0.313 

0.350 

0.400 

0.450 

0.785 

1.495 

1.212 

1.849 

3.054 

4 

24  X  6 

34  X  15 

-1.50  to  1.50 

0.775 

0.266 

0.450 

0.847 

3.054 

5 

24  X  6 

36  X  10 

-1.75  to  1.75 

0.775 

0.220 

0.310 

0.350 

0.450 

0.603 

1.551 

1.199 

3.046 

6 

22  X  6 

36  X  10 

-1.50  to  1.50 

0.775 

0.266 

0.450 

0,859 

2.788 

7 

22  X  6 

32  X  10 

-2.00  to  2.00 

0.775 

0.266 

0.450 

0.931 

3.317 

8 

22  X  6 

40  X  10 

-1.50  to  2.50 

0.775 

0.266 

0.450 

0.931 

3.662 

9 

22  X  6 

40  X  10 

-2.00  to  2.00 

0.775 

0.266 

0.913 

(0.966) 
0.450  3.168 

(3.235) 
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DISCUSSION 
by  C.M.  Lee 

This  is  one  of  the  rare  papers  which  cover 
both  inviscid  and  viscous  flows  about  ships.  I 
believe  that  a  rational  approach  to  ship  flow 
problems  should  be  based  on  an  intelligent 
combination  of  potential  and  viscous  flow 
solutions.  This  paper  apparently  shows  the 
efforts  in  that  direction.  The  authors  deserve 
congratulation  for  their  efforts.  Bulbous  bows 
certainly  can  be  cited  as  one  of  the  useful 
inventions  achieved  by  the  ship  hydrodynamic 
research  community.  However,  we  are  still 
uncertain  of  its  effects  on  flow  around  ship 
bows,  particularly  on  the  viscous  flows.  Does 
a  bulbous  bow  really  contributes  to  reducing 
the  total  resistance  of  a  fat  ship  like  a 
super  tanker  at  low  speeds?  I  think  it  is 
about  the  right  time  to  examine  the  bow  flow 
for  ships  with  bulbous  bow  in  detail  to  find 
the  stagnation  point  on  the  bow  as  a  function 
of  ship  speed  in  order  to  develop  a  correct 
model  for  computing  ship  flows  more 
scientifically. 

Author's  Reply 

We  agree  with  Prof.  Lee  that  a  thorough 
investigation  of  the  flow  around  the  bulb  of  a 
fat  hull  would  be  a  most  interesting  exercise. 
Ideally,  such  an  investigation  should  include 
an  experimental  and  a  numerical  part.  The 
experiments  should  include  detailed  velocity 
measurement,  such  as  the  ones  by  Fry  and  Kim, 
presented  at  the  15th  Symposium  on  Naval 
Hydrodynamics  using  an  LDV,  and  flow 
visualization  to  find  the  stagnation  point. 
The  numerical  part  should  include  free  surface 
as  well  as  viscous  flow  calculations.  For  this 
detailed  investigation  the  best  approach  would 
be  to  use  a  free  surface  Navier-Stokes  method, 
like  the  one  developed  by  Prof.  Miyata  and  his 
co-workers.  In  such  a  case  the  wave  breaking, 
which  is  likely  to  be  important  in  this  case, 
could  also  be  considered. 


DISCUSSION 
by  S.  Ogiwara 

There  are  several  ways  in  prediction  of 
wave  resistance  by  the  panel  method,  namely, 
the  pressure  integral  over  a  hull  surface, 
computation  of  momentum  change  and  so  on.  If 
you  hovs  cxpcricnccc  to  co!?.p3rs  the  results 
between  them,  especially  for  the  case  of  the 
series  models  with  protruding  bulb,  would  you 
comment  about  that? 


Author's  Reply 

We  have  compared  the  two  ways  of  computing 
the  resistance  for  several  hulls.  Results  are 
presented  in  reference  (19)  of  the  paper.  For 
the  thin  Wigley  hull  the  differences  between 
the  two  methods  are  very  small,  while  for  the 
Series  60,  Cg=0.60  hull,  differences  of  about 
10%  were  noted.  The  momentum  approach  yielded 
smaller  values  than  the  higher  order  pressure 
integrations.  The  Series  60  results  are  in  our 
experience  typical  for  ships  of  moderate 
thickness.  However,  for  the  very  full  HSVA 
tanker  we  experienced  the  opposite  trend  with 
the  momentum  results  higher  than  the  ones  from 
the  pressure  integration.  The  differences  were 
again  around  10%  . 


DISCUSSION 
by  F.  Stern 

Fig. 17  of  your  paper  is  very  surprising 
and  contradictory  to  our  work  on  viscous- 
inviscid  interaction,  ie,  our  work  indicates  a 
much  greater  extent  of  the  interaction.  Is 
the  inviscid-flow  calculation  for  the  bare  or 
displacement  body?  If  for  the  former,  please 
comment  on  the  lack  of  dependency  in  your 
solution  to  the  location  of  the  outer  boundary 
even  for  outer-boundary  locations  near  the 
boundary-layer  edge. 

Author's  Reply 

It  should  be  noted  that  the  distance  to 
the  outer  edge  of  the  grid  is  measured  from 
the  keel,  where  the  boundary  layer  is  very 
thin.  Fig.Al  may  be  helpful.  We  claim  in  the 
paper  that  there  is  an  interaction  at  2x/L  = 
0,05  but  not  at  2x/L  =  0.11.  As  appears  from 
Fig.Al,  the  latter  edge  is  about  three  times 
the  maximum  boundary  layer  thickness  away  from 
the  hull.  When  reading  the  paper  one  might  get 
the  impression  that  the  2x/L  =  0.11  grid 
extends  only  to  the  boundary  layer  edge,  in 
which  case  the  results  would  have  been  most 
questionable. 
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Numerical  Simulation  of  Viscous  Flow 
around  Practical  Hull  Form 

A.  Masuko  and  S.  Ogiwara 
Ishikawajima-Harima  Heavy  Industries  Co. 
Yokohama,  Japan 


Abstract 


This  paper  deals  with  numerical  simulations 
of  viscous  flow  around  ships  having  practical 
hull  form  under  propeller  operating  condition. 
The  Reynolds-averaged  Navier-Stokes  equations 
for  three-dimensional  flow  are  discretized  by 
finite-difference  approximation  and  solved 
with  SIMPLE  algorithm.  The  k-£  turbulence 
model  and  the  standard  wall-function  are 
adopted.  A  propeller  Is  simulated  by  giving 
pressure  Jump  at  Its  position. 

In  order  to  eliminate  skew  grid  around 
practical  hull  form,  which  violates  the 
computational  result,  adjustment  of  grid  angle 
Is  applied  to  the  grid  generated  by  solving 
the  elliptic  partial  differential  equation. 
Computational  examples  for  the  cargo  ship 
Serles-60  model  and  the  practical  tanker 
models  under  propeller  operating  condition  are 
presented  and  compared  with  experiments. 

1.  Introduction 


In  the  ship  building  Industries, 
computational  fluid  dynamics  (  CFD  )  technique 
is  being  introduced  to  design  and  develop  the 
ship  hull  form  under  the  concept  of  "numerical 
tank".  Although  quantitative  accuracy  of  the 
prediction  Is  not  sufflclentat  at  the  present 
stage,  qualitative  prediction  of  flow  field 
can  be  applied  to  evaluate  the  propulsive 
performance  and  to  design  a  new  hull  form.  It 
is  considered  to  become  a  useful  design  tool 
from  the  point  of  efficiency  and  cost  for  the 
development. 

The  authors  have  been  developing  the 
numerical  code  for  calculation  of  viscous 
flow'  around  ship  hull  aiming  at  the  practical 
use  In  ship  design.  The  preliminary  studies 
using  mathematical  ship  models^  showed  that 
the  method  has  a  sufficient  robustness  of 
convergence  for  Iteration  number  and  the 
variation  of  computational  grid.  The 
comparisons  between  calculation  and  experiment 
demonstrated  that  the  method  Is  effective  to 
predict  the  wake  distribution,  viscous 
pressure  drag  and  propeller  effects  on  them, 
although  some  discrepancies,  for  Instance  In 
strength  of  bilge  vortices,  are  found  In 


detail. 

In  this  paper,  this  method  Is  applied  to 
simulation  of  the  flow  around  the  practical 
hull  form  with  complicated  shape. 
Computational  grid  becomes  often  extremely 
skew  for  such  form  and  calculation  by  the 
author’s  method  diverges  due  to  skew  grid.  In 
order  to  stabilize  the  calculation,  the 
computational  grid  generated  by  solving  the 
partial  differential  equation^  is  modified  to 
eliminate  the  skew  grid.  The  above  flow 
calculation  method  Is  applied  to  the  cargo 
ship  Serles-60  model  and  two  types  of  tanker 
model,  one  Is  the  ordinary  type  and  the  other 
has  the  IHI  B.O,  (  Bulbous  Open  )  sterna  The 
calculated  wake  and  pressure  are  compared  with 
the  experiments  and  propeller/hull  Interaction 
Is  numerically  Investigated. 

2.  Calculation  method 


2.1  Basic  equation 

The  governing  time-averaged  equations  for 
three-dimensional  turbulent  flows  In  Cartesian 
coordinates  are  : 


dXi 


(.puj)  =  0 


(1) 
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dXi 
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where  u,  is  the  velocity  component,  p  Is  the 
fluid  density  and  p  Is  the  pressure,  (i.  Is  the 
effective  turbulent  viscosity  and  given  by  : 


fh  =  p  *  pt  =  p  (3) 

where  p  is  the  laminar  viscosity,  pt  is  the 
tiirbiiienr  viscosity,  Cd  Is  the  constant,  k  Is 
the  turbulent  kinetic  energy  and  e.  Is  the 
dissipation  rate  of  k. 

In  the  k-£  model  of  turbulence^,  k  and  e 
are  governed  by  the  following  equations  : 
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where  Pk  Is  the  production  rate  of  k  and  given  Further  discretization  by  the  Hybrid  scheme’^ 
by  :  leads  to  the  following  algebraic  equation  : 


Pk  =  lit 


da, 

9xj 


dUt  dUi 
dXj  dx, 


) 


(6) 


Standard  values  for  the  constants  In  Eqs.(4) 
and  (5)  are  as  follows®  : 


Ct>  =  0.09  Cl  =  1.44  Ci  =  1.92 
(jk  -1.0  at  =1.3 


(7) 


Ai>  tk  =Ae  *A/  tu  +Ai  in  *As  ts  *Ar  4n  *Ab  #s 

+Su  (^£  , . . .  e  , . . .  ,etc. )  (15) 

where  Su  denotes  a  source  term  which  involves 
the  diagonal  terms  (4>e,  etc.)  and  off-diagonal 
terms  ((twE  .etc.).  Coefficients  Ae  ~  Ap  are  as 
follows  : 


Eqs.(l),  (2).  (4) 

and 

(5)  are  represented 
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where  J  is  the  Jacobian  of  transformation,  S*’ 
is  the  transformed  source  term  corresponding 
to  Eq.(8),  and  S»*  is  the  modified  source  term 
including  S»’  and  the  cross  derivatives  in  the 
diffusion  terms.  Gi  is  the  contravarlant 
velocity  components  without  the  metric 
normalization,  and  defined  as  follows  : 

G,  =  a.jUi  (10) 

A.j  and  a,,  are  the  metric  coefficients  for 
transformation  : 


and 
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(17) 

Di  =  Pt 
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A  sign  [  ,  ,  )  in  Eq.(16)  means  the  maximum 
value  in  [  ].  Su  and  Sp  are  given  by  the 
following  equation  : 


Su  *  Sp*p  =  JSt  ’  ail  (18) 
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dx 


(11) 


A,  j  =  a,  k  aj  k 
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Production  term  Pk  in  general  curvilinear 
coordinate  is  given  by  ; 


Pk 


„  g/'  3ut  ,  at,  dui  .  at  idut 
jdi,  ‘  jdi,  jdit  ■' 


Table  1  shows  4),  P*  and  S«  ‘  in  Eq.(9). 


(13) 


2.2  Finite  difference  equation 

Variables  u.  and  p  are  set  at  staggered 
location  to  avoid  spurious  error’.  Integrating 
Eq.(9)  over  a  control  volume  (Flg.l),  the 
finite  difference  equations  are  given  as 
follows  : 


The  SIMPLE  algorithm’  links  the  pressure 
to  the  velocity  through  the  pressure- 
correction  equation.  When  pressure  p  is 
supposed  to  be  summation  of  previous  value  p’ 
and  correction  p',  the  pressure-correction 
equation  is  obtained  from  the  continuity 
equation  and  momentum  equations.  The 
discretized  pressure-correction  equation  has 
the  same  form  of  Eq.(15).  In  the  present 
calculation,  off-diagonal  terms  In  Su  of 
pressure-correction  equation  are  assumed  to  be 
small  compared  with  diagonal  terms  and 
neglected  for  saving  computing  time. 

In  consequence,  the  sequence  of  solving  the 
governing  equations  is  as  follows  : 

(1)  Solve  the  momentum  equations  with  the 
initial  or  previous  pressure  field  to  obtain 
the  intermediate  velocity  components  up. 


L pGi  4k)u^  ail  ais  +  [ pGi ^is" ail  ail 

+  ipGi4>ib‘  aiiaii 

=  iFt  j^^]u'>aiiai3  +  [rt^^]s'’aiiai3 
*  *  St’ jail  ail  ail 


(2)  Calculate  the  intermediate  contravarlant 
velocity  components  Gp  with  up. 

(3)  Solve  the  pressure-correction  equation 
using  G.’ . 

(4)  Obtain  the  new  values  of  Gi  and  ui  which 
(14)  satisfy  the  continuity  equation  using  pressure 
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correction.  considering  the  boundary  conditions. 

(5)  Correct  the  pressure  by  the  pressure 

correction.  On  the  hull  surface  : 


(6)  Solve  the  governing  equations  for  k  and  a. 


U/>=0,  VP=0,  IK>=0, 

kt’  =0,  Cf  =0 


(7)  Iterate  steps  (1)  to  (6)  until  the 
solution  converges. 

As  a  solving  algorithm  of  algebraic 
equation,  a  "checker-board”  method  with  SUR 
(Successive  Under  Relaxation  method)'  is 
employed  to  vectorize  the  calculation  on  a 
supercomputer. 


2.3  Computational  domain 


In  this  paper,  a  body  .  fixed  Cartesian 
coordinates  are  adopted  whose  origin  Is 
settled  at  the  bow  on  the  still  waterplane,  x- 
axis  In  positive  direction  of  uniform  flow  and 
z-axls  downwards.  In  the  body  fitted 
coordinate  system  (  $,  n.  C  )•  constant-? 
planes  are  chosen  as  correspond  to  constant-x 
planes,  7j-axls  In  radial  direction  from  hull 
surface  and  S-axls  In  girth  direction. 

Calculation  Is  carried  out  In  the  domain 
surrounded  by  the  following  boundaries  (  see 
Flg.2  ): 


Hull  Surface 


Center  plane 
Water  plane 
Upstream  boundary 
Downstream  boundary 
Outer  boundary 


:  x=  0.0  ^  L 

y=  ye 
z=  0.0  -v  d 
:  y=  0.0 
:  z=  0.0 
:  x=-0.5L 
:  x=  2.0L 
:  r=  O.SL 


where  L,  d  and  ya  denote  ship  length,  draft 
and  half  breadth  of  a  ship  respectively. 


2.4  Boundary  conditions 

As  for  flow  field  around  a  fixed  model  In 
the  uniform  flow  U,  the  boundary  conditions 
are  given  as  follows  under  neglect  of  free 
surface  disturbance  : 


On  hull  surface  : 


u,  u,  w,  k,  £  =  0 
On  center  plane  : 


V  =  0, 


9n’ 


^  Bk 
Bn'  Bn’ 


On  water  plane  : 


^  9v  ^  Be 
’  Bn’  Bn’  Bn’  Bn 


0 


At  Infinity  : 


(19) 


u  =  U,  V,  w,  p,  k,  e  =  0 

v.’hcrc  O/On  is  normal  derivative  to  the 
boundary  surface. 

When  the  finite  difference  equation  Is 
solved  In  the  computational  domain  shown  In 
Flg.2,  the  boundary  values  subscribed  with  p 
are  determined  by  the  following  manners 


On  the  center  plane  : 

UP  =uv ,  UP  =0,  tw>  =m  , 

kf  =kM  ,  £p  =eit 

On  the  water  plane  : 

up=U7,  Di>=vt ,  m=0, 

kp  =kr ,  CP  =£n 

On  the  upstream  boundary  : 

up=t/,  up=0,  jiip=0, 

P£=Q,  kp=0,  £f>=0 

On  the  downstream  boundary  : 


(20) 


UP  ,  UP  =up  ,  Wf  =m/ , 

Pi>  =pi/ ,  kp  =kt/ ,  CP  =£u 

On  the  outer  boundary  : 

up=t/,  up=0,  »p=0, 

ps=0,  ,  kp=0,  cp=0 

Since  the  standard  k-c  model  cannot  be 
applied  in  the  viscous  sublayer  and 
transition  layer  around  the  hull,  the  standard 
wall-functions'"'  are  adopted.  In  the  present 
calculation,  the  effective  exchange 
coefficient  Fp  Is  modified  at  the  wall 
boundary  so  as  to  make  the  velocity  profile 
fit  to  that  from  the  log-law.  Therefore  the 
grid  spaces  In  t?-dlrectlon  adjacent  to  the 
hull  surface  have  to  be  set  to  satisfy  the 
following  criterion. 


20  <  y  =  An»/i>pu’/p  <  100  (2i) 

where  Anoin  denotes  the  minimum  spacing  of  r; 
direction  (  distance  from  the  hull  surface  to 
the  nearest  grid  point  )  and  u*  means  the 
frictional  velocity. 

2.5  Propeller  model 


In  order  to  simulate  the  propeller  effect, 
the  pressure  Jump  model  Is  employed  In  which  a 
propeller  Is  replaced  by  a  accelerating 
disc'.  The  pressure  Jump  Is  assumed  uniform  In 
the  disc  and  Its  value  Is  derived  from  the 
measured  thrust  of  the  self-propulsion  test. 
Flg.3  shows  the  grid  configuration  at  the 
section  of  the  propeller.  The  grid  Is  not 
fitted  to  the  propeller  disc  and  the  uniform 
pressure  Jump  Is  applied  at  the  grid  points 
Indicated  by  circles. 

FIg.4  shows  the  pressure  distribution 
calculated  by  this  method  for  a  propeller 
which  Is  operating  In  open  water.  The 
calculated  pressure  connects  smoothly  with 
the  given  pressure  Jump  at  the  propeller 
position.  T.he  velocity  at  the  propeller 
position  and  far  behind  the  propeller 
coincide  with  the  values  given  by  the  momentum 
theory. 
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3.  Computational  grid  for  practical  hull  form 

In  the  present  calculation,  the 
computational  grids  are  generated  by  solving 
the  elliptic  partial  differential  equations, 
however  these  grids  do  not  always  suitable 
for  practical  hull  form.  In  general, 
computational  grid  for  viscous  flow 
calculation  requires  some  characteristics 
such  as  orthogonality,  smoothness,  adequate 
concentration,  configuration  like  streamlines 
and  so  on.  Above  method  does  not  guarantee 
orthogonality  condition  of  the  grid  and  often 
provides  the  extremely  skew  grid. 

The  present  flow  calculation  method  has  a 
characteristic  to  be  sensitive  to  the  skew 
of  the  grid  and  the  convergence  of  the 
calculation  is  violated  by  highly  skew  grid. 
Fig. 5  shows  an  example  of  the  grid 
configuration  including  skew  grids  and  the 
results  of  flow  calculation  which  Is  violated 
by  skew  grid.  The  grid  In  Flg.5  Is  generated 
by  Kodama’s  method^,  which  satisfy  the  above 
characteristics  necessary  for  computational 
grid  by  geometrical  manner.  This  Is  one  of 
the  sophisticated  method  to  generate  the  grid 
for  arbitrary  hull  form  and  the  flow 
calculation  method  proposed  by  Kodama  gives 
satlsfacto>-y  results  using  these  grids. 
However  there  are  some  skew  grids  near  stern 
region  because  the  grid  line  Is  chosen  to 
correspond  to  the  end  profile  and  when  these 
g-Ids  are  applied  to  the  flow  calculation  by 
the  present  method,  the  solution  diverges. 
The  computational  results  shown  In  Flg.5  Is 
the  \tloclty  vector  near  hull  surface  Just 
before  calculation  breaks  down.  It  is  found 
that  the  calculation  Is  getting  to  be 

violated  around  the  skew  grid.  The  reason  why 
this  breakdown  occurs  Is  considered  that  the 
all  off-diagonal  terms  are  treated  as  the 

source  term  and  they  are  Ignored  In  the 

pressure-correction  equation.  Although  It  Is 
possible  to  treat  these  terms  more  precisely. 
It  brings  enormous  increase  of  computational 
time.  Therefore,  from  the  practical  point  of 
view.  It  is  much  convenient  to  generate  the 
computational  grids  whlcli  restrain  the 
breakdown  of  calculation. 

In  order  to  restrain  this  breakdown, 
computational  grid  generated  by  Thompson's 
method  Is  modified  so  as  to  improve  the  shape 
of  the  grid  in  the  transverse  plane.  For 
convenience  of  expression  of  computational 
lesults.  constant-^  stations  are  chosen  to 
correspond  to  the  transverse  section. 

3.1  Grid  points  on  the  hull  surface 

The  coordinates  of  grid  points  on  the  hull 
surface  .are  given  by  Interpolation  technique 
from  the  offset  data.  The  method  of  a  circular 
arc  approximation'®  Is  adopted  for  the 
Ijlt^rpolat-ion  The  procedure  of  the 
interpolation  is  as  follows  (  see  Fig.6  ). 

First,  an  angle  of  tangent  of  each  data 
point  (  P,  )  is  determined  as  follows.  Using 
four  data  points  near  the  point  P,,  make  three 
circular  arcs  (  arc  P.-aP.-iPi,  arc  P.-iPiP.-i 
and  arc  PiP,,!P,.2  ).  Each  arc  has  an  angle 


of  tangent  at  point  Pi(  (|8i)i,  (p-.h  and  (/JOs 
).  and  then  a  mean  of  these  three  angles  is 
taken  for  an  angle  of  tangent  of  point  Pi. 

Next  make  a  triangle  PiPi-iP'  using  a 
segment  P.P,.i,  and  tangents  at  Pi  and  Pi-i, 
where  P'  Is  a  cross  point  of  two  tangents.  An 
interpolated  point  Q  Is  taken  at  a  Inner 
center  of  this  triangle. 

By  treating  an  Interpolated  point  as  a  new 
data  point,  these  process  are  repeated  until  a 
length  of  the  segment  becomes  sufficiently 
short.  These  process  are  carried  out  along 
the  waterlines  and  frame  lines.  The 
coordinates  of  grid  points  on  the  hull  surface 
are  determined  by  choosing  a  point  from  these 
sequential  points. 

3.2  Generation  of  grid 

The  coordinates  of  grid  points  In  the 
computational  domain  are  generated  by 
Thompson's  method.  They  are  solutions  of  the 
following  Poisson  equation  : 

Q  2  t  . 

-  P' 

Exchanging  the  Independent  variables  and  the 
dependent  variables  in  Eq.(22),  following 
partial  differential  equation  is  obtained  : 

® 

It  is  not  necessary  to  solve  the  equation  for 
Xi  in  Eq.(23),  because  the  constant-^  stations 
are  chosen  to  correspond  to  the  transverse 
sections. 

This  method  has  some  problems  when 
generating  grid  for  arbitrary  hull  form. 
Since  this  method  does  not  guarantee  the 
orthogonality  of  the  grid,  extremely  skew  grid 
is  often  generated  depending  on  the  hull  form. 
When  sufficient  number  of  grid  points  cannot 
be  taken  for  the  limitation  of  computer 
storage,  grid  lines  often  break  into  the  ship 
hull.  Flg.7(a)  shows  a  typical  example  of  such 
case.  This  is  the  grid  at  the  section  of 
bulbous  bow  which  has  extremely  convex 
configuration.  At  the  side  of  bulb,  highly 
skew  grids  are  found  and  some  grid  lines 
break  Into  the  bulb. 

Since  the  stability  of  the  solution  by  the 
present  flow  calculation  method  Is  very 
sensitive  to  the  skew  of  the  grid,  a  method  of 
grid  modification  which  adjusts  the  angle 
between  grid  lines  Is  adopted.  Fig. 8  shows 
the  way  of  this  adjustment.  The  two  segments 
on  constant-?  lines  which  close  to  the  hull 
surface  are  adjusted  normal  to  the  constant-r? 
lines.  For  the  other  segments  on  constant-? 
lines,  the  direction  Is  adjusted  to  the  angle 
between  45  deg.  and  135  deg.  When  this 
adjustment  Is  carried  out  directory,  the 
change  of  the  grid  direction  is  too  large  and 
the  computational  grid  breaks  down.  So  the 
above  adjustment  Is  carried  out  Iteratively 
using  relaxation  method.  After  obtaining 
constant-t?  coordinates,  smoothing  of  constant- 
t?  line  Is  carried  out  by  Lagrange 
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interpolation. 

At  the  same  time,  the  minimum  spacing  of 
the  grid  An*  m  is  set  constant  and  determined 
using  C(  of  the  Prandtl-Schlichting's  formula 
at  the  aft  end  of  equivalent  flat  plate  as 
follows  : 


At/m  ,  n 


(24) 


Ti-  =  pu^Cr 

=  -i-  pu^0.4S5(logRH)-^-^Ul-,^-^ — )  (25) 

2  I  ogKn 

Flg.7(b)  shows  the  modified  result  of 
Flg.7{a)  by  this  method.  Flg.9  and  Fig.  10  show 
the  computational  grids  for  tanker  forms  with 
normal  stern  and  1111  B.O.  stern  respectively, 
in  every  case,  orthogonality  condition  is 
almost  satisfied. 


4.  Convergence  property 

Convergence  histories  of  pressure  at  three 
monitoring  points,  midship,  after 
perpendicular  (A.P.)  and  in  the  wake,  close 
to  the  keel  line,  are  shown  In  Flg.ll  in  the 
case  of  Series-GO  model  (Cb=0.G)  at  the 

Reynolds  number  based  on  ship  length 

Rn  =9.22x10®.  The  number  of  grid  points  is 
94x25x21  and  the  iterative  calculation  Is 
repeated  300  times.  The  calculation  seems  to 
converge  at  about  lOO  times. 

Flg.l2  shows  the  convergence  histories  of 
variables  u,  w,  p,  k  and  e  near  the  keel  line 
at  A.P.  The  values  are  non-dlmenslonallzed  by 
the  differences  between  maximum  and  minimum 
values  of  each  variable.  Convergence  of 
variables  excepting  pressure  is  considerably 
slow.  This  may  be  attributed  to  the  lack  of 

grid  smoothness. 

FIg.l3  shows  the  variation  of  mass- 

imbalance  with  the  number  of  iteration.  SSUM 
means  a  sum  of  mass-imbalance  for  all  the  grid 
points  normalized  by  inlet  mass  flow  rate. 
SSUM  decreases  rapid 'y  with  the  number  of 
iteration  and  this  verifies  that  the  equation 
of  continuity  is  satisfied. 

From  the  above  results,  200  Iteration 
steps  is  chosen  for  practical  use.  it  takes 
about  20  minutes  of  CPU  time  to  calculate  200 
steps  using  the  supercomputer  FACOM  VP-50.  In 
the  following  calculations,  the  iteration 

is  stopped  at  200  steps  in  every  case. 

5.  Computational  results  and  discussions 
5.1  Wlgley  model 

The  Wlgley  hull  is  defined  by  the  following 
parabolic  equation  : 

ye  =  -ffi  -  (  -jf-  1  )^J  [1  -  (  ~  )^]  (26) 

where  B  is  the  ship  breadth. 

Calculations  are  carried  out  using  93x25x19 
grid  with  L=G.0m,  B=0.6m,  d=0.375ra,  U=0.85m/s 
and  Rm  =4.5x10®,  and  compared  with  two  kinds  of 


experimental  data.  One  is  obtained  in  the 
towing  tank  of  Ishlkawajlma-Harlma  Heavy 
Industries  Co.,  Ltd,  (lill)  with  Gm  length 
model,  where  resistance  and  hull  surface 
pressure  are  measured  at  Rn  =4,2x10®,  and  the 
other  data  Is  from  the  wind  tunnel  test  by 
Sarda"  using  a  double  model  at  Rn  =4.5x10®, 

Fig.l4  shows  the  Iso-wake  contours  at  the 
aft  end  station  compared  with  Sarda's  results. 
The  calculated  result  shows  qualitative 
agreement  with  the  experimental  results, 
however.  It  Is  a  little  diffusive  due  to  the 
numerical  diffusion  of  the  Hybrid  scheme. 

Flg.l5  shows  the  comparl.son  of  hull  surface 
pressure  distributions,  and  reveals  good 
agreement  between  the  calculation  and 
experiment.  In  this  figure,  Invlscld  results 
obtained  by  Hess-Smlth  method  are  also  shown. 
The  results  of  the  present  method  agree  with 
the  Invlscld  results  In  the  fore  part  and  the 
displacement  effect  of  boundary  layer  Is 
simulated  near  the  aft  end. 

Fig.  16  shows  the  comparison  of  the  local 
skln-frlctlon  coefficient  Cr.  Calculated  skln- 
frlctlon  Is  given  by  the  following  equation  : 


~  pU^  /2 

~  ¥72  ln(  EpCi,‘'*k‘'^V«/n/p) 

where  x  Is  Karman  constant  and  E  Is  constant. 
The  figure  shows  good  agreement  between  the 
calculation  and  experiment  except  slight 
discrepancy  at  the  station  x=5.9ra  close  to  the 
aft  end. 

Agreement  of  the  turbulent  kinetic  energy 
between  calculation  and  experiment  is  poor  as 
shown  in  Flg.l7.  Calculation  does  not  simulate 
the  sharp  peek  of  the  turbulent  kinetic  energy 
In  the  region  close  to  the  hull  near  the  after 
end.  As  the  same  tendency  appears  In  Sarda's 
calculation  which  also  adopts  k-e  model,  this 
seems  to  be  due  to  the  defect  of  the 
turbulence  model. 

The  pressure  resistance  and  the  frictional 
resistance  are  calculated  by  Integrating  the 
hull  surface  pressure  and  local  skln-frlctlon 
respectively  on  the  hull  surface.  The 
calculated  results  are  as  follows  compared 
with  the  experimental  values  given  by  three 
dimensional  analysis  of  the  resistance  tests. 


Calculation 

Experiment 

Total 

resist. 

(rt) 

12.GX10-® 

Total 

resist. 

(ri) 

13.2x10-3 

Frlc. 

resist. 

(rr) 

10.8x10-® 

Frlc. 

resist. 

(rp  d) 

12.7x10-3 

(Schoenherr) 

Press. 

resist. 

(rp) 

1.8x10-® 

Residual 

resist. 

(rp) 

0.5x10-3 

(  Rn  =4.2x10®  Fn  =0.1043  ) 
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where  r=R/p\}^V^'^,  R  is  the  resistance  and  7 
is  the  displacement  of  the  model.  Calculated 
value  of  the  pressure  resistance  is  larger 
than  residua?  resistance  which  does  not 
Include  wave  resistance  because  of  very  low 
Froude  number.  This  may  result  from  the  fact 
that  the  calculated  pressure  of  after  part  is 
a  little  lower  than  measured  one  as  shown  In 
Fig. 15  observing  In  detail.  However  the  order 
of  the  total  resistance  comparatively  agrees 
with  experiment. 

5.2  Serles-60  model  (Cb=0.6) 

The  first  application  to  a  practical  hull 
form  Is  made  for  prediction  of  flow  field 
around  Serles-GO  model  (Cb=0.6)  under 
propeller  operation.  The  calculation  Is 
carried  out  with  L=7.0m  and  U=1.5m/s, 
corresponding  Reynolds  number  Is  Rn  =9.22x10®. 
In  the  calculation  of  propeller  operating 
condition,  pressure  Jump  ap=412.47N/m*  which 
Is  equivalent  to  the  measured  thrust  T=22.119N 
(  propeller  diameter  Is  .2613  ra  )  Is  set  on 
the  propeller  disc.  Total  number  of  grid 
points  Is  94x25x21. 

Flg.18  shows  the  hull  surface  pressure 
distribution,  where  measured  data  Is  from  VEB 
towing  tank  using  5m  model  at  U=1.54m/s 

(Rn  =7.7x10®)' Calculated  and  measured 
patterns  of  pressure  contour  without  propeller 
resemble  each  other.  In  the  propeller 
operating  condition,  suction  effect  of 
propeller  Is  appeared  In  the  stern  region. 

Fig.  19  shows  a  comparison  of  wake  patterns 
at  throe  different  transverse  sections. 
Experimental  data  Is  obtained  In  IHl  towing 
tank  using  7m  model.  The  unit  of  calculated 
vector  Is  twice  of  the  measured  one  In  order 
to  make  clear  the  direction  of  the  flow.  The 
calculated  contour  of  Wx=0.1  Is  a  little 

diffusive  compared  with  the  measured  one, 

however,  the  pattern  of  the  Iso-wake  contour 
Is  well  simulated  as  a  whole. 

Flg.20  shows  the  effect  of  propeller  on  the 
Iso-wake  contours.  It  can  be  seen  that  the 
effect  of  propeller  Is  restricted  In  the 
propeller  disc.  The  measured  Iso-wake 

contours  with  propeller  at  A.P.  section  (just 
abaft  the  propeller)  show  the  asymmetrical 
feature  about  center  line  due  to  the  rotating 
flow  (  Flg.21  ).  As  the  present  method  does 
not  deal  with  the  rotating  flow,  calculated 
results  are  compared  with  the  measured  contour 
taking  the  mean  of  the  contours  In  starboard 
and  port  side.  It  is  found  that  the  present 
method  can  simulate  well  the  propeller  effect 
on  the  contour. 

5.3  Practical  tanker  form 

The  second  example  of  the  application  to 
practical  hull  form  Is  the  simulation  of  the 
flow  around  two  kinds  of  tanker  forni  shown  In 
Fig.lO  and  Fig. 11. 

Fig. 22  shows  the  comparison  of  Iso-wake 
contour  of  ordinary  tanker  form  (  Flg.10  )  at 
propeller  position  In  towing  condition  at 
Rh  =7.8x10®.  The  vortical  motion  can  be 
simulated,  however.  It  is  smalle''  than  that 


of  experiment  and  an  Island-llke  contour 
of  vortical  motion  Is  not  found  In  the 
computed  results. 

The  flow  around  tanker  form  with  IHI  B.O. 
stern  (  Fig.ll  )  Is  calculated  at  Rn  =4.94x10®. 
IHI  B.O.  stern  (s  developed  aiming  at  both 
merits  of  wake  gain  by  bulbous  stern  and  low 
thrust  deduction  by  open  stern.  The 
configuration  of  B.O.  stern  Is  so  complicated 
that  the  flow  calculation  does  not  succeed  by 
the  ordinary  method  of  grid  generation. 
However  the  present  method  of  grid 
modification  makes  the  flow  calculation 
possible. 

Flg.23  and  Flg.24  are  the  comparison  of 
hull  surface  pressure  distribution  and  wake 
pattern  In  towing  condition  respectively. 
Calculated  pressure  distribution  agrees  well 
with  the  experiment  except  near  the  stern  end 
where  calculation  gives  lower  pressure.  B.O. 
stern  gives  uniform  wake  In  propeller  disc 
compared  with  ordinary  stern  shape.  Present 
calculation  simulates  this  feature  of  wake 
pattern,  however  the  correspondence  with 
measured  results  Is  not  good  because  the  bilge 
vortex  Is  not  simulated  well.  In  order  to 
Improve  the  accuracy  of  the  prediction, 
further  examinations  are  necessary  for  finite- 
difference  scheme,  grid  generation,  adoption 
of  wall-function,  turbulence  model  and  so 
forth. 

Flg.25  shows  the  velocity  vectors  near  the 
hull  surface  for  both  cases  of  with  and 
without  propeller.  In  the  propeller  operating 
condition,  the  pressure  Jump  of  691.67N/m2 
which  corresponds  to  measured  thrust  of  17.6N 
is  set  on  the  propeller  disc  of  diameter 
0.18m.  Applying  this  propeller  model,  the 
accelerated  flow  afore  and  abaft  the 
propeller  can  be  simulated  as  well  as 
decelerated  flow  Just  above  the  propeller.  The 
present  method  predicts  the  boundary  layer 
flow  into  the  propeller  around  such  a 
complicated  stern  form. 

6.  Conclusions 

Present  studies  are  summarized  as  follows  : 

(1)  In  the  present  flow  calculation  method, 
the  off-diagonal  terms  In  source  term  In 
pressure-correction  equation  are  Ignored  as 
small  quantities  In  order  to  save  the 
computational  time.  It  Is  found,  however,  that 
this  leads  to  the  breakdown  of  computational 
results  when  there  are  skew  grids  In 
computational  domain  around  practical  hull 
form. 

(2)  In  order  to  stabilize  the  calculation  for 
practical  hull  form  without  Increase  of 
computational  time.  Improvement  of  the  grid 
shape  generatea  by  solving  the  elliptic 
partial  differential  equation  Is  carried  out 
by  adjustment  of  grid  angle. 

(3)  Using  this  grid,  the  calculations  of 
viscous  flow  around  practical  hull  form 
(SerIes-60  and  tanker  forms)  under  propeller 
operating  condition  are  carried  out  and  the 
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results  are  compared  with  experimental 
results.  This  method  Is  applicable  for  hull 
form  examination  at  the  initial  design  stage. 
In  order  to  Improve  the  accuracy  of  the 
prediction,  further  examinations  are  necessary 
for  finite-difference  scheme,  grid  generation, 
turbulence  model,  adoption  of  wall-function 
and  so  forth. 


The  final  goal  of  the  present  study  is  to 
build  a  design  code  which  can  evaluate  self 
propulsion  factor  of  a  ship  taking  account 
rudder  effect. 
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Table  1  Effective  exchange  coefficients  and 
source  terms  of  equation  (9) 
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Fig. 2  Computational  domain  and  grid  configuration 


Flg.3  Grid  configuration  at  the  propeller 
position 
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Flg.4  Computational  examination  of  pressure 
Jump  model 
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Kig.6  Generation  of  Interpolated  point 


%  :  Angle  adjusted  to  be  between  45°~135‘ 


Flg.8  Adjustment  of  grid  angle 


stern  Part 


F!g.9  Generated  computational  grid 

(  Tanker  form  with  normal  stern  ) 


Fie. to  Generated  computational  grid 
(  Tanker  form  with  IHI  B.O.  Stern  ) 
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Flg.ll  Convergence  history  of  pressure 


Flg.l2  Convergence  history  of  u,  w,  p, 
k,  £  (at  A.P.  ) 


Fig. 14  Calculated  and  measured  wake  pattern 
(  Wlgley  model,  Rn  =4.5x10®  ) 
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FIg.l5  Hull  surface  pressure  distribution 
(  Wlgley  model,  Rn  =4.5x10®  ) 


Fig. 13  Convergence  history  of  mass-imbalance 
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Fig. 19  Calculated  and  measured  wake  patterns 
(  Series-60  Cb=0.6,  Rn  =9.22x106  ) 


Fig.20  The  effect  of  propeller  on  the 
calculated  and  measured  wake  patterns 
(  Serles-60  Cb=0.G,  Rn  =9.22x106  ) 


Fig.21  The  effect  of  propeller  on  the 
measured  wake  pattern 
(  SerIes-60  Cb=0.6.  Rn  =9.22x106  ) 


Fig. 23  Hull  surface  pressure  distribution  (  Tanker  form  with  IHI  B.O.  Stern,  Rm  =4.94x10®  ) 
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Flg.24  Calculated  and  measured  wake  pattern 


Flg.25  The  effect  of  propeller  on  the  velocity 
vector  near  hull  surface 


Calculation  of  Nonlinear  Water  Waves  around  a  2-Dimensional 
Body  in  Uniform  Flow  by  Means  of  Boundary  Element  Method 


K.  Suzuki 

Yokohama  National  University 
Yokohama,  Japan 


Abstract 

In  this  paper,  nonlinear  wave  making  phenomena  a- 
round  a  two  dimensional  body  is  studied.  The  analysis 
uses  the  boundary  element  method  based  on  Cauchy’s  in¬ 
tegral  theorem  and  the  wave  profile  is  calculated  by  time 
marching  integration  based  on  the  semi-Lagrangian  ap¬ 
proach.  Steepening  or  Breaking  waves  can  be  simulated 
by  this  scheme. 

Two  problems  are  discussed;  a  semi-circular  momid 
in  shallow  water,  and  a  floating  body  with  semi-infinite 
length.  In  cases  including  a  uniform  flow  component,  nu¬ 
merical  treatments  have  some  difficulties.  Li  the  semi¬ 
circular  mound  problem,  nodal  points  on  the  free  surface 
move  out  of  the  calculation  region,  and  in  the  floating 
body  problem,  nodal  points  concentrate  in  front  of  the 
bow.  In  the  present  work,  numerical  difficulties  caused 
by  these  problems  are  settled  and  numerical  examples  are 
given  for  several  cases. 

JULiittadiisIifiJi 

Many  numerical  schemes  have  been  presented  for  tlie 
purpose  of  the  analysis  of  free  surface  flow  in  resent  v'-ms 
Some  of  the  schemes,  however,  need  high  perfornmu'-y 
computers  with  very  large  memory  storage.  Jn  those  cases, 
some  difficulties  remain  in  practical  applications.  In  the 
problems  of  nonlinear  water  waves  with  steepening  or 
breaking,  many  complicated  numerical  procedures  and 
considerable  CPU  time  are  needed.  If  we  neglect  viscos¬ 
ity  and  assume  irrotational  motion,  a  numerical  scheme 
based  on  the  less  complex  boundary  integral  equation  can 
be  employed,  which  does  not  need  liigh  performance  com- 
put'srs 

For  the  problem  of  two  dimensional  free  surface  flow, 
Longuet-Higgins  and  Cokelet  (1)  introduced  the  boundary 
element  method  (  abbreviated  as  BEM  )  based  on  Green’s 
integral  theorem,  in  which  they  used  the  mixed  Eulerian- 
Lagrangian  method  in  order  to  follow  nodal  points  on 
the  free  surface  by  means  of  time  marching  integration. 
This  scheme  was  modified  by  Vinje  and  Greenhow  (2). 
who  employed  BEM  based  on  Cauchy’s  integral  theorem 
and  highly  accurate  scheme  of  time  marching  integra¬ 


tion.  Similar  schemes  were  developped  in  last  decade  and 
investigations  of  two  dimensional  nonlinear  water  wave 
including  steepening  or  breaking  have  been  carried  out 
[3](4][5j{6].  In  most  cases,  however,  wave-making  phenom¬ 
ena  around  a  body  in  uniform  flow  [7]  have  not  been  tried. 
The  main  difficulty  is  that  nodal  points  on  the  free  surface 
can  move  according  to  the  uniform  flow  component. 

In  the  present  study,  two  problems  are  described;  a 
semi-circular  mound  in  shallow  water,  and  a  rectangu¬ 
lar  floating  body  with  semi-infinite  length.  In  the  for¬ 
mer  problem,  nodal  points  on  the  free  surface  will  pass 
through  the  downstream  boundary,  and  in  the  latter  prob¬ 
lem,  nodal  points  will  concentrate  at  the  stagnation  region 
in  front  of  the  bow,  if  the  suitable  way  cannot  be  found. 
In  this  paper,  numerical  treatments  for  these  problems 
and  related  ones  are  discussed,  and  several  numerical  ex¬ 
amples  are  given.  Some  checks  about  the  validity  of  the 
present  numerical  method  are  also  given  by  comparing 
the  results  to  the  other  theories  and  experiments,  and  by 
varying  the  number  of  nodal  points,  the  size  of  calcuh't'ou 
region  and  the  time  interval. 


2.  Basic  Equations 

Two  examples  of  nonlinear  wave  making  phenomena 
around  a  two  dimensional  body  in  uniform  flow  are  dis¬ 
cussed  in  this  paper. 

1)  Semi-circular  mound  in  shallow  water  as  in  Fig.  1. 

2)  Rectangular  floating  body  with  semi-infinite  length  as 
•n  Fig.  2. 


Fig.  1  Semi-circular  mound  in  shallow  water. 
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Tilo  dowiisirenr.i  boundary  is  open  in  the  first  problem, 
and  a  stagnation  region  exists  in  front  of  the  bow  in  the 
second  problem.  Wlicn  using  the  numerical  metb.od  ex¬ 
plained  below,  various  numerical  difficulties  are  arisen  be¬ 
cause  of  these  features  of  the  problem.  Numerical  treat¬ 
ments  for  each  of  thc.ve  probiems  are  explained  in  later 
sections. 


Fig.  2  Rectangular  floating  body  with  semi-iuTuiite 
length. 

The  coordinate  system  is  taken  as  shown  in  Fig.  I  or 
Fig.  2.  For  the  sake  of  convenience,  all  equations  in  tliis 
paper  are  normalized  by  a  characteristic  length  I,  and  a 
uniform  flow  U.  For  example,  the  normalised  time  t  is 
expressed  as  U/l  X  real  time.  Li  the  first  problem,  the 
radius  a  of  semi-circular  mound  can  be  cho.ien  as  the  char¬ 
acteristic  length,  and  in  the  second  problem,  the  draught 
d  can  be  chosen  as  the  characteristic  lengtii.  If  wc  neglect 
tlie  fluid  viscosity  and  also  assume  irrotatioual  motion, 
the  governing  equation  of  the  flow  field  is  Laplace’s  e<iiia- 
tion.  The  complex  velocity  potential  can  be  introd''Ci.d 
as  follows, 

vt{z\t)^4>[K,y,t)\i‘4<{e,r.t)  (1) 

z  =  X  -f  iy  (2) 

where  d>  is  tlie  velocity  potential  and  xji  is  the  stream  func¬ 
tion.  If  the  contour  C  of  clockwise  direction  is  ciiosen  and 
the  singular  point  zq  is  considered  on  C  as  shown  in  Fig. 
1  or  Fig.  2,  the  following  equation  can  be  introduced  by 
Cauchy’s  integral  theorem, 

iaw{zo\l)  +  [  —~dz=:0  (3) 

JC  ^  “  ^0 

where  a  =  rr,  if  the  contour  is  smootli  at  zq.  If  ^  is  given 
at  Zfl  (  part  of  C  ),  the  real  part  of  eq.  (3)  can  be 
taken.  On  the  contrary,  if  tj>  is  given  at  z,,  (  C,;,  part  of  C 
),  the  imaginary  part  of  eq.  (3)  can  be  taken.  Taking  the 
real  and  imaginary  parts  of  eq.(3),  following  equations  arc 
obtained. 


-aip(zo;t)  -i-Re  J 

£7  Z-  Zo 

on  C^, 

(4) 

Qi^(zo;f)-i-Im  J 

0  Z  -  Zo 

on 

(5) 

These  formulae  are  integral  equations  of  Fredholm 

type  of 

the  second  kind,  in  which  tp  is  unknown  on  C4,  (eq.(4))  and 
Ip  is  unknown  on  (eq.(5))  respectively.  To  solve  these 


integral  equations,  nodal  points  are  distributed  along  tlie 
contour  C  as  sliown  in  Fig.  1  or  Fig.  2.  Wc  liave  NF 
nodai  points  011  the  free  surface  which  are  movable  and 
a  total  o{  N  P  nodal  points  on  the  contour  C.  On  eacli 
boundary  element  divided  by  these  nodal  points,  it  is  as¬ 
sumed  that  the  complex  velocity  potential  w  varies  lin¬ 
early  in  z.  Using  the  well  known  procedures  by  means 
of  these  linear  boundary  elements,  the  following  discrete 
expressions  are  obtained  with  respect  to  eq.  (4)  and  (5), 


where 


Re 


ATP 


.n=l 


Im 


‘/VP 

.n=l 


=  0 

=  0 


on 


on 


c. 


c^. 


fo) 

(7) 


Ffc.n 


ik  -  Zn-1 


L  k,k-l 


^n-l  Zft  Zn  ”  Zn,.|.i 

=  ~  ^k-2  ik-1  ~ 

^k-\  ~  Zk-Z  Zk-2  -  Zk 


^n+1  -  Zk 


Z„  -  Zk 

(8) 

(9) 


rt,fc  =  in 


Zk+i  -  Zk 
Zk-l  -  Zk 


(10) 


n  Zk  Zkk'2  I  ^fc+2  ■”  Zk 

lk.k+1  =  - m - . 

ZkH  -  Zk+i  Zk+l  -  Zk 


(11) 


Since  terms  including  known  <p  and  >p  remain  in  left  hand 
side  of  eq.  (6)  and  (7),  these  terms  must  be  transposed 
to  the  right  liand  side.  A  set  of  simultaneous  equations  is 
thus  obtained.  Since  tlie  coefficient  matrix  of  this  equa¬ 
tion  system  has  a  property  of  diagonal  superiority,  Gauss- 
Seidel  iterative  method  can  be  used  to  solve  the  simulta¬ 
neous  equation. 

Ill  order  to  follow  nodal  points  and  velocity  potential 
values  on  tlie  free  surface,  the  mixed  Eulerian-Lagraiigian 
formulation  is  employed.  Namely  the  dynamical  free  sur¬ 
face  boundary  condition  is  expressed  as  follows  by  using 
the  material  derivative 


wliere  70  =  gl/U^.  In  eq.  (12),  a  uniform  flow  component 
is  taken  into  consideration.  The  kinematical  free  suface 
boundary  conditions  are  also  expressed  as  follows. 


dx  _  dip  _  dw 

~dt~Jx~  dJ 


(13) 


dy  _  dtp  dw 

di  ~  dy~ 


(14) 


Integrating  the  ordinary  differential  equations  (12)--(  14) 
numerically  with  time  increment,  the  wave  profile  can 
be  obtained  at  cacli  time  step.  Hanuniiig’s  predictor- 
corrector  metliod  is  used  as  the  time  marcliiiig  integration 
tecimique  This  nipthnd  needs  the  values  at  the  first  three 
time  steps,  which  are  calculated  by  means  of  Runge-Kutta 
metiiod. 

Wave  making  drag  acting  on  the  mound  or  the  rect¬ 
angular  floating  body  can  be  estimated  in  each  time  step. 
Since  the  pressure  coefficient  is  expressed  as 
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Cp  — 


p-po  _ ,  _  (^Y  _  (MY 

\pU^  \dx)  \dy) 


-2-(oy-2^  (15) 


by  Bernoulli’s  theorem,  the  coefTicieiit  of  wave  making 
drag  is  obtained  by  the  following  pressure  integral, 


+  Vi  -  \{yNP  +  y2),  <t>i  =  ^(^AfP  +  ^s)- 

(18) 

This  replacement  technique  is  convenient,  because  the  cal¬ 
culation  region  can  be  kept  almost  the  same  size. 


where  s  is  the  girth  of  the  mound  or  the  wetted  bow  part  of 
the  floating  body,  and  rix  is  the  direction  cosine  of  outward 
normal  on  s  to  i-axis. 


3 .  Seini-circular  Mound  in  Shallow  Water 
3.1  Ti-eatments  for  Numerical  Computations 

General  descriptions  of  the  numerical  method  used  in 
this  work  are  given  in  the  preceding  section.  In  practi¬ 
cal  free  surface  computations,  however,  some  difflculties 
caused  by  the  uniform  flow  component  must  be  settled. 

First  the  initial  condition  must  be  given.  In  general, 
the  initial  condition  is  given  by  1/  =  0  at  t  =  0  and  the 
flow  is  increased  gradually  to  uniform  to  maintain  the 
stability  of  the  numerical  computations.  In  the  present 
study,  however,  the  uniform  flow  is  gi''e  at  t  =  0  as 

(f>  =  x  on  C^,  ^  =  0  on  C,/,,  (17) 

in  order  to  eliminate  the  acceleration  effect  on  the  (•'>«• 
This  initial  condition  gives  no  influence  on  the  stability  of 
the  numerical  computations.  This  procediire  is  effective 
also  for  saving  CPU  time. 

Since  the  nodal  point  NF  shown  in  Fig.  1  can  move 
according  to  the  uniform  flow  component,  the  treatment 
of  the  downstream  boundary  is  more  difficult.  If  tills 
boundary  is  fixed,  nodal  points  on  the  downstream  free 
surface  will  move  out  of  the  calculation  region.  In  order 
to  avoid  this  difficulty,  a  new  nodal  point  is  introduced 
on  the  upstream  surface,  and  a  nodal  point  which  passed 
through  the  downstream  boundary  is  deleted.  The  de¬ 
tailed  numerical  process  can  be  described  as  follows: 

1)  As  shown  in  Fig.  3,  a  fixed  upstream  boundary  and 
an  initial  downstream  boundary  are  given.  On  the  free 
surface,  NF  nodal  points  which  are  movable  with  time 
marching  are  given. 

2)  The  downstream  boundary  can  move  corresponding  to 
the  nodal  point  N  F.  Unless  the  nodal  point  NF  -I  pass 
through  the  initial  downstream  boundary,  the  computa¬ 
tion  is  continued  without  changing  numerical  procedures 
as  shown  in  Fig.3  (1). 

3)  If  the  nodal  point  N  F  -  I  passed  through  the  initial 
boundary,  the  downstream  boundary  is  changed  to  new 
position  of  the  nodal  point  NF  -  1  at  next  time  step.  At 
the  same  time,  as  in  Fig.  3,  the  nodal  point  NF  is  deleted, 
the  nodal  point  numbers  are  replaced,  and  the  new  nodal 
point  1  is  added  between  nodal  point  NP  and  2. 

The  position  and  the  velocity  potential  of  the  new  nodal 
point  1  is  given  simply  like 


ff  ^  2  2-.  ^  NF 


BC 


A  BD  C 


A;  UpstreamBoundary(fix} 

B:  Initial  Downstream  Boundary 
C :  Downstream  Boundary  ( movable ) 
D:  New  Downstream  Boundary 


Fig.  3  lyeatment  of  nodal  points  on  the  free  surface. 


For  the  movable  downstream  boundary,  the  condition 
for  <j>  must  be  given,  because  this  boundary  is  as  in  Fig. 
1.  In  the  finite  difference  method,  the  zero-extrapolation 
technique  is  ordinally  used  for  an  open  boundary  of  this 
kind.  In  this  analysis,  however,  BEM  is  employed,  and  an¬ 
other  way  must  be  found.  When  the  disturbance  velocity 
potential  y)  is  introduced  as 

^  =  le  +  yj,  ij>nF  =  XNF  +  VNF>  (19) 

the  downstream  conditions  for  <p  are  given  below,  which 
utilize  the  solution  form  based  on  the  linearized  free  sur¬ 
face  condition. 


1)  If  VNF  >  0, 


for  y  >  0, 


_  ky  sinh  kh  -f  cosh  kh 
9  9NF  jjjjJj  jgj^  ^  ppjjj 

for  y  <  0, 


(20) 


coshI;(y  -i-  h) 

C»  I  . . 

kysF  sirdi  kh  +  cosh  kh 


(21) 


2)  and  if  y^p  <  0, 

coshI;(y  +  h) 

<P  -  /i) 

where 

it  -  7o  tanh  kh  ~  0. 


(22) 

(23) 


These  equations  satisfy  the  condition  o{  <j>  =  <j>NF  at  y  = 
ynF  and  the  continuity  condition,  and  eq.  (20)  is  the 
linear  extrapolation  of  eq.  (21 ). 

As  described  in  the  previous  section,  in  order  to  follow 
the  wave  profile  in  each  time  step,  the  numerical  integra¬ 
tions  of  differential  equations  (13),  (14)  are  needed.  For 
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this  purpose,  dw/dz  on  the  free  surface  must  be  evalu¬ 
ated.  Several  methods  are  known,  however,  the  following 
two  simplest  methods  for  approximations  of  dw/dz  were 
used  for  the  present  problem. 


1)  Upstream  difference 

dw  _  VJn~  Wn~i 

dz  ~  z„- 

2)  Downstream  difference 

^  _  Wn  -  Wn^.l 
dz  Zn  — 


(24) 


(25) 


3.2  Numerical  Examples 

Numerical  examples  are  shown  for  the  semi-circnlar 
mound  of  radius  a  =  0.1m  in  the  uniform  flow  of  £f  = 
O.bm/itc  and  the  water  depth  h(=  depth/a)  =  0.25. 
Some  examples  are  also  given  for  the  other  speeds  of  uni¬ 
form  flow  or  the  other  water  depths. 

As  the  first  example,  the  schemes  for  dw/dz  on  the  free 
surface  have  to  be  examined  numerically.  The  computed 
wave  profiles  based  on  the  schemes  of  upstream  difference 
and  downstream  difference  are  shown  in  Fig.  4.  In  this 
example,  numerical  conditions  are  cliosen  as;  the  position 
of  downstream  boundary  Xmin  =  -7.5,  the  position  of  up¬ 
stream  boundary  x^ax  =  10.0,  the  number  of  nodal  points 
on  the  free  surface  NF  =  100  ( length  of  all  elements  are 
equivalent  ),  and  the  time  interval  At  =  0.05.  Fig.  5 
shows  the  wave  drag  coefficients  for  the  same  cases.  In 
Fig.  4  and  5,  the  scheme  of  downstream  difference  seems 
to  be  a  sttitable  one  for  tliis  problem.  However,  if  ex¬ 
tending  the  wave  height  to  vertical  direction  as  in  Fig.6, 
the  reflected  wave  from  the  downstream  boundary  can  be 
observed.  For  this  reason,  the  upstream  difference  which 
can  simulate  the  steep  wave  as  in  Fig.  4  is  employed  as 
the  scheme  for  dw/dz. 


1=3. SO  1  0.70  tte  J 

DOWN-STREOH  DIFFERENCE 

r 

1=2.55  (  0.51  t.c  ) 

UP-SlREfiM  DIFFERENCE 

r 

Fig.  4  Wave  profiles  be 
difference  and 

tsed  on  the  scheme  of  upstream 
downstream  difference. 

According  to  the  numerical  conditions,  some  examples 
are  computed.  Fig.  7  sliows  the  computed  wave  profiles 
for  U  =  0.3,0.4,0.5m/sec.  where  h  =  2.5  at  real  time  = 


Fig.  5  Wave  drag  coefficients  based  on  the  schemes  of 
upstream  difference  and  downstream  difference. 


Fig.  6  Wave  profile  based  on  the  scheme  of  downstream 
difference. 


Fig.  7  Wave  profiles  for  U  =  0.3,0.4,0.5m/sec. 

(  k  =  2.5,  real  time  =  O.Slsec  ) 

0.51sec  in  all  cases.  The  difference  of  wave  steepening 
points  can  be  simulated  well  in  tiiis  example.  Fig.  8 
shows  the  computed  wave  profiles  for  h  =  1.25,2.5,5.0, 
where  U  —  O.bm/sec  and  f  —  0.5.  Fig.  9  shows  the 
wave  drag  coefficients  for  the  same  cases.  The  case  of 
h  =  1.25  is  the  limit  of  what  can  be  computed  by  the 
present  teclmique.  As  shown  in  Fig.  9,  wave  breaking 
occurs  immediately  after  the  wave  profile  in  Fig.  8.  As  is 
well  known,  numerical  techniques  based  on  BEM  cannot 
simulate  the  wave  after  breaking. 
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Fig.  11  Wave  profile  for  the  case  of  At  =  0.07. 

-l.ol 

Fig.  8  Wave  profiles  for  h  =  1.25,2.5,5.0. 
{  U  =  0.5m/ see,  t  =  0.5  ) 

CxRo/lptU'l 


Fig.  9  Wave  drag  coeflidents  for  h  =  1.25,2.5,5.0. 
(  U  =  0.5m/aec  ) 

C«*R./lpoU') 


Fig.  10  Wave  drag  coefficients  for  the  cases  of 
At  =  0.03,0.05,0.07. 


For  the  first  example,  effects  of  the  time  interval  are 
exemplified.  The  wave  drag  coefficients  for  the  cases  of 
At  =  0.03, 0.05, 0.07  do  not  show  serious  differences  caused 
by  the  time  interval  (  Fig.  10  ).  In  Fig.  11,  however,  the 
wave  breaks  unusual  in  case  of  At  =  0.07.  Since  the  wave 
profiles  for  At  =  0.03  and  0.05  are  almost  same  in  this 
problem.  At  =  0.07  is  considered  as  a  rough  time  step  for 
the  present  problem. 

o.s, 


Fig.  12  Upstream  free  surfaces  for  the  cases  of 
Xmin  =  -7.5  and  -10.0. 


Fig.  13  Time  history  of  wave  profile.  (  1/  =  0.5m/see, 
x„i„  =  -10.0,  NF=  157,  At  =  0.04  ) 

In  some  of  the  examples,  small  undesirable  ocillations 
can  be  seen  on  the  upstream  surface.  When  the  numerical 
conditions  are  changed  to  Zmin  =  -10.0  and  JVF  -  115, 
those  undesirable  ocillations  are  suppressed  (  Fig.  12  ). 
Li  the  final  three  examples,  Xmin  =  -10.0,  NF  =  157, 
and  At  =  0.04  are  used  (  Fig.  13, 14  and  15  ).  The  com¬ 
puted  time  history  of  the  wave  evolution  is  given  as  in  Fig. 
13.  At  the  final  time  step,  the  wave  becomes  very  steep. 
In  Fig.  14,  this  steep  wave  profile  just  before  breaking 
is  compared  with  tiie  result  based  on  (he  finite  difference 

method  by  Miyata  et.  al.[8|(9]  Both  results  show  a  fairy 
good  agreement.  The  wave  profile  before  steepness  pre¬ 
dicted  by  the  present  method  is  also  compared  with  the 
experimental  result  by  Miyata  et.ai.[8][9]  in  Fig.  15.  Since 
the  experimental  wave  profile  is  replotled  from  the  pub¬ 
lished  photograph,  small  errors  are  probably  included,  and 
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the  time  step  is  not  equivalent  in  both  cases,  becixuse  iiii- 
tial  conditions  are  different  with  each  other.  Though  clear 
conclusions  cannot  be  described  for  the  above  reasons,  the 
present  method  can  be  regarded  as  one  of  the  powerful 
simulation  tools  for  real  phenomena  of  steep  wave. 


Fig.  14  Wave  profiles  by  the  present  method  and  the 
finite  difference  method.  (  V  =  0.5m/aec  ) 


Fig.  15  Wave  profiles  by  the  present  method  and  the 
experiment.  (  U  =  O.Sm/sec  ) 


4.  Rectangular  Floating  Body  with  Semi-infinite  Length 


tion  point  on  the  bow.  For  this  type  of  the  flew  fleld,  the 
numerical  solution  of  the  double  model  flow  can  be  intro¬ 
duced  as  the  initial  condition.  The  double  model  solution 
can  be  obtained  by  the  boundary  conditions  of 

^  =  0  on  the  body  and  the  free  surface  at  rest,  (28) 

xj)  =  -h  on  the  bottom  (29) 

with  eq.  (26)  and  (27).  The  obtained  vclues  of  ^  on  the 
free  surface  ate  employed  ns  the  initial  condition  with  the 
other  boundary  conditions.  . 

The  most  serious  problem  ii  caused  by  the  existence  of 
the  stagnation  region.  Because  of  the  uniform  flow  com¬ 
ponent,  the  nodal  points  will  concentrate  in  front  of  the 
bow  and  the  distance  between  nodal  points  NP  and  1 
will  become  larger  and  larger.  This  causes  unusual  wave 
profile  around  the  nodal  point  1,  which  is  shown  in  the 
subsequent  section  by  a  numerical  example.  In  this  case, 
the  replacement  technique  of  nodal  points  as  explained 
in  section  3.1  cannot  be  introduced,  because  the  verti¬ 
cal  boundary  with  the  nodal  ^  tint  N  F  is  not  movable 
and  nodal  points  in  front  of  the  bow  cannot  be  deleted 
in  order  to  simulate  the  wave  breaking.  To  counter  this 
difficulty,  long  elements  are  introduced  on  y  =  0  before 
the  nodal  point  1  as  shown  in  Fig.  IS.  Following  bound¬ 
ary  conditions  are  imposed  on  nodal  points  on  these  long 
elements. 

(j>  =  X  on  the  long  element  region  (30) 
These  long  elements  act  as  wave  suppression  plates. 


Nl 

y 

NF 

. 

LONG  ELEMENTS-* 

X 

Fig.  16  Long  elements  on  the  upstream  surface. 


4.1  Treatment  for  Numerical  Computations 

As  described  in  section  3.1,  the  means  of  solving  some 
numerical  difficulties  have  to  be  given  also  for  this  prob¬ 
lem.  If  the  deep  water  depth  is  assumed,  the  boundary 
conditions  of  upstream  and  downstream  are  simply  writ¬ 
ten  as 

<l>  =  xon  the  upstream  boundary,  (26) 

4>=  ^x  on  the  downstream  boundary  (27) 

k 

respectively,  because  there  is  no  free  surface  at  the  down¬ 
stream  boundary  in  this  case.  However  the  condition  (27) 
is  not  applied  to  the  top  and  bottom  nodal  point  at  the 
downstream  boundary,  which  are  regarded  as  points  of 
on  the  body  and  the  bottom  in  the  present  calculation.  If 
the  water  depth  become  shallower,  the  problem  becomes 
more  complicated  and  other  considerations  will  be  needed 
for  both  boundary  conditions. 

In  order  to  start  the  computation,  an  initial  condition 
is  needed.  Though  the  uniform  flow  condition  is  employed 
on  all  region  as  in  eq.  (17),  it  is  not  able  to  be  applied 
to  the  present  problem,  because  of  existence  of  stagna- 


In  order  to  evaluate  dw/Ci  on  the  free  surface,  the 
following  three  methods  are  used. 

1)  Upstream  difference  (  same  as  eq.  (24) ) 

2)  Downstream  difference  (  same  as  eq.  (25) ) 

3)  Centered  difference 


dw 

dz 


l^n  “  ^n-1 1  4*  !^n  "  ^n+1 1 


(31) 


Eq.  (31)  corresponds  to  the  weighted  mean  of  the  up¬ 
stream  difference  and  the  downstream  difference.  Nodal 
points  on  the  free  suface  can  be  followed  by  the  above 
numerical  procedures.  For  the  nodal  point  NF,  how¬ 
ever,  the  horizontal  velocity  component  Re{dw/dz)  is  ne¬ 
glected,  because  this  nodal  point  must  be  restricted  to 
move  along  the  bow. 


4.2  Numerical  Examples 

Before  showing  several  numerical  examples,  the  nu¬ 
merical  accuracy  of  the  double  model  solution  must  be 
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studied,  because  it  is  employed  as  the  initial  condition  for 
the  present  problem.  Two  numerical  solutions  of  x^ax  = 
20.0  and  80.0,  where  Zmm  =  -10.0,  are  compared  with  the 
analytical  solution  based  on  Schwarz-Christoffel  transfor¬ 
mation  (10)  in  Fig.  17.  The  results  are  slightly  different, 
though  the  same  tendency  of  6  is  obtained.  The  extension 
of  the  upstream  boundary  does  not  improve  the  numeri¬ 
cal  solution.  Since  the  numerical  solution  is  employed  as 
the  initial  condition,  it  cannot  be  avoided  that  <j>  includes 
small  errors  initially.  However,  initial  flow  velocities  on 
the  free  surface  iire  accurate,  because  the  velocities  are 
obtained  from  derivatives  of  0. 


Fig.  17  Double  model  solutions. 


As  discussed  in  section  3.2,  several  numerical  treat¬ 
ments  and  conditions  are  studied.  These  are  carried  out 
as  d  =  0.1m  and  U  =  l.Om/sec  (  Fig.  18  ~  Fig.  24  ). 
First,  the  effectiveness  of  long  elements  on  the  upstream 
free  surface  is  verified  Long  elements  are  arranged  before 
X  =  -10.0,  X  =  -10.0 - 8.0  is  divided  by  10  normal  el- 
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Fig.  19  Wave  profiles  based  on  the  schemes  of  upstream, 
downstream  and  centered  difference. 

ements,  and  x  =  -8.0  ~  0.0  is  divided  also  by  120  normal 
elements.  By  employment  of  these  long  elements,  unnat¬ 
ural  waves  induced  on  the  upstream  surface,  shown  in  the 
upper  example  of  Fig.  18,  are  suppressed  as  in  the  lower 
example.  In  this  example,  the  centered  difference  scheme 
is  used  to  cixlcuiate  dwjdz  on  the  free  surface.  The  pre¬ 
dicted  wave  profiles  at  final  time  step  by  three  schemes  of 
downstream  difference,  upstream  difference  and  centered 
difference  are  shown  in  Fig.  19.  For  the  present  prob¬ 
lem,  both  the  downstream  difference  and  the  upstream 
difference  are  not  suitable,  because  computations  failed 

At 


Fig.  18  Wave  profiles  for  the  cases  without  and  with  long 
elements  on  the  upstream  surface.  [I  =  2.4,  At  =  0.04  ) 
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without  suflicieiit  wave  overturning.  In  the  case  of  the 
centered  difference,  however,  the  plunging  breaker  can  be 
simulated.  The  centered  difference  includes  both  informa* 
tion  from  upstream  and  downstream.  Li  order  to  express 
the  flow  fleld  in  the  stagnation  region,  both  are  needed. 
Differences  in  the  wave  drag  coefficient  are  also  observed 
with  respect  to  the  upstream  difference  and  the  centered 
difference  as  in  Fig.  20.  In  ail  following  examples,  the 
scheme  of  centered  difference  is  employed. 


body  as  Xmax  increases.  On  the  contrary,  the  extension 
of  the  upstream  boundary  has  no  effect  for  the  numerical 
solution. 


C»R»/(pSU') 


Fig.  22  Wave  drag  coefficients  for  the  cases  of 
Ima*  =  10,  20,  30. 


Fig.  20  Wave  drag  coefficients  based  on  the  schemes  of 
upstream  and  centered  difference. 

Effects  of  the  size  of  calculation  region  and  the  time 
interval  are  examined.  Fig.  21  shows  the  wave  proflles  at 
(  =  2.4  for  the  cases  of  x^ax  =  10,  20,  30,  and  Fig.  22 
shows  the  wave  drag  coefficients  for  the  same  cases.  The 
wave  overturning  point  is  closer  to  the  bow  of  floating 


Fig.  23  shows  the  wave  drag  coefficients  for  the  cases 
of  At  =  0.02,  0.04,  0.08,  and  0.12,  where  *mo*  =  20.  At 
At  =  0.02  and  0.04,  almost  the  same  results  are  obtained. 
As  in  Fig,  24,  the  detailed  simulation  of  wave  breaking  is 
shown,  where  t  =  0  ~  2,6  and  At  =  0.02. 


CwbRv/ IpdU*) 


Fig.  23  Wave  drag  coefficients  for  the  cases  of 
At  =  0.02,  0.04,  0.08,  0.12. 
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Fig.  24  Wave  breaking  simulation. 

(  U  =  1.0m/4ec,i„„  =  20,  t  =  0  ~  2.6,  At  =  0.02  ) 


Fig.  26  Wave  breaking  simulation  for  Fj  =  0.8. 
( t  =  0  ~  1.92,  At  =  0.032  ) 


According  to  the  above  studies  about  numerical  treat¬ 
ments  and  conditions,  simulations  of  mave  making  phe¬ 
nomena  are  carried  out  for  Fj  =  Ujs/^  =  0.5,  0.8  and 
1.0  as  in  Fig.  25,  26  and  27  respectively.  In  the  case  of 
Fi  =  0.5  a  spilling  breaker  is  obtained,  though  the  other 
cases  show  plunging  breakers.  Since  reliable  experimental 
data  is  not  available,  these  solutions  cannot  be  compared 
with  experiments.  However,  under  tlie  numerical  treat¬ 
ment  that  the  numerical  solution  of  double  model  flow 
is  employed  as  tlie  initial  condition,  these  solutions  must 
be  considered  as  accurate  ones,  if  the  above  mentioned 
studies  are  acceptable. 


Fig.  25  Wave  breaking  simulation  for  Fj  =  0.5. 
( t  =  0  ~  0.9,  At  =  0.02  ) 
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Fig.  27  Wave  breaking  simulation  for  Fj  =  1.0. 

(  t  =  0  ~  2.4,  At  =  0.04  ) 

The  present  results  are  compared  with  the  other  the¬ 
oretical  and  numerical  results.  Dagan  and  Tulin  (11]  ob¬ 
tained  the  wave  profile  in  front  of  the  rectangular  body 
by  a  perturbation  method  based  on  small  Proude  number 
expansion.  In  Fig.  28,  wave  height  at  the  bow  t]  based 
on  the  present  method  is  plotted  for  Fa  with  their  re¬ 
sult.  The  present  result  is  not  equivalent  to  q  =  0.5FJ  by 
Dagan  and  Tulin.  Wave  steepening  is  related  to  their  sec¬ 
ond  order  solution,  but  wave  breaking  phuiiouieuu  cuiiuut 
be  explained  by  their  analytical  approaches.  Finally  as 
shown  in  Fig.  29,  wave  profile  for  Fj  =  1.0  is  compared 
with  the  result  based  on  the  similar  method  by  Grosen- 
baugh  and  Yeung  (7).  Fairy  good  agreement  is  observed 
except  the  sharpness  of  overturning  waves. 
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Fig.  28  Wave  height  at  the  bow  by  the  present  method 
and  by  Dagan  and  Tulin. 


Fig.  29  Wave  profiles  for  Fj  =  1  -O  by  the  present  method 
and  by  Grosenbaugh  and  Yeung. 


5.  Conclusion 

In  the  present  study,  the  simulation  method  of  two 
dimensional  nonlinear  water  waves  based  on  BEM  and 
the  mixed  Eulerian-Lagrangian  approach  is  applied  to  two 
w-ave  making  problems  around  a  body  in  uniform  flow;  the 
semi-circular  mound  in  shallow  water  and  the  rectangular 
floating  body  with  semi-infinite  length. 

For  numerical  difficulties  caused  by  respective  prob¬ 
lems,  some  ireatmenis  are  given  and  those  elTvctiveiicss 
are  confirmed  numerically  by  several  examples.  The  pre¬ 
sent  method  can  simulate  the  nonlinear  wave  making  phe¬ 
nomena  including  steepening  or  breaking,  but  cannot  sim¬ 
ulate  the  wave  after  breaking.  In  the  case  of  the  floating 
body  problem,  overturnig  waves  (  plunging  breaker  )  in 
front  of  the  bow  can  be  simidated.  Numerical  validations 


of  the  present  method  are  shown  by  examples  for  several 
cases  with  numbers  of  nodal  points,  sizes  of  calculation 
region,  and  time  intervals.  For  the  detailed  experimental 
verifications,  reliiible  data  is  needed.  The  present  method, 
however,  can  be  regarded  as  one  of  the  powerful  simula¬ 
tion  tools  for  the  nonlinear  wave  making  phenomena.  The 
present  method  can  be  extended  to  general  problems  of 
two  dimensional  wave  making  phenomena. 
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DISCUSSION 
by  R.C.  Ertekin 

I  think  your  paper  lacks  quite  important 
references  on  the  upstream  waves  that  can  be 
seen  in  your  figures.  It  is  well  known  by  now 
(see  the  three  papers  by  Bai  et  al.;  Choi  and 
Mei;  and  Ertekin  S  Qian)  that  when  a 
disturbance  moves  in  finite  depth,  then 
upstream  waves  (solitons)  will  be  generated 
if  the  blockage  coefficient  is  significantly 
high  (like  yours)  and  the  depth  Froude  number 
is  not  very  small  (>0.2).  So  the  upstream 
waves  that  you  obtain  are  not  necessarily 
"undesirable  oscillations"  but  a  gift  of 
nature.  By  the  way,  you  are  solving  Laplace's 
equation  and  there  is  no  difference  between 
the  body  moving  (steady)  in  an  otherwise  calm 
water  and  the  fixed  body  placed  in  an  uniform 
oncoming  flow. 

With  regard  to  the  "open-boundary" 
conditions  you  can  very  well  calculate  the 
phase  speed  at  these  boundaries  and  use 
Orlanski's  scheme  coupled  with  the 
Sommerfeld's  radiation  condition.  Your  results 
show  that  your  "open-boundary"  conditions  are 
reflective. 

Author's  Reply 

In  the  case  of  solitons,  the  waves 
propagate  from  the  body  to  the  upstream.  In  my 
case,  however,  the  upstream  waves  appear 
around  the  nodal  point  1  and  propagate  to  the 
downstream  direction.  It  is  caused  by  the 
numerical  technique  of  the  addition  of  new 
nodal  point  1  and  can  be  avoided  by  the 
extension  of  the  calculation  region.  In  the 
present  case,  the  wave  breaking  occurs  before 
the  generation  of  solitons.  In  near  future,  I 
would  like  to  simulate  the  soliton  by  the 
present  technique. 

Exactly  speaking,  your  opinion  about  the 
radiation  condition  is  right.  For  the 
practical  use,  however,  we  usually  need  the 
simple  and  numerical  radiation  condition.  For 
example,  in  the  research  field  of  Rankine 
source  method,  several  numerical  radiation 
conditions  are  employed.  In  the  present 
method,  the  combined  technique  of  the  upstream 
difference  approximation  of  dw/dz,  the 
replacement  of  nodal  points  on  the  free 
surface  and  the  employment  of  the  linear 
solution  form  at  the  downstream  boundary  can 
be  expected  as  the  numerical  radiation 
condition. 


DISCUSSION 
by  C.G.  Kang 

Usually  there  is  singular  behavior  at  the 
intersection  point  between  the  body  and  the 
free  surface.  Even  if  the  potential  and  the 
stream  function  are  not  singular  at  the  point, 
the  velocity  is  singular  when  the  intersection 
angle  is  not  90  degrees.  Could  you  show  us  how 
to  remove  the  singular  behavior?  Greenhow 
showed  that  the  solution  using  fine  grids  is 
poorer  than  that  using  coarse  grids.  Did  you 
check  the  convergence  of  the  velocity  at  the 
intersection  point? 

Author's  Reply 

As  described  in  my  paper,  the  intersection 
point  NF  is  treated  as  the  free  surface  nodal 
point,  and  its  horizontal  velocity  component 
calculated  by  Re(dw/dz)  is  ignored.  Along  the 
bow,  only  this  intersection  point  is  movable, 
that  is,  the  other  nodal  points  on  the  bow 
under  the  free  surface  are  fixed.  In  this 
approximation,  the  velocity  at  the 
intersection  can  be  obtained  without 
difficulty. 


DISCUSSION 
by  J.H.  Hwang 

I  congratulate  on  your  fine  presentation. 
Your  calculation  is  seemed  to  be  basically 
based  on  Vinje-Brevig  method.  Could  you  give 
some  comments  on  major  advantages  of  your 
calculation  in  the  numerical  scheme  including 
the  treatment  of  the  intersection  point 
between  the  free  surface  and  the  body. 

Author's  Reply 

As  described  in  my  paper,  the  intersection 
point  NF  is  treated  as  the  free  surface  nodal 
point,  and  its  horizontal  velocity  component 
calculated  by  Re(dw/dz)  is  ignored.  Along  the 
bow,  only  this  intersection  point  is  movable, 
that  IS,  the  other  nodal  points  on  the  bow 
under  the  free  surface  are  fixed.  In  this 
approximation,  the  velocity  at  the 
intersection  can  be  obtained  without 
difficulty. 


Discussion 
by  J.W.  Kim 

We  would  like  to  comment  on  your  treatment 
of  the  downstream  condition  and  your  finite 
difference  schemes. 


236 


Author’s  Reply 


The  downstream  condition  given  in 
Eqs.(20)-(22)  is  based  on  the  steady  linear 
solution.  But  your  calculation  is  made  on  an 
unsteady  problem.  In  a  transient  stage  many 
components  of  waves  with  different  wave 
lengths  are  evolved  and  eventually  hit  the 
downstream  boundary.  The  wave  components  which 
do  not  satisfy  the  dispersion  relation  in  (23) 
will  be  reflected  back  to  the  computational 
domain.  Even  for  the  wave  components 
satisfying  the  equation  {23)»  this  equation 
cannot  distinguish  incoming  or  out-going  waves 
with  respect  to  the  computation  domain. 

You  have  tried  various  difference  schemes 
in  your  paper  and  the  final  choice  was  made 
from  computational  results.  We  do  not 
understand  how  one  can  choose  a  specific 
finite  difference  scheme  if  we  don't  know  the 
correct  result  in  advance.  We  strongly  believe 
that  one  should  decide  a  certain  numerical 
scheme  for  a  given  problem  based  on  rational 
mathematical  analysis,  not  after  comparing 
with  the  known  result. 


Strictly  speaking,  your  comments  are 
true.  For  numerical  treatments  in  my  paper, 
however,  it  is  not  suitable  to  discuss 
separately  the  downstream  condition  and  the 
finite  differnce  schemes  of  dw/dz.  These 
treatments  connect  with  each  other  through 
eqs.(12)-(14),  that  is,  (pjjp  in  eqs.(20)-(22), 
which  is  time  dependent  variable,  is 
determined  from  eqs.(12)  and  (19).  In  this 
treatment,  the  position  of  down  stream 
boundary  is  not  fixed.  If  we  find  a  suitable 
way  to  estimate  the  wave  number  as  a  time 
dependent  variable,  these  numerical  treatments 
will  be  improved  more  precisely.  We  should 
not  pursue  an  ideal,  but  find  more  convenient 
way. 
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Nonlinear  Simulation  of  Transient  Free  Surface  Flows 


R.  Cointe 

Institut  Franqais  du  Petrole 
Rueil-Malmaison,  France 


1  Abstract 

The  application  of  the  Mixed  Eulerian-Lagrangian  method 
to  the  simulation  of  transient  free  surface  flows  in  the  vicin¬ 
ity  of  a  free  surface  piercing  structure  is  considered.  A  par¬ 
ticular  attention  is  given  to  the  v2tlidation  of  the  numerical 
procedure. 

Several  applications  are  studied.  Comparisons  between 
the  results  of  the  numerical  scheme  and  those  of  approxi¬ 
mate  theories  and/or  experiments  are  shown.  They  demon¬ 
strate  the  accuracy  and  versatility  of  the  simulation  that 
can  be  used  as  a  “standard”  to  check  the  applicability  of 
approximate  theories. 

The  main  limitation  of  the  method  is  that  it  cannot 
account  for  viscous  effects,  in  particular  in  the  vicinity  of 
the  free  surface.  Approximate  ways  to  simulate  dissipative 
phenomena  associated  to  breaking  would  be  most  useful. 

2  Introduction 

The  direct  numerical  simulation  of  unsteady  two-dimen¬ 
sional  potential  free  surface  flows  using  a  Mixed  Eulerian- 
Lagran^an  method  (MEL)  has  received  considerable  at¬ 
tention  since  the  pioneering  work  of  Longuet-Higgins  and 
Cokelet  [22].  If  many  codes  exist  now  that  use  this  method, 
their  suitability  for  the  study  of  nonlinear  fluid-structure 
interaction  problems  has  only  been  demonstrated  for  some 
particular  applications  (e.g.,  water  impact  [15],  simulation 
of  breaking  in  a  tank  [12],  forced  heaving  of  a  cylinder  [18], 
etc...). 

Compared  to  the  initial  application  of  the  MEL  to  the 
study  of  steep  periodic  waves  (e.g.,  [22]),  several  new  dif¬ 
ficulties  appear  when  a  structure  is  present,  especially  if 
it  pierces  the  free  surface.  The  first  one  i.s  related  to  the 
proper  description  of  the  flow  in  the  vicinity  of  intersection 
points  between  the  body  and  the  free  surface.  A  second 
difficulty  is  to  be  able  to  control  the  incident  wave  train 
that  interacts  with  the  body. 


The  main  difficulty,  however,  is  probably  that  the  accu¬ 
racy  of  the  simulation  is  difficult  to  establish  for  transient 
flows  in  the  vicinity  of  free  surface  piercing  bodies,  because 
of  a  lack  of  reference  cases.  Checking  such  requirements 
as  conservation  of  fluid  or  energy  might  not  be  sufficient. 
Surprisingly  enough,  the  linear  solution  is  not  always  com¬ 
puted  and  quantitative  validations  of  the  numerical  proce¬ 
dure  are  almost  inexistant,  even  for  weakly  nonlinear  flows. 

These  considerations  have  partly  motivated  the  present 
work  which  associates  numerical  and  analytical  studies. 
A  code  based  on  the  MEL  —  Sindbad  —  has  been  de- 
velopped  that  has  for  purpose  the  simulation  of  a  two- 
dimensional  wave  tank  using  potential  flow  theory.  A  par¬ 
ticular  attention  is  given  to  the  proper  validation  of  the 
numerical  scheme  by  comparison  of  its  results  to  those  of 
experiments  and  of  asymptotic  studies.  To  make  this  com¬ 
parison  easier,  an  option  of  the  code  allows  the  linear  prob¬ 
lem  to  be  solved.  Such  an  approach  appeared  necessary  in 
order  to  gain  confidence  in  the  code  and  eventually  extend 
its  range  of  applicability. 

A  direct  simulation  of  experiments  that  can  be  carried 
out  in  a  wave  tank  is  performed.  For  this  purpose,  waves 
are  generated  in  a  rectangular  tank  by  use  of  a  piston- 
type  wavemaker.  These  waves  can  then  interact  with  sub¬ 
merged  or  free  surface  piercing  cylinders  in  forced  or  free 
motion.  Reflection  from  the  wall  opposite  to  the  wave- 
maker  is  avoided  by  the  use  of  a  damping  zone  —  see  fig¬ 
ure  1 

The  results  of  the  classical  first-  and  second-order  dif¬ 
fraction  radiation  theories  can  be  recovered  using  the  sim¬ 
ulation.  A  good  agreement  with  experimental  results  is 
obtained  in  cases  where  these  classical  theories  fail. 

The  main  limitation  of  the  method  is  that  viscous  and 
turbulent  effects  cannot  be  accounted  for.  This  problem 
IS  crucial  when  viscous  effects  occur  in  the  near  vicinity  of 
the  free  surface,  in  particular  during  breaking. 

This  work  has  been  reported  elsewhere  while  in  progress 
([5],  [6],  [8],  [9]).  If  we  focus  here  on  the  results  of  the 
simulation,  a  more  detailed  description  of  the  numerics  and 
of  some  of  the  approximate  theories  referred  to  here  can  be 
found  in  [7]. 
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wavemaker  '(absorbing  zone) 

Figure  1:  Sindbad  —  geometric  definitions 


3  Numerical  Scheme 

3.1  Outline  of  the  Method 

Since  there  exists  now  quite  a  large  number  of  codes  based 
on  the  MEL,  the  numerical  method  used  will  only  be  briefly 
outlined.  The  attention  will  focus  in  the  next  sections  on 
the  main  difRcultics  that  have  been  encountered  and  on  the 
methods  used  to  overcome  them. 

The  main  idea  of  the  numerical  procedure  is  to  choose 
markers  initially  at  the  free  surface  and  to  follow  them  in 
their  motion. 

We  use  a  coordinate  system  (*,  y).  The  *-axis  coincides 
with  the  reference  position  of  the  free  surface  and  the  y-axis 
is  upward  vertical  —  see  figure  1  for  geometric  definitions. 
The  fluid  is  assumed  to  be  incompressible  and  the  flow 
irrotational  so  that  the  velocity  field  F  is  given  by: 


v  =  V^, 

(1) 

> 

II 

O 

(2) 

The  computation  is  performed  in  a  bounded  domsun. 
Along  rigid  boundaries  {x  e  rn(()),  the  normal  velocity  in 
the  fluid  is  equal  to  the  normal  velocity  of  the  boundary. 
We  have,  therefore,  a  Neumann  boundary  condition. 

Along  the  free  surface,  we  use  Bernoulli  equation  and 
the  fact  that  the  free  surface  is  a  material  surface.  The 
corresponding  equations  are  written  for  a  marker  x  on  the 
free  surface  (x  6  rj(t))  and  the  associated  value  of  the 
potential,  ^(x).  This  yields*: 

^  =  +  (3) 

Dt 

—  =  (  (j,,  s  +  (pn  n,  (4) 

where  D  is  used  to  indicate  a  material  derivative,  s  and  n 
are  vectors  tangent  and  normal  to  the  free  surface,  respec¬ 
tively,  and  C  is  an  arbitrary  constant. 

*  For  the  sake  of  simplicity,  we  use  units  such  that  the  acceleration 
of  gravity,  g,  the  specific  mass  of  water,  p,  and  the  depth  of  the  tank, 
h,  arc  equal  to  1. 


This  constant  specifies  the  tangential  motion  of  the 
markers:  C  =  1  identifies  markers  and  particles  while  C  =  0 
yields  a  zero  tangential  motion  of  the  markers.  This  last 
choice  allows  a  current  to  be  simulated  in  the  tank.  For  the 
applications  discussed  here,  we  will  however  always  take 
C=l. 

We  will  assume  that  the  pressure  is  constant  along  the 
free  surface.  It  can  therefore  be  included  in  the  function 
of  time  c(t).  With  an  appropriate  choice  of  the  velocity 
potential,  this  function  can  be  taken  equal  to  zero. 

At  a  given  instant  t,  if  (p  and  (Pn  are  known  along  the 
free  surface  ra(<),  then  the  right-hand  sides  of  (3)-(4)  can 
be  evaluated.  The  fact  that  <p  is  harmonic  in  the  fluid 
domain  allows  the  value  of  <pn  along  Ti{t)  to  be  computed 
from  the  values  of  <p  along  Td{t)  and  of  <pn  along  rn(0- 
The  kinematical  constraint  A(p  =  0,  associated  with  the 
boundary  condition  on  Fn,  permits  therefore  to  express 
the  free  surface  boundary  conditions  (3)-(4)  as  an  evolution 
equation  for  {<p,  x).  This  evolution  equation  can  be  solved 
numerically  using  standard  time-stepping  procedures,  such 
as  a  fourth-order  Runge-Kutta  algorithm. 

The  main  numerical  difficulty  is  to  be  able,  at  each 
time-step,  to  solve  for  the  harmonic  function  <p  knowing 
<p  along  Td{t)  and  (pn  along  T„(t).  We  use  the  integral 
equation: 

-  e{P).p{P)+ [  mGn{P,Q)d»Q 

•/Fi+Fn 

=  /  MQ)G(P,Q)dsc  (5) 

./Fd+F„ 

where  P  is  a  point  on  the  boundary,  G  is  the  Green  func¬ 
tion,  6{P)  the  angle  between  two  tangents  of  the  boundary 
at  P  (equal  to  tt  for  a  smooth  curve)  and  s  a  curvilinear 
abscissa  along  F.  Equation  (5)  is  discretized  using  a  stan¬ 
dard  colincatinn  method.  The  boundary  of  the  domain  is 
approximated  by  segments  and  ^  ard  ipn  ure  assumed  to 
vary  linearly  along  each  segment,  ihis  allows  an  analyti¬ 
cal  integration  of  the  Green  function,  its  normal  derivative 
and  their  products  by  the  curvilinear  abscissa  so  that  the 
calculation  of  the  matrix  elements  is  rather  simple  (and 
vectorizes  well). 
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3.2  Numerical  Treatment  at  the  Intersections 

At  each  time-step,  we  have  to  solve  a  Neumann  [along 
r„(t))  -  Dirichlet  [along  1^(0)  boundary  value  problem. 
It  is  well  known  that  the  solution  of  such  a  “mixed”  prob¬ 
lem  is  singular  at  the  intersection  points,  i.e,,  at  points 
belonging  both  to  !„(<)  and  r,j(/)  —  e.g.,  [16j. 

Let  us  consider,  as  an  example,  the  wavemaker  problem. 
For  a  piston  type  wavemaker  and  an  horizontal  free  surface 
(90®  intersection  angle),  the  complex  potential  $  =  ^ 

solution  of  such  a  problem  behaves  like  z  logz  near  an 
intersection  located  at  z  =  0.  This  gives  the  expected 
behavior  of  the  problem  discretized  in  time. 

Discretizing  in  time  is  similar  to  performing  a  small 
time  expansion,  i.e.,  to  write: 

(j>{x,  t)  =  <po(x)  +  t  <l>i{x)  +  ■  ■  •  (C) 

Not  surprisingly,  performing  such  an  expansion  also  leads 
to  a  z  logz  behavior  for  (jn  (e.g.,  [27],  [21]).  Does  this, 
however,  necessarily  imply  that  this  singular  behavior  has 
to  be  expected  for  the  solution  of  the  transient  problem? 

The  answer  is  no,  just  because  the  small  time  expansion 
is  not  regular  near  the  intersection  point.  It  is,  therefore, 
improper  for  a  local  analysis. 

A  regular  expansion  can  be  found  in  the  weakly  nonlin¬ 
ear  regime,  i.e.  here,  for  a  small  acceleration  of  the  wave- 
maker  (relative  to  that  of  gravity)  —  see  [9].  It  appears  that 
in  this  case  the  first  approximation  (in  an  asymptotic  sense) 
is  provided  by  the  classical  linear  solution.  The  boundary 
condition  for  this  solution  is  not  a  Dirichlet  boundary  con¬ 
dition;  it  is  given  by: 

4’ii  -b  =  0.  (7) 

If  regularity  in  time  is  assumed,  the  local  behavior  of  the 
complex  potential  for  this  solution  can  bo  shown  to  be  in 
z^  logz.  Not  surprisingly,  this  singularity  is  the  same 
as  that  appearing  for  the  harmonic  problem  (for  which 
<j>  =  >p  exp(«wt))  which  was  studied  by  Kravtchenko  [20] 
as  early  as  1954.  It  is  much  weaker  than  that  of  the  prob¬ 
lem  discretized  in  time. 

The  singularity  can  also  be  studied  in  a  similar  fashion 
for  an  arbitrary  angle  of  intersection  0.  Assuming  that 
the  complex  potential  is  bounded  near  the  intersection,  the 
leading  behavior  of  the  complex  potential  can  be  shown  to 
be  in  z”/^  or  logz  if  is  an  integer^. 

A  consequence  is  that,  for  an  intersection  angle  smaller 
than  I,  <ji  is  continuous  along  the  boundary  F  while  4’a  and 
(fin  are  piecewise  continuous  but  experience  a  finite  jump 
at  the  intersections. 

Tile  numerical  treatment  at  the  intersection  has  been 
devised  to  accomodate  such  a  behavior,  referred  to  as  weak¬ 
ly  singular.  More  details  on  the  numerical  implementation 
can  be  found  in  [5]  [7]. 

These  results  only  apply  in  the  weakly  nonlinear  regime, 
i.e.,  when  the  classical  linear  solution  yields  a  first  reason¬ 
able  approximation  to  the  problem.  Obviously,  it  would  be 
interesting  to  study  other  regimes. 

The  impulsive  regime  (very  large  acceleration  of  the 
wavemaker)  has  been  studied  by  several  authors.  As  ex¬ 


pected,  the  local  behavior  of  the  classical  linear  solution 
cannot  yield  any  Information  for  the  nonlinear  problem  in 
this  case  (e.g.,  [28]).  It  seems  that  Peregrine’s  solution  [27] 
corresponds  to  an  outer  solution  to  whicli  an  inner  solution 
should  be  matched.  Of  course,  only  this  inner  solution  is 
relevant  to  the  the  study  of  the  local  behavior.  If  work 
has  been  carried  out  to  find  an  inner  solution(e.g.,  [21] 
and  [8]),  it  leads  to  serious  difficulties  and,  to  our  knowl¬ 
edge,  no  definitive  answer  has  been  provided.  It  is  only  for 
the  related  —  but  different  —  water  entry  problem  that 
there  exists  some  results  concerning  the  local  behavior  of 
the  nonlinear  solution  (e.g.,  [7]). 

3.3  Wave  Absorption 

In  order  to  make  proper  comparisons  with  experiments  and 
classical  theories,  it  is  often  necessary  to  compute  a  steady 
state  response. 

When  the  linear  solution  is  computed,  one  prescribes 
an  incident  wave  and  write  a  “radiation”  condition  that 
transmitted  and  radiated  waves  have  to  satisfy.  Writing 
a  proper  radiation  condition  for  the  second-order  problem 
has  long  been  a  matter  of  controversy.  For  the  fully  non¬ 
linear  problem,  such  an  approach  does  not  seem  possible. 

In  the  absence  of  any  mathematically  satisfying  answer, 
we  have  chosen  a  pragmatic  solution  similar  to  that  used  for 
an  experiment  in  a  tank.  This  approach  does  not  involve 
any  hypothesis  concerning  the  steepness  of  the  outgoing 
waves. 

Waves  are  generated  by  a  wavemaker,  either  piston- 
type  or  flap-type.  A  “beach”  is  used  for  the  absorption  of 
the  waves  that  are  generated  in  the  tank  —  see  figure  1.  It 
is  in  fact  a  damping  zone,  similar  to  that  used  in  [1].  In  this 
zone,  the  free  surface  boundary  conditions  arc  modified  by 
adding  a  damping  term.  Wiltjierefore,  write  : 

|^  =  -y-(|-C)^?  +  5^S-K*)(4>-^.)  (8) 

Dx 

-^=C;4>»s  +  'i>nn-v{x){x-Xc),  (9) 

where  the  subscript  e  corresponds  to  the  reference  config¬ 
uration  for  the  fluid.  The  function  v{x)  is  homogenous  to 
a  frequency. 

The  principle  of  this  damping  zone  is  to  absorb  the 
incident  wave  energy  before  it  can  reach  the  wall.  It  may 
be  intuited  that  if  the  absorption  is  too  weak,  part  of  the 
incident  wave  energy  will  reach  the  wall  and  be  reflected. 
Inversely,  if  the  absorption  is  too  strong,  part  of  the  energy 
will  be  reflected  by  the  damping  zone  itself. 

In  practice,  the  damping  coefficient  v{x)  is  equal  to  zero 
except  in  the  damping  zone  (z  >  xo),  is  chosen  continuous 
and  continuously  differentiable,  and  is  “tuned”  to  a  char¬ 
acteristic  wave  frequency  w  and  to  a  characteristic  wave 
number  fc: 

i'(i)  =  au)l~  X-  P]^,  x>xo  =  (18) 

If  the  proper  scales  have  been  chosen,  values  of  a  and  P  of 
order  1  should  be  appropriate  for  the  absorption  of  a  wave 
train  of  wave  frequency  w  and  wave  number  k. 


’The  same  singularity  occurs  at  corners  of  rigid  boundaries. 
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3.4  Validation 

As  indicated  previously,  the  proper  validation  of  the  nu¬ 
merical  simulation  has  been  one  of  our  main  objectives. 
Solving  the  fully  nonlinear  problem  can  only  be  interesting 
if  the  accuracy  of  the  numerical  scheme  is  well  established. 

Several  strategies  exist  for  this  validation. 

Consistency  checks  should  of  course  be  performed.  For 
that  purpose,  the  volume  and  the  rate  of  change  of  en¬ 
ergy  are  computed.  When  no  damping  zone  is  present,  this 
last  quantity  is  compared  to  the  power  input  from  exterior 
loads.  The  pressure  exerted  by  the  fluid  on  rigid  bound¬ 
aries  is  computed  by  two  different  methods.  Both  of  them 
use  Bernoulli’s  equation,  but  they  differ  by  the  evaluation 
of  the  <f>t  term.  In  one  case,  this  term  is  evaluated  by  fi¬ 
nite  diff^erences  in  time.  In  the  other  case,  it  is  obtained  by 
solving  the  boundary  integral  equation  for  (jii. 

In  our  opinion,  consistency  checks  ate  not  sufficient  and 
comparisons  with  results  from  approximate  methods  are 
also  needed.  In  the  weakly  nonlinear  regime,  the  reference 
solution  is  the  classical  linear  solution.  However,  a  direct 
comparison  with  this  linear  solution  is  difficult,  for  two 
main  reasons: 

*  comparing  the  nonlinear  simulation  to  a  linear  result 
can  be  confusing  since  discrepancies  might  be  due  to  non¬ 
linear  phenomena.  For  that  reason,  a  linear  version  of  the 
code  has  been  derived  that  only  differs  from  the  nonlinear 
version  by  the  boundary  conditions  that  are  satisfied; 

*  usually  linear  results  are  for  the  steady-state  response 
while  the  simulation  is  transient.  Discrepancies  might  be 
due  to  long-lasting  transient  phenomena,  to  the  wave  gen¬ 
eration  or  absorption  mechanism  used,  etc...  A  first  step 
has  therefore  been  to  make  proper  comparisons  with  linear 
results  for  the  transient  problem  in  a  tank  of  finite  length. 

The  main  interest  of  the  method  being  to  be  able  to  ac¬ 
count  for  nonlinear  phenomena,  a  proper  validation  of  the 
nonlinear  response  should  be  made.  For  that  purpose,  a 
comparison  is  performed  with  approximate  nonlinear  the¬ 
ories,  such  as  second-order  theory  or  shallow  water  theory. 

A  final  test  is  provided  by  comparisons  with  experi¬ 
ments.  In  our  opinion,  however,  these  comparisons  should 
only  be  made  last  if  it  is  the  accuracy  of  the  numerical 


scheme  that  has  to  be  evaluated.  In  any  event,  a  compar¬ 
ison  with  a  linear  result  appears  necessary  in  order  to  be 
sure  that  nonlinear  phenomena  are  important.  It  should 
also  be  kept  in  mind  that  viscous  effects  can  play  an  im¬ 
portant  role  and  are  not  accounted  for  in  the  simulation  so 
that  discrepancies  might  not  be  due  to  the  inaccuracy  of 
the  numerical  scheme  but  to  an  improper  physical  model¬ 
ing. 

4  Numerical  Results 


The  purpose  of  this  section  is  to  show  some  numerical  re¬ 
sults  that  can  appropriately  be  compared  to  other  theories 
or  to  experiments.  Numerical  instabilities  —  encountered 
by  many  similar  methods  —  may  appear  for  waves  of  large 
steepness.  In  this  case,  a  5  points  smoothing  algorithm 
similar  to  that  used  in  [22]  is  employed. 


4.1  Sloshing  in  a  TAnk 

The  study  of  sloshing  provides  a  first  simple  test  for  the 
accuracy  of  the  simulation.  We  consider  a  rectangular  tank 
and  the  free  motion  of  a  fluid  initially  out  of  equilibrium. 

One  of  the  main  advantages  of  this  configuration  is  that 
it  allows  quasi-analytical  solutions  of  the  transient  problem 
to  be  derived  at  first-  and  second-order  (9).  The  efficiency 
of  the  numerical  scheme  for  the  solution  of  the  linear  and 
nonlinear  probiems  can  therefore  be  directiy  evaluated. 

We  consider  the  case  of  a  constant  initial  slope  of  the 
free  surface,  i.e.,  an  initial  elevation  given  by: 

j/  =  Crf  (^-0.5),  (11) 

where  d  is  the  length  of  the  tank.  We  show  on  figure  2 
the  free  surface  profiles  for  d  =  1  (i.e.,  a  depth  equal  to 
the  length)  and  (  =  0.35.  With  such  an  initial  amplitude, 
breaking  occurs  in  the  tank. 

In  order  to  evaluate  the  accuracy  of  the  simulation,  we 
compare  on  figure  3  the  perturbation  elevation. 


—  y  ~~  2/!inear 


(12) 


to  the  second-order  wave  elevation  that  has  been  computed 
quasi-analytically  [9j.  For  C  =  0.1,  a  good  agreement  is 


Figure  2:  Sloshing  —  free  surface  profiles 


Figure  3:  Sloshing  —  perturbation  elevation 
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achios’ed,  indicating  that  both  the  linear  and  second-order 
component  of  the  wave  elevation  are  accurately  computed. 
For  (  =  0.35,  breaking  occurs  and  the  agreement  deterio¬ 
rates,  suggesting  that  higher  order  effects  become  impor¬ 
tant.  More  results  on  this  topic  can  be  found  in  [9]. 

4.2  Harmonic  Motion  of  a  Piston- Type  Wave- 
maker 

The  wavomaker  problem  is  interesting  because  it  provides 
a  simple  configuration  to  study  most  of  the  difficulties  as¬ 
sociated  with  the  simulation.  In  particular,  it  involves  a 
moving  free  surface  piercing  body  (the  wavemaker  itself) 
that  is  absent  in  the  sloshing  problem. 

In  this  section,  the  wavemaker  motion  is  given  by: 

£(i)  =  0  1<0  (13) 

f(i)  =  cos(wt)  1  >  0.  (M) 

The  length  of  the  tank  is  d.  Note  that  even  though  the 
motion  is  harmonic  for  t  >  0,  transient  phenomena  arc 
expected. 

4.2.1  Linear  Solution  in  a  Tank  of  Finite  Length 

For  a  tank  of  finite  length,  it  is  possible  to  derive  a  quasi- 
analytic  solution  for  the  linear  transient  problem  that  can 
be  evaluated  quite  easily.  This  solution  can  be  found  in  (12]; 
an  alternative  solution  that  seems  to  have  better  conver¬ 
gence  properties  has  also  been  derived  (9). 

Since  this  problem  involves  a  moving  rigid  boundary 
that  pierces  the  free  surface,  it  allows  the  numerical  treat¬ 
ment  of  the  intersection  point  to  be  evaluated.  Here,  we 
compare  the  result  of  the  linear  simulation  and  the  quasi- 
analytic  result.  This  ensures  that  discrepancies  are  only 
due  to  numerical  errors. 

As  an  example,  we  consider  a  wavemaker  motion  at  the 
frequency  w  =  ff/2.  The  corresponding  wave  period  and 
wave  length  are  4  and  2.5,  respectively.  The  accuracy  of 
the  simulation  has  been  evaluated  at  f  =  5  in  a  tank  of 
length  5.  We  show  on  table  1  the  root  mean  square  of  the 
error  (the  reference  100  is  taken  as  the  error  for  the  coarsest 
grid  used,  equal  to  0.0903  ae)  as  a  function  of  the  number 
of  nodes  per  wave  length,  JVX,  and  the  number  of  time 
.steps  per  wave  period,  JVT^. 
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Table  1:  Convergence  table 


uniform  grid  is  used  and,  thanks  to  the  symmetry,  the  bottom 
is  not  discretired.  No  smoothing  is  applied.  However,  using  the  5 
points  smoothing  procedure  introduced  in  [22],  even  a  each  time-step, 
does  not  significantly  alter  the  accuracy  of  the  method. 


From  this  table,  it  appears  that; 

*  a  sulliciently  small  time-step  has  to  be  used  in  order 
for  the  numerical  scheme  not  to  blow  up.  The  influence  of 
the  time-step  is  otherwise  rather  small; 

*  for  a  given  spatial  discretization,  results  converge  as 
the  time-step  goes  to  zero.  Note,  however,  that  the  numer¬ 
ical  results  do  not  converge  to  the  exact  solution; 

*  as  the  spatial  discretization  increases,  results  seem  to 
converge  to  the  exact  solution.  However,  the  convergence 
rate  is  not  second-order  in  the  grid  size.  This  is  very  likely 
due  to  the  numerical  treatment  at  the  intersection  that  is 
not  second-order^. 


4.2.2  Linear  Solution  in  a  Tank  of  Infinite  Length 

In  order  to  test  the  efficiency  of  the  damping  zone,  we  con¬ 
sider  now  a  tank  of  infinite  length.  For  a  piston  type  wave- 
maker,  the  solution  far  from  the  wavemaker  and  for  large 
times  is  a  progressive  wave  of  amplitude: 


sinh^  k 

~  k  +  sinh  k  cosh  k ' 


(15) 


where  k  is  the  wavenumber  associated  to  w  (w’  =  k  tanh  k). 
Note  that  in  deep  water  (k  -*■  oo),  a  a  at. 

We  perform  the  simulation  for  the  same  wavemaker  mo¬ 
tion  as  in  4.2.1  but  in  a  tank  of  length  10  equipped  at  its  end 
of  an  absorbing  zone.  We  compare  on  figure  4  the  steady 
state  linear  solution  and  the  result  of  the  linear  simulation 
with  and  without  an  absorbing  zone  for  the  wave  elevation 
at  the  middle  of  the  tank  (distance  5  from  the  wavemaker). 
The  damping  coefficient  is  given  by  (10)  with  a  =  1  and 
^  =  1.  It  appears  clearly  that  the  damping  zone  provides 
a  simple  and  efficient  way  to  avoid  any  reflection. 
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Figure  4:  Wave  elevation  with  and  without  damping  zone 


*This  indicates  that  numerical  errors  are  mainly  due  to  the  numer¬ 
ical  treatment  at  the  intersection.  A  convergence  test  for  the  problem 
with  periodic  boundary  conditions  is  therefore  not  relevant  to  assess 
the  accuracy  of  the  simulation  applied  to  the  wavemaker  problem. 
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TIME 

Figure  5:  Damping  zone  —  relative  error  vs.  time 


In  order  to  evaluate  more  precisely  the  efficiency  of  the 
damping  zone,  we  show  on  figure  5  the  difference  between 
the  steady  state  linear  solution  and  the  result  of  the  linear 
simulation  for  the  relative  wave  elevation  (wave  elevation 
divided  by  the  wave  amplitude  ^  at)  at  the  same  point.  If 
long-lasting  low  frequency  oscillations  appear,  the  relative 
error  is  only  of  a  few  percents  and  the  absorption  mecha¬ 
nism  appears  to  be  quite  satisfactory. 

4.2.3  Nonlinear  Solution  in  Shallow  Water 

In  order  to  estimate  the  accuracy  of  the  method  for  the 
nonlinear  computation,  we  first  consider  the  case  of  a  shal¬ 
low  water  swell. 

Mei  and  Unliiata  [24]  have  explruned  how  such  a  swell 
can  experience  very  drastic  nonlinear  deformations  when 
it  propagates.  Very  recently,  Chapalain  [2]  has  performed 
experiments  at  the  Institut  de  M4canique  de  Grenoble  that 
neatly  confirm  this  bi-harmonic  resonant  behavior.  It  ap¬ 
peared  therefore  interesting  to  try  and  reproduce  them  with 
the  simulation. 

The  only  data  for  the  numerical  simulation  are  the  ge¬ 
ometry  of  the  tank,  the  law  of  motion  of  the  wavemaker 
and  the  friction  coefficient  /„  used  to  model  dissipation^. 
The  experiment  was  performed  in  a  40  cm  deep  tank  with 
a  piston-type  wavemaker  the  motion  of  which  was  pven 
by  (14)  with  at  =  15.9  cm  and  w  =  2.5  rad/s.  The  total 
length  of  the  tank,  36  m,  is  simulated  using  300  nodes  on 
the  free  surface.  The  simulation  on  30  s  took  approximately 
7  minutes  on  a  CRAY-XMP. 


‘In  order  to  model  diuipative  effects  in  a  way  similar  to  that 
used  by  Chapalsin  for  Boussinesq  equations  we  substitute  to  Bernoulli 
equation: 


We  took  the  value  of  /„  used  by  Chapalain,  /»  =  0.1.  Note  that  this 
modeling  of  dissipative  effects,  already  used  in  [14]  for  the  study  of 
sloshing,  is  similar  to  the  modeling  of  the  damping  zone. 


Figure  6:  Shallow  water  swell  —  measured  (left)  vs.  com¬ 
puted  (right)  wave  elevatior.t  at  several  points  in  the  tank 


We  compare  on  figure  6  the  measured  and  computed 
wave  elevations  at  several  points  in  the  tank.  An  excellent 
agreement  is  achieved.  This  agreement  is  confirmed  by  a 
.Fourier  analysis  performed  oi-.^e  a  steady  state  is  reached. 
The  amplitudes  of  the  first  three  harmonics  is  plotted  as  a 
function  of  the  distance  along  the  tank  on  figure  7.  It  ap¬ 
pears  that  the  simulation  is  very  efficient  to  model  shallow 
water  waves  and  their  generation  by  a  wavemaker. 


DISTANCE  FROM  WAVEMAKER  (M) 


Figure  7:  Shallow  water  swell  —  measured  vs.  computed 
Fourier  components 
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4.3  Arbitrary  Motion  of  a  Piston-Type  Wave- 

maker 

In  deep  water,  nonlinear  phenomena  in  the  propagation 
of  a  regular  sweil  are  rather  long  to  develop.  Numerical 
methods  with  periodic  boundary  conditions,  such  as  [10], 
are  probably  more  suited  to  the  study  of  this  problem  than 
the  direct  simulation  of  a  wave  tank. 

An  appropriate  choice  for  the  motion  of  the  wavemaker 
can  however  lead  to  wave  focusing  that  results  in  break¬ 
ing.  Experiments  based  on  this  principle  were  performed 
at  MIT  and  a  comparison  with  a  numerical  simulation  sim¬ 
ilar  to  ours  made  —  see  [12]  where  the  law  of  motion  of  the 
wavemaker  is  given.  The  msdn  drawback  of  this  test  case 
is  that  it  involves  a  large  amount  of  computer  time.  We 
have  run  Sindbad  on  the  same  case,  but  using  an  absorb¬ 
ing  zone  and  a  somehow  coarse  grid  in  order  to  minimize 
computational  effort.  The  calculation  has  been  performed 
on  a  CRAY-XMP  and  demanded  “oniy”  30  minutes  with 
250  nodes  on  the  free  surface  (compared  to  30  hours  with 
500  nodes  on  a  CRAY  1  for  the  simulation  performed  at 
MIT). 
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Figure  8:  Steep  deep  water  waves  —  measured  (left,  dashed 
line)  vs.  computed  (solid  line,  left:  MIT,  right:  Sindbad) 
wave  elevations  at  several  points  in  the  tank 

®Our  own  experience  tends  to  suggest  that  “numerical”  overturning 
is  very  sensitive  to  the  discretization  used  and  more  particularly  to 
the  node  distribution  along  the  free  surface.  Here  again  the  validity  of 
the  simulation  is  diilicult  to  establish.  Our  interest  has  been  mainly 
to  perform  the  simulation  up  to  the  point  where  breaking  occurs. 


The  results  of  our  simulation  are  in  good  agreement 
with  both  experimental  and  numerical  results  obtained  at 
MIT  up  to  breaking  —  see  figure  8.  If  overturning  develops 
at  the  same  time,  our  computation  fsdis  sooner  than  their 
(before  the  closing  of  the  tube)®. 

This  confirms  that  the  numerical  simulation  can  repro¬ 
duce  accurately  nonlinear  phenomena  observed  experimen- 
taly. 


4.4  Wave  Diffraction  on  a  Submerged  Cylin¬ 
der 

The  case  of  the  wave  diffraction  on  a  submerged  cylinder  al¬ 
lows  a  first  study  of  wave-structure  interaction.  This  prob¬ 
lem  has  been  studied  eiUensively  in  the  past.  In  partic¬ 
ular,  Urseil  [31]  used  linear  theory  and  showed  that,  for 
a  circular  cylinder,  there  is  no  reflection.  Ogilvie  [25]  ex¬ 
tended  Ursell’s  results  and  computed  the  second-order  ver¬ 
tical  drift  force.  Very  recently,  Vada  [32]  computed  the 
second-order  potential  and  calculated  the  diffraction  loads 
and  the  diffracted  waves  to  second-order. 

Chaplin  [3]  measured  diffraction  loads  in  the  labora¬ 
tory  while  Grue  and  Granlund  [17]  measured  the  diffracted 
waves.  These  experiments  have  partly  confirmed  the  re¬ 
sults  of  first-  and  second-order  theories.  They  have  also 
exhibited  some  important  nonlinear  phenomena  not  ac¬ 
counted  for  by  these  theories.  Such  nonlinear  phenomena 
can  either  be  due  to  nonlinear  free  surface  effects  (of  third- 
order  or  higher)  or  to  viscous  effects. 

Consequently,  the  present  study  has  two  main  objec¬ 
tives: 

*  to  recover  the  results  of  first-  and  second-order  theo¬ 
ries  in  order  to  assess  the  numerical  accuracy  of  the  method; 

★  to  compare  with  experimental  results  in  order  to  de¬ 
termine  the  relative  importance  of  viscous  and  free  surface 
effects  for  the  nonlinear  phenomena  observed. 

Fully  nonlinear  simulations  similar  to  ours  have  been 
performed  by  several  authors  (e.g.,  [29],  [11]).  In  general, 
periodic  boundary  conditions  were  used.  To  our  knowledge, 
however,  comparisons  with  second-order  theory  were  not 
achieved. 

4.4.1  Diffraction  Loads 

We  consider  a  circular  cylinder  of  radius  r  =  0.06.  The 
coordinates  of  its  center  are  Xc  =  3.5  and  j/c  =  -0.12. 
Waves  are  generated  by  a  piston-type  wavemaker  moving 
at  the  frequency  u  =  1.85.  The  simulation  is  made  in  a 
tank  of  length  10  with  200  markers  at  the  free  surface  and 
60  time-steps  per  period. 

The  forces  acting  on  the  cylinder  are  computed  by  di¬ 
rect  integration  of  the  pressure. 

In  order  to  compare  the  results  with  those  of  experi¬ 
ments  or  of  first-  and  second-order  theory,  we  use  a  Fourier 
series  expansion  of  the  transient  signal  (once  a  steady-state 

if.  'pkSs*  irmirlo  • 

so  »  All***  ^  • 

+ cos(nwf-l-d("^)  (16) 
+  cos(nwt-hflW),  (17) 
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where  the  subscript  x  and  y  denote  the  horizontal  and  ver¬ 
tical  components  of  the  force,  respectively. 
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0.34 
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1.47 

-0.03 

0.30 

2.88 

2.87 

0.41 

0.41 

Table  2:  Diffraction  loads  —  Sindbad 

As  in  [3]  we  introduce  the  Keulegan-Carpenter  number, 
Kc-  For  a  linear  deep-water  wave,  Ke  is  given  by: 

Kc  =  ^  exp(*:!/c).  (18) 

Table  2  gives  the  vaiues  of  and  for  n  =  0, 1,2  vs. 
Kc  in  the  case  just  described  (that  corresponds  to  Chaplin 
case  E  [3]). 

Following  Chaplin,  we  write  :■ 
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Figure  9;  Diffraction  loads  —  inertia  coefficients 
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The  classical  inertia  coefficients  are  equal  to  Cxii  et 
Cyii-  According  to  linear  theory,  these  are  the  only  non¬ 
zero  coefficients  and  they  are  equal.  Ogilvie  (25]  calculated 
them;  they  go  to  2  as  the  immersion  depth  goes  to  infinity. 

We  give  on  figure  9  the  horizontal  and  vertical  inertia 
coefficients  vs.  Kc.  For  a  small  value  of  the  Keulegan- 
Carpenter  number,  both  experimental  and  numerical  re¬ 
sults  go  the  value  predicted  by  linear  theory,  2.25.  As  Ke 
increases,  however,  the  sharp  decrease  of  the  inertia  coeffi¬ 
cient  observed  experimentaliy  is  not  predicted  by  the  sim¬ 
ulation.  As  argued  by  Chaplin,  this  is  very  likely  due  to 
viscous  effects  (creation  of  a  circulation  around  the  cylin¬ 
der). 

Figures  10  and  11  give  the  second-order  vertical  drift 
force  and  the  force  at  the  double  frequency,  respectively. 
Here,  a  good  agreement  appears  between  experiments,  sec¬ 
ond-order  theory  smd  the  present  simulation.  It  should 
be  stressed  that  recovering  the  results  from  second-order 
steady  theory  with  the  simulation  is  by  no  means  obvi¬ 
ous:  it  demands  a  good  accuracy  and  a  proper  control  of 
the  wave  generation  and  absorption  mechanism.  It  can  be 
argued  that  the  results  of  the  simulation  are  better  than 
those  of  second-order  theory  for  large  values  of  Kc. 

4.4.2  Diffracted  Waves 

Grue  and  Granlund  [17]  performed  experiments  related  to 
incoming  deepwater  Stokes  waves  passing  over  a  restrained 
submerged  circular  cybnder.  For  a  small  cylinder  submer¬ 
gence,  a  strong  local  nonlinearity  is  introduced  at  the  free 
surface  above  the  cylinder  and  free  higher  order  harmonic 
waves  are  generated. 

We  remind  of  the  obser.ations  of  Grue  and  Granlund 


Figure  11:  Diffraction  loads  —  response  at  double  fre¬ 
quency 
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Figure  12:  Diffracted  waves  —  amplitude  of  second-order 
free  wave 

concerning  the  wavefield  far  away  from  the  cylinder: 

*  upstream  of  the  cylinder:  an  incoming  Stokes  wave- 
train.  No  reflected  waves,  even  to  higher  order; 

*  downstream  of  the  cylinder:  shorter  free  second  har¬ 
monic  waves  of  considerable  amplitude  are  riding  on  the 
transmitted  Stokes  wave. 

If  these  trends  are  weli  predicted  by  second-order  the¬ 
ory  [32],  the  quantitative  agreement  with  experiments  is 
rather  disappointing.  The  amplitude  of  the  second  har¬ 
monic  free  wave,  aj,  only  increases  as  the  square  of  the 
amplitude  of  the  incoming  wave,  a,  for  very  small  values  of 
a.  A  “saturation”  rapidly  appears;  thereafter  oj  remains 
almost  constant  —  see  figure  12. 

These  findings  suggest  that  the  range  of  validity  of 
second-order  theory  is  quite  narrow  in  this  case.  Observ¬ 
ing  that  this  theory  predicts  amplitudes  of  the  second-order 
free  wave  as  large  as  that  of  the  incoming  wave,  this  should 
not  appear  as  totally  unexpected.  In  order  to  see  if  non¬ 
linear  free  surface  effects  —  and  not  viscous  effect  —  are, 
indeed,  responsible  for  this  deficiency,  it  appeared  interest¬ 
ing  to  run  Sindbad  on  this  case. 

In  order  to  compare  our  results  with  those  of  Grue  and 
Granlund,  we  write  (once  a  steady  state  is  reached): 

■k  for  the  incident  wave: 

f]i  =  a  cos(fc*  -  wt  -f  S) 

•f  cos2{kx  -  ut  +  9)  - ,  (21) 

where  is  the  amplitude  of  the  second-order  locked  wave; 

*  for  the  diffracted  wave: 

t}d  =  ai  cos{kx  -  ut -i- 9i) 

•b  02  cos2{kx  -  ut  +  6i) 

-b  02  cos(4A:®  -  2ut  -b  ^2)  H - >  (22) 

where  and  oj  are  the  amplitudes  of  the  second-order 
locked  and  free  wave,  respectively. 

In  order  to  exhibit  the  second-order  free  wave,  it  is  nec¬ 
essary  to  take  a  rather  fine  grid.  The  wavenumber  of  this 
free  wave  is,  indeed,  four  times  larger  than  the  wavenum¬ 
ber  of  the  incoming  wave.  The  wavenumber  of  the  incoming 
wave  is  chosen  equal  to  k  =  3.42  (so  that  we  arc  in  deep 


Figure  13:  Diffracted  waves  —  free  surface  profiles 


water).  With  these  choices,  the  results  shown  by  Grue 
and  Granlund  correspond  to  a  cylinder  radius  r  =  0.117 
and  a  depth  of  immersion  of  the  center  of  the  cylinder 
y,  =  -0.1755. 

The  simulation  was  perfomed  in  a  tank  of  length  8, 
with  a  damping  zone  of  length  3.  The  cylinder  center  was 
located  at  a  distance  Xc  =  2  from  the  wavemakcr.  340 
nodes  were  distributed  on  the  free  surface  and  60  time  steps 
used  per  period  of  the  incoming  wave. 

On  figure  13,  free  surface  profiles  after  7  periods  are 
shown  for  several  amplitudes  of  the  incident  wave.  The 
apparition  of  a  perturbation  of  wavenumber  4fc  is  obvious. 
However,  its  amplitude  does  not  increase  as  the  square  of 
the  incident  wave  amplitude. 

A  Fourier  analysis  of  the  diffracted  wave  confirms  this 
trend.  We  show  on  figure  12  the  comparison  between  Grue 
and  Granlund’s  experiments,  Vada’s  second-order  theory 
and  the  present  calculation.  The  agreement  between  the 
numerical  simulation  and  the  experiments  is  very  good,  in¬ 
dicating  that  the  “saturation”  is,  indeed,  a  nonlinear  free 
surface  phenomenon  not  accounted  for  by  second-order  the¬ 
ory. 

Grue  and  Granlund  observed  breaking  for  ok  a  0.085, 
while  we  were  able  to  perform  the  numerical  simulation  up 
to  ok  =  0.12.  It  is  rather  interesting  to  note  that  this  does 
not  seem  to  affect  the  amplitude  of  the  second-order  free 
wave. 

A  Uttle  more  surprising  is  the  reason  for  whicli  the  nu¬ 
merical  computation  fails  for  ok  =  0.12  after  3.2  periods. 
The  computation  does  not  blow  up  because  of  the  overturn¬ 
ing  of  the  crest,  as  would  have  been  expected,  but  because 
of  a  concentration  of  particles  just  aft  the  cylinder.  Phys¬ 
ically,  it  seems  that  particles  flow  very  rapidly  over  the 
cylinder  and  are  then  decelerated.  Here  again,  the  validity 
of  the  simulation  is  difficult  to  establish. 

It  is  rather  interesting  to  note  that  for  waves  passing 
over  a  submerged  cylinder,  nonlinear  free  surface  effects 
are  important  for  the  diffracted  waves  but  do  not  seem  to 
affect  very  much  the  forces. 
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Figure  14:  Forced  heaving  —  transient  force 

4.5  Wave  Radiation  by  a  Free  Surface  Pierc¬ 
ing  Cylinder 

As  a  last  example,  we  consider  the  case  of  a  free  surface 
piercing  body  in  forced  or  free  motion. 

4.5.1  Forced  Motion 

Forced  motions  of  a  free  surface  piercing  circular  cylin¬ 
der  have  been  studied  quite  extensively  using  linear  and 
second-order  theory  (e.g.,  [26],  [19]).  Fully  nonlinear  cal¬ 
culations  have  also  been  attempted  for  forced  heaving  of 
a  circular  cylinder  by  a  few  authors.  Initially  ([13],  [33]) 
only  the  starting  phase  was  considered.  Recently,  Hwang 
et  al.  [18]  calculated  the  steady  state  response  and  made 
comparisons  with  first-  and  second-order  theories  and  with 
experiments. 

As  an  example,  we  consider  the  case  of  a  half-immerged 
circular  cylinder  with  fcr  =  1.  The  simulation  is  performed 
in  a  tank  of  length  4  with  a  forcing  frequency  ui  =  3.16  (so 
that  k  =  10).  The  cylinder  center  has  for  elevation:- 

yc  =  0  <<0  (23) 

j/c  =  Oc  t  >  0.  (24) 

Because  there  is  no  wavemaker  in  this  case,  absorbing 
beaches  (with  a  =  =  1)  are  located  at  each  end  of  the 

tank.  We  used  200  nodes  on  the  free  surface.  In  order  to 
avoid  too  small  or  too  large  segment  sizes  near  the  inter¬ 
section,  a  regridding  procedure  similar  to  that  introduced 
in  [11]  was  used  when  a  node  came  too  close  or  too  far  from 
the  intersection. 

We  show  on  figure  14  the  transient  vertical  force  on 
the  cylinder  as  a  function  of  time  for  a<;  =  0.5  r.  If  a 
steady  state  is  rapidly  reached,  the  signsd  is  obviously  not 
monochromatic  and  harmonics  are  present. 

The  free  surface  profiles  corresponding  to  this  case  are 
shown  on  figure  15. 

Once  a  steady  state  is  reached,  we  write  the  force  as: 

sin(u;0-/’^)cos(a-t) 
-1-  /-’W  sin(nwl  -t- «(")).  (25) 

n=2 


Figure  15:  Forced  heaving  —  free  surface  profiles 

The  second  term  on  the  left-hand  side  is  the  linear  hydro¬ 
static  contribution.  The  acceleration-phase  and  velocity- 
phase  components  of  the  force  at  the  forcing  frequency 
would  correspond  to  the  added  mass  and  damping  coef¬ 
ficients  for  the  linear  problem'^. 
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0.08 

0.05 

0.5 
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0.66 

0.33 

0.30 

0.14 

0.09 

Table  3:  Radiation  loads  —  Sindbad 

We  give  on  table  3  the  amplitude  of  the  different  har¬ 
monics  as  a  function  of  e  =  Oc/r.  The  Fourier  analysis  is 
performed  on  the  four  last  periods  of  the  signal.  For  small 
values  of  e,  the  results  from  linear  and  second-order  theory 
are  recovered  (e.g.,  [26],  [19]).  As  the  amplitude  of  the  mo¬ 
tion  increase,  the  added  mass  increases  while  the  damping 
coefficient  decreases.  This  behavior  is  in  agreement  with 
available  experimental  observations  [19]  and  other  numer¬ 
ical  results  [18]. 

The  importance  of  relatively  high-order  harmonics  is 
quite  remarkable.  For  e  =  0.5,  the  ratio  of  the  amplitude 
of  the  fourth  harmonic  to  that  of  the  first  is  almost  equal  to 
15%.  This  behavior,  that  obviously  cannot  be  accounted 
for  using  second-order  theory,  is  quite  different  from  that 
observed  for  the  diffraction  over  a  submerged  cylinder.  It 
shows  the  interest  of  a  fully  nonlinear  simulation,  in  partic¬ 
ular  in  order  to  assess  the  range  of  validity  of  approximate 
theories.  If  these  results  for  forced  motions  are  very  promis¬ 
ing,  more  experimental  data  would  be  needed  to  make  pro- 
prer  comparisons. 

Note  that  for  e  =  0.6  the  numerical  computation  breaks 
down  before  a  steady  state  rs  reached,  apparently  because 
the  cylinder  goes  out  of  the  water. 


'Note  that  for  the  nonlinear  problem  the  distinction  between 
added-mass  and  hydrostatic  components  is  somehow  arbitrary. 
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Figure  16:  Free  heaving  —  vertical  displacement 
4.5.2  Free  Motion 

The  free  motion  of  a  surface  piercing  circular  cylinder  was 
calculated  using  linear  theory  in  (23].  A  fully  nonlinear 
computation  was  performed  in  (33)  using  periodic  boundary 
conditions.  A  good  agreement  between  these  two  theories 
was  achieved. 

Here,  we  performed  again  the  same  calculation.  The 
body  motion  is  calculated  in  a  way  similar  to  that  used  in 
(33)  (see  [7]  for  details  on  the  numerical  implementation). 
At  t  =  0,  the  fluid  is  at  rest  and  the  cylinder,  which  is 
half-immerged  at  equilibrium,  has  an  elevation: 

j/e(0)  =  yo.  (26) 

We  show  on  figure  16  the  subsequent  vertical  displace¬ 
ment  of  the  cylindre,  yc,  for  yo  =  0.9  r.  The  simulation  is 
performed  exactly  in  the  same  conditions  as  in  the  preced¬ 
ing  section.  The  absence  of  any  nonlinear  behavior  for  the 
cylinder  elevation  is  rather  striking  and  contrasts  with  the 
forced  motion  case. 

5  Conclusions 

The  MEL  has  been  applied  to  the  numerical  simulation  of 
a  wave  tank  equipped  at  one  end  with  a  wave  maker  and  at 
the  other  end  with  a  damping  zone.  This  configuration  al¬ 
lows  two-dimensional  wave-structure  interaction  problems 
to  be  studied. 

Results  have  been  presented  that  include  a  wide  range 
of  applications,  such  as  wave  generation  and  absorption, 
wave  diffraction  and  wave  radiation  by  submerged  or  sur¬ 
face  piercing  bodies  in  forced  or  free  motion.  Results  from 
approximate  theories  (linear,  second-order  or  shallow  wa¬ 
ter  theory)  can  be  recovered,  not  only  for  short  transient 
evolutions  but  also  for  steady  state  responses.  Some  non- 
itnodr  obsor'/cd  cxpsTinicntsHy  2nd  thst  h^yc 

not  been  otherwise  explained  are  also  accounted  for.  This 
seems  to  indicate  that  the  simulation  can  be  used  as  a 
“standard”  that  allows  the  validity  of  approximate  theo¬ 
ries  to  be  assessed.  Applications  of  the  method  in  that 
direction  suggest  themselves.  In  particular,  the  roll  motion 
of  barges  is  being  presently  studied. 


If  the  MEL  provides  an  efficient  and  versatile  way  to 
study  two-dimensional  free  surface  problems,  it  cannot  ac¬ 
count  for  viscous  effects  (except  in  a  very  crude  way  for 
instance  for  the  modeling  of  bottom  friction).  This  is  par¬ 
ticularly  a  problem  for  viscous  effects  occurring  in  the  near 
vicinity  of  the  free  surface,  l.e.,  viscous  effects  associated 
to  breaking.  Breaking  is  a  major  limitation  for  the  simu¬ 
lation  because  the  calculation  has  to  stop  whenever  a  local 
breaking  event  occurs. 

It  would  therefore  be  most  useful  to  be  able  to  simulate 
breaking  and  associated  dissipative  effects,  even  in  a  crude 
way.  Some  hope  exists  (e.g.,  [30],  [4])  for  spilling  break¬ 
ers,  but  there  is  an  obvious  need  for  more  theoretical  and 
experimental  work  on  the  subject. 
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ABSTRACT 

The  impact  of  a  flat-bottomed  two-dimensional  body  which 
falls  vertically  towards  initially  calm  water  is  studied 
theoretically  and  numerically.  The  flow  in  the 
compressible  air  layer  between  the  body  and  the  water 
surface  is  calculated  by  assuming  that  the  air  is 
inviscid  and  the  flow  is  one-dimensional.  The  calcula¬ 
tion  of  the  flow  in  the  water  is  based  on  potential 
theory,  and  a  boundary-integral-equation  technique  with 
exact  nonlinear  boundary  conditions  are  used.  The  effect 
of  various  deadriseangles  has  been  studied,  and  the 
pressure  acting  on  the  bottom  of  the  body  is  calculated 
until  the  body  makes  contact  with  the  deformed  water 
surface. 

list  of  svabol* 

b  Hslf  Midtb  of  body 

c  Velocity  of  sound  m  iir. 

Co  Velocity  of  sound  in  eir  et  etaospberic  pressure. 

Cm  Velocity  of  sound  in  Meter, 

Cp  Constant  in  nondfaensional  aonentua  equation. 

C«,  C-  Faailyof  characteristic  curves, 
g  Acceleration  of  gravity, 

h  Distance  betneen  body  and  water  surface. 

M  Elevation  of  the  bottom  of  the  body  at  centerline. 

Hp  Value  of  M  at  start  of  the  nuaerical  calculation, 

Aaolityde  of  forced  heave  oscillation 
K  Number  of  eleaents  on  body. 

«  Two'diftensional  aass  of  body. 

N  Nuaber  of  elements  in  air  calculation. 

SA  Nuaber  of  surface  elements  between  x  ■  0  and  x  •  b. 

NC  Total  number  of  bounqa.’y  eleaents. 

nj  y-co»ponent  of  the  unit  noreal  vector. 


Oq  Atmospheric  oressure. 

-  Radius  of  Cylinder. 

S  Su-face  of  body. 

Sj  Cylindrical  surface  of  small  radius. 

Sg  Horizontal  control  surface  far  down. 

Sc  The  free  surface  of  water. 

S,  Vertical  control  surface  far  away. 

1  Tine. 

u  Velocity  of  air  in  x-direction. 

V  Velocity  of  body. 

Vp  Velocity  of  body  at  start  of  the  nuaerical  calculation. 


x  Horizontal  soace  coordinate, 

xp  x*coordinate  of  f luidoarticle. 

y  Vertical  space  coordinate, 

y  Exoonent  in  the  relationship  between  p  and  p. 

{  Elevat'on  of  the  water  surface. 

0  Oeadnse  angle, 

p  Density  of  air. 

Pp  Density  of  air  at  atmospheric  pressure, 

Pm  Density  of  water. 

0  Velocity  potential . 

p  Streaefunctien. 

Circular  frequency  of  heave  oscillation, 
ax  Width  of  eleeent  along  the  x*axis. 

at  Tiaeoeriod  between  two  tieesteps. 


CHAPTER  1.  lNTRODUeT!OK 

Section  1  1  General 

The  ail#  of  this  worit  is  to  calculate  the  pressure  pn  a  f lat-bottoaed 
body  which  >$  falling  through  air  towards  initially  cala  water  and 
subsequently  penetrates  into  the  water.  The  effect  of  the  entrapped 
air  between  the  body  and  the  water  surface  is  specially  studied. 

This  IS  a  particular  case  of  the  general  slaaning  problen  where  an 
arbitrary  shaped  body  hits  the  arbitrary  shaped  free  surface  of  the 
water,  or  it  may  be  the  water  that  hits  the  body.  The  pressure  and 
the  force  actmg  on  the  body  due  to  this,  will  in  several  applications 
be  of  significant  interest  to  marine  designers. 

The  classic  exa«ole  occurs  when  a  ship  is  travelling  at  high  speed  or 
in  heavy  sea,  and  the  bow  moves  out  of  and  reenters  the  water.  Severe 
dawage  on  shippows  has  been  reported  as  a  consequense  (sj. 

Considerable  laoact  forces  may  also  occur  when  large  waves  hit  cross 
■embers  or  decVstruciures  of  offshore  oilrigs. 

finally  the  situation  must  be  mentioned  where  different  kind  of  equip- 
nent  such  as  a  mini-subnarme  is  lowered  or  lifted  through  the  splash- 
zone.  SoeciaUy  if  the  equipment  is  operated  by  a  crane  situated  on 
some  K’nd  of  floating  platform,  the  relative  motion  between  the  water 

*  SAW  ih*  »,»  m**»K*^  hw 

causing  significant  moact  loads 

The  calculation  of  imoact  loads  m  these  situations  is  needed  iii  order 
to  deteraine  ‘he  -ecuired  strength  of  the  structures  involved. 

For  the  case  of  slamming  of  a  ship  bow  or  lowering  of  equipment 
through  the  solash  zone,  knowledge  of  the  impact  loads  is  also 
reowired  in  order  to  determine  m  what  kind  of  weather  condition  cer¬ 
tain  operatins  nay  oe  earned  out. 

A  better  understanding  of  the  whole  phenomena  of  slamming  will  also 
g«ve  irfo-««tion  on  how  to  design  the  shape  of  the  structures  in  order 
to  minimize  the  impact  loads. 
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To  ccicu’ite  ‘Pe  *«*eact  bids  the  'leses  nentioned  here,  is  very 
difficult.  The  proMei*  hsi  tu  be  simplified,  The  purpose  of  such 
simplif-'eat'ors  ajy  pirtlv  be  to  f.rd  loproxlaete  solutions  to  the 
reel  problems,  end  pe  t'y  td  be  e  step  on  the  reed  to  more  soflstl- 
eated  •rthodi.  for  vhis  pu'*P''$«  't  seems  "CMSonable  that  one  way  of 
making  the  sHpTtfivatiors  is  to  decide  the  problem  Into  sub'probleas. 
Special  phenooe.ions  ca‘‘  hen  be  stuoted  seps<*a<e'y. 

The  oust  obvio"s  si.«rl'ficat  Ion  will  be  to  start  to  study  two- 
dlnersluna’  p'-oblem>.  Anothc''  smpbf Icatloh  which  seems  reasonable. 
IS  to  asiooe  that  *he  real  prollem  ray  be  spproximatad  by  the  entry  of 
a  copy  into  caU  water  Hl.h  ve‘.>eltw  eoua)  to  the  relative  velocity 
between  the  body  and  the  moving  f'-ew  surface.  Such  a'l  approximation 
IS  expected  to  be  good  it  the  dlnenslons  of  the  bedy  Is  small  com- 
pi  ed  *0  the  wayelerjth 

O'th  t- •  s.^ve  app'^oxina.ie.'is  are  made  by  sevcial  other  authors. 
The  bodies  involved  may  have  various  different  ^oras  Some  of  them 
It'O  to  t.erta'ri  pherx'm^-iwri  whfch  ne*Js  W  be  studied  specially.  In 
tniv  verk  It  h,ts  been  chosen  '  )  study  f lat-bnttomed  vodits. 

This  d'scussion  leiJs  to  ‘he  concl'isiu»  tha*  it  is  Interesting  to 
study  the  *ol<cwing  particular  case,  arc  >^sich  may  be  characterized 
by 

-  The  calculations  will  be  two-dimensional.  That  means  that  the 
results  will  be  approximately  valid  for  a  slender  horizontal 
body. 

-  The  body  will  be  symAetrleal. 

-  The  water  is  initially  calm. 

-  The  body  is  falling  vertically  under  influence  of  gravity  and  the 
pressure  force  on  the  bottom.  (The  body  may  also  have  prescribed 
motion. ) 

-  The  body  is  comoletely  rigid. 

-  The  body  is  almost  f Ut-bottomed.  That  means  it  may  have  a  small 
deadhise  angel. 

^or  this  particular  case,  the  aim  Is  to  calculate  the  pressure  dlstrl* 
oution  on  the  surfece  of  the  body  and  the  flow  In  the  water  and  the 
air  as  a  function  of  time,  both  before  and  after  the  moment  »d>en  the 
body  makes  contact  with  the  water  surface. 

The  calculation  will  includa  both  the  effect  of  entrapped  air  and  the 
possibility  of  large  water  surface  elevation. 

This  Is  a  theoretical  and  numerical  study.  No  experiments  have  been 
carried  out.  but  the  results  of  this  work  have  been  compared  with 
other  works,  both  theoretical  and  experimental • 

In  the  effort  to  achieve  this  aim.  several  simplifications,  especially 
on  the  properties  of  water  and  air.  will  be  made.  The  introduction, 
and  the  discussion  of  the  Justification,  of  these  siaolificatlons  will 
be  done  in  the  following  chapter,  but  they  will  all  be  of  such  a  kind 
that  they  will  have  more  or  less  negligible  Influence  on  the  results 
of  the  calculation 


Section  \  2  Background 

Until  the  beginning  of  the  nineteensixties,  the  theories  of  von  Kerman 
[l]  and  Wagner  (2]  was  used  to  predict  hydrodynamic  Impact  forces. 
These  theories  neglected  the  Influence  from  the  air.  and  In  the  ease 
of  a  flat-bottomed  body,  von  Karman  suggested  that  the  maximum  Impact 
pressure  was  the  acoustic  pressure  of  water. 

Then  several  experimental  and  theoretical  works  was  done,  which  showed 
that  for  the  case  of  a  flat-bottomed  body  the  effect  of  the  air  bet- 
tH*  rsAWy  surface  ly  ijv  taken  into  account  in 

orde'*  to  predict  the  impact  pressure  more  correctly. 

They  found  that  the  cushioning  effect  of  the  trapped  air  In  the  layer 
between  the  falling  pody  and  the  water  surface  reduced  the  Impact 
pressure  to  approximately  one-tenth  of  the  acoustic  pressure. 

The  most  significant  of  these  works  was  experiments  made  by  Chuang 
(9.  4}  and  lewison  and  Haclean  ($}  and  a  theoretical  and  experimental 
study  made  by  Verhagen  {6}. 


In  1977  Koehler  and  Kettleborough  (7)  presented  a  theoretical  study 
which  shows  in  detail  the  calculated  pressure  in  the  airgap  and  the 
surface  elevation  for  one  of  the  cases  used  In  the  experimental  study 
0'  lewison  and  Haclean. 

Verhagen  describes  that  pictures  taken  during  his  experiments  shows 
that  the  water  elevation  Is  at  first  noticeable  at  the  edges  of  the 
body  just  before  the  plate  touches  the  water  surface.  Next,  the  air 
layer  breaks  up  Into  bubbles  beginning  at  the  edges  and  extending  to 
the  center  of  the  body  with  a  speed  in  the  order  of  magnitude  equal  to 
the  velocity  of  sound  In  air.  With  Increasing  time  the  buMiles  drift 
relatively  slowly  outwards. 

Chuang  (4]  present  some  interesting  sketches  of  the  situation  after 
impact  based  on  photographs  taken  during  experiments.  These  sketches 
are  given  in  Fig.  l.l. 


UmcImi  W  •(M  foroMOM  W  •  41a,  4r«|* 


rig.  1.1 

In  the  theoretical  work  of  both  Verhagen  and  Koehler  and  Kettltborough 
a  two-dimensional  problem  was  studied.  They  assumed  that  a 
compressible  Inviscid  air  layar  exists  between  the  body  end  the  water 
surface.  As  the  body  falls,  the  air  In  the  layer  flows  one- 
dimensionally  outwards  from  the  centre  of  the  body.  The  water  Is 
assumed  to  be  Incompressible  and  Verhagen  states  that  this  Is  a  good 
approximation  If  the  velocity  of  the  body  do  not  exceed  a  few  meters 
per  second. 

In  both  works  the  calculation  of  the  flow  In  the  water  Is  based  on 
linear  free  surface  condition.  The  pressure  distribution  Is  calcu¬ 
lated  until  the  edge  of  the  body  makes  contact  with  the  elevated 
water  surface,  and  Koehler  and  Kettleborough  assumes  that  the  maximum 
Impact  pressure  is  reaeheo  at  this  tlme-lnstant.  Verhagan  also  esleu- 
lates  the  pressure  in  the  trapped  air  bubble  after  this  time  by  a 
simolifled  method  assuming  that  the  pressure  In  the  bubble  and  tha 
downward  velocity  of  the  water  surface  within  the  bubble  Is  only  a 
function  of  time.  Koehler  and  Kettleborough  makes  the  calculation 
with  different  deadriseangles.  The  intention  is  to  predict  the  uncer¬ 
tainty  in  experiments  due  to  the  fact  that  in  an  axperimental  set  up 
■%  1$  not  Dossible  to  be  sure  that  the  bottom  of  the  body  Is  exactly 
^•■.jiiai  ••  .*•£  bed  weier  surface. 

Some  of  the  results  presented  In  the  papers  mentioned  above  will  be 
used  for  compenson  in  the  present  work  end  will  then  be  discussed  In 
more  detail. 

As  mentioned  In  section  i.i  It  was  the  Intention  In  the  present  work 
to  calculate  impact  pressure  both  before  and  after  the  moment  when 
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contact  occurs.  It  Is  t^e^  clesr  froa  P4g.  l.l  th«t  the  Mthod  used 
for  eelculetiog  the  flOH  fn  the  weter  aust  necessarily  be  based  on 
exactly  non-Unear  boundary  condition.  Such  a  aethod  has  therefore 
been  used,  and  this  is  the  main  deviation  froa  earlier  Morks.  It  has 
however  not  been  possible  within  the  liait  of  the  present  research 
project  to  fully  develop  a  aethod  which  calculates  the  pressure  on  the 
body  during  all  phases  of  the  iaoact.  The  coaputer  prograaae  which 
has  been  made,  calculates  the  flow  in  the  air  and  the  water  prior  to 
the  aoaent  when  contact  is  aade  between  the  body  and  the  water  sur> 
face. 


Finally,  it  is  assuaed  that  the  effect  of  surface  tension  can  be 
neglected. 

For  the  saae  reason  as  for  the  water,  it  it  assuaed  that  the  air  aay 
be  treated  as  inviscid. 

However  the  coapressibility  of  the  air  will  not  be  neglected.  This  is 
necessary  because  the  calculation  shows  that  the  flow  in  the  air  beco- 
aes  Supersonic. 

Verhagen  (s)  assuaes  the  flow  in  the  eir  to  be  isentropie  (•reversible 
adiabatic)  which  aeant  that: 


OVEftAlL  OESCOlPTlOM  OF  THC  PPQgltH  ANO  TH6  SQIUTIOM 


The  problea  to  be  solved  is  the  one  described  in  section  l.l.  Fig. 
2.1  shows  the  situation  at  tine  t  •  0  which  is  the  starting  point  of 
the  nuaerieal  calculation. 


X 

Pig.  2.1 


On  the  other  hand  Koehltr  and  Kettleborough  (t)  assuaes  that  y  is 
closer  to  1.0.  which  is  the  value  for  an  isothtreal  procass,  and  he 
argues  that  the  tenperature  will  be  kept  constent  because  of  all  the 
waterspray  in  the  gap  between  the  body  end  the  water  surface. 

In  this  work  both  values  are  used.  For  the  idealized  case  which  it 
studied  here,  and  also  for  the  experiaents  used  to  coapere  with,  the 
heat*transfer  froa  the  air  in  the  gap  to  the  surroundings  will  be 
negligible  during  the  very  short  tiae  of  the  pressure  build  up.  which 
aeans  that  the  flow  in  the  air  will  be  isentroic.  This  assuaption 
will  be  used  through  the  paper  if  not  otherwise  stated.  On  the  other 
hand  in  a  aore  realistic  slaaaing  situation  where  the  water  is  not 
initially  cala.  and  there  is  wind  and  waves,  the  situation  will  bt 
different.  Because  of  the  spray  in  the  air,  the  contact-surface  bet* 
ween  the  eir  and  the  water  will  be  very  large,  which  aeans  that  the 
heat  transfer  will  be  aurh  faster.  It  is  possible  that  this  causes 
the  flow  in  the  air  to  be  isothtreal. 


A  r’ght-handed,  earth-fixed  coordinate  systen  i$  used  with  the  x-axis 
horizontally,  the  yaxis  vertically  and  positive  upwards,  and  the  ori- 
g>n  at  the  intersection  between  the  undisturbed  water  surface  and  the 
centerline  of  the  body,  b  is  the  halfwidth  of  the  body  and  e  is  the 
deadrise  angle.  Tne  elevation  of  the  keelpoint  (that  is  the  intersec¬ 
tion  oomt  between  the  centerline  and  the  bottoe  of  the  body)  is 
designated  H(t).  and  the  velocity  of  the  body  V(t}.  V  is  defined  to 
be  positive  uowards. 

*he  nu«er*ca1  calculation  starts  (t  •  0)  when  the  body  has  reached  the 
position  H  •  Kq,  and  the  velocity  is  V  ■  Vq. 

Because  the  effect  of  the  viscosity  in  the  water  is  confined  to  thin 
boundary  laye-s,  the  water  «ay  be  regarded  as  inviscid.  This  Mans 
tha*  *ne  f'ow  in  tne  water  will  be  irrotational  and  it  nay  be  charac¬ 
terized  by  a  velocity  ootential  P(x,y.t). 

A*te-  the  noeent  when  tn®  potton  of  the  body  has  oassed  the  water  sur¬ 
face  and  continue  to  nove  downwards  through  the  water,  it  is  possible 
that  vortieity  will  be  shed  frow  the  edge  of  the  body.  This  effect, 
however,  will  not  be  Studied  in  this  work.  It  will  probably  have 
negligible  influence  on  the  pressure  on  the  bottoe  of  the  body.  On 
the  other  hand,  if  a  study  of  the  effect  of  a  secondary  iopact  as 
shown  in  Fig.  1.1  .  as  welt  as  an  exact  calculation  of  the  pressure 
along  the  sidewall  of  the  body  are  to  be  carried  out.  it  eiy  be 
necessary  to  take  this  vortex  shedding  into  account. 

Whether  the  water  night  be  regarded  as  inconp^**Alb1e  or  not  depends 
on  whether  the  duration  of  the  inpaet  is  large  conpared  to  the  tfM  it 
takes  for  a  pressure  shock  wave  in  the  water  to  travel  a  distance 
equal  to  the  half  width  of  the  body.  If  the  width  of  the  inpact 
pressure-tiae  history  curve  is  called  At,  the  half-width  of  the  body 
is  t>  And  thn  vwliV'itv  nf  sound  in  water  is  c^.  then  the  condition  for 
the  water  to  be  regarded  as  mcocoressible  becoMS: 


Experiaents  and  earlier  works  have  shown  that  this  condition  holds  for 
the  range  of  velocity  which  has  been  studied,  so  the  water  will  be 
treated  as  an  incompressible  fluid. 


When  the  body  aporoaches  the  water  surface,  the  pressure  in  the  air 
between  the  body  and  the  water  starts  to  build  up  at  the  sane  tiM  as 
the  aif  starts  to  flow  outwards  fron  the  centerline  towards  the  edges 
0*  the  body.  The  pressure  rise  causes  the  water  surface  to  defers, 
and  this  situation  is  illustrated  in  Fig.  2.2. 


rig.  2.2 


F-oe  exoerinents  it  is  known  that  the  pressure  will  not  exceed  the 
atnosoheric  pressure  significantly  until  K  «  b>  This  Mans  that  the 
flow  in  the  air  aay  be  regarded  as  one-diMnsional.  that  is  the  flow 
is  parallell  to  the  x-axis  and  all  quantities  are  a  function  of  x  and 
t  only.  This  assuaption  has  also  been  aade  by  other  authors  (b).  (t). 
The  elevation  of  the  water  surface  is  designated  C(x,t).  and  the 
distance  between  the  body  end  the  water  surface  is  h(x.t}.  The  rela¬ 
tionship  between  these  two  is 

h(x,t)  •  H(t)  «•  0  X  -  C(x.t)  (2.2) 

The  one-diaensionsl  flow  in  the  eir  is  characterized  by  the  horizontal 
velocity  u(x,t).  the  pressure  p(x,t)  and  the  density  p(x,t). 

As  aentioned  above  the  pressure  build  up  in  the  gap  under  the  body 
causes  the  water  surface  to  defora.  Or  in  other  words,  before  the 
body  aakes  contact  the  flow  in  the  water  and  particular  the  free  sur¬ 
face  elevation  depends  on  the  pressure  (n  the  air  above  the  water  sur¬ 
face.  On  the  other  hand  the  calculation  of  the  pressure  in  the  air 
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depends  on  the  width  of  the  gap  h(x,t)  which  partly  depends  on  the 
elevation  of  the  water  surface  {(x,t).  This  «ay  be  illustrated  like 
this 

h(x,t)  -  pjx.tj^  Cfx.t)  ^h(x.t)  (2.3) 

The  first  arrow  will  be  treated  in  chapter  3  and  the  second  arrow  in 
Chapter  a.  The  third  arrow  is  given  by  eq.  (2.2).  and  the  arrow  fro* 
D  to  h  indicates  that  h  depends  on  the  pressure  through  the  aotion  and 
the  force  on  the  body. 

Of  course,  to  get  a  solution  to  our  problee.  all  calculations  have  to 
be  eade  simultaneously,  which  in  the  nueerical  procedures  eeans  that 
all  the  calculations  will  be  carried  out  in  each  tieestep.  How  this 
IS  done,  u  described  in  chapter  S. 


CHAPT6R  3.  THE  AIR  ftEGION 

The  assuaptions  and  siaplifications  eade  in  chapter  \  and  2  which 
regards  the  air  region,  aay  be  sueaarised  as: 

The  body  is  two'dieensional,  symaetrical.  rigid  and  f lat*bottoeed.  tt 
falls  vertically  under  influence  of  gravity  and  pressure  or  has  a 
prescribed  vertical  aotion.  The  flow  in  the  air  is  one«diaensiona1. 
inviscid.  coapressible  and  isentropic.  The  situation  is  shown  in 
Fig.  2.1  where  the  coordinate  systea  and  the  syabots  are  the  saae  as 
introduced  in  chapter  2. 


For  this  *iow  the  ecuation  of  notion  becomes 


^  |u  1  3p 
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(3.1) 


**'e  ecuet’Oh  o*  cont.nuity 


-elatiohship  between  pressure  and  density  is. 


0 


(3.3) 


In  this  chapter  h(x.t}  is  assumed  to  be  known,  which  means  that  there 
are  three  equations  for  the  three  unknowns  u.  p,  p.  By  the  use  of 
eouation  (3.3)  p  may  be  eliminated  from  eq.  (3.1).  which  means  that 
eq.  (3.1)  and  (3.2)  contains  only  the  two  unknowns  u(x,t}  and  p(x.t). 
These  unknowns  are  to  be  determined  in  the  region  xc[~b.b]. 
t  €{o.t;().  where  ti^  is  the  time  where  the  body  has  reached  a  point 
whe  .  this  calculation  is  no  longer  valid.  The  eouation  system  is 
hyperbolic,  and  m  o'der  to  solve  the  problem,  initial-conditions  at 
t  ■  0  IS  needed  for  both  the  unknowns.  As  long  as  the  flow  is  sub¬ 
sonic.  a  boundary  condition  along  x  •  t  b  for  one  of  the  unknowns  is 
also  needed. 


At  the  edge  of  the  body  the  air  will  flow  as  a  free  Jet  (see  (ft}  and 
;7)),  Hh<ch  neans  that  the  following  boundary  condition  should  be 


p  ■  Oq  at  x  «  i  b 

However  this  boundary  condition  can  only  be  used  as  long  as  the  flow 
IS  Subsonic.  Aftei)  the  flow  has  become  supersonic,  the  problem  will 
be  eoaoletely  deterained  in  the  region  we  are  interested  in  without 
any  boundary  condition  at  x  •  t  b. 

The  initial  condition  will  be  determined  in  the  same  way  as  in  [ft]  rnd 
(t).  The  initial  height.  of  the  falling  body  is  assumed  to  be 
sufficiently  above  the  free  surface  so  that  the  air  is  not  behaving 
coaoressible  and  the  pressure  distribution  within  the  air  layer  is 
essentially  atm^*ohrrie  so  that  no  initial  effect  will  be  felt  by  the 
water.  At  this  height  the  water  free  surface  will  be  undisturbed  and 
fo**  th«  case  6  •  0.  h(x.O)  will  be  a  constant.  Since  p(x.O)  also  is 
assuaed  to  be  constant,  an  initial  velocity  distribution  may  be  derived 
from  the  continuity  equation  (3.2).  Since  the  problem  is  symmetrical, 
u  will  be  zero  at  the  centerline  (x  ■  0).  and  the  result  is: 


u(x.O)  •  • 


(3.5) 


and  hence  if  the  velocity  is  assumed  constant: 

'i 

h‘  t*0  H  ' 


is,,  0)  .  1-  »!!  ,  »!( 


Using  this  initial  velocity  distribution  and  holding 
p(x.O)  constant  >  p^.  an  initial  air  pressure  distribution  can  be 
Obtained  from  tne  equation  of  motion  (3.1).  With  the  boundary  con¬ 
dition  p  •  Pq  at  X  •  b.  the  result  is; 


0(>i.O)  •  p„  •  0.  -r  (0*  •  «*) 

"o 

and  hence  from  eq.  (3.3)* 

1 

Plx.O)  .  P.  (3.61» 

e  «o 

The  derivation  of  the  initial  condition  was  based  on  the  assumption 
tnat  the  pressure  distribution  is  essentially  atmospheric.  This  means 
•lat* 


wi'ch  gives  the  following  restriction  on  the  choice  of 


H 


O 


b 


V 

o 


O  0 


the  sane  time  as 


which  earlier  has  been  introduced  as  a  restriction  which  is 
necessary  In  order  to  use  a  one-dimensional  model. 

Initial-condition  for  the  ease  0^0  may  be  derived  in  a  similar  way 
and  it  can  be  shown  that  the  deviation  from  the  above  results  is  small 
if 


The  problem  described  here  has  been  solved  using  the  method  of  charac¬ 
teristics  with  specified  time  intervals,  similar  to  the  method  used  by 
Verhagen  (ft).  The  method  together  with  a  numerical  scheme  celled 
CHAR-S  is  described  in  ref.  (17). 


used 
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(4.9) 


CHAPTCft  4.  THE  WATgft  REGION 

Sectiort  4,1  Introduction 


The  essumotions  end  s1epHHe«t<ons  oade  in  chapter  1  and  2  which 
regards  the  water  region,  aay  be  suaw&ri2ed  as: 

The  problew  is  two'dinensional  and  syMetrical  and  the  water  is 
initially  at  rest.  The  water  is  assuaed  to  be  inviscid  and 
incoepressible  which  aeans  that  the  flow  aay  be  represented  by  a 
velocity  potential.  The  surface  tension  is  neglected. 

Two  typical  situations  which  wiH  be  treated,  are  illustrated  in  Pig. 
4.1. 


y  , 

Pix.tl 

Pig.  4 . 1  d) 

sXUt 

^  llx,t| 

bl 


*he  coordinate  syste*  and  the  notation  is  the  saae  as  introduced  in 
chapter  2.  In  this  chapter  it  is  assuaed  that  the  pressure  distribu* 
tion  over  the  water  surface  and/or  the  action  of  the  body  is  known, 
and  the  flow  in  the  water  is  exaained.  There  are  several  aethods 
which  aay  be  applied  to  obtain  this  flow,  no  detailed  evaluation  of 
these  aethods  has  been  aide  in  this  work.  It  was  however  «  deaand 
that  the  aethod  should  not  have  any  other  restrictions  than  those  aen« 
tioned  in  chapter  t  and  2. 

The  aethod  chosen  is  a  boundaryintegral-eguation  technique  with  exact 
nonlinear  boundary  condition  based  on  Paltinsen  (n].  This  aethod  is 
described  in  section  4.2.  Running  of  e  coaputer  progrea  derived  froa 
the  aethod.  shows  that  probleas  aay  occur  in  soae  situations.  The 
probleas  are  connected  to  the  intersection  point  between  the  body  and 
the  free  surface.  This  will  be  explained  in  acre  detail  in  section 
4.4. 

Soae  effort  has  been  aade  to  overcoae  this  probleas.  A  aodificd  ver¬ 
sion  of  the  aethod  used  in  section  4.2  has  been  developed.  This  is 
described  in  section  4,3.  The  aodifications  have  however  not  been 
very  successful  in  solving  the  intersection*point  problea. 

In  section  4.4  so«e  nuaerical  exaaples  are  presented  and  coapared  by 
the  work  of  other  authors. 


Sect^on_4.?  A  boundary- inteoral-eouat ion  technique 

let  the  water  be  infinite  in  extent  and  be  of  infinite  depth.  Since 
we  have  assumed  irrotational  flow  in  an  incoapressible  fluid,  there 
will  exist  a  velocity  potential  t  which  satisfies  the  Laplace  equation 
in  the  ♦loid- 

.  0  (4.1) 
3y‘ 

'I'c  pressure  0  in  the  air  over  the  water  surface  aay  differ  froa  the 
ataosohenc  pressure  o».  and  sine#  th#  surfjic#  tension  is  oeole/.two 
the  dynamic  free  surface  condition  can  be  written  as: 


,  0 

dt  3y  dx  d- 

on  y  •  Clx.t) 


If  the'e  is  a  body  penetrating  the  water  surface,  the  boundary  con¬ 
dition  on  the  wetted  body  surface  will  be: 


4n 


Vlt)  Oj 


(4.4) 


where  V  as  before  is  the  vertical  velocity  of  the  body,  ^  is  the  y- 

coaponent  of  the  unit  noraal  vector  to  the  body,  which  is  assuaed  to 

be  positive  into  the  fluid,  and  --  is  the  derivative  along  this  noreal 
an 

vector. 


The  initial  condition  are  set  to  be* 


p  •  0  or.  the  free  surface  C  *  0 


(4.5) 


the  boundary  value  problea  defined  by  eq.  (4.1-4)  has  to  be  solved  for 
each  tiaesteo.  This  will  be  done  by  applying  Green's  second  identity 
to  the  velocity  potential  P  and  the  function  p  defined  by: 


P(x,y)  •  In  /(x-Xj)^  ♦ 

..here  (Xj.  Yj)  is  a  point  m  the  f luid-doaain. 
we  can  then  write* 

where  S*  •  S  *  S,  ♦  Sg  ♦  Sp  ♦  Sj 
which  are  illustrated  in  pig.  4.3. 


Pig.  4.3 


$  is  the  wetted  body  surface.  is  a  vertical  control  surface  at 
X  •  t-».  Sg  is  a  horizontal  control  surface  far  down  in  the  fluid,  Sp 
is  the  free  surface  and  Sj  is  a  cylindrical  surface  of  saall  radius 
and  with  axis  through  (xj,y])  perpendicular  to  the  x-y  plane. 

Since  the  problea  is  transient  with  the  fluid  initially  at  rest,  the 
contribution  to  (4,$)  fro*  S»  and  $g  are  both  zero. 

This  aeans  that  eq.  (4.5)  can  be  written  as 


9»(x,y!K  ,y  ) 

-2x«(x,,y,)  .  /  (tlx.y)  -  '  ♦''‘•''“'I'Vi 

^  (4.7) 

for  *x*  >  bf{t),  where  bp  is  large  coapared  to  the  half  width  of  the 
body  0,  we  can,  since  the  problea  is  syaaetrical,  approxiaate  4  to  the 
velocity  ootential  of  a  rfiool#  with  sfnoulArlty  in  nrino  and 
along  the  y-axis: 


at  2‘‘3x'  ‘3y'  ^  p„ 

on  y  •  <(x,t) 


whe^e  g  is  the  acceleration  of  gravity, 
the  kinematic  free  surface  condition  is: 


♦(x.y)  »  *1^ 

x‘*y^ 

where  A  at  this  stage  is  unknown. 

Dp(t)  is  assuted  to  be  so  large  that  no  wave  has  reached  the  points 
X  ■  2bp(t),  which  aeans  that  the  free  surface  outside  those  points 
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M*>1  coincide  mUK  the  x*«xjs.  Hence  the  contribution  to  (4.1)  fro* 
the  o*rt  of  Sf  Hith  X  >  bf  M‘ 


■  I  ♦  (y-y^l^dsCx.y) 

■*"'  s.*s  . 


ana  the  contribution  fro#  the  o*rt  of  with  x  <  *0^  i»  s 
•b-  d<?(x,y.x  ,y  )  xA/w  u\  I 

.{  Tn(«.y  '•  -  M.io) 

An  >n»'yt'C»l  exo-ession  for  ((x^.y^)  4nd  J(Xj,  y^)  ere  given  in 
-ef.  (13). 


•  U"  /  •  {yy^)*d*(x,y) 

J  Sj*  S.J 

.  4  id, ,7,1  •  A  Jd,,y,)  **.H) 

for  |x  I  >  bp,  ^  is  assuMd  to  b*  given  by  eq.  (4.8).  Kt  now  esiuM 
that  is  deternined  by  this  expression  elso  on  the  e1*«ent  NFt 

^  .  .  -i- 


When  solving  the  integral  equation  (4.1)  at  each  tiaestep,  ^  will  be 
known  on  the  body  by  the  use  of  the  boundary  condition  on  the  body 
(4.4),  and  8  will  be  known  on  the  free  surface.  At  the  first  tiaestep 
0  will  be  known  on  the  free  surface  frea  the  initial  condition  (4.S), 
which  also  deteraines  the  position  of  the  free  surface  at  this  tiae. 
When  the  problea  has  been  solved  for  one  tiaestep,  the  free  surface 
conditions  are  used  to  find  8  on  the  free  surface  and  the  position  of 
the  free  surface  for  the  next  tiaestep.  This  is  done  by  the  following 
tiaestepping  procedure-  If  we  follow  a  fluid  particle  on  the  free 
surface,  we  can  write* 


A .  -  I* 


If  th«s  is  inserted  into  eq.  (4,14),  and  all  the  known  parts  are 
gathered  on  tne  riqht«hand  side  of  the  eauation,  wt  will  have  for 
»  •  1.2. ...K. 

f  ,2  .  -  ,2 


2’'»,  •  J  <“ 


ot  *  at  *  ax  ax  *  ay  ay 

Using  the  dynaaic  free  surface  condition  (4.2)  this  becoaes: 
5*  .  .  ,  IriJlii  ,  (i*)  >1  .  ^ 


•  i  /  ■  'n/(«-x,)^  •  (y-y,)^  dt 


•!(«,. y,)  •  JiOj-yjilv  lil 


By  the  use  of  the  kineeatic  free  surface  condition  (4.3)  w«  can 
further  write- 


■L\  If  ■  rn''"'"'-*,'  •'''■7.'  « 

'  •  J  ’.J 


•  i  a» 

)•>  J  Sj*5.j 


Hhe-e  xp  IS  the  x-coordinate  of  the  fluid  particle.  A  fourth  order 
flunge-Kutta  aethod  is  used  to  perfora  the  tiaestepping.  no  investiga* 
t'ons  have  been  done  in  this  wofK  to  find  out  whether  any  other 
aethods  would  have  been  useful. 


rpr  0  •  ic»l ,  k«2, ..  .NF,  we  Hill  have  tiailar  equations  but  with  2ft8(  on  the 
otne*  S'de  of  the  eoual  sign, 

*hese  ecuat^ons  nay  be  written  in  aatrix  fora  as 


w*'r'e  t‘‘e  j"xnowns  are. 


When  solving  the  integral  equation  (4.7),  the  wetted  body  surface  and 
that  part  of  the  free  surface  lying  between  x  •  -bp  and  x  ■  bp  are 
divided  into  straight-line  eleaents  (see  Fig.  4.4). 


it  Si 


r’2"”^K.  an  ,,^/***  an., 


A  is  an  NF  X  NF  aatrix  with  eleaents: 


“j 


A^j  »  ■  /  ln/(x-X()**(y.7()*  ds(x,y)  -  «j^p[l{x^,yj)01x^,y^)]x^ 


**l,..,NF 

j»k«l...,NF 


The  elements  are  symetrically  arranged.  The  total  nuaber  of  eleaents 
are  2NF.  while  the  nuaber  of  eleaents  on  the  body  is  2K.  (For  the 
situation  illustrated  in  Fig.  4.1a,  K  will  be  equal  to  zero.) 

The  mdpomt  of  element  number  i  are  denoted  (x^.y^),  and  the  surface 
of  this  eleaent  will  be  called  S^.  It  is  assumed  that  both  f  and 
are  constant  over  each  element.  For  element  no.  i  these  constants 
Hill  be  denoted  ■  0(x,,yj  and  respectively.  Cue  to  the  sya* 

metry  o*  the  problea  it  IS  dear  that  8^  •  end  j*  ^ 

If  we  now  aody  the  integral  eq.  (4.1)  NF  tiaes,  putting  (x^.y^)  equal 
to  (x^.y^),  1  *  1,2,...,NF,  the  result  is: 


B.  -  I  U  /  In /(u-;  )^(y-y  )*  ds(x.y) 

'  J*i  ’"J  Sj*S.j  '  ‘ 

>•1  .  NF 


where  Oij  is  defined  by* 


256 


1  \t  i  •  i 
0  "if  >  t  3 

When  th«  «lQet)rA'c  «Quat'on  systeit  (*.17)  has  b«en  solved,  the  flOM  In 
the  Mu^d  wtM  t>e  detereined  for  the  actual  tine  Instant  Me  are 
dealing  Nith.  In  order  to  steo  the  solution  forMard,  the  substantive 
derivatives  given  by  eq.  (4.ll*13)  Hill  be  aoplied  to  the  fluid  par¬ 
ticle  at  the  nidpoint  of  each  elenent  on  the  free  surface.  We  then 
need  to  knoM  and  for  the  eidpolnts,  Hhich  can  be  calculated 
N'len  the  equation  systen  (4.1?)  has  been  solved.  The  tlaestepping 
mIU  give  new  values  for  the  velocity  potentidal  ^  on  the  free 
Surface,  and  nen  positions  of  the  fluid  particles  Mhere  these  4-values 
are  valid.  Knowing  these  new  positions  for  the  fluid  particles,  new 
eleeents  have  to  be  arranged.  The  aidpolnts  of  these  new  elements 
will  not  always  coincide  with  the  positions  of  the  fluid  particles, 
and  in  tnat  case  the  value  of  4  at  the  new  aidpoints  Mill  be  deter¬ 
mined  by  interpolation. 

Mow  the  new  elements  are  arranged  and  how  the  Interpolation  are 
carried  out,  are  explained  in  acre  detail  in  Appendix  A. 

After  the  fluid  action  has  been  deteralned,  the  8ernou11i  equation  aay 
be  used  to  obtain  the  force  on  the  wetted  surface  of  the  body. 

However,  another  procedure  is  used.  This  is  derived  by  Faltinsen  [l3) 
and  he  finds  thst  the  force  on  the  wetted  surface  of  the  body  is: 


constant  over  each  element.  This  corresponds  to  4  varying  linearly 

over  the  elements.  is  this  constant  value  f  “  eleeent  no.  i. 
on^ 

He  now  need  to  introduce  for  each  elepaent  two  .  ;nctions  H|(x,yl  and 
•*2(x.y)>  They  are  defined  to  vary  linearly  over  the  eleitentt, 
w|  decreasing  froa  1  to  0,  and  wj  increasing  froa  0  to  1  when  eoving 
•long  the  eleaent  froa  the  ryeaetryline  and  outwards. 

If  we  aoply  the  integral  equation  <4. 7),  putting  (xj^yi)  equal  to 
(X),y{l  the  result  will  now  become: 


-Zretx^.y^)  ■  I  l4j  ^  ^  ln/(x-x^)®*(y-y^)*  dS(x,yl 

j.l  Sj.S_j 

*  *j*l  ^  "2  In  ilS(x,y) 


-  U  /  ln/<»-x,|.(y-y,)*  05(x.y)l 
1  Sj.S.j 

•  *li(x,.y()  ‘  0(«,.y,)J  M.J2) 

6y  applying  the  same  compression  for  A  as  before  {t.li)  and  by 
gathering  the  known  ttras  on  the  right  hand  side.  (4.22)  any  fcr 
i"l,2,...K  be  rewritten  as: 


/  dndS  < 


/  Pwgynbs 

s*s. 


(4.21) 


Section  4  3  A  Modified  Method 

As  nentioneo  in  section  4.1,  soa«  probleas  aay  occur  at  the  intersec¬ 
tion  between  the  body  surfftcc  and  the  water  free  surface.  In  an 
attempt  to  overcoat  the  probleas  soae  modifications  to  ;he  pre¬ 
viously  described  method  has  been  developed.  The  aooi'ications  have 
been  based  on  the  following  considerations*  In  the  method  in  section 
4,2  new  position  of  the  free  surface  and  new  values  of  4  on  the  free 
surface  are  calculated  by  tiaestepping  of  fluid  oartieles  at  the  aid- 
points  0*  the  old  elements.  It  is  then  necessary  to  create  new  free 
surface  eleaents  and  calculate  the  value  of  4  at  the  midpoints  of 
these.  One  way  of  doing  this  is  described  in  Appendix  A.  However  if 
the  curvature  of  the  free  surface  is  large,  the  position  of  the  new 
elements  are  strongly  dependent  on  the  details  of  this  new-element- 
creation-orocedure.  To  avoid  this  it  would  have  been  better  to  use 
the  endpoints  of  the  elements  as  f luidpartieles  which  shall  be  given 
new  position  and  new  4-value  by  the  timestepping  procedure.  This 
would  have  deterained  the  new  free-surface  eleaents  directly. 

Anothe**  consideration  which  has  been  made,  was  inspired  by  Lin  et.al. 
{l4).  Tney  used  the  Vinje  and  Srevig  [is]  approach  based  on  Cauchy’s 
theorem  and  made  one  modification  to  this  method  at  the  intersection 
point.  In  these  methods  the  velocity  potential  4  mnd  the  stream  func¬ 
tion  4  varies  linearly  over  each  boundary  element.  4  is  known  on  the 
body  bv  the  use  of  the  body  boundary  condition,  and  4  is  known  on  the 
water  free  surface  in  the  same  way  as  in  section  4.2.  Vinje  and  8re- 
vig  chooses  4  to  be  the  known  function  at  the  intersection  point  bet¬ 
ween  the  body  and  the  free  surface.  The  modif ieai^'*"  <2ade  by  Lin 
et.al.  (14}  was  that  they  assuaed  that  both  4  and  4  was  known  at  the 
intersection  point,  and  reduced  the  algebraic  equation  system  with  one 
equation,  tin  et.al.  (l4]  found  that  this  modifications  improved  the 
method  and  that  the  probleas  at  the  intersection  point  was  reduced. 
I*  a  similar  modification  could  be  aade  to  the  method  in  section  4.2, 
It  would  be  worth  trying. 


I  ♦ 

J.2 


!  / 


-1  ti;  'r'/x-Xjj^ry-y,)^  . 


•  I  "2  f;;'"nx-xj)l.(y-yj)1  dsl 


•  "Z  ^  /  -  ln/x-x,)*.(y-y,)*  . 

;“•>  j  Sj'S.j 

-  !:!x,,y,)  . 


NF 

I  •>:{  / 


-  "1  ts>X-Xi)^(y.y,)*  , 


•  /  -  »J  |;1n/x-x,)*.(y-y,)^  dS) 

•  ‘Nfu  ^  c'  "2  « 

^F*®.NF 

♦  Z  I*  /  1d/x-x,l^(y-y,l*  dS  (1.23) 

j.l  Sj.S.j 

For  i  «  k*l,...NF,  the  term  2ff4|  will  be  on  the  other  side.  These 
eouaticns  may  be  written  in  matrix  form: 


A  X  •  t 

With  unknowns 


(4.24) 


The  above  considerations  has  lead  to  the  following  modifications  in 
the  method  in  section  4,2*  The  wetted  surface  of  the  body  and  that 
part  the  f^ee  surface  which  lies  between  x  •  -bp  and  x  ■  bp  are 
divided  into  2NF  eleaents  as  before.  Now  the  endpoints  of  element 
no.  i  Hill  be  (xi.y,)  and  (xi*t,y{«{).  The  velocity  potential  4 
varies  linearly  over  each  element.  The  value  of  4  at  the  endpoint  is 
now  denoted  4^  •  4(Xj,y^).  However  is  still  assumed  to  be  a 


* .  . ) 


a^d  e’ements  of  the  coefficient  matrix  A  will  now  be: 
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A  -  2n6  •  /  «  f-ln/x-x  )^(y-y  dS(x.y) 

I  ^  '  ‘ 

<»J.,  ,SP 
J«1 


*<j  *  •  5  (s  "i  «s 

'•1.2.  ..N*" 

;*2.3....v 


t'  th«  dfoo)t  •pproxfMtfon.  e<^.  (4.6)*  are  used  far  away  frot  the 
txKty.  it  out  that  tt>e  conjtributioo  froa  Sg  and  is  zero.  The 
4:ontritution  t^oa  Sp  outside  x  •  ibf  eey  also  be  calculated  by  the  use 
«<  the  di^le  coproxiiutlon  (n  this  area.  Still  assuaing  that  |||  is 

constant  over  each  oleaent  eq.  (4.28)  becoaes: 


V*  * 


(4.21) 


v^ftrt  oSj  is  the  length  of  ,*)eaent  no.  J.  * 

using  the  iaae  expression  for  A  as  before  (see  eq.  (4.15))*  r.fis  can 
be  rcf«ritteft  as: 


■f  <  '  ’ 


The  eieeents  of  the  vector  o  is: 


Nf-l 

I  ^ 


an, 


ASj 


NF".  X 

n“)  •  -  } 


yt 


j«l  •  j 


&SJ 


(4.30) 


Mtth  thv^  unArvofi^n  terat  on  the  left  side. 

This  eouation  %ay  be  used  instead  of  one  of  the  equations  in  the 
equation  systea  (4.24).  If  equation  no.  i  is  interchanged*  the  nen 
coefficients  a"*: 


j«k4i  J  S.4S  , 

J  "J 


NF  j 

1  h  >''/»-«,)’*(y-yi)^  as  -  J«4,j) 


(4.26) 


■♦Nr.,  /  -2 

*NF  .ue 


I;;  ln/(x.K,)*.(y-y,)*  dS 


1 1?  /  > 
)  Sj.S.j  ’  ' 


^0*  fit  case  k«0 


i  “xk  '"’^r-«i!*‘<yyi)^  6s  -  2.s, ) 


s{s"‘ ^ 

■  /  -2f;'-''Cx/^(^4S-2x6  1 

J-1  -(j-1) 

■  ‘Nr.,  ,  I  -2  Is  '"/x-x,)^(y.y,)*  dS 
Nf‘  -»iF 
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(4.31) 


the  introduet«on  of  the  tq.  (4.30)  corresponds  to  the  use  of  t  as 
knoNh  at  the  intersection  point  in  the  Vinje*Srevig>aethod.  This  aay 
be  explained  as  fodOMs.  If  na  look  st  that  part  of  the  free  surface 
Sp  having  X  >  0.  it  is  true  that: 


I  Pn  «  •  /  I*  «4  •  *,  -  *,  (4.22) 

5p  5p 

Hhieh  aeans  that  ^  knottn  if  ej.  Mhich  Is  6  at  the  inter¬ 

section  point,  is  §iven. 

The  nethod  described  in  this  section  is  used  in  a  cooputar  prograa. 
This  has  been  run  for  the  case  of  a  cylinder  oscillating  vertically 
in  the  free  surface.  The  nethod  hes  been  tried  Mith  and  without 
interchanging  one  of  the  equation  in  the  equation  syste*  (4.24)  with 
the  Aquation  (4.30),  The  only  nay  to  avoid  instability  in  the  solu¬ 
tion  IS  to  interchange  equation  (4.30)  with  equation  nuaber  KAl.  This 
iteans  that  the  equation  foraeO  by  setting  (xj.y^)  equal  to  the  inter¬ 
section  point  (x|(«}.y)(«|)  in  the  integral  equation  (4.7)*  is  not  used. 
In  this  form  the  modified  method  in  this  section  has  been  compered 
with  the  method  in  section  4.2  and  with  the  numerical  results  obtained 
by  othe'*  authors.  This  is  presented  in  section  4.4. 

The  numerical  results  shows  that  the  modified  method  do  not  handle  the 
intersection  point  problem  any  better  than  the  method  in  section  4.2. 
If  the  modified  method  is  used  in  the  case  k«0*  which  Mans  that  there 
is  no  body  penetrating  the  free  turfece,  it  is  not  possible  to  avoid 
instability  in  the  solution  whether  the  equation  (4.30)  is  used  or 


In  order  to  step  the  solution  forward*  the  substantive  derWetives 
given  by  eq.  (4.11-13)  will  now  be  applied  to  the  f luidparticles  et 
the  endpoint  for  each  element  on  the  free  surface.  To  carry  out  this* 


and  ^  have  to  be  known  at  the  endpoints.  However  with  the  model 


y 

Jx  *  3y  a.  a* 
used  here,  and  r* 

This  means  that 


will  generally  be  singular  at  the  endpoints. 

34, 


each  element, 
polation. 


and  7*  have  to  be  calculated  et  the  midooints  of 
and  then  the  value  at  the  endpoints  are  found  by  inter¬ 


net. 

Instability  here  Mans  that  |||  on  the  free  surface  shows  large 

oscillations  for  each  element  when  moving  along  the  surface*  see  Fig. 
4.S.  This  is  not  unexpected  since  in  this  case  the  eq.  (4.7)  will  be 
a  Fredholm  integral  equation  of  1.  kind  over  the  entire  boundary. 

Section  a. 4  Numerical  results  and  discussion 


The  computer  programmes  developed  form  the  two  methods  described  in 
Another  modification  to  the  method  in  section  4.2  is  also  made.  Since  section  4.2  and  4.3  are  compared  with  the  work  of  other  authors.  For 
the  fluid  is  incompressible,  we  will  have  that:  brevity  the  two  programmes  are  called  SLH  and  SLM'Hod.  respectively. 


Two  different  cases  are  calculated. 

In  the  first  case  both  programmes  art  used  to  calculate  the  force  on  a 
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cylirxJer  with  forced  vertical  05cilUtiof>  (position  of  center: 
y(t)  ■  $in  ut).  The  results  are  conoared  Hith  results  obtained  by 
Faltinsen  using  a  orograme  based  on  the  saae  Method  descried  in  sec¬ 
tion  4.2  and  oresented  in  (u],  and  also  Nith  results  presented  by 
Vinje  and  Brevig  {is].  Fig.  4.6  shows  the  results  for  the  three 
values  of  the  amplitude:  Ha/r  •  0.1,  0.3  and  0.6  (r  Is  radius  of  the 
cylinder),  u/r/g  •  1.0. 

The  good  conforalty  between  the  results  for  H^/r  •  0.1  Indicates  that 
there  are  no  bugs  in  the  programmes,  but  the  deviation  In  the  results 
for  H^/r  •  0.3  and  0.6  is  difficult  to  explain. 

The  reason  why  the  ease  H^/r  •  0.6  Is  not  calculated  for  higher  time 
values,  IS  that  the  calculation  breaks  down  shortly  after  because  of 
problems  with  the  element  lying  closest  to  the  Intersection  point.  In 
Fig.  4,7  the  elements  on  the  cylinder  and  the  free  surface  are  shown 
for  the  two  last  timesteps  before  the  programme  SLM  breaks  down. 

As  seen  from  the  force  curve  In  Fig.  4.6  the  programme  SIM-Hod.  tends 
to  break  down  even  before. 

The  second  case  which  are  used  to  test  the  programmes.  Is  one  which 
are  presented  by  Doctors  (l6].  He  uses  a  triangular  pressure-element 
acting  on  the  free  surface  of  the  water.  The  pressure-element  as  a 
function  of  position  x  and  time  t  is  defined  by  Fig.  4,6.  The  free 
surface  elevation  which  is  the  result  of  the  pressure-element,  Is 
calculated  by  a  method  which  «s  based  on  potential  theory  and  with 
It.'ieir  free  surface  condition. 


In  Fig.  4.9  results  presented  In  [l6)  are  compared  with  results 
obtained  by  the  programme  SLM.  Because  SIM  Is  based  on  exactly  free 
surface  conditions,  the  value  of  the  parameter  Ax  has  to  be  chosen. 
Since  the  Inttntlon  Is  to  compare  with  the  linear  case,  the  parameter 
Ax  has  to  be  chosen  In  such  a  way  that  the  slope  of  the  free  surface 
Is  small.  From  the  figure  It  Is  seen  that  tlie  maximum  value  or 
Pw9{/Po  approximately  equal  to  one.  So  the  cholse  has  been  made: 
P^Ax/Pq  «  too  or  AX  •  1000  m. 

The  agreement  in  the  results  are  good,  and  since  this  case  are  very 
«1m1lAr  tn  tn*  aIamiho  rase  for  the  time-oerlod  before  the  body  makes 
contact  with  the  water,  the  programme  SIK  seems  to  be  well  suited  for 
calculating  f lat-bottoeed  slamming. 

As  mentioned  before  the  programme  SIM-Mod.  Is  net  able  to  csTculate 
this  case  properly  because  |||  on  the  free  surface  oscillates  when 
moving  along  the  surface. 


FORCe  ON  CYUI10CR  IN  HEAVe  MOTION 


ri9.  «.e  « 


rORCe  ON  CYUtNOCA  IN  KAVe  MOTION 


ri9.  «.S  b 
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FORCC  CN  CTLIfCCR  IN  ICAVC  HOTION 


Pi9.  4.6  € 


«^ACe  CLEVATION  OX  TO  fRCSSURC  QXKNT 


rig.  4.9 


CMAPTt^^! _ CAlCtHATION  OF  PLAT^BOTTOHEO  SUHHINC 

SPCt<on  S.l  G»n«r>T 

M  MpntfoAei  at  th«  end  of  chapter  )  end  4  the  prograiHae  CHAJt'S  Hhich 
was  bated  on  the  laethod  described  in  ref.  {It)  end  th«  progreiMie 
SIN  which  was  developed  free  section  4.2,  will  be  used  ct  tubprograa* 
•rs  in  the  overall  celculetlon  of  the  f let«botto»ed  sleamlng  problem, 

for  each  tUestep  CHAR«$  is  used  to  celculete  the  pressure  eetlng  on 
th^  water  surface  between  x  •  *6  and  k  •  b.  Outside  these  points  the 
rrrssure  1$  set  equal  to  the  ataospherle  pressure.  The  value  of  the 
rr^ssure  at  the  aidpoint  of  each  free  surface  eleaent  are  then  used  In 
equation  (4.11)  in  order  to  Step  the  solution  In  the  fluid  forward. 

In  tne  prograaae  CHAR’S  it  is  necessary  to  use  auch  saalter  tieesteps 
than  will  be  used  in  the  overall  prograiwe. 

Hben  the  solution  In  the  water  region  has  been  obtained  at  tiae  tj, 
then  the  pressure  in  the  alrgap  at  tj  will  be  calculated.  In  this 
caVijiation  h(M.t)  will  be  needed,  and  it  is  found  by  the  use  of 
l4near  interpolation  between  h(x,tj.i)  and  h(x.tj). 

*hr  ealculatrd  pressure  distribution  in  the  alrgap  and  the  above 
stateaent  that  the  pressure  outside  the  gap  Is  set  equal  to  the 
atnosnheric  pressure  together  results  in  a  pressure  distribution 
arting  on  the  water  surface  which  Is  not  saooth  at  the  edge  of  the 
body. 

The  pressure  distribution  before  and  after  the  flow  In  the  air  has 
'^•aphed  supersonic  soeed  are  illustrated  in  fig,  S.T. 

In  a  real  ease  however  the  pressure  distribution  will  probably  ba 
seoothed  out  Over  a  distance  in  the  order  of  eagnitude  equal  to  the 
wtd»h  of  the  airgap  at  the  edge  (see  ($1).  In  the  present  numerical 
rsViilat'on,  only  the  value  of  the  pressure  at  the  Midpoint  of  each 
ffM  surface  eirsent  is  used  as  input  to  the  calculation  of  the  flow 
in  the  fluid.  This  Means  that  the  pressure  distribution  art  SMoethed 
out  over  a  distance  equal  to  the  size  of  the  surface  eleoents. 


Pig.  5.1 


Section  5..2  Qi^ensip’ial  analysis 

^he  pressure,  o.  under  the  body  and  the  surface  elevation.  will  be 
calculated  as  a  function  of  x  and  t.  The  paraaeters  Involved  In  the 
probie*  are; 


ualfwidth  of  the  body 

t; 

[•] 

Oeadr»se  angle 

9 

(-1 

Hass  of  body 

H 

(ka/.) 

Position  of  the  body  when  the 

nurericat  calculation  starts 

"o 

i»i 

Velocity  at  this  ooint 

Vo 

(■/») 

Density  0*  water 

Pw 

(ka/.*l 

Atwosoheric  pressure 

Po 

(o.l 

Density  of  air  at  atnospheric  pressure 

Po 

(kg/.’l 

Adtebatic  constant 

r 

(-1 

Acceleration  of  gravity 

9 

(•/»•) 
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One  c^o♦ce  'li  then  to  wnit®  th»t- 

P/Pq  »n<j  are  a  *unct<on  o»* 


X 

b 


py 


•  »  r 


Here  Vo/»'t^7po  **  the  Mach  rtMber,  and  Vp/^bg  has  the  sa«e 

fora  as  a  Proude  nuiaber.  Instead  of  f^/pjo^  It  would  have  been 
possible  to  use  Mg/p^b*  but  since  the  motion  of  the  body  will  be  doei- 
nated  by  its  aass  and  the  pressure  force  on  the  body  rather  than  the 
gravity  force,  the  foraer  will  be  used. 


In  order  to  coapare  with  the  results  presented  by  Koehler  end 
Kettleborough  (?],  ease  A  in  table  5.1  has  been  calculated  with  three 
different  deadrise- angles.  In  [f]  y  ■  1.0  was  used,  but  there  is  no 
soec^fic  inforaation  about  the  nuaber  of  tleaents.  However  the 
figures  In  [t]  indicates  that  HA  «  S.  These  values  together  with 
NP  •  20  has  therefore  been  used  in  thit  coapariaon. 

The  results  are  presented  in  Fig.  5.2*6. 

Fig.  5.2  eoapares  the  pressure-tiae  history  at  the  eanttrlint*  The 
curves  froa  [t]  are  translated  along  the  t*axia  to  that  the  body  hes 
the  position  H  •  0.0  et  the  sane  tiat  as  in  the  present  celeulation. 


In  aodition  to  these  paraaeters  which  describes  the  physical  problea, 
the  computer  prograiwe  also  contains  paraaeters  which  defines  how  the 
free  surface  initially  is  divided  into  eleaents,  as  well  is  the 
interval  &tit)  between  the  tiaesteps. 

In  the  calculations  which  have  been  aade  with  the  prograaae.  free 
surface  eleaents  of  eoual  length  have  been  used.  The  nuaber  of  ele* 
nents  between  x  »  0  and  x  ■  b  is  called  NA,  and  NF  is  as  before  the 
total  nuaber  of  eleaents  along  the  positive  x^axis.  This  aeans  that 
the  end  of  the  last  eleeent  is  at  the  position* 


In  the  CHAR'S  subprograaire.  which  calculates  the  pressure  in  the  eir, 
the  nuaber  of  eleaents  along  the  x*axis  between  x  •  0  and  x/b  •  1.0  is 
H  «  2  NA. 


See t lon^ .3  NuaeHeal  results  and  diseussjon 

Three  cases  which  has  been  investigated  in  the  litterature  wilt  be 
used  for  coaparison.  The  first  one  is  one  of  the  eases  which  was 
•easured  exeeriaentally  by  lewison  and  Maclean  (s).  The  sa»e  ease  was 
also  calculated  nuaerically  by  Koehler  and  Kettleborough  (t).  The 
aodel  used  by  tewison  and  Maclean  was  coapletely  flat«bottoaed,  but 
Koehler  and  Kettleborough  aade  calculations  for  the  saae  body  but  with 
three  dtfferent  deadrixe  angles  (R  •  0,  6  •  0.25  and  fl  •  0.5  deg.). 

The  two  next  eases  was  investigated  both  experiaentally  and  nuaeri* 
dally  by  verhagen  (<] .  The  aodel  is  the  saae  for  both  eases  but  two 
different  drop  heights  are  studied. 

Data  for  all  the  three  eases  are  given  in  tebte  5.1. 


Case 

b 

f-i 

M 

(kg/mj 

Oropheight 

(.1 

Reference 

A 

1.5 

4014.0 

1.52 

(5).  (Tl 

0.2 

20.0 

0.01 

(ol 

0.2 

20. 0 

0.40 

(«) 

Table  5.1 


In  the  present  work  the  starting  point  of  the  nuaerical  calculation  is 
selected  so  that  H^/b  ■  0.2  in  ease  A  and  C,  and  H^/b  •  0.1  In  case  C, 
and  then  is  calculated  by  assuaing  that  only  gravity  forces  are 

acting  prior  to  this  aoaent.  For  ease  A  was  selected  to  be  the 

sare  as  used  by  Koehler  and  Kettleborough.  The  values  of  and 
for  the  three  cases  are  given  in  table  5.2. 


Case 

Ho 

HI 

Vo 

(•/si 

A 

0.3 

-4.68 

8 

0.02 

•0.625 

C 

0.04 

2.66 

In  order  to  see  the  effect  o*  the  choist  of  y.  case  A  with  6  ■  0.0, 

NA  ■  5.  NF  •  20  has  been  calculated  also  with  y  *  1.4.  In  Fig.  5.10 
the  pressure  at  the  centerline  is  coapared  for  the  two  values  of  the 
adiabatconstant. 

In  section  5.1  it  was  Mentioned  that  the  discontinous  pressure  at  the 
edge  of  the  body  will,  in  the  present  nuaerical  aodel,  be  saoothed  out 
Over  a  distance  equal  to  the  si2e  of  the  surface  eleaents.  To  see  the 
effect  of  this,  case  A  with  6  •  0.0,  y  ■  1.4  has  alto  been  calculated 
with  NA  •  20.  NF  •  60.  The  results  are  given  in  Fig.  5.11*-12.  The 
influence  on  the  pressure  and  the  surface  elevation  at  the  centerline 
is  saall.  but  the  shape  of  the  free  surface  and  the  pressure  close  to 
the  edge  of  the  body  is  very  different. 

NA  •  5  is  probably  far  to  less  to  handle  the  steep  pressure*curvature 
at  the  edge  of  the  body,  and  this  valua  of  NA  has  only  been  used  in 
the  present  work  to  aake  the  coopsrison  with  the  results  presented  by 
Koehler  and  Kettleborough  [t]. 

It  aay  even  be  that  NA  ■  20  is  to  snail  but  further  investigation  of 
this  has  not  been  done. 

As  Mentioned  before,  case  A  has  alto  been  investigated  experiaentally. 
In  (5)  tiae^history  curves  at  x/b  ■  0.0,  0.5  and  1.0  are  prestend.  If 
these  curves  shall  be  coMpared  with  the  present  calculation,  it  it  not 
clear  where  the  t-axis  shall  start  since  the  position  of  the  body  is 
not  given.  The  saae  nroblea  also  occurs  when  pressure*ti»e  history 
for  case  8  and  C  are  to  be  coapared  with  the  curves  presented  fn  ($]. 
Koehler  and  Kettltborough  assuaes  that  the  aaxiaua  lapaet  pressure  is 
reached  at  the  aoaent  of  contact  between  the  body  and  the  watsr  sur* 
face,  this  would  of  course  solve  the  problea  of  locating  the  t*axis 
since  the  tiae  of  aaxlaua  pressure  is  given  in  the  curves  presented  In 
[s]  and  (6).  However  the  aaxiaua  pressure  will  probably  not  be 
reached  at  the  aoaent  of  contact.  The  arguaent  for  thit  ft  that  at 
the  tiaeinstant  when  contact  is  aade,  results  froa  the  present  nuaeri¬ 
cal  aethod  Shows  that  the  downward  velocity  of  the  water  surface  has 
not  reached  the  saae  Magnitude  as  the  velocity  of  the  body.  Mhich 
aeans  that  after  the  tiae  of  contact  the  airbubble  under  the  body, 
will  be  coapressed  for  soae  period  of  tiae, 

Verhagen  [5]  uses  a  siaplified  aethod  to  calculate  the  pressure  in  the 
airbubble  after  contact,  but  it  is  not  indicated  on  the  curves  at  what 
tiae  the  contact  is  aade. 

Because  of  this  probleas,  any  direct  coaparison  between  the  pressure- 
tiae  history  curves  presented  in  [s]  and  (5)  and  those  calculated  by 
the  present  Method  has  not  been  plotted. 

The  results  of  the  present  calculation  of  case  6  and  C  are  instead 
gwen  i  Fig.  5.U-15. 

The  pressure  on  the  centerline  at  the  aoaent  of  contact  as  presented 
in  Fig.  5.12.  14,  15  is  Significantly  saaller  than  the  aaxiaua 
pressure  round  in  (s]  and  [s], 

Koehler  and  Kettleborough  explains  this  deviation  for  case  A  by 
assuaing  that  the  larger  aaxiaua  pressure  obtained  in  exptrfaents 
occurs  because  the  flat  bottom  of  the  bedy  aay  not  be  coapletely 
parallel  to  the  water  surface.  This  explanations  aay  well  be  true, 
and  the  very  large  influence  of  saall  variations  in  the  deedrise- 
angie,  which  has  been  caleualated  both  by  Koehler  and  Kettleborough 
Ct]  and  in  the  oresent  work,  support  this. 
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However  the  deviation  between  the  pressure  calculated  at  contact  by 
the  oresent  aethod  and  the  aaxiaum  pressure  obtained  in  expefia«hts 


«•«/  also  be  partly  explained  by  assuMing  that  tho  MaxiBue  pressure 
Htll  not  be  reached  unt>l  a  short  tiBe-period  after  the  calculated 
contact.  The  argunent  tor  this  Has  stated  above. 


PKSSURC  OIST^ItUTION 


ri^.  i.M  C«««  C, 


CHAPTCa  6.  CONCLUSIONS 

The  discussion  st  the  end  of  the  previous  chspter  shows  that  it  is 
necessary  to  calculate  the  pressure  on  the  bottoe  of  the  body  also 
after  the  tiM  of  contact  between  the  body  and  the  elevated  water  sur¬ 
face.  Without  such  inforaation  it  is  not  possible  to  eoapare  the 
pressure  build-up  calculated  in  the  tiae-period  before  contact  by  the 
present  nuaerical  aethod  with  experiaental  results. 

As  regarding  the  calculation  of  the  flow  in  the  water*  this  work 'has 
shown  that  the  aethod  described  in  section  4.2  aay  be  used  in  the  pre¬ 
sent  situation  without  instability  probleas,  despite  the  fact  that  the 
integral  equation  which  is  used  is  a  Fredhola  integral  equation  of  t. 
kind  along  the  entire  boundary.  The  coaparison  with  Doctors  which  was 
aade  in  section  4.4  also  indicates  that  the  surface  elevation  due  to  a 
pressure  distribution  acting  on  the  water  surface  is  calculated  quite 
correctly. 

For  the  purpose  of  calculating  the  flow  in  the  air*  three  aethods  have 
been  used.  They  supoort  each  other*  but  no  independent  coaparison 
with  other  results  has  been  aade. 

The  results  of  the  present  work  shows  that  the  influence  of  a  saall 
deadriseangle  is  very  large. 

The  present  work  also  shows  that  the  saoothening  of  the  calculated 
discontinuous  pressure  distribution  has  a  large  effect  on  the  shape  of 
the  water  surface  and  the  pressure  close  to  the  edge  of  the  body. 
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Appendix  A 

This  appendix  describes  how  new  eleaents  on  the  free  surface  are 
generated  and  how  the  velocity  potential  A  at  the  aidpoints  of  the  new 
eleaents  is  calculated  in  the  prograaae  SLH  which  is  based  on  section 
4.2. 

Suppose  that  the  fluid-particles  at  the  aidpoints  of  the  old  eleaents 
on  the  free  surface  are  given  new  positions  by  the  use  of  the  tiae- 
stepping  procedure  described  in  section  4.2.  These  new  positions  are 
designated  Qi  (i  •  1....4)  in  Fig.  A.l. 


For  the  new  eleaents  which  will  be  generated,  the  position  of  the 
''ight  endoomt  of  an  eleaent  is  coaaon  with  the  position  of  the  left 
endooint  of  the  next  element. 

The  position  of  the  endpoitn  P  lying  between  Q  and  Q  in  Fig.  A.l  is 
found  as  follows 

i  *s  the  straight  line  through  Q  which  is  parallel  with  the  line 
between  and  Q^. 

1  is  t"e  straight  line  through  which  is  parallel  with  the  line 
between  Q  jnd  Q  . 

1^  is  the  noraal  at  the  aidpoint  on  the  line  between  and  Q^. 

P  *.s  the  intersection  between  1  and  1  . 

«  •  > 

P  is  the  intersection  between  1  and  1 

t  I  I 

and  finally  P  is  the  aidpoint  between  P^  and  P^. 


Soae  of  the  endpoints  cannot  be  found  in  this  way.  (See  Fig.  A. 2.) 


Fig.  A. 2 


The  endpoint  P^  in  Fig.  A, 2  is  the  intersection  point  between  1  and 

1  .  * 
t 

Endpoint  P^  -s  the  intersection  pnint  between  1  and  1  . 

The  y-coordinate  of  endooint  P  is* 

y(<>^)  .  2  y(O^)  .  y(P^) 
and  the  x-coordinate  is: 
x(P^)  -  Xb 

The  y-coordinat  of  endpoint  P^  is* 
y(®,)  •  2  y(O^)  "  y(p^) 

and  the  x-coordinatt  of  endpoint  is  found  by  the  condition  that 
P^  shall  be  on  the  body  surface. 

The  aidpoints  of  the  new  eleaents  will  not  coincide  coaplettly  with 
the  points  Q,  which  >s  the  position  the  fluidpartlclei  w*®  given  by 
the  tiaestepping  procedure.  The  tiae-steping  also  gives  new  values  of 
e  at  the  points  Q.  The  value  of  ♦  »t  the  aidpoints  of  the  new  ele- 
aents  are  then  calculated  by  linear  interpolation  along  the  free  sur¬ 
face.  An  exaaples  of  how  this  is  done  in  detail  is  illustrated  in 
Fig.  A. 3, 

and  0^  are  the  values  of  the  velocity  potential  at  and  Q^. 


Fig.  A. 3 


p  IS  a  newly  calculated  endpoint,  and  we  want  to  find  (new)  at  the 
new  aidpoint  QJnew),  s,  is  the  distance  PQ,.  s,  the  distance 

PQ  and  s  is  the  distance  PQ  (new).  The  following  expression  for 
11  < 
the  new  velocity  potential  is  then  used: 

s  .s 

a  (new)  to  *  (0  •  0  )  .’,4* 
j  •  *‘*11 
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DISCUSSION 
by  J.  Matusiak 

My  question  concerns  the  importance  of  air 
cushioning  loads. 

It  is  obvious  that  in  a  case  of  flat  plate 
inspecting  water  surface  it  has  a  very 
pronounced  effect.  However  an  increase  of 
deadrise  angle  might  significantly  increase  an 
"escape  of  air"  and  thus  decrease  its 
influence  on  slamming  loads.  Did  you  conduct  a 
numerical  experiment  in  which  you  calculated 
loads  (both  pressures  and  total  forces)  for 
the  air  cushioning  being  included  and 
disregarded.  If  so  what  is  practical  limit 
value  of  deadrise  angle  for  which  air  does  not 
cushion  the  slamming  loads? 


Author's  Reply 

This  is  of  course  a  most  interesting  and 
important  question. 

First  of  all,  since  I  only  carry  on  the 
calculation  until  the  moment  when  the  body 
makes  contact  with  the  water-surface,  I  do  not 
find  the  maximum  pressure.  Secondly,  I  did  not 
make  any  comparison  with  slamming  loads 
calculated  without  the  effect  of  air  cushion, 
so  I  don't  know  the  limit  value  of  the 
deadrise  angle.  But  if  you  look  at  Figs  5.5- 
5.8  in  the  paper,  you  can  see  that  a  change  in 
the  deadrise  angle  of  half  a  degree  gives  a 
dramatic  change  in  the  result.  So  my  guess  is 
that  the  effect  of  air  cushion  will  be  small 
for  a  deadrise  angle  in  the  order  of  one,  two 
or  three  degrees. 
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Pressure  Transients  in  Transitional  Boundary  Layer 
over  a  Solid  Surface 


Sin-I  Cheng 
Princeton  University 
Princeton,  USA 


I .  INTRODUCTION 


The  Navier-Stokes  system  of  equations  of 
an  Incompressible  fluid,  upon  neglecting  the 
gravity  and  other  extraneous  forces,  stands 
as; 

Continuity:  A  - 


Momentum;  +  uj 

(2) 


0 

3X1  (1) 

3u<  1  3p  ,  3^u-t 

3xj  p  3xi  3xj3xj 


The  continuity  equation  (1)  is  a  limiting  form 
of 

3u<  1  dp  1/3  3  ^ 

3x1  p  dt  p  3t  3X4 

(3) 


for  a  compressible  fluid,  when  dp/dt  vanishes. 

For  a  compressible  fluid  with  a  barotropic 
relation  p(p),  equation  (3)  stands  as 

/  3  .  3  .  2  /  3u4  .  \ 

<  3t  “J  3^7-)P  "^‘=  ^35^) 

where  c^  -  dp/dp  is  the  square  of  the  speed  of 
sound  in  the  medium  for  the  specified 
barotropic  thermodynamic  process ,  which  speed 
of  sound  becomes  infinitely  large  for 
incompressible  fluids.  Equations  (2)  and  (3a) 
define  an  initial  value  problem  with  the 
specific  choice  of  p<p)  and  the  intial  dataa 
for  the  solution  of  the  four  scaler  unknowns  p 
and  ui,  1-1,  2,  3.  Equations  (1)  and  (2)  is 
a  singular  limit  of  (?)  and  (3a)  when 
d/dt  p  vanishes  in  the  incompressibility 
limit.  There  is  no  explicit  means  to  advance 
pressure  in  time. 


1 


In  classical  hydrodynamics a  velocity 
potential  <fi  with  U£  -  7^  -  d/dx^  ^  is 
introduced  for,  an  irrotational  (w  -  7  x  u  -  0) 
flow,  the  continuity  equation  is  reduced  to  7‘ 
4-0  which  can  be  solved  without  any 
reference  to  pressure  under  suitable  boundary 
formulation.  For  steady  state  potential 
flows,  the  Bernoullis  relation 
p  +  pvL^/Z  -  B  as  an  integral  of  the  momentum 
equation  enables  us  to  find  p  where  .B  can  be 
evaluated  from  the  boundary  data.  For  time 
dependent  flows,  B~  3^/3t  depends  on  both  the 
initial  and  the  boundary  data  so  that  pressure 
transients  are  not  so  easily  determined  from 
the  Bernoulli's  integral  even  for  potential 
flows.  The  pressure  p(t,x)  and  the  velocity 
u(t,x)  should  be  solved  simultaneously  from 
equations  (1)  and  (2). 

In  the  absence  of  a  3p/dt,  (1)  serves  as 
a  subsidiary  condition  that  the  correct  p(t,x) 
must  evolve  simulataneously  with  u(t,x)  so  as 
to  keep  the  velocity  field  solenoldal  at  all 
times  and  everywhere.  In  the  computational 
solution  of  some  discrete  form  of  (1)  and  (2) , 
we  can  only  solve  them  iteratively.  We  hope 
that  the  successive  iterations  would  yield 
better  approximations  to  the  pressure  and  the 
solenoldal  velocity  fields  and  that  the 
sequence  might  eventually  "converge"  to  the 
true  solution.  Given  a  solenoldal  Initial  data 
'*1(0)  at  t  -  to  and  the  corresponding  initial 
pressure  field  P(0)-  We  wish  to  find  u^^^) 

(to  +  St)  that  is  solenoldal  at  to  +  5t  and 
its  corresponding  p^^^(to  +  3t).  We  do  not 
know  the  evolving  pressure  to  advance  uj  from 
(2)  throughout  the  interval  5t.  Hence  we  take 
it  to  be  the  known  p(o)  ”  P(t0>  some 

otherwise  conceived  pressure  field  p(o  1) 
evaluating  the  gradient  dp/dxi  throughout  x 
and  during  the  interval  ot.  Equations  (2) 
then  give  the  estimate  Ui(o,l)  **1(1)  •  This 
estimate  of  u^^o,!)  will  possess  some 
residual  divergence  A^o  1)  o'^ar  the  field.  We 
wish  to  devise  some  format  to  estimate  the 
correction  to  p(o  1)  such  that  P(0,2)  ”  P(0,1) 
+  5p(0,l)  that  wiil  generate  a  new ’estimate ’of 
"1(0,2)  with  a  smaller  residual  divergence 
^(0,2)!  and  its  repeated  application  yielding 
^(0  n)  ■*  ®  almost  everywhere  at  some 
sufficiently  large  n. 
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By  taking  Che  divergence  of  equation  (2), 
we  obtain 

,9  9  9^  s  A  .  ^u^  9u^ 

^  9t  9xj  ^  9xj9xj^  9xi  dxj 

1  9^ 

p  9xj9xj  (4) 


which  should  stand  as  the  evolution  equation 
for  the  divergence  A  of  Che  velocity  field. 
Equation  (4)  is,  however,  often  interpreted  as 
Che  Poisson  equation  defining  the  pressure 
p(t,Xi).  In  particular,  for  an  incompressible 
fluid  with  4  -  9uj^/9xj[  -  0,  we  have 


2o  -  - 


V^p 


9u< 


P  a 


9x< 


duj. 

oxi 


-  ■  I- “  P  (eij  eij  -  wy  wij)  (4a) 

so  that  Che  pressure  field  p(t,x)  can  be 
determined  from  the  solenoidal  velocity  field 
Ui(t,x)  at  any  time  t.  It  is  often  that 
P(0,2)  taken  as  some  discrete  solution  of 
(4a)  as  a  Poisson  Equation  with  the  source 
terms  estimated  from  the  perturbed  velocity 
field  uj:(o,l)  som&  weighted  averages  of 
"i(0,0)  aniui(o,i).  Alternatively,  P(0,2) 
may  be  taken  as  some  weighted  average  of  the 
solution  of  this  Poisson  equation  with  P(0,1) 
for  further  iteration.  There  are  numerous 
such  alternatives.  They  give  rise  to  a 
pressure  iterate  P(0,2)  significant 

spurious  oscillations  Chat  quickly  become 
chaotic  and  apparently  diverging  with  repeated 
applications.  The  use  of  smaller  £c  fails  to 
help.  The  spurious  oscillatory  field  has  to 
be  filtered  and  smooched  Co  keep  the  results 
bounded. (2)  Filtering  and  smoothing  has  been 
very  popular  and  built  into  many  robust 
computational  codes.  The  nature  of  such 
filtering  functions  is  obscure  and  its 
desirable  form  highly  problem- dependent. 


Clearly,  with  A/q^I)  -  9/9xi  Ui(0,i)  ^ 
0,  equation  (4)  should  be  used  instead  of 
(4a) .  To  solve  (4)  as  a  Poisson  equation,  we 
need  the  estimate  of  9/9c  A  which  may  be 
directly  estimated  from  A(o,l)  in  a  variety 
of  ways,  such  as  +A(o,l)/5ti  zero  or  - 
'^(0jl)/^b  depending  on  how  (4)  is  supposed  to 
achieve  physically  in  the  iterative 
procedure. (2)  such  iterative  solutions  of  p 
from  the  Poisson  Equation  (4)  also  failed  to 
converge  to  some  meaningful  u^^j  and  p^^)  at 
to  +  5t,  but  led  to  chaos.  Such  chaotic 
fields  are  numerical  turbulence  generated  by 
the  iterative  procedure  for  solving  the 
t^onlir.ear  system.  They  can  hardly  be 
suppressed  or  damped  by  any  reasonable  amount 
of  artificial  viscosity  that  might  be 
introduced  into  the  computational  algorithm. 


Such  computational  difficulty  of  securing 
detailed  mass  balance  by  varying  pressure 
prompts  the  development  of  computational 
methods  that  avoid  the  determination  of 
pressure.  Since  the  curl  of  the  momentum 
equations  (2)  eliminates  the  pressure 
explicitly  to  give  the  vorticity  transport 
equations : 


_  (a>-VX(UX«)tU7'^W 

where 


6)  -  7  X  u 


and 

72  u- 


92 


9xi9x 


Ui  -  -7  X  (1) 


(5) 

(6) 

(7) 


the  vorticity  w  may  be  advanced  by  (5)  and 
the  velocity  u  solved  from  (6)  or  (7), 
apparently  without  any  explicit  reference  to 
pressure.  This  approach  has  been  quite 
successful  for  flows  in  two  space  dimensions 
where  the  continuity  relation  can  always  be 
satisfied  with  a  stream  function,  and  the 
vorticity  vector  with  only  one  nonzero 
component  72]^$  is  always  solenoidal.  The 
vector  equation  (5)  is  simplified  to  a  scalar 
equation  of  vorticity  transport.  This  stream 
function  \l>,  and  hence  the  velocity-vorticity 
field,  can  be  solved  computationally. 
Presumably  the  pressure  p(t,x)  can  be  obtained 
by  integrating  the  momentum  equation 
spatially.  The  pressure  so  evaluated  at  a 
given  point  turns  out  to  depend  on  different 
paths  of  integration  even  if  ^(t.x)  has 
converged  to  some  well  defined  steady 


state. Thus  the  pressure  transients  cannot 
be  determined  with  such  stream  function 
vorticity  formulation  even  for  flows  in  two 
space  dimensions. 


For  flows  in  three  space  dimensions,  the 
flow  field  evolution  is  generally  visualized 
according  to  equation  (5)  as  the  processes  of 
convection  u'7ci),  interaction  i<>'7u  and 
dissipation  uAr  w.  The  effect  of  vorticity 
interaction  is  often  evaluated  through  the 
Biot-Savart  Law  as  a  consequence  of  equation 
(7).  Such  numerical  solutions  have  often  been 
referred  to  as  the  solution  of  the  Navier- 
Stokes  system^^) .  Without  ingenious  smoothing 
and  filtering,  such  computational  solutions 
quickly  lead,  however,  to  chaotic  oscillations 
even  at  Reynolds  numbers  significantly  below 
the  critical  Reynolds  numbers  of  laminar  flow 
instability.  Such  chaotic  oscillations  are 
clearly  of  numerical  origin  (or  numerical 
turbulence).  The  question  of  associated 
pressure  field  is  rarely  mentioned.  Why 
should  the  computational  solution  through 
vorticity  formulations  for  the  three- 
dimensional  flows  be  so  much  more  difficult 
than  that  of  the  two-dimensional  flows? 


It  is  simple  to  verify  that  a  planar 
field  will  rapidly  become  three-dimensional 
and  nonsolenoidal  under  its  own  convective 
motion  and  their  mutual  vorticity  interaction 
as  is  evaluated  by  the  Biot-Savart  Law.  A 
nonsolenoidal  vorticity  field  is 
mathematically  incompatible  with  its 
definition  equation  (6).  A  nonsolenoidal 
velocity  field  violates  the  continuity 
relation  (1) .  The  derivation  of  equations  (5) 
from  (2)  implies  solenoidal  vorticity  and  the 
derivation  of  equations  (7)  from  (6)  implies 
solenoidal  velocity.  The  popular  approach  of 
considering  vorticity  transport  and 
interaction  in  discrete  form  without  due 
attention  of  retaining  solenoidal  velocity  and 
vorticity  fields  is  fundamentally 
questionable.  It  is  often  tolerated  in  the 
construction  of  approximate  solutions  if  the 
residual  divergences  could  be  controlled  to 
remain  small,  and  the  global  mass 
conservation  can  be  monitored  and  likewise 
maintained.  Thus,  many  forms  of  Mark  and 
Cell  (MAC)  and  the  Particle  in  Cell  (PIC) 

methods  were  developed  as  early  as  1950' s  for 
integrating  (1)  and  (2)  by  introducing 
Lagrangian  particles  to  track  the  mass  balance 
of  many  sub -ensembles  represented  by  such 
particles.  Alternatively,  the  Navier-Stokes 
equations  may  be  integrated  in  some  mixed 
Lagrangian-Eulerian  formulations.  The 
calculcted  flow  field  can  appear  quite 
reasonable  and  even  be  made  to  reproduce 
selected  details  of  global  experimental  data; 
but  adequate  pressure  field  is  yet  to  be 
recovered  from  the  computed  velocity  field 
that  is  not  quite  solenoidal. 


II.  Analysis  of  Artificial  Compressibility 
Approaches 

The  solution  of  (5)  and  (7)  with 
nontrivial  boundary  is  not  really  independent 
of  pressure.  On  a  solid  boundary  at  rest,  for 
example,  the  nonslip  conditions  require 


under  the  solenoidal  velocity  and  vorticity 
fields.  Any  approximate  formulation  of  the 
vorticity  boundary  data  in  the  solution  of 

(5),  such  as  1/7XW  -  d^/dxjdxj  U£  evaluated 
with  the  previous  iterate,  is  actually  some 
approximation  to  the  spatial  gradient  of  the 
pressure  field  on  the  solid  surface.  With  the 
appropriate  pressure  boundary  data  on  the 
solid  surface  and  those  at  infinity  (or  other 
closure  surface) ,  equation  (4)  or  (4a)  will 
define  the  corresponding  approximate  pressure 
fields.  The  iterative  solution  of  the 
vorticity  transport  equation  (5)  with 
successive  approximate  boundary  formulations 
on  the  nonslip  surface  is  equivalent  to  an 
iterative  process  with  the  corresponding 
sequence  of  approximate  pressure  field. 
Accordingly,  the  iterative  solution  of  (5)  and 
(7)  through  the  intermediate  variable 
vorticity  is  simply  an  alternative  form  of  the 
pressure  iterative  solution  of  (1)  and  (2)  in 
terms  of  the  primitive  variables  p  and  m.  It 
suffices,  therefore,  to  study  the  Iterative 
processes  for  the  solution  of  (1)  and  (2)  in 
primitive  variables,  ui(t,Xj)  and  p(t,Xj),  to 
identify  some  property  conducive  to  a 
converging  iterative  process. 


For  flows  in  three  space  dimensions  the 
velocity  vector  can  be  represented  as  u  -  7^  + 
7xA  where  the  scalar  potential  ^  is  defined 
through  7^^  -  0  and  the  vector  potential  A  is 
related  to  vorticity  as  u  -  V  x  7  x  A. .  The 
pressure  and  the  velocity  transients  are 
clearly  not  solely  determined  by  the  evolution 
of  vorticity  w  alone.  For  the  solution  of  ^ 
and  u  (or  7  x  A) ,  the  nonslip  condition  u  -  0 
is  split  into  normal  and  tangential 
components  and  applied  separately.  There  is 
no  guarantee  that  the  sum  of  7^  and  7  x  A  will 
satisfy  either.  It  is  not  surprising  that 
computational  solutions  of  such  stream 
function-vorticity  formulation  can  hardly  be 
keep  bounded  without  constant  and  repeated 
"smoothing"  and  "filtering".  While  it  is 
possible  to  devise  ingenuous  "filtering" 
schemes  to  reproduce  some  preconceived 
solution,  we  hardly  understand  their  physical 
basis.  Therefore  we  attempt  to  analyze  the 
situation  and  then  develop  a  computational 
algorithm  free  from  such  uncertainties. 


We  shall  show  that  the  iterative 
processes  described  in  the  previous  sections 
attempting  to  reduce  the  residual  divergences 
cannot  converge  for  nontrivial  initial 
boundary  value  problems  in  three  space 
dimensions  over  a  drag  body  (or  surface). 

For  convenience,  we  shall  refer  to  these 
methods  as  "Artificial  Compressibility"  in 
view  of  equation  (3)  that  any  residual 
divergence  A  -  dui/dx^  represents  the 
"condensation"  or  the  rate  of  fractional 
variation  of  fluid  density,  i.e., 
"compressibility."  The  sequence  of  iterants 
may  be  interpreted  as  describing  the 
succession  of  "compressible  states"  which,  in 
the  limit  of  small  residual  divergence  and 
compressibility,  was  hoped  to  converge  to  the 
limit  of  incompressible  flow.^^HS) 


We  describe  the  succession  of  such 
artificial  compressible  flows  by  the  discrete 
equivalent  of  the  following  set  of  partial 
differential  equations; 


(9) 


271 


. .  i  ^ 

p  '•  3xj 


+  Fi)  +  V 


32 

3xj3xj 


(10) 


With  €  non-negative  the  quantity  E  -  p  u2/2  4 
£  p2/2  can  serve  as  the  measure  or  the 
magnitude  of  the  set  of  computed  results, 
converging  (or  diverging)  if  3E/3t  ^  0  (or  > 
0)  at  all  later  times. 


Here,  e  is  the  function  that  describes  how 
3p(^’^^  -  p(0'2)  .  p(Oil)  is  evaluated  from 
^(0,1)  the  iterative  correction  scheme  to 
achieve  -*  0  for  the  time  step  St. 

It  clearly  depends  also  on  the  details  of  the 
scheme  of  discretizing  (9)  and  (10)  for 
computational  solution. 


For  a  physical  medium  with  Sp/Sp  ~  pc2  > 
0  and  d  -  p'^  Sp/St,  e  is  always  positive  and 
vanishes  as  d  -♦  0  in  a  physical  limit  process 
of  approaching  an  "incompressible"  state 
through  successive  "artificial  compressible 
states"  of  decreasing  compressibility.  A 
residual  divergence  A  in  an  Incompressible 
fluid  is  a  volumetric  source  of  the  flow  or 
the  mass  source  divided  by  fluid  density. 

This  mass  source  will  carry  with  it  some 
momentum  which  should  be  represented  by  some 
external  force  F^  in  the  momentum  equation 

(10).  Our  attempt  to  construct  a  converging 
computational  algorithm  for  the  solution  of 
(1)  and  (2)  is  thus  recast  into  finding  the 
four  scalar  functions  e  and  F^  such  that  a 
converging  solution  of  (9)  and  (10)  through 
some  discrete  equivalent  system  would  exist 
(and  hopefully  unique  as  a  well  posed  problem) 
in  the  limit  of  A  •*  0  at  all  times.  It  is 
therefore  necessary  that: 


lim  £  (A)  -  0 
A  -►  0 

lira  Fi  (A)  -  0 
A  ->  0 


(11) 


so  that  (9)  and  (10)  will  reduce  to  (1)  and 
(2)  respectively.  The  four  functions  £,  Fi 
ate  otherwise  completely  arbitrary,  and  may  be 
distinct  for  different  discretization  details 
through  finite  difference,  finite  element, 
spectral,  or  any  other  method.  We  attempt  to 
identify  first  the  properties  of  £  and  F^ 
that  would  facilitate,  if  not  secure, 
convergence . 


By  multiplying  p  into  (9)  and  puj^  into 
(10)  and  integrating  their  sum  over  the  volume 
V  of  computation,  the  following  temporal 
variation  of  an  energy  integral  E,  is  obtained 
where  the  Stokes  theorem  has  been  used  to 
convert  some  volume  integrals  into  surface 
Integrals  over  the  bounding  surface  S  of  V. 


3E 

3t 


-  h  f/  I"’"  i 

r  ,  3iu  3u4  .  . 

J^ui  [  I  Ui  A  -Fi  ]  dv 


+  p 


)  dsi  + 


(P+^) 

(12) 
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The  first  volume  integral  on  the  right  hand 
side  of  (12)  represents  viscous  dissipation 
which  is  always  negative  and  stabilizing.  The 
last  two  surface  Integrals  depend  exclusively 
on  the  formulation  of  the  computational 
boundary.  Then  for  a  given  boundary 
formulation: 

(1)  The  convergence  behavior  of  an  iterative 
scheme  depends  only  on  the  choices  of  Fi 
(t,Xj),  l.e.  the  momenta  carried  by  the  mass 
associated  with  the  residual  divergence  A,  not 
the  details  £  how  the  pressure  correction  5p 
is  evaluated  from  A.  In  other  words,  it  is 
futile  to  devise  different  iterative 
algorithms  e  of  advancing  pressure  from 
residual  divergence  as  is  described  in  the 
previous  section,  to  promote  convergence 
A  ■+  0 . 

(11)  The  boundary  formulation  that  determines 
the  surface  integrals  on  the  left  hand  side  of 

(12)  is  important.  Computational  methods 
highly  successful  for  periodic  boundary  value 
problems  need  not  be  as  successful  for 
nontrivial  problems  as  will  be  explained 
below. 

For  periodic  boundary  values  problems, 
both  the  two  surface  integrals  in  (12)  vanish. 
The  first  volume  Integral  is  proportional  to 
viscosity  and  always  negative.  Therefore,  if 
we  choose  F^  -  pUiA/2  everywhere  at  every 
iterative  steps  to  render  the  second  volume 
integral  zero,  the  iterative  scheme  will 
always  converge  regardless  of  how  the  pressure 
Sp  is  evaluated  from  A.  The  convergence  rate, 
in  terms  of  the  weighted  L2  or  RMS  norm 
expressed  ns  3E/3t  globally,  is  proportional 
to  the  fluid  viscosity  (or  the  dissipation) . 
The  standard  L2  norm  convergence  rate  of 
pressure  corresponding  to  a  converginig 
velocity  field  will,  however,  vary  as 
which  can  be  troublesome  as  £  •♦0. 

Actual  computational  solutions  of  simple 
periodic  boundary  value  problems  of  (9)  and 
(10)  with  some  preassigned  small  values  of  £ 
and  Fi  -pUiA/2  for  different  simple  test 
problems  have  rendered  highly  successful 
approximations  to  the  corresponding 
incompressible  flow  velocity  fields  (^>®) 
although  without  as  satisfactory  pressure 
results .  The  schemes  of  discretization  and 
various  other  details  apparently  do  not 
matter.  Such  solutions  of  periodic,  boundary 
value  problems  can  be  much  improved  with 
smeller  '  and  through  Richardson's 
Extrapolation  etc.  The  evaluation  of  the 
pressure  field  is,  however,  more  difficult  as 
£  -*  0  as  is  suggested  by  the  theoretical 
result  given  above.  Computational  methods, 
have  often  been  developed  with  periodic 
boundary  value  and  applied  to  nontrivial 
boundary  value  problems.  The  results  have 


been  mixed.  Various  filtering  and  smoothing 
schemes  can  be  built  into  robust  codes  for 
computing  the  velocity  fields.  They  are  not 
solenoidal  and  cannot  provide  meaningful 
solutions  of  the  pressure  field. 

In  the  presence  of  a  drag  (or  lift)  body 
(or  surface)  in  the  flow  field,  the  boundary 
formulation  cannot  be  periodic.  The  last 
surface  integral  in  equation  (12)  representing 
the  net  outflux  of  the  stagnation  pressure  p  + 
pu2/2  over  the  external  boundary,  will  remain 
positive  and  non-zero  even  in  the  limit  of  A  -* 
0.  With  both  viscous  contributions  small  at 
sufficiently  large  Reynolds  numbers  and  with 

^ig  Fi(A)  -  0,  equation,  (12)  showns  that 

flE/St  will  eventually  be  dominated  by  the  drag 
contribution,  (i.e.  the  positive  surface 

r  2 

integral  Ej  -  J  -  (p  +  ds^  ) 

and  remain  positive  as  A-*0.  Thus  dZ/dt  will 
remain  positive  at  sufficiently  small  A  and 
E  will  eventually  diverge  as  A-*0.  Then  these 
iterative  scheme  of  reducing  the  residual 
divergence  cannot  converge. 

It  is  of  course  possible  to  choose 
sufficiently  large  all  the  times  so  as  to  have 
SE/at  <  0,  and  hence,  an  apparently  converging 
iterative  process.  This  converged  solution  is, 
however,  not  that  of  (1)  and  (2)  since  (10) 
remains  different  from  (2)  with  large  0. 

We  do  not  know  how  such  a  converged  solution 
might  render  a  satisfactory  approximation  to 
our  problem.  In  any  case  we  never  compute 
till  A-*0  and  have  to  stop  at  some  finite  A  or 
c .  We  could  presume  that  Fj  would,  from  there 
on  decrease  toward  the  set  of  values  puiA/2  or 
the  like  such  that  the  E  would  decrease  to 
some  Eniin  before  diverging  under  the  influence 
of  E^.  Such  an  E^iir,  could  suggest  some 
asympototic  approximation  to  the  solution  of 
our  problem. 

There  can  be  a  variety  of  choices  of  F^ 
including  those  Ingeneous  forms  of  smoothing 
and  filtering.  Such  choices  may  render  good 
approximations  to  the  velocity  field 
especially  if  we  have  some  preconceived  ideas. 
For  such  an  approximate  velocity  field,  the 
asymptotic  errors  are  concentrated  in  the 
pressure  field.  In  terms  of  the  standard  J.j 
norm,  the  r.m.s.  error  of  the  pressure  field 
will  grow  as  which  can  be  very  large  if 

the  velocity  field  should  be  nearly 
solenoidal  (t  «  1) .  Thus  the  pressure 
solution  has  to  be  postponed.  This  is 
reminiscent  of  the  situation  of  the 
computational  solutions  described  in  section 
II.  Our  interest  in  the  pressure  transients, 
however,  are  not  well  served  by  such  methods 
of  artificial  compressibility  including  those 
with  suitable  filter(s) . 


A  reasonable  Iterative  solution  for  the 
pressure  transients  should  be  constructed  from 
velocity  Iterants  that  are  solenoidal 
everywhere  and  at  all  times  at  least  after 
some  fixed  time  tQ,  i.e.  iterations  in 
solenoidal  subspace.  The  pressure  field 
associated  with  each  solenoidal  velocity 
iterate  can  be  consistently  determined  from 
(4a)  unique  up  to  a  constant.  The  evolving 
solenoidal  velocity  field  and  its  associated 
pressure  field  will  have  to  satisfy  (2)  or  its 
equivalent  discrete  set. 


III.  An  Iterative  Solution  Method 
in  Solenoidal  Subspace 

The  evolution  of  a  solenoidal  velocity 
field  Ui^®^  (to)  under  some  prescribed  smooth 
pressure  field  p^*^^(Co)  according  to  equation 
(2)  will  not  necessarily  produce  a  solenoidal 
velocity  field.  Indeed  the  A  -  Su^/dx^  will 
evolve  according  to  equation  (4) .  There  is  no 
reason  to  expect  the  prescribed  pressure  field 
p^o^(to)  and  to  satisfy  4(a)  so  as  to 

warrant  the  natural  evolution  into  a 
solenodial  velocity  field.  In  any  case,  the 
flow  system  could  be  subjected  to  arbitrary 
disturbance  of  pressure  and/or  velocity  that 
violates  (4a)  and  generate  residual  divergence 
in  the  course  of  time.  Therefore  we  have  to 
face  the  question  what  is  the  physical  meaning 
of  such  a  residual  divergence  although  not 
physically  admissible  to  an  Incompressible 
fluid. 

H.  Lamb^^)  Introduced  the  notion  that  a 
residual  divergence  in  an  incompressible  fluid 
is  "equivalent"  to  a  set  of  associated 
"impulsive  forces".  In  otherwords,  an  equal 
and  opposite  set  of  associated  impulsive 
forces  would  annihilate  the  local  residual 
divergence  to  leave  a  solenoidal  velocity 
field,  being  disturbed  by  the  set  of 
associated  impulsive  forces.  This  concept  has 
been  little  developed;  but  gives  equations  (9) 
and  (10)  a  physical  meaning  different  from  the 
artlflcal  compressibility  extension  of  the 
equations  system  (1)  and  (2)  for  an 
incompressible  fluid.  The  residual  divergence 
A  is  accompanied  by  an  equal  but  opposite  pair 
of  impulsive  forces  -F^  and  Fj^  Introduced  or 
developed  at  any  point  and, any  time.  The  -Fp 
will  remove  the  residual  divergence  A  to 
restore  a  solenoidal  flow  field.  The  F^ 
remains  as  the  "equivalent"  set  of  Impulsive 
forces  acting  on  the  solenoidal  flow.  Thus 

(9)  can  be  replaced  by  (1)  with  A  -  0;  and 

(10)  by  (10)  with  F^  disturbances  equivalent 
to  the  nonsolenoldal  velocity  disturbance  A. 

For  a  given  residual  divergence  A,  this  set  of 
equivalent  Impulsive  fuicus  F^  is  not  unique 
and  not  in  "dynamic  equilibrium".  An 
impulsive  force  is  a  point  source  of 
"discontinuous"  wave,  propagating  into  the 
flow  field  and  modifying  the  local  velocity 
and  pressure  as  it  passes.  The  wave  will 
reflect  from  boundaries  and  Interact  with 
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waves  trom  ocher  sources  to  relax  the 
disturbed  flow  field  to  establish  a  new 
"smooth"  solenoidal  velocity  field  with  an 
equilibrated  smooch  pressure  field  consistent 
with  (4a)  and  the  physical  boundary  data. 

This  relaxation  process  is  very  fast  in  an 
incompressible  fluid  where  the  wave  speed  (or 
the  speed  of  "sound")  is  "infinitely’'  large. 
The  dissipative  forces  of  friction  and  heat 
transfer  have  no  time  Co  act,  so  that  this 
relaxation  process  is  essentially  "potential” . 
This  relaxed  solenoidal  disturbance  velocity 
field  can  be  represented  uniquely  by  the 
gradient  of  a  velocity  potential  ^  as 

u(^)  (Co  +  5c)  -  (to  5t)  +  V(5  (13) 

This  potential  function  is  given  by 

7^^  -  -div  uC^-)  -  •  A  (U) 

and  can  bo  solved  with  the  appropriate 
Dlrichelet  and/or  Neumann  type  boundary 
formulation  over  the  field  without  altering 
the  physical  boundary  conditions  of  u^^).  In 
terms  of  Che  relaxed  solenoidal  velocity 
from  (13),  we  can  solve  for  the  associated 
pressure  field  p^^^  (Cq  +  St)  from  (4a).  This 

(pQ  first 

physical  iterate  at  the  first  time  step  Cq  + 
Sc.  It  need  not  be  consistent  with  the 
discrete  form  of  (2)  in  stepping  from  t^  to  Cq 
+  St.  As  such,  they  have  to  be  Iteratively 
corrected.  We  designate  this  first  iterate 
for  Che  first  time  step  p(l>l)  and  etc. 

(i)  If  there  is  an  external  non- solenoidal 
velocity  disturbance,  cake  Che  non-solcnoidal 

disturbed  velocity  field  as  If  there 

is  no  external  disturbance,  advance  the 
initial  solenoidal  velocity  u(0)  to  by 

evaluating  3p/3x  from  the  initial  data  p(°^ 
over  the  time  step  St. 

(il)  Obtain  according  to  (14)  and 

from  (13) 

(ill)  Obtain  according  to  (4a)  and  Chen 

choose  some  average  pressure 
p(l.l)/_  p(l.l)/2  +  p(0)/2  or  the  like,  for 
the  improved  evaluation  of  the  spatial 
pressure  gradient  in  (2). 

(iv) .  Repeat  (i)  with  the  chosen  average 

pressure  and  some  averaged  convecting 

velocity  to  obtain  a  new  estimate  of 

u(l>2),  then  ^(^'^),  and 

(v)  Repeat  the  above  until  ,  p(l>") 

remain  essentially  "unchanged"  according  to 
some  specified  error  norm.  Take  these 
converged  values  as  u(t(,  ■(  St)  and  p  (t,,  + 

St).  They  will  serve  as  the  initial  data  for 
advancing  the  solution  to  the  next  time  step 
t(j  +  2St,  etc..  As  a  standard  initicl  value 
problem  without  subsidalry  conditions 
iterative  convergence  can  be  expected  with 
many  standard  difference  schemes  (both 
temporarily  and  spatially)  foi  some  fliilte 
time  interval  T. 

We  can  solve  (5) -(7)  iteratively  in  the 
vorticity  formulation  in  a  similar  manner.  A 
residual  divergence  of  vorticity  is  equivalent 
to  an  impulsive  couple  (i.e  equal  and  opposite 


pair  ot  impulsive  forces).  The  relaxation  of 
such  impulsive  couples  will  likewise  be 
"potential"  and  the  equilibrated  vortical 
field  can  be  represented  as 

b>'">  (to  +  5c)  -  (to  -f  5t)  +  V  ^  (15) 

with  the  potential  function  ^  governed  by 
72  ^  .  div  (16) 

to  be  solved  with  the  appropriate  mixed 
boundary  formulation  for  nontrivial  problems. 

If  there  is  an  external  nonsolnenoldal 
vorticity  disturbance,  take  it  to  be  the 
u'  '  K  If  there  is  no  external  disturbance, 
advance  the  Initial  solenoidal  vorticity 
to  with  the  vorticity  transport 

equation  (5)  under  some  approximate  boundary 
formulation.  Then  obtain  from  (16) 

and  from  (IS)  for  future  iterative 

corrections  to  obtain  the  converged  value  of 
We  find  it  much  more  convenient  to 
obtain  the  disturbed  velocity  field  u  as 
solution  of  (7)  rather  than  as  the  Induced 
-velocity  evaluated  from  Biot  &  Savat  Law. 
uCl*l)  ig  then  rendered  solenoidal  by  7^ 
according  to  (13)  and  (14).  If  the  updating 
of  the  boundary  data  for  the  solution  of  (5) 
involves  pressure,  we  would  solve  (4a)  to 
obtain  p'^7.  Otherwise,  we  can  go  direct  to 
equatlon(S)  for  up-dating  to  (t)(^>2) 

with  some  average  values  of  u  and  p  until, 

«(  I*'),  and  p(l>n)  converge  before 

proceeding  to  construct  solution  at  t^  +  25t. 

In  our  earlier  computations  at  rather 
coarse  meshes,  we  used  the  vorticity 
formulation  which  avoids  the  differentiation 
of  the  numerical  velocity  data  to  obtain 
vorticity.  In  flow  visualization  experiments, 
the  flow  fields  are  generally  described  in 
terms  of  vorticity.  We  know  of  no 
experimentally  measured  pressure  transients 
for  checking  or  comparing  with  the  presently 
computed  results.  The  most  time  consuming 
part  of  the  solution  in  vorticity  formulation 
is  to  solve  the  6  Poisson  equations  (3  in  u-p 
formulation).  The  solution  of  Poisson 
equation  is  tedious  and  prone  to  numerical 
instability.  We  tried  many  "Fast  Poisson 
solvers"  extended  to  3  space;  but  adopted  the 
classical  method  with  experimentally 
determined  relaxation  parameter  which  we  found 
to  be  flexible,  reliable  and  actually 
considerably  faster  than  most.  We  adopted 
also  the  simplest  difference  scheme  of 
forward  time  and  centered  space  for 
discretization.  Many  discrete  treatments  of 
the  outer  boundary  in  integrating  (5)  or  (2) 
have  been  tried  to  minimize  the  propagation  of 
boundary  errors  that  limits  the  number  of  time 
steps  of  computation  before  the  flow  field 
development  in  the  center  of  the  computational 
region  is  clearly  affected.  We  tried  many  but 
adopted  the  format  of  simple  extrapolation 
normal  to  the  boundary. 
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We  studied  computationally  the 
development  of  disturbances  in  a  uniform  shear 
flow  field  between  two  parallel  plates  wtih 
the  top  plate  moving  in  its  own  plane  with  a 

unit  velocity  relative  to  the  stationary 
plate.  The  flow  Reynold  number  based  on  the 
separation  distance  between  the  two  plates  is 
3000,  a  typical  value  in  the  transition  range. 
Some  computations  were  performed  at  Re  ~  300 
to  verify  the  stabilizing  effect  of  the  lower 
flow  Reynolds  .lumbers.  Artificial 
disturbances  were  Introduced  at  a  cluster  of 
six  mesh  points  mostly  next  to  the  stationary 
plate.  We  began  our  study  with  the  coarse 
meshes  (15-45)  x  15  x  15  and  At  -  0.02  on  the 
IBM  3081  at  Princeton  University  based  on 
vorticity  formulation.  We  introduced 
different  types  of  artificial  impulsive 
disturbances  of  velocity  and/or  vorticity 
components  cf  wide  range  of  magnitudes.  They 
are  artificial  or  nonphysical  since  the 
disturbed  velocity  (and/or  vorticity)  field  is 
not  solenoidal  and  hence  not  physical.  Each 
such  artificial  disturbance  field 
and/or  is  accordingly  equilibrated  to 

olenoidal  velocity  disturbance  field  u^^) 

or  (i>^^))  and  its  associated  pressure 
disturbance  p(^)  to  serve  as  a  physically 
valid  initial  disturbance.  Both  the 
equilibrated  u(^)  and  p^^)  are  highly 
oscillatory  over  the  entire  field  of 
computation,  with  large  peaks  and  valleys  next 
to  where  the  impulses  are  applied.  Away  from 
such  peaks,  the  wide  spread  oscillations  are 
an  order(s)  of  magnitude  smaller.  They  are 
highly  variable  in  details.  For  convenience, 
we  shall  refer  to  each  case  as  the  evolution 
of  the  impulsive  velocity  (or  vorticity  etc.) 
rather  than  the  natural  evolution  of  the 
complicated  pair  of  the  physical  initial  data 
in  u(^\  0)^^'  and  p^^\ 

For  unit  impulses  of  velocity  and/or 
vorticity  components  clustered  in  different 
localities,  the  resulting  pressure 
disturbances  vary  considerably  in  peak 
magnitudes.  The  magnitudes  of  their 
solenoidal  velocity  disturbances  remain  0(1) 
while  those  of  their  peak  pressures  vary  from 
0(10‘2)  to  O^IO"^).  We  computed  the  evolution 
of  dozens  of  such  disturbances.  The  behavior 
of  their  evolution  falls  into  three 
categories,  each  of  which  turns  out  to  be 
characterized  by  the  initial  peak  magnitude  of 
the  numerically  small  equij ibrated  pressure 
disturbances. 

(i)  A  small  peak  pressure  disturbances 
of  0(10'^)  rapidly  decays  to  restore  uniform 
shear  flow  within  numerical  noises, 
commensurate  with  the  available  resolution. 

(ii)  An  Intermediate  peak  pressure 
disturbance  of  <  10'^  spreads  rapidly  to  form 
some  locally  "turbulent"  region  but  rapidly 
decays  to  restore  some  disturbed  laminar  flow. 


(lii)  A  large  peak  pressure  disturbance 
of  0(10" 2)  rapidly  evolves  into  some 
asymptotic  pattern  of  an  expanding  local 
"turbulent"  region.  The  pattern  propagates 
and  evolves  slowly  in  details ,  reminiscent  of 
the  circumstances  revealed  in  many  flow 
visualization  studies  of  "turbulent  spots"  in 
transitional  flows^^) .  The  asympototic 
stage  of  evolution  of  such  large  disturbances 
is  well  formed  at  ~  50  time  steps  in  our 
computations  of  45x15x15  resolution  in 
IBM3081,  well  before  the  boundary  errors 
appear  to  distort  appreciably  the  flow  field 
evolution  in  the  center  of  the  computational 
field. 

These  qualitative  features  are  confirmed 
by  finer  mesh  computations  on  CRAY  1  at  NCAR 
Colorado,  with  (31-45)  x  20  x  45  meshes  and  At 
-  0.01.  We  wex-  able  to  observe  some  flow 
field  details  of  the  evolution  in  these  finer 
mesh  results.  Further  mesh  refinements  to 
(45-61x20x45)  have  been  carried  out  on  CRAY  2 
at  Minnesota  and  CRAY  XMP  at  Illinois  for  more 
detailed  studies  of  the  evolution  of  selected 
cases.  We  recomputed  some  cases  with  the 
primitive  variables,  i.e.  u-p  formulation  and 
evaluated  the  vorticity  field  by  numerical 
differentiation  of  the  computed  velocity 
field.  These  results  of  vorticity  agree  to  at 
least  two  significant  figures  everywhere  and 
at  all  times  with  those  computed  directly  from 
the  vorticity  formulation.  Thus  most  of  our 
recent  computations  at  fine  meshes  on  CRAY  2 
and  XMP  use  the  u-p  formulation  to  half  the 
memory  requirement  and  the  computing  time. 

The  results  reported  in  the  next  section  have 
been  computed  with  both  formulations,  which 
our  graphics  can  not  distinguish. 

The  peak  pressure  magnitude  of  a  given 
initial  cluster  of  impulsive  disturbances 
decreases  rapidly  as  the  cluster  receeds  from 
the  plate  surface.  Thus  most  of  our  computed 
cases  are  for  clusters  in  the  proximity  of  the 
stationary  plate.  For  such  clusters  next  to 
the  plate,  unit  impulses  of  all  vorticity 
tomponents  turn  out  to  be  "small"  while  unit 
impulses  of  transverse  velocity  components  are 
"intermediate"  disturbances.  Unit  Impulses  of 
streamwise  velocity  component  is  the  only 
"large  disturbance".  Thus,  the  magnitude  of 
the  artificial  Impulse  appears  irrelevant  as  a 
measure  of  disturbance  "strength".  The  peak 
magnitudes  of  the  equilibrated  pressure 
disturbances  correlate  well  with  the  eventual 
course  of  evolution  as  is  described  above 
despite  that  they  are  much  less  than  those  of 
the  associated  solenoidal  velocity 
disturbances.  This  is  physically 
understandable  from  Newtonian  Mechanics,  that 
the  evolution  of  the  velocity  field  d/dt  u^ 
(or  9/flt  u^)  is  primarily  driven  by  the 
unbalmiced  pressure  forces,  (at  least  at  large 
Reynolds  numbers).  We  are  therefore  much 
interested  in  the  evolution  equation  of 
pressure  in  an  incompressible  fluid. 


By  inverting  approximately  the  Poisson 
operator  in  (4a) ,  we  have 

^p.a(ui-l  v2  «i)^p 

32  33 

3x<3x^  ^  ^  3xj^3x<3xij  ^ 

(17) 

Here  ey  and  /3ijk  diffusivity  and 

dispersion  tensors  of  the  field,  both  as 
complicated  functions  of  the  instantaneous 
velocity  field  and  the  flow  field  boundary  and 
a  is  a  constant  depending  on  the  boundary 
geometry  only.  If  one  dimensional  model  could 
be  any  guide,  the  pressure  evolution  according 
to  (17)  would  be  dissipative  and  heat  like  if 
I  '11  l|/  II  ^Hk  II  >>  1>  dispersive 
and  wavelike  If  it  «ii  |  1/  j|  ^ijk  1 1  «  1  in 
support  of  the  three  different  courses  of 
evolution  as  depicted  by  our  computed  results. 

We  are  reasonably  confident  in  the 
eventual  convergence  of  our  algorithm  in  the 
limit  of  zero  mesh  sizes  without  smoothing  and 
filtering:  but  not  so  confident  in  the 
quantitative  aspects  of  our  results  of  such 
coarse  mesh  computations.  Neither  are 
quantitative  experimental  results  available  to 
check  and  guide  our  computations.  The  global 
features  of  flow  field  evolution  described 
above  are  common  to  our  results  at  different 
mesh  resolutions,  and  appear  to  be  In 
agreement  with  experimental  observations.  In 
the  next  section,  we  report  some  flow  field 
details  as  have  been  observed  In  our  finer 
mesh  results. 


IV.  Evolution  of  Large  Disturbances  in  a 
Uniform  Shear  Flow  over  a  Wall 

We  focus  our  attention  on  the  evolution 
of  unit  Impulses  of  streamwise  velocity 
components  in  the  immediate  vicinity  of  the 
plate  (j-1)  applied  at  a  cluster  of  6  mesh 
points  (I.J.K.)  -  (20,  2,  14-16).  The 
equilibrated  pressure  field  over  section  J-2 
is  illustrated  in  Fig.  1  with  two  distinct 
peaks  of  magnitudes  ~  SxlO^.  The  pressure 
over  the  transverse  section  1-20  inbetween 
the  two  peaks  is  shown  in  Fig.  2  and  that  over 
section  K-14  (off  from  peaks  In  K-15)  is  given 
as  ^ig.  3.  The  point  (20,  2,  15)  appears  to 
be  a  "Saddle"  Inbetween  the  two  peaks.  There 
are  two  valleys  in  the  transverse  section.  The 
two  distinct  high  pressure  regions  over  the 
plate  surface  appear  to  be  two  neighbouring 
Isolated  globules  or  half  domes  encased  In  a 
low  pressure  valley  in  the  shape  of  some  somi- 
spherical  caps  in  three  space.  This  is 
typical  of  "large"  Initial  disturbances  that 
promptly  evolve  into  propagating  local 
turbulent  regions.  When  the  magnitude  of  the 
initial  artificial  uj^  Impulses  is  reduced  to 
10'3,  it  becomes  marginally  an  "intermediate" 
disturbance  that  fails  to  reach  the  asymptotic 
state  of  development.  Likewise  a  set  of  unit 
impulses  of  up  normal  to  and  directed  away 


from  the  plate  is  "intermediate"  or  marginally 
large.  Unit  up  impulses  directed  toward  the 
plate  or  up  impulses  are  "intermediate"  and 
marginally  "small."  All  unit  vorticity 
Impulses  are  "small"  disturbances  that  decay 

monotonlcally.  The  detailed  profiles  of  all 
these  disturbances,  vary  considerably  but 
without  significant  Implications  on  the  course 
of  development  of  such  disturbances. 

We  take  the  evolution  of  the  set  of  unit 
streamwise  velocity  Impulses  u]^  as  the  test 
case  for  detailed  study.  The  evolution 
history  of  the  peak  pressure  over  section  J-2 
is  illustrated  in  Fig.  4.  The  preciptous  drop 
of  peak  pressure  in  the  first  few  time  steps 
is  accompanied  by  a  broadening  of  the  high 
pressure  region  and  signficant  changes  in  the 
shape  of  the  profile,  including  the 
"disappearance"  of  one  of  the  initial  peaks 
with  the  creation  of  many  others  around  it. 

An  asympototic  shape  begins  to  form  at  about 
20At,  followed  by  some  rise  and  fall  in  the 
peak  magnitude  with  significant  broadening  of 
fluid  volume  under  high  pressure.  The  peak 
pressure  magnitude  rises  and  falls  but  manages 
to  stays  at  -  10*3  up  to  200At,  the  longest  we 
have  computed  so  far.  Each  time  step  (0.01 
H/U)  at  Re  -  3000  corresponds  to  a  physical 
time  ~  10*3  ggg_  computation  has  thus  far 
covered  only  a  couple  of  milll-second  in 
physical  time  during  much  of  this  period  the 
pressure  transient  In  Section  J-2  has  been 
developing  In  some  complicated  "asympototic" 
or  "quasi-steady"  form. 


The  pressure  elevation  In  Section  J-2  at 
time  step  20At  Is  given  as  Fig.  5.  The 
downstream  initial  pressure  peak  has  all  but 
disappeared  while  the  upstream  Initial 
pressure  peak  at  1-19  of  magnitude  0.39xl0*3- 
has  become  the  only  dominant  peak  at  1-20, 

K-15  of  magnitude  0.96x10*2.  There  are  now 
four  lower  peaks  surrounding  the  main  peak 
and  many  smaller  ones  further  out  forming 
almost  a  ring  of  emerging  peaks.  The  pattern 
Is  evolving  slowly,  convectlng  downstream  and 
spreading  out  with  additional  "rings".  Fig.  6 
displays  the  pressure  distribution  at  20At 
over  a  vertical  section  perpendicular  to  the 
stationary  plate  at  K-14,  l.e.  one  Az  off  from 
the  peak  in  the  J-2  plane  to  Illustrate  the 
three  dimensional  nature  of  the  many  peaks  and 
valleys . 


The  pressure  elevations  over  Section  J-2 
at  the  successive  time  steps,  40,  80,  120,  160 
and  200  At  are  given  as  Fig.  7-11.  The 
primary  peaks  rise  and  fall  as  they  propagate 
outwards  so  that  the  location  of  the  largest 
pressure  peak  can  suddenly  shift  In  the  plane 
J-2.  The  secondary  pressure  peaks  proliferate 
and  also  very  In  magnitudes  extensively 
especially  at  later  times.  Their  general 
pattern  as  an  expanding  entity  of  hl^ 
pressure  regions  remains  unchanged  despite  the 
great  variations  In  details  and  the  rapid 
Increase  of  the  number  of  secondary  and/or 
emerging  pressure  peaks.  The  pressure 
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transient  has  apparently  reached  some 
asyrapototio  stage  of  dynamic  development.  The 
proliferation  and  the  conspicuous  variations 
of  the  outer  emerging  peaks  clearly  suggest 
actual  wave  dynamics  (rather  than  numerical 
and/or  graphical  uncertainties) .  The  pressure 
elevations  over  Section  K-14  remain  little 
changed  through  out  the  evolution  in  so  far  as 
the  variation  in  J  are  concerned.  The  dynamic 
development  of  the  pressure  field  appears  to 
lie  largely  in  the  streamwise  direction. 
Therefore,  the  dissipative  K.D.V.  equation 


with  its  well  known  asympototic  behavior^^*^^ , 
at  least  in  the  nondissipative  limit,  may 
serve  as  a  useful  model  of  (17)  for  studying 
the  global  qualitative  aspects  of  the 
pressure  evolution  in  a  transitional  flow 
field  as  mentioned  in  the  previous  section. 

To  better  appreciate  the  three 
dimensional  aspects  of  the  pressure  transients 
next  to  the  plate  surface  we  give  in  Fig.  12 
the  colored  3D  elevations  of  the  pressure 
field  in  J-2  from  different  view  angles.  The 
color  illustrates  the  magnitude  corresponding 
to  the  scale  in  the  figure.  We  note  that  the 
valleys  appear  as  deep  as  the  hiD'.s  height. 
The  streamwise  pair  of  the  peaks  are  always 
accompanied  by  a  crossstream  pair  of  valleys 
to  form  a  "quadruple"  and  the  number  of  such 
"quadruples"  increases  at  later  times.  The 
pressure  elevations  at  planar  sections  with 
somewhat  larger  values  of  J  are  similar 
although  with  different  magnitudes  and 

distributions.  Thus  the  dynamics  of  pressure 
transients  appears  to  be  describable  by  the 
evolution  of  such  "quadruples"  across 
localized  half  dome  of  high  pressure  region 
encased  in  a  shell  of  valley  in  three  space. 

As  such  it  might  be  possible  that  the  dynamics 
of  each  quadruple  may  be  governed  by  some 
equation  like  the  dissipative  K.D.V.  equation 
(18). 

The  evolution  of  the  vector  velocity  and 
the  vector  vorticity  field  appears  much  more 
complex  and  extended  much  further  out  than 
that  of  pressure.  It  is  difficult  to  describe 
with  a  few  planar  sections.  We  are  unsure 
that  the  movie  in  preparation  can  describe 
fully  the  complexities  of  the  evolution  of  the 
contorted  fields  of  u  and  «.  The  local 
variations  of  velocity  with  time  are  chaotic, 
similar  to  chose  "measured”  hot  wire 
responses.  There  appears,  however,  some 
"Order"  out  of  the  "Chaos"  when  viewed 
globally.  Such  a  global  order  is  likely 
associated  with  the  quadruple  structure  of  the 
pre.s.siire  disturbances.  We  describe  first  the 
initial  velocity  Impulse  in  Fig.  13  over  the 
transverse  section  1-20  Inbetween  the  two 
distinct  pressure  peaks  at  1-19  and  21 
respectively  (Fig.  1).  The  curved  lines  in 
Fig.  13  are  formed  by  the  projections  of  the 


local  Instantaneous  velocity  vector  at  a  point 
in  the  Section  1-20  onto  the  section.  It  is 
designated  as  "Streamlines"  in  the  figure  for 
convenience,  which  describes  the  perturbation 
velocity  in  the  section  over  the  uniform  shear 
flow  u-y  perpendicular  to  the  plane.  Note 
chat  the  initial  artificial  impulses  are 
applied  at  j-2,  while  the  equilibrated 
solenoidal  disturbed  velocity  field  appears  to 
"converge"  to  a  much  higher  point  at 
j  ~  7  to  8.  This  "node"  might  be  interpreted 
as  a  "sink"  in  the  transversal  surface  and  a 
"source"  for  the  longitudinal  (streamwise) 
flow.  It  is  also  apparent  in  Fig.  13  that  the 
flow  next  to  the  surface  below  this  node  is 
too  complex  for  our  computation  to  resolve.  A 
similar  projection  of  the  velocity  vector  for 
surface  J-2  (Fig.  14)  suggests  the  presence  of 
counter  rotating  spiral  fluid  motion  at  this 
"node" . 

This  node  in  the  transveral  plane  1-20 
shifts  toward  the  surface  and  reaches  halfway 
at  8At.  By  14At  the  transversal  flow  appears 
to  collapse  toward  the  surface  as  is 
illustrated  in  Fig.  15.  This  collapse  is 
strengthened  and  widened  at  20At  suggesting 
the  formation  of  a  counter-rotating  vortex 
pair  next  to  the  wall  (Fig.  16)  that  becomes 
conspicuous  at  120At  (Fig.  17).  This  vortical 
pair  disappeared  from  the  surface  at  140At 
(Fig.  18).  It  is  apparently  lifted  from  the 
wall,  displaced  outward  and  replaced  by  a  jet 
of  fluid  toward  the  surface  as  in  Fig.  15. 

Such  a  transverse  flow  pattern  is  evident  in 
Fig.  19  at  leOAt  and  Fig.  20  at  200At,  with 
the  emergence  of  a  new  set  of  rapidly 
expanding  counter-rotating  vortices  of 
opposite  sign  midstream.  A  strong  transversal 
flow  away  from  the  surface  (i.e.  the 
"ejection")  is  accompanied  by  the  fluid  flow 
down  toward  the  plate  surface,  displacing  the 
existing  complex  flow  pattern  next  to  the 
surface  outwards.  The  successive  events 
appear  to  result  from  the  arrival  of  a  local 
high  pressure  globule  with  its  associated 
vortex  pattern  in  the  transveral  section 
1-20.  Under  the  "convective"  motion,  such 
high  pressure  "domes"  or  "quadruples"  carry 
with  them  the  spiral  flow  pattern  generated  by 
the  large  local  pressure  gradients.  The 
successive  patterns  at  1-20  reflect  the 
simultaneous  flow  patterns  over  the  various 
neighbouring  transverse  sections  as  a  high 
pressure  "dome"  or  "quadruples"  passes  by 
according  to  the  dispersion  dynamics  of 
pressure  described  by  equation  (17). 

Fluid  elements,  "collapsing"  or 
"converging"  toward  a  high  pressure  "dome’  are 
deflected  sidewise  to  fall  into  a  pressure 
valley  on  the  side,  temporarily  trapped  in  the 
valley.  They  may  escape  and  then  trapped 
again  further  downstream  into  the  next  spiral 
of  a  neighorbouring  oncoming  pressure  dome. 

Or  they  may  escape  collectively  as  a  vigorous 
jet  away  from  the  plate  in  the  absence  of  an 
immediate  oncoming  high  pressure  dome,  i.e. 
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"EjecCion".  Different  fluid  elements  will 
undergo  "spiral"  motions  of  different 
dimensions  and  intensities  from  "Collapse"  to 
"Ejection".  Such  an  event  will  generate 
intense  chaotic  fluid  motions  further  out. 

There  results  then  a  turbulent  or  chaotic  flow 
region  centered  around  an  expanding  array  of 
spiral  vortices  with  repeated  collapses  and 
ejections  next  to  the  solid  surface.  The 
phenomena  of  "collapse"  and  "ejection"  and  the 
formation  of  counter  rotating  axial  vortex 
pairs  have  been  widely  observed  in  flow 
visualization  experiments^^ > ® Me  are  much 
encouraged  to  have  reproduced  all  these 
without  numerical  artifices.  It  appears  that 
the  "Burst"  into  local  flow  turbulence  at  a 
point  is  associated  with  the  passage  of  a  high 
pressure  dome  or  quadruples  over  this 
observation  point. 

The  motion  of  the  pattern  of  dispersive 
pressure  waves  described  by  equation  17  is 
much  different  from  the  local  instantaneous 
velocity  u^.  Where  the  local  pressure 
gradient  is  large  with  sufficiently  large 
u^  or  7  X  u,  the  motion  of  the  high  pressure 
region  can  differ  much  from  the  local  fluid 
velocity  uj[.  Thus  fluids  are  "drawn"  toward 
the  pressure  quadruples,  "stirred  up"  through 
the  spirals  and  "ejected"  into  neighbouring 
flow  region  as  chaotically  moving  fluids.  The 
quadruple  nature  of  the  pressure  field 
transients  appears  to  be  crucial  in  driving 
the  laminar  to  turbulent  transition.  The 
substantial  velocity  differential  of  the  fluid 
and  the  quadruple  motion  is  responsible  for 
the  spread  of  the  "chaos"  or  "turbulence" 
beyond  the  confine  of  the  propagating  pressure 
quadruples. 

When  the  water  (or  other  liquid) 
saturated  with  dissolved  air  (or  other  gases) 
is  swept  over  by  such  pressure  quadruples,  the 
rapid  decompression  accompanying  the  arrival 
oi  a  pressure  quadruple  will  lead  to  the 
formation  of  "air  bubbles".  Such  air  bottles 
moving  with  the  fluid  will  escape  the 
quadruples  and  remain  in  the  fluid  after  the 
passage  of  the  quadruple.  Accordingly  the 
proliferation  of  such  quadruples  in  a 
propagating  local  turbulent  region  becomes  a 
powerful  source  of  "Cavitation" .  The 
pressure  elevation  on  the  solid  surface  (j-1) 
around  a  pressure  quadruple  is  well 
represented  in  Fig.  12.  Air  bubbles  are 
generated  in  the  pressure  valleys;  they  need 
not  "collapse"  there.  The  cavitating  bubbles 

can  escape  into  the  surrounding  turbulent 
region,  be  drawn  together  (Fig.  lA,  15)  by 
some  oncoming  quadruples,  and  "coalesce"  into 
large  bubbles  before  their  eventual 
"collapse"  The  collapse  cf  a  reasonably  sized 
bubble’ can  be  a  "large"  pressure  disturbance 
of  magnitudes  comparable  to  10'  -  10'  pU 

i  e  the  local  Froude  Number  based  on  the 
bubble  diameter  uVgO  <  10^  or  lO-^.  Such  a 
collapse  generates  a  new  local  turbulent 
region  to  perpetuate  the  propagation  of 


chaotic  flow  as  flow  transition  and 
turbulence.  With  the  magnitudes  of  the 
pressure  peaks  and  valleys  generally  some 
fraction  (>  10'^)  of  the  dynamic  head  (pU^)  of 
the  relative  motion  of  the  solid  surface  with 
the  "outer  free  stream" ,  pitting  would 
naturally  be  more  serious  nearer  to  the  tip  of 
a  propellor  or  for  propellors  of  higher 
speeds. 

A  pressure  quadruple  in  the  proximity  of 
the  plate  surface  around  a  given  point  gives 
rise  to  a  surface  pressure  pattern  like  Fig. 

12.  This  surface  pressure  pattern  will  set 
the  plate  into  vibration  in  some 
characteristic  manner.  The  multiple  of  such 
convecting  pressure  quadruples  in  a  local 
turbulent  region  is  thus  a  powerful 
“acoustic"  source,  with  identifiable 
characteristics,  directionally,  spectrally 
and/or  in  selected  correlation  functions  to 
distinguish  Itself  from  the  prevailing  noisy 
environment.  Better  understanding  of  the 
quadruple  structure  of  the  propagating  local 
turbulent  region  in  a  transitional  flow  field 
could  have  far  reaching  implications.  The 
absolute  magnitudes  of  the  "large" 
disturbances  that  will  generate  propagating 
pressure  quadruples  ~  10'^  at  Re  ~  3000 
are  of  the  order  of  10'^  Kg/ra^  (or  2  x  10' 
Ibs/ft^).  They  are  comparable  to  the  pressure 
differentials  produced  by  a  rather  small  or 
even  insignificant  free  surface  waves  in  open 
sea.  Thus  at  Re  >  3000,  turbulent  flow 
conditions  will  likely  prevail  over  a 
submerged  solid  surface.  A  lOOdb  noise  in 
air  will  generate  such  quadruples  at  Re  ~  3000 
to  cause  flow  transition. 


IV.  Concluding  Remarks 

We  developed  an  algorithm  to  compute  the 
evolution  of  the  pressure  and  the  velocity 
disturbances  in  a  flow  field  of  an 
incompressible  fluid  with  the  Navier*Stokes 
equations  system  through  iteration  in 
solenoidal  subspace(s).  The  discrete 
equivalent  of  the  initial  value  problem  can  be 
obtained  through  any  simple,  consistent  and 
stable  schemes  with  At  satisfying  the 
condition  of  zone  of  dependence  without  any 
numerical  aritifices  of  smoothing,  filtering 
and/or  damping.  We  computed  the  evolution  of 
many  artificial  impulsive  disturbances  of 
different  types  and  magnitudes  in  a  uniform 
shear  flow  between  two  parallel  plates  at  Re  - 
3000.  Computations  have  been  repeated  at 
successive  mesh  refinements  and  both  in  terms 
of  the  primitive  variables  (u,p)  and  with  the 
help  of  the  derived  variable  vorticity  u. 

The  eventual  course  of  evolution  depends 
primarily  on  the  peak  magnitude  of  the 
equilibrated  pressure  disturbance,  not  so  much 
on  the  profile  details,  nor  on  the  nature  of 
the  artificial  disturbances  generating  it. 
Small  disturbances  are  dissipative  and  stable. 
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Intermediate  disturbances  are  diffusive, 
spreading  out  and  decay  rapidly. 

Sufficiently  large  disturbances  will  propagate 
and  proliferate  to  become  asymptotically  a 
multitudes  of  propagating  local  high  pressure 
regions  each  surrounded  by  valleys.  Over  the 
planar  section  next  to  the  stationary  plate 
they  appear  as  quadruples  with  spiral  vortices 
attached  to  the  sides  and  fluid  ejection  and 
collapse  fore  and  aft.  These  convecting 
quadruples  generate  "chaotic"  motions  of  the 
surroundings  fluids.  The  flow  is  in 
Transition  from  the  "Laminar"  to  the 
"Turbulent"  state.  Such  asympototlc  "Order" 
persists,  nevertheless,  within  the  apparent 
"Chaos" . 

The  evolution  of  the  pressure  field  can 
be  described  by  a  three  dimensional  analog  of 
the  dissipative  KDV  equation  possessing  the 
different  limiting  properties  described  above. 
As  such  the  propagating  large  pressure 
disturbances  are  likely  dispersive  waves  whose 
"convective"  velocity  can  be  much  different 

from  the  local  instantaneous  velocity  of  the 
fluid.  If  the  "Solitone"  like  character  of 
the  solution  of  KDV  equation  should  prevail, 
"Turbulent"  flows  would  retain  such  "orderly" 
transitional  structure,  even  if  not  as  the 
strict  superposition  of  such  "quadruples". 

Such  convecting  quadruples  of  pressure  are 
powerful  acoustic  sources  that  may  possess 
distinct  characteristics  for  recognition  or 
Identification.  For  water  "saturated"  with 
air,  a  pressure  quadruple  is  a  source  of 
cavltating  bubbles  to  help  spreading 
turbulence  through  the  collapse  of  coalesced 
bubbles . 
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Large  Eddy  Simulation  by  Using  Finite-Difference  Method 

Y.Doi 

Hiroshima  University 
Hiroshim,  Japan 


Abstract 

Turbulent  channel  flow  is  studied 
numerically  by  using  Large  eddy  simulation 
(LES),  Finite  difference  method  is  employed  in 
the  LES.  The  simulation  is  stably  executed  by 
using  the  3rd  order  upwind  difference  scheme 
which  dissipate  numerical  errors.  First, 
a  computing  test  is  performed  for  a  laminar 
flow  past  a  circular  cylinder.  After  that, 
several  pilot  tests  are  performed  with  respect 
to  a  turbulent  channel  flow,  in  order  to 
investigate  the  effect  of  the  numerical 
dissipation  terms  on  the  turbulent  flow 
structures.  Turbulent  flow  structures  in 
turbulent  channel  flows  can  be  well  simulated 
by  using  the  3rd  order  upwind  difference 
scheme. 

1. Introduction 

Large  eddy  simulation  is  a  relatively  new 
approach  to  the  calculation  of  turbulent 
flows.  Since  the  first  application  of  LES  was  made 
by  Deardrof f ( 1 ),  many  attempts  on  LES  have 
been  made.  However  the  typical  LES 
calculations  are  limited  to  the  flows  in  the 
simple  configurations  in  order  to  resolve  the 
precise  struct. -.re  of  the  turbulent  flows  and 
to  calculate  the  turbulent  flows  stably.  For 
the  practical  engineering  applications,  the 
application  for  the  flows  in  or  around  the 
more  complicated  configurations  is  necessity. 
For  the  convenience  to  simulate  the  flow 
around  an  arbitrary  configuration  for  general 
purposes,  boundary  fitted  coordinate  systems 
and  regular  grid  systems  are  usually 
introduced,  although  they  cause  numerical 
e-rors  which  diverge  the  calculations.  So  that 
there  needs  .‘■ome  numerical  damping. 

So.ie  attempts  to  calculate  LES  have  been 
done  for  the  flows  around  the  complicated 
configurations  by  use  of  the  finite  difference 
method(  ( 2 ),  [  3  ] ).  Ip  the.te  methods,  the  4th 
derivative  numerical  dissipation  termc  are 


introduced  artificially  in  order  to  damp 
numerical  disturbances  with  short  wave  length. 
The  numerical  dissipation,  which  damps 
numerical  disturbances  caused  by  numerical 
truncations,  must  be  distinguished  from  SGS 
model  which  expresses  the  sub-grid  scale 
effects. 

In  this  paper,  several  numerical 
experiments  are  performed  in  order  to 
investigate  the  effect  of  numerical 
dissipation  on  turbulent  flows.  First, 
computing  test  is  performed  for  a  laminar  flow 
past  a  circular  cylinder.  After  that,  several 
pilot  tests  are  performed  for  a  turbulent 
parallel  channel  flow, 

2.  Formulation 

2.1  Governing  Eguations  for  the  Large  Scale 
Field 

We  consider  an  incompressible  flow  whose 
time  evolution  is  given  by  the  Navier-Stokes 
and  continuity  equations  for  the  velocity 
components  u^;(i=l,2,3)  and  pressure  p, 

dUi  d(UiUj)  dp 
at  dXj  3Xi 

3®Ui 

+  (1/Re*)  -  (1) 

3Xk3Xi 

3Uk/3Xk=0  (2) 

where  i(j)  =  l,2,3  correspond  to 
respectively,  where  0-Xj^X2X3  is  the  Cartesian 
coordinate{Xj  is  in  the  downstream  direction, 
X2  is  the  direction  normal  to  boundary, x^  Is 
the  lateral  direction,  see  Fig.l).  Subscripts 
denote  the  partial  differentiation  with 
respect  to  the  referred  variables.  All 
variables  and  coordinates  have  been  made 
dimensionless  by  means  of  tue  length  scale  D, 
distance  of  parallel  channel,  and  the  friction 


velocity  of  the  parallel  channeKu  ). 

2,2  Filtered  Momantun  and  Contiiioitv  Eouations 


where  S  is  Kronecker's  delta.  K  is  SGS 
eddy  coefficient,  which  is  modeled  by 
Smagorinsky  et  al.(4)  as  follows, 


In  LEP,  each  flow  variable  "f”  is 
decomposed  as  fo'  lows, 

f=T+f’  (3) 

where  f  is  the  resolvable  qric'  scale(G3) 
component  and  f'  is  the  residual  sub-grid 
scale(SGS)  component.  We  denote  the  grid  scale 
field  as. 


T(Xi,Xa.  X3)=Iir  G(Xi-Xi\Xa-X2’.X3-X3’) 

■f(x/,Xa',X3')(lXi’dXa‘<lX3’  (4) 


In  the  present  study,  Top-Hat  filter  is  used 
as  G, 


G(xi,Xa.X3)=  1/A^  :  I  Xi-Xi’  I  gAxi/2 

(A^=Axi  AxaAxs) 

=  0  :  other  (5) 


K  =  (c  A)®{  3ui/3xj(aui/axj 

+  3jj/3xi)  (10) 


c  IS  Smagorinsky* s  constant,  which  is 
statistically  analysed  by  YoshizawaFS).  Here  c 
is  taken  as  0.1,  which  is  a  standard  value 
used  for  a  parallel  channel  flow. 

Leonard  term  and  Cross  term  are 
approximated  as  follows  by  use  of  Taylor 
series  expansion. 


A‘‘^3^(uiUj) 

24  3XkdXk 


) 


(11) 


A®  _  3*Uj  _  3®Ui 

C  1  j  = - (u  I  - +  u  j  - 

24  3Xk3Xk  3Xk3Xk 


(12) 


A^  3U|3UJ 

LijH-Cij= -  - 

12  3Xk3Xk 


(13) 


After  applying  the  filtering  operator  to  the 
momentum  equations  and  the  continuity 
equation,  we  get  the  following  equations  for 
the  filtered  field. 

3  U I  3  (UiUj)  3? 

3t  3Xj  3Xi 

3  ®Ui 

+  (1/Re*) -  (6) 

3XkdXk 

In  the  present  study,  following  assumption  is 
applied. 


Substituting  eqs.(7),(8)  to  eq.(6),  we  get 
the  following  momentum  equations. 


3Ui_  3  [uiUj-K(3Ui/3Xj+  3Uj/3Xi)] 
3t  3Xj 


3  [AV12-  3Ui/3Xk-  3Uj/3Xk)] 
3Xj 


3(F-2Xi)  3®Ui 

+  (1/Re*)  - —  (14) 


3Xi 


3Xk3Xk 


uiu  j— u  lUj  +  R I  j  +  L I  j  +  C 1 4  (7) 

Rij=«i'uj' 

Lij=UiUj-UiUj  (8) 

C  I  j  =  uiuj’+ui  'uj 


The  terms  and  are  SGS  Reynolds 

Stress  term,  Leonard  term  and  Cross  term  which 
must  be  modeled  in  terms  of  grid  scale 
components  to  proceed  the  calculation. 


P=P+Uk’Uk’/3+2Xi  (15) 

Here  the  quantity  3  (2Xi)/3Xi  in  eq.(14)  is 
the  dimensionless  gross  downstream  pressure 
gradient  in  i  ase  of  parallel  channel  flows. 
The  term  Uj^'U]^'/3  is  subtracted  from  the 
Reynolds  stress  terms  and  added  to  the 
pressure  term. 

2.4  Wall  Damping  Function 


2.3  Representation  of  SGS  Reynolds  Stresses. 
Leonard  Term  and  Cross  Term 


SGS  Reynolds  stresses  are  modeled  as 
follows  introducing  SGS  eddy  viscosity  K. 


Ui  Uj’—  d  I  jUk'Uk  V3 

=  -K(3Ui/3Xj+  aUj/3Xi) 


Near  the  walls,  Smagorinsky  model  is  net 
appropriate  because  of  the  inhomogeneous 


fyiVa  ^ ^  ♦«  la  r» 


filter  length  A  is  multiplied  by  the  Van 
Driest  exponential  damping  function  f^  after 
Moin-Kim[6)  as  follows. 


fD=(  l-exp(-yVA*)  ) 

y*=X2R'3* 


(16) 


0  gXagO.5 


(9) 
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y*  =  (l-xa)Re*  O.S^xagl.O 

where  A'''=25  and  is  the  distance  to  the  wall 
in  the  wall  unit. 


2.5  Boundary-fitted  Curvilinear  Coordinate 
System 


The  basic  idea  of  transformation  of  the 
Cartesian  coordinate  to  the  boundary-fitted 
curvilinear  coordinate  is  to  carry  out  finite- 
difference  computations  in  a  regular  rectangle 
mesh  system  without  extensive  interpolation, 
though  transformed  partial  differential 
equations  become  more  complicated. 

The  physical  region  (xj^,x2,X2)  is 
transformed  to  the  imaginary  computational 
region  (x  ,x  ,x  ).  The  basic  equations  <14)  in 
the  transformed  region  are  as  follows. 


a  (F-2x.) 

3x' 


g  ‘  +  A 


(17) 


-(g' 

•q) 

3  q 
—  + 
3X' 

(g‘- 

_  3K 
g^)  — 
3x^ 

3  q 

3X‘ 

3K  „ 

3x^ 

‘  (g 

3  q 

3X‘ 

(18) 


S  =  (K+l/i1e*)  ( —  ( — '  S’-)  •  i  0  •  T , 
3X^  3X'‘ 


i'=«rad(x‘) 


(19) 

(20) 


q=UiTi+U2Ta+U3T3  (21) 

where  8  '  is  the  covariant  base  vector  and  i  i 
IS  the  unit  vector  directed  to  x^  axis. 


3.  Numerical  Scheme 


3.1  Finite  Fifference  Forms 


Regular  grid  system  is  employed  in  the 
present  study.  The  derivatives  in  the  momentum 
equations  are  discretized  by  4th  order 
centered  difference  approximations  except  for 
the  convective  terms.  For  the  convective 
terms,  following  3rd  order  upwind  difference 
approximation  is  used  in  order  to  stabilize 
the  computation, 

U3f/3X 

=(Ji(-fi*2+8fui-8fi-t+fi-2)/12Ax 

|Ui  i  (f U2"4f I* i+6f i"4f >, -z)/  4 Ax 

~U3f/3x+a  lUl  (Ax)V4-3'‘f/3x«  (22) 


The  first  term  of  eq.{22)  is  4th  order 
centered  difference  approximation  and  the 
second  term  is  4th  derivative  artificial 
dissipation,  ct is  the  dissipation  coefficient. 
It  must  be  noted  that  the  artificial 
dissipation  terms  depend  on  the  velocity  with 
respect  to  the  reference  frame.  Therefore  the 
momentum  equations  fail  to  be  "Galilean 
invariant"  and  the  dissipation  is  larger  where 
the  velocity  is  larger.  In  the  present  study 
the  effect  of  the  artificial  dissipation  term 
on  the  calculated  result  is  investigated. 

Fractional  Step  method  is  employed  for  the 
time  derivative.  The  term  C  is  approximated 
by  Adams-Bashforth  method  and  the  term  A  is 
approximated  by  Euler  explicit  method. 


y=q"+At|(l+a)C"-aC"-‘)+A''} 

(23) 

3(F-2Xi)_ 

(24) 

=  At  - 

1  s' 

3x' 

3  3F  _  _ 

aV  _ 

—  ( —  ;g')g  ^ 

=  —  -  g'/At 

(25) 

3  3  x’ 

3  X' 

when  a=l/2,  the  time  derivative  is 

called 

Adaras-Bashforth  method. 

The  time  derivative 

becomes  Euler  explicit 

method  for  a 

=0.  The 

pressure  equation(25) 

IS  given  by 

ta)ting 

divergence  of  eq.(24),  requiring  the 
divergence  of  the  velocity  at  t”''’^  must  be 
zero.  So  that  if  the  pressure  satisfies 
eq.(25),  the  velocity  field  satisfies 
continuity  at  t  .  It  is  important  to  note 
that  the  difference  operation  of  the  Poisson 
equation  (25)  can  not  be  chosen  independently 
of  the  operator  used  in  the  momentum  and 
continuity  equations.  However,  2nd  order 
centered  difference  operator  is  used  for  the 
divergence  of  the  pressure  gradient  which  is 
expressed  by  4th  order  centered  difference 
operator  in  order  to  avoid  the  wiggles  in 
numerical  solutions. 

3.2  Initial  and  Boundary  Conditions 


The  initial  conditions  are  given  as  the 
superposition  of  a  random  function  to  the 
mean  velocity  profile  uj^  and  U2.  The  mean 
velocity  profile  of  u.  is  given  as  the 
following  law  of  the  wall  and  the  log  law, 

u,  =  (log  y*)/0. 41+5.0 
ui  =  y* 
y  ‘=xa-Re* 
y*=(l-Xi)-Re* 

The  velocity  component  Uj  is  determined  to 
satisfy  the  continuity  equation.  The  magnitude 
of  the  random  function  is  5%  of  the  mean 


y*S10.80 
0Sy*gl0.80  ,  , 
O^XzSO.D 
O.SgXagl.O 
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velocity. 

Cyclic  boundary  conditions  are  imposed  for 
velocity  and  pressure,  in  downstream  and 
spanwise  directions.  No-slip  boundary 
conditions  are  imposed  at  walls.  Zero  gradient 
of  the  pressure  normal  to  the  wall  is  imposed. 

4.Computed  Results 


4.1  Computing  Test  for  Laminar  Flow 

Before  the  LES  calculation,  computing  test 
is  performed  for  a  laminar  flow  past  a 
circular  cylinder.  Although  the  flow  for  this 
case  IS  2  dimensional  one,  the  computation  is 
performed  by  3  dimensional  code  in  order  to 
check  the  code.  In  this  ca'e,  all  variables 
have  been  made  dimensionless  by  means  of  the 
cylinder  diameter(D)  and  the  uniform  flow 
velocity(U).  The  number  of  grid  points  are  80 
in  circumferential  direction,  40  in  radial  and 
5  in  axial  of  the  cylinder.  The  diameter  of 
the  computational  domain  is  about  28  times  of 
that  of  the  circular  cylinder.  The  minimum 
spacings  in  the  radial  direction,  in  the 
circumferential  direction  and  in  the  axial 
direction  are  O.OID,  0.008D  and  2.00, 
respectively.  In  this  calculation,  Euler 
explicit  method  is  employed  for  the  time 
derivative.  The  flow  around  the  circular 
cylinder  is  accelerated  from  U=0  to  the  staady 
speed(U).  The  acceleration  is  set  to  be 
l.OU^/d.  The  time  increment  is  set  to  be 
O.OOlU/C  when  the  flow  is  accelerated,  and 
after  the  acceleration  the  time  increment  is 
set  to  be  0.0015G/D. 

No-slip  boundary  condition  is  imposed  on 
walls.  Zero  gradient  of  the  pressure  normal  to 
the  wall  is  imposed.  On  the  outer  boundary, 
the  pressure  is  fixed  to  zero.  With  respect  to 
the  velocity  on  the  outer  boundary,  a  linear 
extrapolation  is  given  except  a  upstream 
point  at  which  the  velocity  is  given  by  the 
inviscid  flow  solution.  Cyclic  boundary 
conditions  are  imposed  for  the  velocity  and 
pressure  in  the  axial  direction. 

In  this  case,  the  flow  is  laminar  so  that 
the  Smagorinsky's  constant  'c'  is  set  to  be 
zero.  The  artificial  dissipation  factor  a  is 
set  to  be  1.0.  The  convergence  condition  of 
the  Poisson  eq,(25)  is  set  as  the  divergence 
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of  the  velocity  is  less  than  10  . 

The  calculated  pressure  distribution  on  the 
circular  cylinder  is  shown  in  Fig. 2  together 
with  the  experimental  data(7)  and  the 
calculated  result  by  Kodama(8].  Reynolds 
number(Re)  based  on  the  cylinder  diameter  and 
the  uniform  flow  velocity  is  40.  The  computed 
result  shows  good  agreement  with  the 
experimental  data.  In  Fig. 3  drag  coefficient 
is  compared  with  the  Tritton's  experimental 
curveOJ  and  Kodama's  calculated  results.  The 


calculated  result  agrees  well  with  them. 

In  Kodama's  calculation,  4-th  order 
artificial  dissipation  terms  were  also  added 
to  the  momentum  equations  in  order  ta 
stabilize  the  calculation.  Kodama  analyzed 
the  truncation  errors  and  indicated  that  the 
artificial  dissipation  terms  were  so  small 
that  the  accuracy  of  the  solution  was  not 
degraded  by  them. 

Without  the  4-th  order  artificial 
dissipation  terms,  the  calculation  diverges 
always.  Although  the  2-nd  order  artificial 
dissipation  terms  distort  the  calculated 
solutions,  the  distortion  of  the  4-th  order 
artificial  dissipation  terms  is  not  so  large. 

4.2  Computed  Results  for  a  Channel  Flow 

Simulations  are  performed  for  a  parallel 
channel  flow.  Reynolds  numberCRe  )  based  on 

the  channel  breadth(D)  and  the  friction 

* 

velocityCu  )  is  500.  The  calculated  region  has 
a  downstream  length  of  3D  and  a  lateral  width 
of  0.75D.  The  dovmstream  length  and  the 
lateral  width  are  subdivided  into  30  equal 
grid  intervals.  Therefore,  the  intervals  in  a 
downstream  directionfx-^)  and  lateral 
directionfxj)  are  as  follows. 

Ax, =0.1  Axs=0.025. 


Non-uniform  grid  systems  are  used  in  the 
normal  direction.  The  minimum  and  maximum 
intervals  in  the  normal  direction  are  as 
follows, 

Axzai  n=D.  0033  Axeiiax=0. 0728. 


In  this  calculation,  Adams-Bashforth  and  Euler 
explicit  methods  are  employed  for  the  time 
derivative.  Smagorinsky’s  constant  'c'  is  set 
to  be  0.1.  The  convergence  condition  of  the 
Poisson  eq.(25)  is  set  as  the  divergence  of 
the  velocity  is  less  than  10  . 

Dependency  of  the  artificial  dissipation 
factor  a  on  the  calculated  results  is  shown 
in  Figs. 4, 5.  rigs.4-a,-b  show  the  turbulence 
intensities  normalized  by  the  friction 
velocity.  From  top  to  bottom,  they  are 

<(uj")^>^^^,  <(U2)^>^^^,  <(U3)^>^'^^, 

respectively.  The  angular  brackets  <  >  denotes 
the  plane  average  of  a  quantity  and  the 
double  prime  "  denotes  the  deviation  of  a 
quantity  from  the  X2^-X3  plane  average.  They 
are  compared  with  the  experimental  data  by 
Clark(lO)  and  Hussain-Reynoldst 11 1  and  with 
the  calculated  result  by  Moin-Kim(61,  The 
calculation  diverges  when  a  is  less  than 
0.03.  Therefore  artificial  dissipation  is 
required  for  \ he  stable  calculation.  However, 
the  serious  effect  of  the  artificial 
dissipation  on  the  turbulence  intensities  is 
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shown  in  case  of  a  =0.06. 

The  profile  of  the  mean  velocity  non- 
dimensionalized  by  the  friction  velocity  is 
shown  in  Figs.5-a,-b.  The  solid  line 
represents  the  law  of  the  wall  and  the  Coles* 
log  law.  The  experimental  data  by  Hussain- 
Reynolds[ 11 1 (Re  =1280)  is  also  plotted  in 
Fig. 5.  The  calculated  velocity  in  the  log  law 
region  is  higher  than  the  experimental  one. 
This  discrepancy  partially  depends  on  the 
difference  of  Reynolds  number.  A  noticeable 
discrepancy  does  not  exist  between  such  a 
change  of  artificial  dissipation  factor 
0t=0.03  and  0.06.  However,  if  we  take  a  large 
artificial  dissipation  factor,  for  instance 
0!=1.0'  so  called  Kawamura's  scheme(12)),  the 
velocity  profile  is  seriously  deformed(131. 

The  order  of  magnitude  of  each  term  in  the 
stream-wise  momentum  equation  is  compared  in 
Figs. 6, 7.  The  contour  lines  shown  in  Figs. 6, 7 
are  the  convection  terms,  artificial 
dissipation  terms,  the  SGS  model 
termsCLeonard,  Cross  and  SGS  Reynolds  terms) 
and  the  viscous  terms  on  plane.  The 
convection  terms  are  dominant  in  the  middle  of 
channel,  whereas  the  convection  and  the 
viscous  terms  are  dominant  near  the  wall.  The 
SGS  model  terms  are  too  small  compared  with 
the  convection  terms  or  the  viscous  terms.  In 
order  to  implement  the  tiES  calculation,  the 
artificial  dissipation  terms  must  be  smaller 
than  the  SGS  model  terms.  In  case  of  a  =0.06, 
the  artificial  dissipation  terms  are  greater 
than  or  the  same  order  as  the  SGS  model  terms 
in  places  on  y‘'’=22.2  plane.  Because  of  this 
artificial  dissipation  terms,  the  turbulence 
intensities  are  excessively  damped  in  the 
middle  of  the  channel.  As  a  result  each  term 
is  damped  as  shown  in  Fig.7-b. 

Even  for  the  case  of  a  =0.03,  the 
artificial  dissipation  terms  are  the  same 
order  as  the  SGS  model  terms  in  the  middle  of 
the  channel.  So  that,  there  still  remains  room 
to  improve  the  present  computing  scheme. 

When  we  use  Euler  explicit  method  instead 
of  the  Adams-Bashforth  method,  the  scheme  of 
the  time  derivative  is  only  first  order 
accuracy.  To  proceed  the  stable  calculation, 
the  artificial  dissipation  factor  must  be 
greater  than  0.15  for  Euler  explicit  method, 
which  is  5  times  as  large  as  the  factor 
required  for  Adams-Bashforth  method. 

The  contour  lines  of  each  term  calculated 
by  Euler  explicit  method  are  shown  in  Fig. 8. 
The  artificial  dissipation  terms  are  greater 
than  the  SGS  model  terms  and  also  greater  than 
the  results  calculated  by  Adams-Bashforth 
method.  Th.' s  is  caused  by  the  large 
dissipation  factor. 

Fig. 9  shows  the  turbulence  intensities 
calculated  by  Euler  explicit  method.  Although 


the  artificial  dissipation  terms  are  greater 
than  the  SGS  model  terms,  the  calculated 
turbulence  intensities  are  not  so  much  damped 
but  agree  with  the  experiments.  In  Fig. 10, 
the  profile  of  the  mean  velocity  is  shown.  The 
velocity  profile  calculated  by  Euler  method  is 
almost  same  with  that  of  Adams-Bashforth 
method  except  the  middle  of  channel.  When  we 
take  a  larger  dissipation  factor,  the 
turbulence  intensities  are  damped  in  the 
middle  of  channel  as  shown  in  Fig. 11.  This 
tendency  is  the  same  with  the  case  of  Adams- 
Bashforth  method(Fig.4-b).  Figs.l2-a,b,c  show 
the  instantaneous  velocity  vectors  on  X2-X3 
plane.  Although  the  velocity  fluctuation  is 
attenuated  in  the  middle  of  the  channel  for 
a=0.06(Adams-Bashforth),  the  velocity 
fluctuation  is  not  so  much  attenuated  for 
a=0.15(Euler).  When  we  chose  a  dissipation 
factor  suitable  for  the  calculating  method, 
even  for  Euler  method,  the  global  feature  of 
the  turbulence  flow  can  be  obtained. 

Conclusions 

Turbulent  channel  flow  is  <?tudied 
numerically  by  using  finite  differe.  ■  j  method. 
The  simulation  is  stably  executed  by  using  the 
3rd  order  upwind  difference  scheme.  The 
numerical  dissipation  terms  attenuate  the 
turbulence  intensities.  When  we  chose  a 
dissipation  factor  suitable  for  the 
calculating  method,  turbulent  flow  structures 
in  a  turbulent  channel  flow  can  be  well 
simulated.  However  a  problem  still  remains 
how  to  determine  the  dissipation  factor. 

The  present  study  is  partially  undertaken 
as  a  student  project  at  Hiroshima  University. 
Author  is  indebted  to  Mr.  K.  Murakami  who 
discussed  and  helped  the  author  in  the  course 
of  this  study. 

The  computations  were  executed  by  apollo 
DNIOOOO  and  HITAC  M-680H  at  Hiroshima 
University. 
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Fig, 2  Pressure  distribution  on  a  circular 
cylinder  at  Re=40 
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Fig. 3  Drag  coefficient 
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Fig.8-a  Contour  lines  of  each  term  in  the  stream 
wise  momentum  equation  calculated  by 
Euler  method, 

“  =0.15,  y*=22.2.  t=9.5,  Re*=500, 
asconvection  terms  interval  SO, 
b:artificial  dissipation  terms  interval  S 
c:SGS  model  terms  interval  5,  d: viscous 
terms  interval  10 


Fig.8-b  Same  as  Fig.8-a 

a  =0.15,  y’^=250,  t=9.5,  Re*=500, 
a:convection  terms  interval  50, 
b:artificial  dissipation  terms  interval  2 
c;SGS  model  terms  interval  2,  d;viscous 
terms  interval  10 


Fig. 10  Mean  velocity  profile  calculated  by 


Euler  method, 
t=9.5,  Re*=500 


a  =0.15 
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Fig*ll  Turbulence  intensities  calculated  by 
Euler  method  «  =0*6 

t=9.5,  Re*=500 
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Fig.l2-a  Velocity  vectors  on  Xj-Xj  plane 

calculated  by  Adams-Bas)iforth  method 
a=0.03,  t=9.5,  Xj=1.5,  Re  =500 
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Fig.l2-b  Same  as  Fig.l2-a 

a=0.06,  t=10.0,  Xj^=1.5,  Re*=500 
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Fig.l2-c  Velocity  vectors  on  X2-X3  plane 
calculated  by  Euler  method^ 
Ct=0.15,  t=9.5,  X2=1.5/  Re  =500 
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Abstract 

The  present  work  first  details  the  implementation 
problems  of  a  numerical  procedure  for  the  solution  of  the 
Reynolds-averaged  Navier-Stokes  equations  in  boundary- 
fitted  coordinates.  The  procedure  is  validated  using  well 
documented  experiments  on  the  HSVA  tanker  and  the 
comparisons  demonstrate  the  ability  of  the  method  to 
predict  ship  stem  flows. 


I.  Introduction 

For  a  long  time,  wind  tunnel  or  towing  tank 
experiments  have  been  the  own  practical  way  to  get 
information  on  ship  performances  because  of  the 
restrictions  of  inviscid  or  boundary  layer  models.  With  the 
development  of  computers,  it  becomes  possible  to  obtain 
numerical  infomiation  with  an  answer  turnover  and  a  level 
of  details  which  arc  hardly  possible  with  experiments.  Hie 
prediction  of  shiplike  afterbody  flows,  which  is  considered 
hereafter,  is  necessary  for  the  knowledge  of  viscous 
resistance  and,  more  importantly,  for  propeller  and  control 
surface  design  as  both  are  immersed  in  regions  where 
viscous  effects  are  significant.  Classically,  such  problems 
were  handled  solving  first  a  potential  problem  with  panel 
methods.  The  inviscid  flow  field  on  the  body  was  u^  as 
a  boundary  condition  for  thin  boundary  layer  equations, 
the  solution  of  which  allowed  the  determination  of  viscous 
corrections.  Unfortunately,  it  was  demonstrated  during  the 
SSPA-ITTC  workshop  on  ship  boundary  layers  [1]  that 
such  a  procedure  failed  in  the  stem  region  b^ause  of  the 
rapid  thickening  of  the  boundaiy  layer  in  this  zone.  Tiie 
limited  success  of  generalizations  of  thin  boundary  layer 
equations  involving  high  order  corrections,  see  e.g. 
[2][3][4],  was  subsequently  demonstrated  so  that  the 
tendency  towards  computing  the  full  solution  of  the 
Navier-Stokes  equations  became  stronger  and  stronger  for 
increased  computer  ressoorces  became  more  and  more 
available  at  continuously  decreasing  costs.  However, 
significant  obstacles  to  progress  in  the  treatment  of  such 
thrccdimensicnal  flews  remain,  the  most  important  being 
the  difficulty  in  describing  with  enough  resolution  the 
geometry  of  the  physical  domain  in  which  the  body  is 
immersed,  even  if,  as  here,  no  free  surface  effect  is 
considered.  Another  important  difficulty  is  the  need  of 
reliable  data  to  validate  computations  insofar  as  the 
comparisons  between  the  experiments  and  the 
computations  involve  systematic  interpolation  procedures. 

Table  1  summarizes  the  main  characteristics  of  the 
presently  available  methods  which  share  several  common 


features  as  well  as  differences  among  which  the  following 
appear  important,  (i),  used  coordinates  and  grid  generation 
techniques,  adaptivity  of  the  mesh  ;  (ii),  type  of  master 
equations  and  retained  approximations  -ail  of  which  depart 
firom  thin  boundary  layer  assumptions-  ;  (iii),  turbulent 
models,  how  are  they  used  and  with  what  specific 
boundary  conditions  ;  (iv),  discretization  schemes, 
pressure  velocity  coupling  methods,  iterative  modes  , 
solution  methods  used  for  the  linear  systems  ;  (v), 
acceleration  means ;  (vi),  initial  and  boundary  conditions. 

All  the  methods  (including  this  one)  that  have  been 
published,  but  [5][6)t7],  rest  on  the  use  of  Reynolds 
averaged  Navier-Stokes  equations  (hereafter  called 
RANSE)  presented  in  §2  and  written  in  a  body-fitted 
curvilinear  coordinate  system.  Except  works 
[3J[9](10](11],  only  the  independent  variables  arc 
transformed  from  the  physical  coordinates  x  (horizontal 
along  the  axis  of  the  bbdy),  y  (horizontal,  orthogonal  to  the 
axis  of  the  body),  z  (vertical)  to  the  curvilinear  coordinates 

V  =  (^  T|,  Q  while  the  dependent  variables  are  retained  in 
the  physical  domain  :  the  velocity  components  are  the 
components  in  a  cartesian  frame  with  the  noticeable 
exception  of  [12][13][14],  where  cylindrical  velocity 
corner  ents  arc  preferred.  In  order  to  allow  more  easily 
comparison  with  experiments,  the  coordinate  planes 

X-const.  are  identified  with  x=const.  planes.  In  the 
following  (§2.2),  11  will  refer  to  the  coordinate  away  from 
the  wall  such  that  the  equation  of  the  wall  is  i)  =  1 ;  C  will 
refer  to  the  girthwise  coordinate.  The  other  alternative 
[8][9][10][11]  uses  contravariant  coordinates.  This 
simplifies  the  continuity  equation  but  introduces  Ciiri.°toffel 
synribols  in  the  momentum  equations,  tlie  full  treatment  of 
which  is  cumbersome  (usually  a  lot  of  terms  are  omitted) 
and  either  time  or  storage  consuming. 

Now,  considering  the  master  equations,  ie.  those 
which  are  discretized  numerically,  they  usually  involve  a  k- 

e  type  of  closure  with  a  wall-function  approach  which 
avoids  numerical  troubles  often  associated  to  the  sink- 
source  terms  in  the  e  equation  while  saving  storage  for  the 
nodal  unknowns.  Some  works  depart  from  this  trend  by 
the  use  of  either  a  classical  mixing  length  model  I8)[9]  or 
of  a  subgrid  scale  model  [15].  Considering  more 
sophisticated  Reynolds  stress  models  does  not  seem  to 
improve  significantly  the  results  [16].  In  the  following,  a 
k-e  model  is  retained  but  the  walljunction  approach  is 
avoided.(§2.4)  Only  the  e  equation  is  byp^sed  close  to  the 
wall.  For  a  significant  increase  in  numerical  troubles  and  in 
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Table  1  -  Main  characteristics  of  the  Available  Methods 


computing  time,  the  delicate  problem  of  the 
threedimensional  orientation  of  the  log  law  specification, 
dealt  with  only  in  [14],  is  avoided,  as  well  as  significant 
overestimations  of  the  velocity  profiles,  close  to  the  wall, 
in  the  propeller  disk  region.(17][18]. 

From  the  closed  RANSE,  the  master  equations  are 
almost  invariably  obtained  -except  [14]  [19]-  using  the  so- 
called  partially  parabolic  approximation  in  which 

longitudinal  X-transport  due  to  viscosity  and  turbulence  is 
neglected  (ie,  if  (j)  is  the  advected  quantity,  only  the  <1>XX 
terms  are  dropped).  This  approximation  is  usually 
developpcd  for  viscous  flow  fields  in  which  pressure  is  the 
dominant  transmitter  of  influence  in  the  upstream  direction. 
In  certain  conditions,  it  does  not  forbid  the  presence  of  - 

seldomly  present-  longitudinal  flow  reversal  (along  X) 
which  may  occur  close  to  transom  stems  or  when  a 
propeller  is  in  operation.  In  this  work,  the  master  equations 
do  not  involve  such  an  approximation  for  reasons  which 
will  be  made  clear ;  therefore  the  fully  elliptic  equations  are 
used. 

Turning  now  to  the  numerical  aspects  which  are 
studied  in  §3 ,  a  general  prerequisite  is  a  method  for 
generating  the  body-fitted  grids.  The  most  common  choice, 
including  ours  already  detailed  in  §2.3,  rests  on  elliptic 
solvers  [20]  because  they  are  easy  to  use  and  because  they 
allow  a  priori  controls  of  the  quality  of  the  grid  close  to  the 
body.  A  possible  alternative  has  been  proposed  in 
[8][9][l''’M9’r21]where  twodimensional  grids,  generated 
via  conf  ....  tts'  .  C'mation  designed,  for  instance,  from 

the  Set  '  '  •  tel  theorem,  are  stacked  in  the  X 

direction,  f- ./  .  >i,'ld-in  transverse  orthogonality  to 

the  price  of  distorsion  problems  in  the  X  direction,  close  to 
the  aft  sections.  Other  algebraic  techniques  have  also  been 
used  [22][23][24][25][26]  but  they  appear  often 
abandonned. 

The  most  important  aspect  of  the  numerics  lies  in  the 
way  the  incompressibility  constraint  is  enforced.  This  may 
be  done  in  three  ways.  A  first  category  of  methods 
includes  those  where  the  pressure-velocity  coupling  is 
simulated  with  a  suitable  modification  of  the  continuity 
equation.  Compressible  flow  methods  used  for  low  Mach 
numbers  belong  to  this  category,  although  severe 
di^iculties  are  usually  found  in  the  limit  of  vanishing  Mach 
numbers.  The  artificial  compressibility  method  [27], 
systematically  used  in  some  institutes  (see  e.g.  [28]),  and 
applied  to  ship  flows  in  [29][30],  gives  also  rise  to 
convergence  problems  and  needs  a  careful  selection  of 
numerical  parameters  such  as  the  pseudocompressibiiity 
f&ctot  Jhe  second  category  includes  methods  in  which  the 
continuity  equation  is  satisfied  identically  at  each  iteration. 
Apart  from  unsegregated  methods  [31],  such  methods 
follow  the  boundary  layer  practice  in  which  the  flow 
domain  is  swept  from  upstream  to  downstream,  implicit 
differencing  of  momentum  being  used  for  marching 
stability.  Upstream  influence  through  the  pressure  field  has 
to  be  accounted  for,  and  this  is  done  introducing  some 
form  of  forward  differencing  for  the  streamwise  pressure 
gradient  which  allows  departure-free  behavior  [32].  For 
ship  applications,  such  methods  have  been  mainly 
developped  in  the  framework  of  the  partially  parabolic 
approximation  in  [8][9][10].  In  this  work,  we  have 
followed  (§3.2)  the  most  common  so-called  pressure 
correction  methods  in  which  the  pressure  velocity  coupling 
is  solved  iteratively,  updating  successively  the  velocity 
variables  in  the  momentum  equations  and  the  pressure  in  a 


pressure  equation,  in  such  a  way  that  solenoidality  is 
satisfied  at  convergence.  In  the  ship  applications,  both  the 
advection  and  the  diffusion  of  momentum  are  implicit  in 
time  ;  the  updating  procedure  being  handled  on  each 
equation  by  the  well  known  "SIMPLE"  [33],  "SIMPLER" 
[34],  or  "PISO"  [35]  methods.  One  of  the  dominant 
aspects  of  such  techniques  lies  in  the  way  the  pressure 
equation  is  handled  as  the  pressure  solver  controls  the 
global  convergence  of  the  method  (and  therefore,  its 
robustness  on  fine  gnds),  and  as  it  generates  the  greatest 
part  of  the  computational  cost.  The  present  work  strongly 
differs  from  similar  computations  [12][13][14]  by  the 
characteristics  of  the  pressure  and  pressure  correction 
solvers  which  become  critical  as  soon  as  grid  clustering  is 
strongly  increased  by  the  removal  of  the  the  wall  function 
approach. 

Such  modifications  arc  necessary  for  the  following 
reason.  Because  only  the  independent  variables  are 
transformed,  the  directions  of  the  velocity  components 
differ  fiom  the  direction  of  the  curvilinear  coordinates.  As 
a  first  consequence,  the  projection  phase  of  the  pressure- 
velocity  coupling  does  not  connect  always  the  driving 
component  of  the  pressure  gradient  to  the  corrected 
velocity  component .  Because  of  the  strong  grid  clustering, 
the  stiffness  of  the  "threedimensional"  pressure  matrix  is 
so  much  increased  that  standard  relaxation  techniques 
usually  retained  do  not  converge  anymore.  This  argument 
will  be  clarified  in  (§3.3)  As  a  second  consequence,  the 
possibility  of  pressure  odd-even  oscillations  is  recovered 
even  if  the  grid  is  staggered  (the  most  common  choice,  see 
Table  1).  They  are  classically  avoided,  as  when,  as  here, 
colocated  grids  are  used,  with  weighted  averages  of 
coefficients  defined  during  the  projection  phase.  For  the 
methods  belonging  to  the  third  category,  the  discretization 
of  the  advectivc  terms  rests  often  on  strongly  diffusive 
classical  hybrid  schemes.  In  this  work,  we  use  (§2.1)  the 
so-called  finite-analytic  method  of  [37]  applied,  for 
instance,  in  [13][14][15][18]. 

This  quick  review  of  methods  would  stay  incomplete 
without  consideration  of  initial  and  boundary  conditions. 
They  will  be  specified  in  §4,  when  the  results  arc  studied. 
While  the  iterative  procedure  is  usually  initialized  from 
rest,  from  uniform  flow,  or  from  potential  theory,  the 
considered  domain  boundaries  usually  extend  from  a 
midship  station  to  several  lengths  behind  the  body. 
[5][6][7][15][38][39]  depart  from  this  choice  on  model 
ships  and  start  from  a  uniform  flow  field  far  upstream.  In 
this  woric,  we  follow  the  common  practice  which  considers 
that  the  inlet  flow  at  midship  stations  can  be  characterized 
by  some  simple  integral  parameters  and  that  the  crossflow 
at  midship  can  be  neglected.  These  integral  parameters  are 
obtained  either  from  experiments  or  from  thin  boundary 
layer  assumptions  used  upstream.  This  allows  to  save 
computer  ressources  and  to  avoid  transition  problems  in 
the  fore  part  of  ship  models.  The  flow  domain  extends 
usually  to  some  ship  lengths  downstream  and  to  one  ship 
length  away  from  the  axis  of  the  ship.  Symmetry 
conditions  arc  retained  on  the  vertical  plane  -the  so-called 
keel  plane-  (only  one  side  of  the  ship  is  handled)  as  well  as 
on  the  horizontal  plane  -the  water  plane-.  Only  the  so- 
called  doublertncdel  probiwn  is  therefore  treated,  except  in 
(5][6][7][15][38]  where  free  surface  effects  are 
consider^.  Related  to  the  flow  domain  choice,  is  the  w^e 
topology  which  involves,  the  most  often,  a  singularity  line 
cither  of  the  polar  type  or  of  the  parabolic  type.  In  the 
former  case,  transverse  grids  are  topologically  equivalent 
to  concentric  circles  (ti  =  const.)  and  their  radii  (C= 
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const.)-  In  the  latter  case,  the  singular  line  starts  from  the 
bottom  of  the  ship,  in  its  vertical  plane  of  symmetry  into 
the  wake,  defining  a  line  of  separation  between  the  upper 
part  of  this  vertical  plane  of  symmetry  (the  "fictlve  rudder") 

which  is  a  (symmetry)  surface  T]  =1  that  extends  the  wall 
surface  (Ti=l)  in  the  wake,  and  its  bottom  part  which  is  a 
(symmetry)  surface  ^=2. 

Among  the  available  experimental  information  which 
has  been  extensively  reviewed  in  [40][41],  we  shall  mainly 
focus  (§4)  on  the  HSVA  tanker  [44][45].  For  this  case, 
very  detailed  mean  flow  measurements  are  provided  in 
several  x  =  const,  planes  ;  this  minimizes  interpolation 
processing.  Moreover,  the  data  are  free  from  blockage 
effects  because  a  wind  tunnel  with  slotted  walls  was  us^. 
Uncertainties  on  the  inlet  conditions  appear  therefore  to  be 
an  admissible  penalty.  The  paper  is  outlined  as  follows.  §2 
presents  the  equations  and  the  main  features  of  the  used 
method  ;  §3  focusses  on  the  numerical  aspects  ;  §4 
discusses  the  results  and  presents  significant  comparisons 
with  the  HSVA  experiments. 

2.  The  Master  Equations 
2.1.  The  Primitive  Form. 

The  full  RANSE  (2.1)  for  the  mean  velocity  field  U 
and  for  the  mean  pressure  deviation  P 

v.u=o,  au/at  +  (u.v)u  +  vp  =  rc-iv2u  •  v.su  (2^) 

need  a  closure  assumption  for  the  Reynol  tresses  -uu 
which  is  taken  under  the  isotropic  form  (2  I 

uu  =  2k  1/3  -  VT  [V  U  +  VT U]  (2.2) 

where  vj  =  C^'^le  is  the  turbulent  v  .  k  -s  the 

turbulent  kinetic  energy  and  e  the  so- ..ion  of 

turbulent  kinetic  energy,  k  and  e  i.c  :>]<.  .  '  by  the 

standard  following  transport  equation  .  •  and  (2.4) 
ak/at  +  U.Vk  =  G  -  6  +  V.[  R^-lVk  ]  (2.3) 

a€/at  +  U.Ve  =  Cg  leG/k  -  Cg2/k  +V  [Rg-We]  (2.4) 
G  is  the  rate  of  production  of  turbulent  kinetic  energy  - 
uu  :  VU,  Reff  is  the  effective  Reynolds  number  defined 
by  Reff  ■  I  =  Re'^  +  vj  while  R^'^  =  Re'^  +  vj/  ojj  and 
Rg’l  =  Re'I  +  Vx/Og  .  Unless  specified,  model 
"constants"  are  given  by  their  standard  values : 

C^i  =.09,Cg  1  =  1.44,Cg2  =  1.92,(Jk  =  l.Oe  =  1.3  (2.5) 


2.2  Physical  space  and  computational  space 
2.2.1  The  problem  .  The  physical  domain  Q,  where  the 
flow  is  studied,  is  bounded  by  the  ship  hull  B  of  surface 
aB,  by  the  outer  boundary  £,  by  the  inlet  station  U,  by  the 
outlet  station  D  and  by  the  vertical  V  and  horizontal  H 
planes  of  symmetry.  Equations  (2.1  to  4)  which  classically 
involve  the  cartesian  velocity  components 

{U®}={U,V,W}  are  partially  transformed  from  the 
cartesian  rectilinear  coordinates  {x“}={x,  y,  z)  in  the 

physical  space,  to  the  curvilinear  coordinates  A,*  = 
in  the  so-called  computational  space.  The  coordinate 
transformation  is  designed  in  order  that  the  boundaries  dB 
and  S  become  t)  =  const,  surfaces,  that  the  boundaries  U 
and  V  become  A,  =  const,  surfaces  and  that  the  planes  of 
symmetry  become  C  =  const,  surfaces.  The  domain  Cl 


becomes  a  parallelepiped  in  the  computational  space  in 
which  the  discretization  consists  in  stacked  unit  cubes  of 

sides  AA,  =  At)  =  AC  =  1.  Each  unit  cube  of  the 
computational  space  is  a  curvilinear  hexahedron  in  the 
physical  space,  the  "sides"  of  which  are  measured  by  the 

modulii  of  the  covariant  vectors  aj  =  dr/dX\ 


2.2.2.Useful  Relationships.  The  transformation 
necessarily  involves  byproducts  from  the  basis  aj.  Of 
par^lar  interest  are  [20] : 

(i)  The  area  vectors  W  =  ajxa^  (ij,k  in  cyclic  order)  which 
measure  the  oriented  area  of  a  small  surface  of  unit  sides 
along  AJ  and  A*^  on  a  A*  =  const,  surface  in  the 
computational  space,  b*  appears  as  built  with  two  small 
triangle-likes  surfaces  in  the  physical  space. 

(ii)  The  Jacobian  J  of  the  transformation  from  the 

computational  space  of  the  coordinates  {A'}  to  the  physical 

space  of  the  coordinates  {x“).  J  measures  the  "physical" 
volume  of  a  parallelepiped  of  unit  sides  in  the 
computational  space  ;  this  parallelepiped  appears  as  an 
hexaedron-like  volume  in  the  physical  space. 

(iii)  The  covariant  and  contravariant  metric  tensors 
gij  =  ai.aj :  gij  =  bAbi/detgij  where  the  determinant  of  gy 
is  the  square  of  the  foredefined  Jacobian. 


An  important  relationship  to  be  used  is  the  following 
simple  restatement  (2.6)  of  the  chain-rule  derivative 
formula : 

aAk/9x«  =  J-lbak  (2.6) 

which  allows  the  computation  of  the  standard  following 
operators : 

V.U  =  J-1  a(JUi)/aAi  =  J-1  3[ba‘U«]/aAi  (2.7) 


where  U®  and  [V<|)](x  are  the  physical  components  in  the 


cartesian  orthonormalized  physical  space. 

[VtMa  =  J'^  ba*^  3(1)  /dX^  (2.8) 


2 

V  (j)  =  div 


ik^ 

_  1  3 

,  ik9<t> 

8  — 

“  J  i 
3A 

^8  — 

L  3A  J 

L  3A  J 

(2.9) 


2.23.The  Grid  generation  method.  Because  the  values  of 
the  curvilinear  coordinates  A*  are  specified  on  3£i,  the 
values  of  A*  inside  £2  result  from  a  boundary  value  problem 
in  which  the  dependent  variables  are  the  {A*}  and  the 


independent  (unknown)  variables  are  the  (x®),  the 
correspondance  between  {x®}  and  {A')  being  one-to-one. 
If  (2.9)  is  written  for  V2x  =  V2y  =  =  0,  the  resulting 


partial  differential  equations  (2.10)  may  be  used  to  generate 
the  coordinates : 

V^(l)=g“‘  j.-^with  (l)=x“H(x,y,z)  (2.10) 


3A3A 


3A  3A 


Because  the  coefficient  of  the  first  order  (lerivative, 
in  (2.10),  is  the  laplacian  of  the  curvilinear  coordinate : 


J  1 
3A 


[Jg" 


(2.11) 


The  common  practice  is  to  specify  it  as  a  grid  clustering 
control  ^  =  v2aI^.  In  this  case,  (2.10)  becomes  (2.12) 
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i 


V  (j)  ---  g‘ 


;  9  4>  J  9<1' 

1  k'*'^  j 

dXdk  dX 


Now,  if  V^x®  is  computed  with  (2.11)  rather  than  with 
(2.10),  must  be  equal  to  the  rhs.  of  (2.12).  Therefore, 
when  (2.12)  is  used  to  compute  the  diffusion  terms  (for 

<(i=U,V,W,k,e ),  the  iterative  method  for  solving  the  mesh 
must  be  solved  to  convergence.  In  all  that  follows,  only 
the  special  case  X.  =  X,  (x)  is  considered  so  that 
fl=-gllxxX,/xX.  =  [12][46]  results  from  the 

assumed  longitudinal  grid  distribution  x(X,).  Thus,  only  the 
equations  for  y  and  z  need  to  be  solved,  once  control 
functions  and  f^  have  been  specified. 

and  f3  are  connected  to  gU  in  such  a  way  that 
2b=-f2/g22  =  and  2c=-f3/g33  =  (as  well 

as  2a)  are  frozen  during  the  iterative  use  of  (2.12)  for 
<|i=y,z.  They  are  prescribed  according  to  (2.13)  whore  S  is 

the  curvilinear  abscissa  along  the  ^  =  c^^  lines  and  (ft  is  the 
polare  angle  in  the  x  =  const,  correction. 

S 

f^=FA(il,C)  for  -g“-^  |  (2.13a) 

n 

S 

f“=FB(tl,C)  for  Xi\  ;  Fb=  |  X^Xg  (2.13b) 


f^=Fc(X,Ti,C)forX^^<XB; 

(2.13c) 

(X-Xb)Fa-(X-X^)Fb 
Fc= - 

X  -X 

A  B 

a,b,c  are  fixed  from  an  initial  guess  taylored  to  the 
problem  (see  §3).  The  numerical  solution  of  the  grid 
equations  uses  exponential  schemes  similar  to  (3.6)  -see 
infra-  in  both  directions ;  it  considers  crossed  second-order 
derivatives  as  source  terms  which  are  discretized,  as  well 
as  metric  components,  with  centered  schemes.  The 
solution  of  the  resulting  linear  systems  endly  results  from 

SLOR  alternate  t]  and  C  sweeps.  The  grid  generation 
procedure  thus  defined  has  two  aims  :  it  first  allows  a 
correct  clustering  of  grid  points  close  to  the  wall,  and,  as 
important,  it  smoothes  the  grid.  So,  zero  machine 
convergence  of  the  procedure  is  not  necessary.  The  f2  and 
f3  functions  that  result  from  (2.13)  after  SLOR  sweeps  are 
not  used  in  the  Navier-Stokes  solver.  Rather,  the  discrete 
equations  corresponding  to  the  Poisson  operators  are 
considered  as  a  2x2  linear  system  whose  solution  gives  the 
needed  f2  and  f^. 


Apart  from  the  continuity  equation  -see  (2.7)-,  the 
transport  equations  for  the  mean  momentum,  for  k  and  6 
can  be  written  under  the  following  Master  Equation  (2.14) 
forO: 

^*XX + 

+  2B(j,<I>Ti  +  2C(j)<I>X  +  R(|)d>t  +  S(j)  (2. 14) 


\  =  %Rcff :  s,=s^-2  [g‘\^  +  +  g^o  ] 


%=%  U-J-‘  [b}  ^+b?  v^^+b?  (2.16a) 

(2-  16b) 

%=%  W-J-'  [b^  v^_^+b^  v^^+bj^  (2.16c) 

The  index  (J)  refers  to  any  of  the  advected  quantities, 
namely  U,  V,  W,  k,  e  ;  the  indices  X,  q,  ^  refer  to  the 
partial  derivatives  ;  coefficient  a^j,  is  equal  to  1  except 

^k  =  ®k'  ^6  =  •  Source  terms  s,j,  for  U,  V,  W,  k,  e  are 

obtained  from  (2.17)  written  with  cartesian  derivatives 
indexed  x,  y,  z. 

3U 

Su=Reff  [Px-  eradv  .  — ]  (2. 17a) 

*  dx 


Sv=Reff  fPy-  gradv  .  — ]  (2. 17b) 

'  dy 

9U 

^w“^eff  fPz  ■  gfadv.p .  (2. 17c) 

Sk=-'^k*^eff(G-e)  (2.17d) 


Two  reasons  for  the  eviction  of  the  wall  function 
approach  have  been  already  mentionned  in  the 
introduction,  namely  the  problem  of  specifying  the 
directional  dependence  of  Ux  and  the  practical 
overestimation  of  velocity  profiles.  A  third  reason  is  the 
noticed  strong  dependence  of  the  pressure  level  on  the 
location  of  the  grid  points  close  to  the  surface.  As,  at  least 

the  e  equation  is  avoided  close  to  the  wall,  it  is  necessary 
to  specify  the  closure  assumptions  to  supply.  For  the 
HSVA  case  (§3),  a  one  equation  is  used  in  the  inner  zone 
in  order  to  make  the  closure  problem  free  from  the 
estimation  of  Ux  (whose  sign  may  vary  in  the  domain). 
The  closure  assumptions  (2.18,  2.19)  follow  the  choices 
of  [47] 

e  =  k3/2/lg  :  vj  =  C^Vk  1^  (2. 1 8a,b) 

where  the  scales  of  the  two  equations  differ  [48] : 

1^=  Cl  n  [  1  -  exp  (-ReV  k  n/ Ajx)] ; 

Ig  =  Cl  n  [  1  -  exp  (-ReVk  n  /  Ag )]  (2. 19) 

Hie  constant  Ci  results  from  log  law  assumptions,  n  is  the 
normal  distance  to  the  wall,  which  give  Ci  =  kCii'3/4  ;  the 


asymptotic  behavior  of  vp  when  n->0  fixes  Ag =201;/^ 

=  70  allows  to  recover  the  5.45  constant  of  the  flat 
log  law.  The  (straightforward)  patching  of  the  k  cr 

model  with  the  outer  k-e  model  is  locateo 
ReVkn  =  200-250. 


3.  The  Numerics 

3. 1  The  Transport  Eouations 

The  numerical  method  for  the  treatment  of  (2.14) 
closely  follows  [12][14].  Coefficients  of  <1>  derivatives  are 
evaluated  at  the  center  P  of  the  control  volume  and 
coordinates  are  normalized  in  the  following  way. 

X.*  =  X/Vgll;ii*  =  Ti/Vg22;4*  =  ^/Vg33  (3.1) 

so  that  the  normalized  form  (3.2)  is  obtained ; 

+  ‘I’ti*!!*  +  ‘I*^*^*  =  2A  <I>^*  +  2B 

+  2C  +  R  Of  +  (S,j))p  (3.2) 

with: 

A  =  (A,j,)p/Vg33p ;  B  =  (B,j,)p/\'g22p ;  c  =  (C,j,)p/Vgllp 

^  (3.3) 

for  a  parallelepipedic  volume  (in  the  computational  space) 
whose  sides  are  given  by  (3.3) : 

AX*  =  1  =  1/Vgl  1 ;  Ati*  =  k  =  1/Vg22 ;  AC*  =  h  =  1/Vg33 


Now,  the  equation  (3.1)  is  splitted  as  follows  [14]: 
2C  <S>x*  ■  +  R  Of  +  S4,  =  G(X*,  Ti*.  C*.  t)  (3.4) 

<i>Ti»ti*  + <i>c*C*“  ‘'^B* 

Assuming  that  G  and  S(j,  are  constant  on  each  element,  a 
backward  time  derivative  reduces  (3.4)  and  (3.5)  to  a  one 
dimensional  and  a  twodimensional  advection-diffusion 
equation,  respectively.  The  solution  of  (2.4)  is  written  as  : 
O  =  a  [exp(2cX*)  - 1]  +  bX*  +  c  (3.6) 

Substituting  (3.6)  into  (3.4),  one  is  left  with : 
g  =  [  2COX,*  -  Ox,*x*  +  R  Of  +  Sfj,  ]  p 
=  (Cu+Cd)<I*P  -  Cu’I’U  ■  +  X'^R(Op-Opn'l)+ 

+(S<D)p  (37) 

with 

^  Cexp(Cl)  ^  _Cexp(-Cl) 

''U"'  IsinhCl  IsinhCl 

T  is  the  time  step,  the  index  n-1  refers  to  the  known 
state,  indices  U  and  D  refer  to  upstream  and  downstream 
nodal  values  respectively.  The  resolution  of  (3.5)  is 
classical  and  the  result  can  be  written  under  the  form  (3.8) 

‘I>p  =  Sc„b  Cpg  (3.8) 

nb 

The  index  nb  refers  to  neighbouring  nodes  NE,  NW, 
SE,  SW,  NC,  SC,  EC,  WC  (fig.l).  If  the  relationship 
(3.8)  characterizes  compact  schemes  (the  molecule  of 
which  involves  at  most  three  points  per  direction),  the 
values  of  influence  coefficients  Cnfet  Cy.  Cp  depend  on 

the  type  of  discretization  in  the  plane  ti,C.  Following 
[I2][37][40j,  we  use  the  finite  anaiyuc  discretization.  Ibe 
resulting  values  of  Cnb  are  omitted  here.  Combining  (3.7) 
and  (3.8)  gives  (3.9). 

[l+Cp(Ci,+CD)+Cp^<I)pj=  (3.9) 

^  ^nb®nb'*'^P  [ 1 

nb  L  T  J 


3J.  .ITic  Pressure  Velocity  Coupling. 

'i.2A.  The  algebraic  problem.  The  discrete  solution  of 
RANSE  is  written 

(E-A)  V  +  GP  =  f;  DV  =  g  (3.10) 

•  ’iiciB  V  and  P  are  the  vectors  of  nodal  unknowns  for  the 
.docity  and  the  pressure.  Boundary  conditions  and  known 
aerates  from  time  t"*!  are  gathered  in  f  and  g.  D  and  G 
refer  to  the  discrete  form  of  the  divergence  and  of  the 
gradient  operator  which  may  involve  interpolation 

procedures  so  that,  in  general,  D  *  G'^  .  E-A  gathers  the 
implicit  part  of  the  ndvection  and  diffusion  terms  in  (3.9), 
E  being  foe  diagonal  matrix  of  foe  coefficients  C  at  node  P. 
The  concrete  form  of  E  and  A  is  not  important  for  the 
argument ;  let  us  only  mention  that,  with  the  finite  analytic 
method,  diagonal  dominance  implies  that  the  spectral 
radius  of  E'^A  is  less  than  one  so  that  an  Iterative  method 
which  gives  V  from  P  through  (3.1 1) 

V  =  (E-A)-1  (f-GP)  (3.11) 

converges  quickly.  If  (3.1 1)  is  substituted  into  (3.10),  the 
pressure  is  obtained  with  (3.12) 

ID(E-A)-1G]  P  =  D(E-A)-lf  -  g  (3.12) 

Pressure  correction  techniques  rest  on  the  use  of  the 
approximate  inverse  E‘l  for  (E-A)l. 

3.2.2.  The  "PISO"  Procedure  1351.  It  consists  in  the 
following  steps,  starting  from  a  guessed  solution  (V”'l, 
P""^)  from  which  (V",  P")  is  computed  in  the  following 
way. 

(i)  prediction  step.  The  velocity  predictor  V*  is  first 
computed  solving -step  4  -(3.13): 

(E-A)V*  =  f-GPn-l  (3.13) 

V*  docs  not  satisfy  the  continuity  equation  (DV*  ^  g)  and 
must  be  corrected.  Two  correction  steps  are  used  to 
generate  (V”,  P”). 

(ii)  first  correction  step.  The  first  corrected  field  (V**,  P*) 
to  computed  is  such  that : 

EV**  -  AV*  +  GP*  =  f  :  DV**  =  g :  step  I  (3.14a,b)l 
The  momentum  equation  (3.14)  specifies  V**  from  V 
defined  by  (2.15a) 

V  =  E-l(AV*  +  f)  (3.15a)l 

according  to  the  following  projection  form  •  step  2  - : 

V**  =  V-E-1gP*  (3.15b)l 

while  the  pressure  equation  for  P*  is  obtained  from  a 
substitution  of  (3.15b)  into  (3.14b)  -  step  3  - : 

DE-lGP*  =  DV-g  (3.16)1 

(Hi)  second  (mandatory)  correction  step.  The  second 
corrected  field  (V***,P**)  s  (V",  P")  satisfies 
EV***  -  AV**  +  GP**  =  f  ;  DV***  =  g  (3.14a,b)2 
Therefore,  equations  (3.15a,b)2  and  (3.16)2  result  from 
(3.15a,b)i  and  (3.16)lif  the  following  substitution  is 
performed  :  V*-»V**,  V**-^V***,  P*-»P**.  In  our 
implementation,  where  only  foe  steady  state  is  looked  for, 
the  second  correction  step  is  not  performed  so  that 
Vn=v*  pn=P*. 


3.3  Implementation  problems. 

-Step  1-  In  the  rell-centered  colocated  grid  approach, 
where  veioriiy  components  pressure  and  turbulent 
quantities  arc  defined  at  foe  center  of  the  control  volume, 
foe  momentum  equations  (3.9)  can  be  written  under  the 
form  (3.17). 

U— — L_ 

i-k:c(Cu+Cd) 


Ic„bU„b+Cc [CuU„  +CDUd  +  ^  (U3-'-U,)-Su  ]  I 
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l+CcCCu+Col 


Ic, 

I 


nb'^nb+Cc 


C-oV„+CdV,  +  -(V„"-‘-V„)-Sv 

X 


1+Cc(Cu+Cd) 

{lc„bW„,+Cc[CuVV„4€DW,  +  ^  (W-*-W.)-S^  ]| 

Cq  is  the  finii;  analytic  coefflcient  computed  at  the 
colocat»l  velocity  >node  (in  the  standard  MAC  method  [49] 
Cd,  for  Ud,  Cn,  for  Vn,  Ce,  for  are  computed  at  the 
staggered  velocity  iu)dcs).  The  matrix  E  is  built  with 
coefficients  like  I+Cq  (Cu+Cd),  etc...The  matrix  A 


gathers  terms  like  Cnb.  CeCu,  CcCd.  ...Terms  like  R/x 
are  in  f.  The  G  matrix  for  pressure  contributions  is  inside 
source  terms  (Sy).  (Sv)... 

-Step  2-  Equation  (3.15b)  can  be  written 
U=U-J‘‘D(b{Pj^+  bJP^+  bjp^) 

V=V-r^D(bip,+  b?P  +  b|PJ 

2  n  ±S  (3.18) 

V=W-J'‘D(b]Pj^+  b^P^+  b^P^) 

where 

CcR 

°  =  1+Cc(Cu+Cd) 

The  underlined  terms  in  (3.18)  are  generated  by  the 
misalignment  between  the  coordinate  lines  and  the 
directions  of  the  velocity  components.  With  respect  to  the 
staggered  grid  approach,  ii  is  seen  that  the  D  coefficient  for 
the  pressure  ^adient  does  not  depend  now  on  the 
corresponding  velocity  component 
-Step  3  -  Substituting  (3.18)  into  the  continuity  equation 
(3.19) : 

[bJu  +  b^V  +  bjW]  +[bju  +  l^  +  b^]^+ 

[b^  +  b|v  +  l^]^  =0  (3.19) 

gives  the  pressure  field  (3.16)  which  can  be  viewed  also  as 
the  solution  of  the  continuous  equation  (3.20) 

3 

=  -  div  V;  a^  =  DJg*j  =  DT ‘  X  bL  li  (3.20) 

k=l 

Equation  (3.20)  is  now  discretized  with  a  centered 
scheme.  Usually,  this  gives  a  27  node  pressure  molecule 
(9  in  the  upstream  plane,  9  in  the  central  plane,  9  in  the 
downstream  plane).  Seven  points  :  U,  D,  N,  S,  E,  W,  P 

come  from  second  order  derivatives  3^  /  3X.*3W,  i=j ;  the 
other  twenty  points  come  from  the  crossed  second  -  order 

derivatives  3^  /  3X.*3Xj,  i  j.  Because  of  the  retained 
discretization,  the  pressure  molecule  involves  only  19 
points  (five  points  in  U  and  D  planes).  Among  the  whole 
set  of  contributions  to  the  pressure  matrix,  it  is  necessary 
to  keep  all  the  fluxes  in  order  to  allow  a  complete 
construction  of  the  ajj  coefficients,  i  =  j,  because  of  the 

misalignment  problem.  Extradiagonal  coefficients  i  *  j 
arising  from  crossed  second  order  derivatives  are 
connected  to  the  level  of  non  orthogonality  of  the  grid. 
They  are  not  retained  implicity  but  rather  treated  as  source 
terms.  As  a  result  diagonal  dominance  and  symmetry  of  the 
discretized  pressure  matrix  is  easily  obtained.  18  velocity 


3A,‘L  3A,^J 


components  hav,p  to  be  specified  in  (3.20)  for  the 
evaluation  of  div  V  in  each  control  volume 

div  V  =  (b}U  +  bjv  +  b^'^j  -  (b}llr  +  bj^  +  b^'^„ 

•>A  ts  A  aA  aa  'JA  aa 

+  (b^  +  bJV  +  b^)„  -  (bju  +  b^  +  b^), 

+  (bfu  +  b^V  +  b^)^-(b?U  +  l4v  +  l^),,  (3.21) 

Because  of  the  definition  of  the  control  volume,  the 
whole  set  of  velocity  components  has  to  be  reconstructed 
from  the  known  centered  velocity  components.  A  simple 
interpolation  is  used  for  that  purpose.  Because  of  the 
structure  of  the  retained  discrete  molecule,  the  discrete 
pressure  matrix  is  symmetric. 

-Step  4-  The  computation  of  the  non  solenoidal  V* 
field  uses  (3.17),  the  pressure  field  resulting  from  step  4 
being  present  in  source  terms.  The  correction  procedure 
starts  only  when  the  field  V*  has  been  computed 
throughout  the  complete  domain. 

3.4  Solution  of  the  linear  Systems 

3.4.1  The  Problem 

Before  discussing  the  technical  solutions  which  have 
allowed  correct  solutions  to  be  obtained,  let  us  point  out 
the  origin  of  the  difficulties.  Pressure  equations  and 
pressure  correction  equations  are  almost  invariably  solved 
with  SLOR  type  methods  applied  to  the  seven  point 
molecule  induced  by  the  treatment  of  under  lined  terms  in 
(3.18,19)  as  source  terms.  The  main  interest  of  this 
approach  is,  as  already  seen,  that  the  P  matrices  are  now 
symmetric  and,  usually,  diagonally  dominant.  SLOR 
methods  can  therefore  be  expected  to  converge.  Moreover, 
the  coding  of  the  needed  tridiagonal  matrix  algorithm  is 
straightforward.  Unfortunately,  due  to  the  problem  of 
misalignment,  dominant  terms  are  omitted  in  the  system 
and  treated  as  source  terms.  As  a  consequence,  global 
convergence  of  the  metrod  is  made  more  difficult.  Unless 
strong  departure  from  orthogonality  is  admitted  for  the 
grid,  this  is  not  dramatic  when  wall  functions  are  used 
because  grid  clustering  in  the  direction  q  remains  rather 
weak :  the  first  points  away  from  the  wall  being  located  so 
that  50  <  y*"  <  200.  When  wall  factions  are  avoided, 
strong  grid  clustering  implies  a  dramatic  increase  of  the 
pressure  matrix  stiffness  so  that,  for  threedimensional 
problems,  divergence  of  the  iterative  procedure  occurs, 
mainly  through  a  too  important  pressure  correction  in  the 
wake.  If  the  pressure  matrix  is  enriched,  [18],  (using  e.  g. 
nine  points  at  the  current  station  ^,  =  ^.j)  it  becomes  more 
difficult  to  invert.  Thus,  improving  at  least  the  pressure 
solver  is  necessary. 

3.4.2  The  pressure  solver 

It  has  been  found  [50]  that  convergence  was 
systematically  achieved  in  practice  with  an  incomplete  LU 
preconditionned  biconjugate  gradient  (PBCG  method). 
Conjugate  gradient  techniques  are  used  as  acceleration 
methods  in  which  the  elements  of  the  pressure  matrix 
(hereafter  called  A)  arc  generated  at  each  iteration,  without 
any  need  of  storing  the  full  matrix.  The  CG  method 
satisfies  a  minimisation  property  so  that  a  monotone 
decrease  of  the  error  is  possible  as  well  as  a  convergence 
disruption  to  which  is  associated  a  monotonic  decrease  of 
the  error.  This  is  not  verified  in  practice  because  it  is  not 
the  full  pressure  matrix  that  is  solved.  Because  the 
spectrum  of  the  A  matrix  is  continuously  distributed, 
preconditionning  is  necessary  as  a  means  of  improving  the 
convergence  of  the  BCG  method :  the  system  to  solve  Ax 
=  b  is  replaced  by  the  equivalent  system  By  =  c  where 
k(B)  «  k(A),  where  k  is  the  condition  number  of  the 
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matrix,  so  that  eigenvalues  of  B  are  more  clustered  tha^ 
those  of  A.  Whaj  is  ne§jjed  is  an  approximate  inverse  A 
for  A  such  that  AAx  =  Ab  or  By  =  c  where  B  =  AA  ;  c  = 
Xb.  B  being  "not  to  far"  from  the  identity,  the  CG  method 
for  B  converges  quickly. 

The  A  matrix  is  selected  so  as  to  preseive  the 
sparsity  of  A.  Here,  an  incomplete  LU  decomposition  [51] 
[52]  -no  fill  in-  is  used  -  the  so-called  LU  (1,  2) 
decomposition  performed  worse  than  the  retained  classical 
LU  (1,  1)  decomposition  -  .  The  solution  of  the  LU 
systems  involves  recursions  which  cannot  be  easily 
vectorized  so  that  the  solutions  of  these  triangular  systems 
is  time  consuming.  Fortunately,  a  Neumann  series  method 
applied  to  tlie  L  and  U  systems  has  been  found  to  converge 
nicely.  The  argument  is  presented  for  L.  If  L  is  written 
under  its  Jacobi  splitting  L  =  Dl  +  El,  L  =  Dl  [1  - 1  ] 
where  1  =  Dl'^Ei..  It  appears  in  practice  that  1  is  a 
convergent  matrix.  A  classical  theorem  of  linear  algebra 
then  Indicates  that  1-1  is  regular  and  (1-1)"^  =  1+1+12+... 
The  Neuman  serie  is  truncated  to  m  terms  and  the  resulting 
approximate  inverse  of  1-1  can  be  computed  with  the 
Homer  scheme.  The  whole  set  of  computations  can  be 
vectorized  with  a  speedup  ratio  higher  than  30.  Further 
information  on  the  PBCG  algorithm  are  given  in  [51]. 

4.  The  Results.  HSVA  Tanker. 

The  flow  domain  covers  0  <  X  <  6  where  X  is 
adimensionalized  with  L,  the  ship  being  from  X  =  -1  to  X 
=  1.05  ;  rj  <  r  <  L  where  r  is  the  radial  distance  from  the 
axis  of  the  ship  y  =  z  =  0  and  rg  is  the  radial  location  of  the 
hull.  The  flow  domain  is  discretized  with  80, 40, 31  points 
in  the  axial,  radial  and  girthwise  directions.  Starting  from 
an  a-priori  specified  surface  grid  distribution,  a  volumic 
grid  is  firstly  generated  using  a  transfinite  interpolation 
procedure  [20][55]  which  is  modified  in  order  to  allow 
clustering  of  points  in  areas  of  strong  concavity.  The 
resulting  grid  is  irregular  as  the  discontinuities  on  the  body 
surface  are  propagated  throughout  the  domain.  The  elliptic 
grid  generation  method  is  used  to  smooth  out  the  grid 
irregularities.  Fig.3  presents  a  perspective  view  of  the  grid 
which  appears  to  behave  correctly. 

Inlet  conditions,  written  at  X  =  0,  aie  estimated  in 
such  a  way  that  results  at  X  =  .291  roughly  match  with 
experiments  [1].  The  main  undetermination  lies  in  the  fact 

that  specified  data  [1][44]  involve  0i  [,  Sj,  Cf  and  H12, 
where : 


1 

•Ue-U  • 

e„  =  ] 

L  Qc  J 

H,2=0„/5,:Cf  =  v/ipU^ 

from  which  needed  values  for  5,  U-t  and  Qg  are  estimated 

(Pw  =  0).  These  estimations  allow  the  generation  of  inlet 
velocity  profiles  by  the  method  of  Coles  &  Thompson 
[53].  It  is  therefore  necessary  to  briefly  mention  the  results 

of  the  sensitivity  analysis  of  5,  U^  and  Qe  data.  It  is  found 
that,  if  the  influence  U-t  is  very  weak,  the  result  of  the 
computations  depend  on  the  level  of  the  overshoot  of  Qg 

with  respect  to  1,  and  of  the  location  5  of  this  overshoot. 
We  consider  that  this  is  the  most  serious  weakness  of  this 
approach  and  this  justifies  recents  attempts  [6]  [29]  [30] 


[39]  to  compute  the  flow  past  a  complete  full  shape, 
starting  from  far  upstream.  Apart  from  difficulties 
connected  to  the  transition  specification  -a  problem  on  ship 
models,  not  on  full  scale  ships-,  the  flow  becomes  then 
somewhat  sensitive  to  the  level  of  the  turbulent  viscosity 
outside  the  viscous  zone  so  that  consideration  of  these 
aspects  is  left  for  a  future  study.  Other  boundary 
conditions  are  either  wall-type  conditions  or  symmetry 
conditions.  Neumann  boundiy  conditions  are  us^  for  the 
pressure,  except  for  r  =  L  where  P  is  taken  equal  to  zero. 

120  global  iteration  are  usedwith  a  local  time 
stepping  procedure.  Local  time  step  is  divised  to  ensure  a 
fixed  amount  of  diagonal  dominance  will  respect  to 
discretized  momentum  equations. 

Fig.4  presents  longitudinal  pressure  distributions.  A 
sensible  grid  effect  in  the  longitudinal  direction  is  present 
in  this  case.  Girthwise  distributions  agree  reasonably  well 
with  experiments  although  some  more  resolution  should  be 
necessary  (fig.5).  Comparison  of  secondary  velocities  with 
experiments  [44]  is  given  in  fig.6.  The  convergence  of 
streamlines,  which  starts  to  develop  at  midship,  increases 
more  downstream  and  gives  rise  to  a  counterclockwise 
primary  vortex  in  the  hollow  of  the  stem.  The  prim^ 
vortex  is  close  to  the  keel  plane  both  in  the  computation 
and  in  the  experiments  which  indicate  a  "blind"  zone  for 
x/L  >  .95,  where  the  longitudinal  velocity  component  is 
too  small  to  allow  significant  measurements.  The 
longitudinal  vortex  where  the  hull  terminates  is  also  found 
to  agree  with  experiments.  If  isowakes  are  now  considered 
(fig.  7)  -they  are  defined  as  isovalues  of  the  component  U 
in  crossplanes-,  it  is  found  that  the  experimental  trends  are 
correctly  captured  (except,  of  course,  for  string  effects 
which  are  not  present  in  the  computation,  see  e.g.  x  =  38 
mm,  0  mm,  100  mm,  in  [44]  data-).  It  must  be  mentionned 
that  a  bilinear  interpolation  is  used  to  specify  isowakes  so 
that  it  is  misleading  to  compare  isowakes  .95, 1,  or  1.05 
as  corresponding  velocity  profiles  are  usually  very  "flat" 
close  to  U  =  1.  The  apparent  overestimation  of  the  viscous 
thickness  close  to  the  waterline  is  probably  due  to  the  fact 
that  the  inlet  viscous  thickness  does  not  depend  on  girth, 
while  it  should  thicken  from  the  keelplane  to  the 
waterplane. 

Velocity  components  U,  V,  W  as  well  as  pressure 
data  can  be  compart  more  extensively  (fig.  8a  toe).  U  and 
V  are  presented  on  the  upper  left  and  right  sides, 
respectively ,  W  and  P  are  presented  on  the  lower  left  and 
right  sides,  respectively.  For  each  series  of  plots,  the 
evolution  is  considered  with  respect  to  y  at  a  given  station 
X  =  const.,  for  several  depths  z  =  const..  In  general,  it  is 
seen  that  the  calculations  are  in  correct  agreement  wi^  the 
data,  especially  on  V  and  W,  except,  for  U,  in  small 
regions  close  to  the  hull  or  in  the  neighborhood  of  the 
wSce  centerplane.  This  discrepancy  is  believed  to  be  due  to 
the  hull  shape  modifications.  Due  to  the  large  amount  of 
grid  points  which  would  have  been  necessary  to  account 
for  the  hub  suppon  boss  located  for  -19  mm.  <  x  <  0  mm. 
(in  [40]  data),  this  detail  of  the  geometry  has  been 

eliminated  (fig.  9).  Also,  coordinate  lines  (L) :  T]  =  1,  ^  = 
const,  evolve  continuously  from  the  ship  hull  into  the 
vertical  plane  V  of  symmetry  of  the  wake.  They  define  a 
family  of  curves  that  de.scrihe  the  hull  .surface  for  A.  < 
Aw(X)  where  Aw(X)  defines  parametrically  the 
intersection  of  the  hull-surface  3B  with  V  ;  this  intersection 
is  located  for  .95  <  X  <  1.05.  For  A  <  Aw(X),  lines  (L) 
are  almost  rectilinear  in  V,  ie.  z(ti  =  1,  ^  given)  depends 
only  weakly  on  A.  In  V,  the  line  A  <  Aw(X)  usually 
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consists  of  a  vertical  line  located  at  X  =  .95  for  zb  5  z  < 

Zj..  For  Zf  S  z  S  0,  the  line  X  <  Xw(X)  (which  is  a 
piecewise  linear  function  of  X)  is  rather  close  to  a  straight 
line,  the  equation  of  which  can  be  written : 
z/zr=l+10[.95-X] 

so  that  the  hull  has  disappeared  in  the  cross  plane  X 
=  1.05.  Now,  the  approximate  hull  profile  in  V  is  not 

described  exactly  by  X  <  X^fX)  but  rather  by  a  "stair" 
function  (fig.9)  consisting  of  a  succession  of  lines 
X  =  const.,  each  of  them  separated  by  a  line  close  to 
z  =  const..  The  no-slip  condition  is  evidently  written  on  the 

resulting  "stair  surface"  dB^  which  is  a  crude 
approximation  of  the  "longitudinal  geometry"  while 
crossplanes  are  correctly  body-fitted.  As  a  result,  the 
description  of  the  viscous  layer  is  rather  poor. 
Nevertheless,  a  comparison  with  [14]  -where  a  similar 
treatment  is  present-  indicates  that  the  slight  improvement 
obtained  on  the  secondary  flow  can  be  attributed  to  the  fact 
that  wall  factions  are  not  used  here.  The  discrepancy 
between  the  computed  and  measured  U  components  is 
important,  especially  in  the  wake.  Apart  from  the  fact  that 
this  discrepancy  is  already  present  upstream,  another 
possible  explanation  could  be  the  incorrect  account  of  the 
loss  of  no-slip  which  results  from  the  turbulent  model. 

Fig.  10  presents  the  comparisons  between  the 
computed  and  measured  longitudinal  vorticity  component 
isolevels  .  In  spite  of  the  uncertainties  involved  in 
processing  both  the  measured  and  computed  data,  such  a 
comparison  allows  examination  of  difierences  of  velocity 
gradients  rather  than  velocity  themselves.  This  test  is 
therefore  more  stringent.  As  a  result,  it  is  found  that  the 
computations  reproduce  both  the  general  features  of  the 
contours  and  the  magnitudes.  It  is  also  evident  that  the 
diffusivity  which  is  present  in  the  viscous  region  is  more 
correct,  with  respect  to  experiments,  than  that  which  would 
result  from  the  use  of  wall  functions  [14].  The  differences 
in  the  shape  of  the  isovalues,  in  the  wake,  could  be 
foreseen  from  the  differences  in  the  velocity  distributions. 
Fig.l  1  presents  a  color  picture  of  lines  of  wall  friction ,  the 
hull  is  coloured  with  the  pressure  field,  high  Cp  and  low 
Cp  being  associated  to  red  and  blue  colours  respectively. 
The  flow  which  looks  clearly  twodimensional  at  midship 
enters  an  oblique  low  pressure  region  which  deviates  the 
wall  streamlines.  The  resulting  convergence  of  these 
friction  lines  implies  a  thickening  of  the  viscous  layer, 
close  to  the  aft,  that  makes  thin  boundary  layer  methods 
breakdown  [1].  A  vertical  convergence  separation  line 

seems  also  present ,  close  to  X  =  X^  (=.95).  Due  to  the 
approximate  characteristics  of  the  hull  geometry  and  to  the 
fact  that  the  U  velocity  component  is  very  low  here,  the 
materiality  of  this  result  remains  to  be  confirmed  from 
experiments.  The  maximum  pressure  levels  are  found  on 

the  hull  X  =  1-1.025.  More  downstream,  the  vortical 
structure  of  the  flow  is  confirmed  :  streamlines  associated 
to  the  secondary  velocity  components  V  and  W  are  drawn 
for  two  crossections  X  =  const. 

S.Conclusion 

A  fully  elliptic  numerical  method  for  the  solution  of 
the  full  Reynolds-averaged  Navier-Stokes  equations  has 
been  applied  to  the  computation  of  the  flow  past  a  shiplike 
hull,  "fte  method  uses  a  system  of  numerically  generated 
curvilinear  coordinates  and  retains  the  cartesian  velocity 
components  as  independent  variables.  The  turbulent 
closure  of  the  equations  is  handled  with  the  well-known 


k-£  model.  The  use  of  wall  functions  is  avoided ;  instead, 
a  one  equation  model  is  used  close  to  the  wall.  Bypassing 
the  wall  functions  implies  a  very  high  grid  resolution  in  the 
direction  normal  to  the  wall  as  well  as  high  aspect  ratios  for 
the  discrete  molecules.  Due  to  the  resulting  increased 
stiffness  of  the  pressure  matrix,  it  has  been  found 
necessary  to  improve  the  pressure  solver  in  order  to  get  rid 
of  convergence  problems.  The  numerical  method  has  been 
described  and  evaluated  on  one  ship  hull  for  which 
experimental  data  are  available.  From  the  presented  results, 
the  following  conclusions  can  be  drawn. 

With  respect  to  the  modelling  of  physical  flow 
characteristics,  the  main  features  of  ship  stem  flows  aiipear 
correctly  captured.  In  particular,  the  viscous  inviscid 
interaction  gives  rise  to  a  pressure  field  in  good  agreement 
with  experiments.  The  method  allows  also  a  correct 
description  of  the  mean  velocity  flowfield  in  the  thin 
boundary  layer,  provided  suitable  initial  conditions  are 
available  [51].  In  the  thick  region,  close  to  the  aft,  where 
thin  boundary  layer  methods  systematically  breakdown, 
the  overall  features  of  the  flow  are  also  captured  : 
secondary  velocities  and  even  longitudinal  vorticity 
components  are  correctly  predicted.  Where  discrepancies 
are  found,  they  may  be  attributed  to  the  technique  which 
has  been  used  to  approximate  geometrical  details  in  the 
framework  of  a  monoblock  structured  grid.  Improvements 
in  the  description  of  the  flow  close  to  the  propeller  disk 
region  therefore  require  a  more  detailed  resolution  of  the 
geometry. 

With  respect  to  the  methodology,  ship  stem  flows  do 
not  appear  to  involve  too  strong  a  viscous-pressure 
interaction.  Therefore,  the  segregated  approach  seems  well 
adapted.  Apart  from  geometrical  grid  aspects, 
improvements  could  result  from  one  of  the  following  three 
points. 

(i)  The  convection  diffusion  scheme.  The  finite  analytic 
scheme  only  roughly  accounts  for  the  correct  physical 
imbalances  :  pressure  gradients  vs.  diffusion  in  the  near 
field,  pressure  gradient  vs.  convection  in  the  far  field,  for 
all  the  possible  convection  velocity  directions.  More 
particularly,  the  hypothesis  of  local  uniformity  of  the 
influence  coefficients  and  of  the  source  terms,  which 
allows  locally  (finite)  analytic  solutions  to  be  computed,  is 
probably  too  restrictive,  especially  in  the  direction  away 
from  the  wall,  where  the  convection  velocity  and  the 
source  terms  vary  rapidly,  owing  to  strong  gradients  of 
turbulent  quantities. 

(ii)  The  Poisson  solver.  This  is  the  most  time-consuming 
part  of  the  method,  especially  on  threedimensional  grids 
where  the  aspect  ratios  can  be  very  high.  The  conjugate 
gradient  technique  appears  very  well  adapted  to  the 
problem  in  spite  of  its  induced  storage  increase.  It  can  be 
noticed  that  it  may  be  somewhat  unreasonable  to  compute 
the  pressure  -which  is  regular  and  does  not  vary 
significantly  close  to  the  walls-  on  a  grid  which  appears 
rather  well  suited  for  the  velocity  distributions  and  for  the 
turbulent  quantities  in  that  they  especially  vary  close  to  the 
walls.  Because  less  points  are  needed  for  the  pressure,  the 
use  of  a  multigrid  procedure  should  efficiently  cut  down 
epu  times.  Because  relaxation  is  a  local  procedure,  a 
multigrid  technique  might  be  also  a  way  of  improving  the 
solution  in  the  boundary-unfitted  region  close  to  the  aft. 
(Hi)  The  Turbulent  Model  is  also  a  potential  source  of 
uncertainty  for  the  description  of  near-wall  flows  where 
strong  curvature  effects  are  present.  Although  the  flows 
considered  are  mainly  pressure-controlled,  improvements 
in  the  turbulence  models  might  lead  at  least  to  improved 
length  scale  predictions  (the  turbulent  kinetic  energy  is 


303 


known  to  be  overprcdicted  in  thick  boundary  layers  [40]). 
Nevertheless,  it  is  considered  that  improved  results  will  be 
rather  an  outcome  of  a  better  treatment  of  the  geometry  and 
of  a  better  convection-diffusion  algorithm. 
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Fig.4  -  Longitudinal  Pressure  Distributions.o ,  experiments 
— ,  computations. 


Fig.5  -  Girthwise  Pressure  Distnbutions.  ,  expenments 
— ,  computations. 


Fig.5  -  Girthwise  Pressure  Distributions,  o ,  experiments 
— ,  computations. 
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X/L  =  1.007 
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Fig.6  -  Sccondarj;  velocities  at  several  crosssections  X  = 
const ;  left,  experiments ;  right,  computations. 


Fig.7  -  Isowake  lines  ;  left,  experiments 
computations. 


right, 


Fig.10  -  Contours  of  isolevels  of  the  longitudinal  connponent  of  the  vorticity  field  in  transverse 
crosssections.  Left,  experiments  [44] ;  right,  computations. 


2 


Fig.  10  -  Contours  of  isolevels  of  the  longitudinal  component  of  the  voiticity  field  in  transverse 
ciDsssections.  Left,  experiments  [44] ;  right,  computations. 
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Fig.9  -  Detailed  view  of  the  aft  part  of  the  HS  VA  tanker.  X(x)  exact  intersection  between  V 

and  gg ; _ ,  present  approximate  "stair"  representation  of  this  line  (note :  the  sting  is  omitted 

in  the  computations). 


iGroupe  de  Model isat ion  NuHerique  RSCETE 


Fig.l  1  -  Perspective  view  of  the  aft  part  of  the  HSVA  tanker ;  skin-friction  lines. 


DISCUSSION 
by  Y.  Kodama 

You  used  a  non-aligned  grid  system  near 
the  stern,  which  greatly  reduces  load  for  grid 
generation  and  improves  grid  orthogonality. 
However,  I  think  a  special  treatment  should  be 
needed  in  order  to  satisfy  conservation  there. 
Did  you  do  those  treatments  there?  If  not, 
what  is  your  opinion  about  the  effect  of 
possible  violation  of  conservation  there  on 
the  computed  results? 

Author's  Reply 

Because  of  the  use  of  an  H-grid  associate 
to  the  constraint  x=x(5),the  grid  which  has 
been  built  here  is  no  more  body- fitted  in  the 
intersection  between  the  overhang  and  the 
plane  of  symmetry(y=0).  This  implies  two 
consequences; 


(i)  the  exact  geometry  is  not  well 
represented,  so  that  the  no  slip 
condition  is  not  written  at  the  right 
place  in  the  plane  of  symmetry. 

(ii)  the  development  of  the  boundary  layer 
below  the  overhang  is  not  correctly 
captured  because  of  the  lack  of 
discretization  points  and  a  distribution 
law  which  is  not  in  agreement  with  the 
strong  variation  of  the  velocity  profiles  in 
the  plane  y=0.  Due  to  the  used  topology, 
this  weakness  is  not  easily  surmountable 
because  the  grid  lines  which  are  supposed  to 
describe  the  overhang  symmetry  line  boundary 
layer  come  from  the  surface  of  the  hull. 

It  is  believed  that  the  correct 
representation  of  the  body  surface  is  more 
important  than  conserving  momentum  on  a 
geometry  which  is  incorrectly  reproduced  in 
the  symmetry  plane.  The  best  remedy  to  this 
fundamental  weakness  is  to  relax  the 
constraint  x=x(5),  working  on  more  general 
(and  less  orthogonal)  grids. 
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Abstract 

Flow  around  floating  vessels 
sometimes  accompanies  separations,  and 
Is  unsteady  In  ocean  waves.  We  select 
the  flow  around  a  circular  cylinder  In 
an  oscillatory  flow  as  a  preliminary 
study  for  It. 

In  this  paper,  the  two  dimensional 
Navier-Stokes  equations  for  It  are 
directly  computed  using  body-fitted 
coordinate,  moving  mesh  technique,  3rd 
order  upwind  scheme,  and  the  MAC  method 
at  the  Reynolds  number,  R.-IO-*  and  the 
Keulegan-Carpenter  number,  Ko=*5,7,  and 
10. 

The  computed  results  simulate  the 
effect  of  the  Ko  number  on  the  flow 
field  In  excellent  agreement  with 
published  data  both  qualitatively  and 
quantitatively. 

Moreover,  we  examine  the  validity  of 
this  computational  scheme.  The  good 
agreement  with  analytical  solutions 
gives  reliability  of  it,  and  we 
consider  the  effect  of  fineness  of  the 
grid  and  the  effect  of  the  Reynolds 
number  minutely. 

1.  Introduction 

The  flow  around  a  circular  cylinder 
in  an  oscillatory  flow  is  idealization 
of  the  flow  around  floating  vessel  like 
seml-submerslble  in  ocean  waves.  It 
accompanies  separations  and  is 
unsteady.  Hence,  we  must  sometimes 
understand  mechanism  of  the  separated 
vortices  to  estimate  hydrodynamic 
forces  acting  on  it. 

Flow  visualization  gives  a  lot  of 
valuable  qualitative  information  for 
it,  Williamson  fl]  oscillated  a 
circular  cylinder  in  water  at  rest  at 
the  Keulegan-Carpenter  number,  Ko<60, 
and  the  frequency  parameter,  3  =255, 


where  Ko“UmT/D,  5  =R./Ko,  R«  is  the 
Reynolds  number,  R.=UmD/v,  Um  denotes 
the  maximum  velocity  in  a  period,  D  the 
diameter  of  the  circular  cylinder,  v 
the  kinematic  viscosity  of  a  fluid,  and 
T  the  period  of  oscillation.  He 
related  the  position  and  strength  of 
vortices  around  it  to  Ko.  For  example, 
a  very  interesting  half  Karman  vortex 
street  in  the  transverse  direction  was 
observed  in  the  range  of  7<Ko<13. 
HonJit2]  performed  the  same  experiment 
as  Williamson  at  Ko<4  and  7C<  3  <700, 
and  indicated  that  structures  of  flow 
field  become  three  .dimensional  in 
special  range  of  Ko  and  3  .  Tatsuno  et 
al.[3]  performed  the  same  experiment  as 
them  in  the  more  wide  range  of  Ko  than 
Honji  at  Ko<15  and  3  <150,  and 
classified  the  flow  patterns  minutely. 

For  the  small  sectional  size  of 
cylindrical  bodies  compared  with  wave 
length,  in-line  force  per  unit  length. 
Fin,  is  commonly  predicted  by  the 
following  equation. 

Fin  -  ^  P  Cd  D  u  I  u  I  +  •^  X  p  C,  ^  ^  ^  j 

where  the  coefficients  Co  and  Cm  denote 
the  drag  and  inertia  coefficients, 
respectively,  D  the  width  .of 
structures,  p  the  density  of  fluid,  t 
the  time,  and  u  the  velocity  of  the 
ambient  flow.  First,  Morlson  et  al.[4] 
proposed  it  intuitively,  and  later 
Keulegan  and  Carpenter [5]  evaluated  it 
systematically.  Equation  (1)  is  called 
the  .lorison  equation  and  means  that  the 
in-line  force  is  assumed  to  be  given  by 
a  linear  sum  of  the  viscous  drag  and 
inertia  forces.  According  to  Keulegan 
and  Carpenter [5] ,  assuming  an  odd- 
harmonic  in-line  force  of  0=27rt/T, 
0  )““Fi.xi  (  0+Ti  ) ,  expressing  it 
in  terms  of  a  Fourier  series,  and 
neglecting  the  high  frequency  terms  in 
them,  we  get  the  Morison  equation  (1). 
The  coefficients  Ca  and  Cm  are 
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expressed  under  the  condition  of 
U=UmSine  as  follows: 


3 

F.nsine 

4  , 

Jo  pDU,^ 

2  U,T 

Fin  cose 

t^D  - 

Jo  pDb',2 

Sarpkaya[6]  carried  out  an  analysis 
of  the  experimental  data  of  Keulegan 
and  Carpenter [5]  as  well  as  his  own 
data,  and  showed  that  the  coefficients 
Cd  and  Cm  depend  on  not  only  Ko  but 
also  R. .  In  particular,  it  is 
interesting  that  C<i  Increases  and  Cm 
decreases  with  Ko  in  the  range  of  about 
5<Ko<15,  of  which  region  corresponds  to 
that  of  transverse  half  Karman  vortex 
street  observed  by  Wllllamson[l] .  He 
also  pointed  out  that  the  Morison 
equation  (1)  cannot  express  the 
experimental  data  well  in  the  range  of 
8<Ko<25. 

Experimental  estimation  of  the 
coefficients  C<x  and  Cm  as  well  as  lift 
force  coefficient,  Ci  requires 
considerable  number  of  trial,  because 
the  ambient  flow  field  is  affected  by 
plural  parameters. 

For  this  problem,  some  analytical 
solutions  have  been  obtained. 
Stokes[7]  was  the  first  to  show  that 
the  force  acting  on  a  cylinder 
oscillating  sinusoidally  in  a  viscous 
fluid  depends  on  both  Ko  and  R«  or  3  . 
The  force  is  expressed  in  terms  of  the 
Morison  equation  (1)  by  noting  that 
Icos0lcos0  is  approximated  by 
(8/3ii)cos0  over  a  period,  and  the 
coefficients  are  expressed  as  follows: 


virtually  identical  in  the  range  of 
their  validity,  i.e,  for  large  g  .  On 
the  other  hand,  Bessho[9]  obtained  the 
analytical  solutions  for  this  problem 
using  Oseen's  scheme  and  showed  the 
coefficients  C<i  and  Cm  as  follows: 

Cd  -  ^  Cl  +  jY) 

C,  -  2  +  4(7rj3)-i  [1  -  (8) 

Numerical  analysis  is  another  way  to 
this  problem.  Recent  advances  of  a 
super  computer  have  enabled  direct 
calculation  of  the  Navler-Stokes 
equations,  and  some  flow  fields  have 
been  solved.  Baba  and  Mlyata[10] 
carried  out  an  analysis  of  a  flow 
around  a  circular  cylinder  in  an 
oscillatory  flow  at  R«=1000  and  Ko=5 
and  7  using  the  finite  difference 
method  and  showed  qualitative  agreement 
with  observations. 

Objective  of  this  paper  is  to 
accurately  simulate  instantaneous 
unsteady  flow  field  around  an 
oscillating  circular  cylinder  and  to 
estimate  hydrodynamic  forces  acting  on 
the  circular  cylinder  quantitatively  at 
R«=10000  and  Ka=5'v10  .  Namely,  Increase 
of  Cd  and  decrease  of  Cm  with  Ko  in 
this  range  as  well  as  drastic  change  of 
the  flow  pattern  are  simulated.  For 
these  purposes,  the  authors  adopt 
direct  simulation  of  the  Navler-Stokes 
equations.  Although  the  number  of  mesh 
is  limited,  we  consider  that  simulation 
of  newly  generated  predominant  vortices 
which  mainly  affect  the  flow  field  is 
only  required,  while  energy  cascade  to 
very  small  vortices  is  less  important 
to  this  problem. 


Cd  -  +  W'  +  0(m'h  (3) 

C,  -  2  +  4(7r/J)'i  +  0(x3)-?  (4) 

Equations  (3)  and  (4)  are  valid  only 
for  large  values  of  0  .  WangiSj 

extended  this  analysis  to  0[(  ttB 
using  the  method  of  matched  asypmtotlc 
expansion.  His  solution,  which  is 
valid  for  Ko«l,  RexKo«l,  and  0  »1, 

may  be  reduced  to 


Cd 

37r^  r  X 

”  2Kc  ^ 

(5) 

c. 

-  2  +  4(x0)'i  +  (TT/?) 

-? 

(6) 

The 

equations  (5)  and 

(6)  differ 

from 

(3) 

and  (4)  only  in 

the  last 

terms. 

Stokes  and  Wang’s 

solutions 

are 

In  this  paper,  the  Navier-Stokes 
equations  are  solved  for  flow  around  a 
sinusoidally  oscillating  circular 
cylinder  in  a  fluid  at  rest,  using  the 
finite  difference  method.  The  flow  is 
identical  with  flow  around  a  circular 
cylinder  flxod  in  an  sinusoidally 
oscillating  flow  except  for  the 
constant  gradient  pressure  (see 
Appendix).  In  the  former  case,  we 
need  the  moving  mesh  technique  which 
moves  a  computational  grid  with  bodies, 
because  the  circular  cylinder  moves 
every  moment.  In  addition  to  this 
•problem,  the  moving  mesh  technique 
enables  computation  of  a  flow  around 
bodies  which  instantaneously  change 
their  shapes  like  fish,  Accordinglj', 
the  present  computational  procedure  can 
be  widely  applicable. 

All  problems  are  two-dimenslonally 
solved.  Although  three  dimensional 
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computations  are  necessary  to  take  into 
account  the  three  dimensional  coherent 
structure  of  the  shed  vortex  sheets, 
they  remain  as  a  next  step  of  the 
research.  This  paper  shows  two 
dimensional  solution  to  this  problem. 

In  order  to  use  the  present 
computational  scheme  as  a  practical 
tool,  we  must  determine  the  validity  of 
it.  We  compare  the  computed  results 
with  the  analytical  solutions  and 
examine  effects  of  total  number  of  grid 
points,  minimum  grid  size,  time 
increment,  and  the  Reynolds  number  on 
the  computed  results. 

2.  Governing  Equations 

The  two  dimensional  Navler-Stokes 
equations  are  written  in  the  normalized 
form  as  follows: 


_L±«+uja!L  +  ,,  ^ 
kc  df  "  dx  +  ay 


- ^  +  -L  C-i?U  , 


-LAw+uAu.,,  Jju 
Kc  dt  ^  ^  dx  ^  dy 


AR  4.  _L  /J^v  ,  a£u'. 


(9) 


where  u  and  v  denote  the  velocity  in 
the  x-direction  and  the  velocity  in  the 
y-direction,  respectively,  and  p  the 
pressure.  The  velocity  is  normalized  by 
the  maximum  velocity  of  oscillation  in 
a  period,  Um*.  the  pressure  by  P  Um*=, 
the  length  by  the  diameter  of  a 
circular  cylinder  D”,  and  the  time  by 
the  period  of  the  oscillation  T”.  A 
superscript  of  asterisk  denotes  the 
dimensional  value. 


The  continuity  equation  is  written 
in  the  normalized  form  as  follows: 


Fig.l  Grid 


circle.  The  number  of  grid  divisions 
are  120  in  the  circumference  direction 
and  50  in  the  radius  direction.  The 
grid  is  clustered  near  body  surface 
using  geometric  series  to  obtain  high 
resolution.  The  minimum  space  adjacent 
to  the  body  is  set  to  0.005. 

Introducing  a  cut  line  along  the 
positive  part  of  the  x-axis  in  the 
physical  plane  (x,y)  as  shown  in  Fig.l, 
we  transform  the  plane  (x,y)  into  the 
computational  plane  (e,n)  whose  grid 
Increment  is  set  to  be  constant  and 
unity  for  each  direction  as  shown  in 
Fig. 2. 


body  surface 


au  I  au  -  0 

ex  ay  dO)  Fig. 2  Computational  plane 


3.  Computational  Procedure 

3.1  Body-fitted  Coordinate  System  and 
Moving  Mesh 

Body-fitted  coordinate  system  makes 
it  easy  to  compute  flow  around  a  body 
of  arbitrary  shape,  especially  to  treat 
boundary  conditions  through  coordinate 
transformation.  In  this  simulation, 
the  grid  is  generated  as  shown  in  Fig.l 
and  the  system  is  an  '0-grid' .  In  this 
grid,  a  circular  cylinder  of  unit 
diameter  forms  the  inner  boundary.  The 
outer  boundary  is  a  circle  whose 
diameter  is  40  times  that  of  the  inner 


Actual  computation  is  performed  in  this 
computational  plane  (?,n)  . 

As  noted  in  the  introduction,  the 
moving  mesh  technique  is  adopted.  Now 
we  can  consider  two  ways  to  move  the 
grid  as  follows  :  (1)  the  way  to  fix 
the  outer  boundary  and  move  only  the 
inner  boundary,  (2)  the  way  to  move  the 
outer  boundary  with  the  inner  boundary 
simultaneously.  Case  (1)  requires 
longer  computational  time  than  case 
(2),  because  the  grid  must  be 
regenerated  every  moment.  Hence,  case 
(2)  is  adopted  in  this  paper.  The 
relations  of  partial  differential 
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operators  between  the  physical  plane 
(x,y)  and  the  computational  plane 
(5,n)  are  written  as  follows: 


fli  ••  Cld(  +  bd,, 

dy  -  Cd^  +  ddi) 

a  ji  +  a  yy  -  odff  +  6  a  +  c  a  i,, 

+  B  d(  +  e  dj) 

dt  -  -  (oxr  +  cyr)a{  -  (bxj  +  byt)a,  +  dt 

(11) 

where  t  denotes  the  time  in  the 
physical  plane  (x,y),  t  the  time  in 
the  computational  plane  (C,n)*  and 

a  -  fi  -  Jyi,  .  b  -  hr  - 


(2)  Outer  Boundary  (J=J,J+1) 

•The  velocity  is  set  to  zero. 

•Usintf  linear  extrapolation,  the  pres¬ 
sure  is  set  as  follows: 

Pj  -  2pj-i  -  p^-a 

Pj-1  =  2pj  -  Pj-i  (13) 

(3)  Outside  of  Cut  (1=-1,0, 1,1+1) 

•The  velocity  and  pressure  are  set  as 
follows : 

q_i  =  Qx-a 

Qo  “  qi-i 

qi  =  qi 

qz-x  =  qa  (14) 

where  q  denotes  velocity  or  pressure. 

This  condition  is  called  'periodic 
condition' . 


c  -  fy  -  -Jxr,  ,  d  -  rju  -  JX( 


3.3  MAC  Method  and  Discretization 


a  -  ,  6  -  2(ab  +  cd) 

c  -b^  +  d^ 

B  -  aof  +  ban  +  cc(  + 
e  -  ab{  +  bbr,  +  cd{  +  ddn 


All  physical  quantities,  l.e. 
velocity  and  pressure,  are  estimated  at 
each  Intersection  point  of  grid,  which 
is  so-called  'regular  mesh'. 


3.2  Boundary  Conditions 


In  the  present  computation,  the  MAC 
method [11]  is  adopted  as  a 
computational  algorithm.  In  this 
method,  pressure  p  is  obtained  by 
solving  the  Poisson  equation  which  is 
derived  by  taking  the  divergence  of  the 
Navier-Stokes  equations  as  follows: 

v2p  -  _v  .  i(u  •  V)  u  }  - 

(15) 

where  u  denotes  the  velocity  vector 
and  c  is  written  as 


e 


AIL 

ay 


(16) 


Indices  (1,J)  of  grid  points  in 
the  computational  plane  ( 5, n)  are  shown 
in  Fig. 2.  Each  boundary  condition  is 
as  follows: 

(1)  Body  Surface  (J=l) 

•The  velocity  is  set  to  that  of  a 
circular  cylinder. 

•The  first  derivative  of  the  pressure 
is  derived  through  the  Navier-Stokes 
equations  (9)  and  the  orthogonality  of 
the  grid  on  the  body  surface  as 
follows: 

-  »''•> 

-  +  dV)(yfUn  -  XfVn) 

+  ■je(^  +  d'')(y?UD  - 

+  ^  l-Uf(cUmi  +  eu,)  +  XtCcVrm  +CU-)) 

(12) 

where  U  and  V  denote  the  motion 
velocity  in  the  x-dlrection  and  that  in 
the  y-dlrectlon  of  the  circular 
cylinder,  respectively,  and  £  -  x?  + 


The  condition  of  the  continuity  is 
imposed  as  follows: 


(£"'•' -0) 


(17) 


where  at  denotes  the  time  increment, 
and  n  the  time  step.  The  reason  why 
the  local  dilation  term  of  the  n-th 
time  step  is  left  is  that  it  prevents 
the  accumulation  of  numerical  errors. 
Velocity  is  obtained  by  solving  the 
Navier-Stokes  equations  (9)  using  the 
Euler  explicit  time  differencing 
scheme.  The  flow  chart  of  computation 
is  shown  in  Fig. 3. 


The  governing  equations  are 
discretized  as  follows: 


(1)  Space  differencing 

The  terms  except  the  convective  term 
are  discretized  by  3-points  central 
differencing  scheme  for  all  regions. 
The  convective  term  is  discretized  by 
1st  order  upwind  differencing  scheme 
(18)  for  J=2  and  3rd  order  upwind 
differencing:  scheme  (19)  for  j  i  3 
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Fig. 3  Flow  chart 


../  dUv  ..  (-U,-|  +  Ui*|) 
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-  I  Ui  I 


(U.-I-P^i  +  Uj.l) 

ai 


(18) 


time  increment  must  be  set  lower  than 
the  above  value  in  actual  computation. 


In  this  computation,  it  is  set  as 
follows : 


it  -  0.0000  for  Kc  -  5  and  7 

it  -  0.0001  for  Kc  -  10 


(23) 


4.  Computational  Results 

The  computations  are  performed  at 
R«=10000  and  Ko=5,7  and  10.  In  order  to 
realize  asymmetric  flow  field, 
sinusoidal  motion  of  a  circular 
cylinder  in  the  direction  vertical  to 
the  oscillation  is  superposed  on  the 
oscillation  at  the  first  quarter  period 
of  the  oscillation  as  follows: 


U  -  sin  (&() 


V( 


O.lx  sin  (47tt) 

0.0 


for  t  -  O.O~O.05 
for  t  >  0.25 

(24) 


where  U  and  V  denotes  the  motion 
velocity  of  a  circular  cylinder  in  the 
x-dlrectlon  and  that  in  the  y- 
dlrection,  respectively.  The  amplitude 
and  period  of  the  superposed  sinusoidal 
motion  are  1/lOth  and  half  of  the 
oscillation,  respectively. 


u(jfh 


(Ui-2-8u,-|+8Ui>|-U,.2) 

I2h 

(Ui.2-4ui-i+6u,-4ui>i  ^l^u,^.2) 


4h  (19) 

where  h  denotes  the  grid  increment. 


(2)  time  differencing 

The  Euler  explicit  method  is  used  as 
f  jIIows: 

at  it  (20) 


3.4  Stability 

The  limitation  of  the  time  Increment 
is  given  by  the  von  Neumann  method,  as 
follows: 

^  Kcxu  (21) 

where  it  denotes  the  time  increment, 
Jx  the  local  grid  Increment  and  u  the 
local  velocity. 


In  the  case  of  Ka“5  and  u^l.O,  the 
limitation  of  the  time  increment  is 
given  as  follows: 

it  s  0.001  (22) 

Since  the  von  Neumann  method  is 
valid  only  for  linear  equations,  the 


For  all  computational  conditions, 
the  circular  cylinder  is  oscillated  for 
eight  periods,  and  the  results  are 
discussed  for  the  data  in  the  8-th 
period. 

4.1  Hydrodynamic  Forces  Acting  on  a 
Circular  Cylinder 

(l)In-Line  Force 

Published  experimental  data  of 
hydrodynamic  forces  are  arranged  by  the 
drag  coefficient,  Ca,  and  the  inertia 
coefficient.  Cm,  or  the  added  mass 
coefficient,  C®,  where  Cm=l+C«  (see 
Appendix) .  Before  describing  the 
computed  results,  we  should  note  that 
there  are  scatters  between  the  data 
published  by  different  researchers  as 
shown  in  Fig. 4.1.  The  time  history  of 
in-line  force  shows  a  qualitatively 
same  pattern  in  leach  cycle,  but  the 
magnitude  and  phase  vary  to  some 
degree.  The  differences  yield  the 
scatters.  For  example,  Kato  et  al.[12] 
showed  the  time  history  of  pressure 
distributions,  in  which  the  magnitude 
differs  more  than  50  per  cent  in  some 
cycle.  Thus,  since  the  value  of  the 
coefficients  depends  on  how  to  average 
and  estimate  them,  they  may  scatter 
even  in  the  same  experimental  facility. 
Besides  the  differences  of  experimental 
method  and  conditions,  the  reasons  of 
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the  differences  of  the  magnitude  and 
phase  in  each  cycle  are  considered  as 
follows.  With  progression  of  R.  and/or 
Ko.  Irregularity  of  shed  vortex  sheet 
which  has  three  dimensional  coherent 
structures[2] [3]  is  superposed  on  that 
which  has  two  dimensional  coherent 
structures.  As  a  result,  complicated 
flow  field  which  shows  strong 
irregularity  is  formed.  Hence,  the 
scatters  are  not  only  due  to  errors 
but  also  due  to  essential  nature  of 
flow  field.  Furthermore,  the 
coefficients  Ca  and  C™  (or  C„)  are 
considerably  varied  by  even  a  little 
phase  shift  of  hydrodynamic  force  time 
history. 

The  computed  results  of  Ca  and  C„ 
are  shown  in  Figs. 4.1  and  2  with 
experimental  data  of  Sarpkaya[6l  and 
Tanaka  et  al.[13]  and  the  analytical 
solutlons[8] (9]  which  are  rewritten  by 
equations  (5)'\.(8)  by  noting  Cm=l+C«. 
These  figures  show  that  these 
computational  results  simulate  very 
well  the  effect  of  the  Kc  number  on  the 
drag  coefficient  Ca  and  the  added  mass 
coefficient  C«. 


C  d 


C  a 


Next,  in  order  to  examine  that  the 
present  computation  simulates  unsteady 
phenomena  accurately  every  moment,  time 
histories  of  in-line  force  are  shown  in 
Figs. 5. 1,2  and  3. 


ru »  ri» 


Phase  »  ■  3* I-  r- 

Fig. 5.1  Time  history  of  in-line  force 
(Ko=5) 

FU  •  PU*  2) 


Fig. 5. 2  Time  history  of  in-line  force 
(Ko=7) 


I  U  •  ru’  3> 


Fig. 5. 3  Time  history  of  in-line  force 

(Ka=10) 


318 


Almost  no  experimental  data  of  time 
histories  of  in-line  force  have  been 
published,  but  we  can  get  the 
approximation  for  them  by  substituting 
the  experimental  data  of  the 
coefficients  into  Ca  and  Cm  in  the 
Morlson  equation  (1).  The  broken  lines 
in  these  figures  denote  the 
approximation.  Here  it  should  be  noted 
that  the  Morlson  equation  assumes  an 
odd-harmonic  in-line  force,  neglects 
higher  frequency  components  and  cannot 
express  the  experimental  data  in  the 
range  of  Ko=8'u25.  The  first 
assumption  means  that  the  flow  field 
repeats  every  half  period  of  the 
oscillation.  At  Ko=  5  and  7,  the 
computed  results  are  in  very  good 
agreement  with  the  approximation  by  the 
Morlson  equation  as  shown  in  Figs. 5.1 
and  2.  While  at  Ko=10,  they  are  not  in 
so  good  agreement  with  them  as  at  Ko=5 
and  7  and  are  not  odd-harmonic 
definitely  as  shown  in  Fig. 5. 3.  This 
matter  is  discussed  in  Chapter  4.2  more 
minutely. 

(2)Transverse  Force 

The  comparison  of  the  computed 
results  of  the  maximum  value  of 
transverse  force,  F  Crein  .  niAvc  with 
experimental  data  of  it[6]  is  shown  in 
Fig. 6. 


Fig. 6  Maximum  value  of  Transverse 

force,  Ft;t*an.ma7c 


The  experiment  was  not  performed  at 
R. =10000,  but  the  computed  results  seem 
to  show  dependence  of  it  on  Ko  and  R« 
fairly  well.  The  experiment  shows  that 
the  ratio  of  the  frequency  of 
fluctuation  of  transverse  force  to  the 
frequency  of  the  oscillation  of  the 
cylinder  is  two  in  the  region  of  the  Ko 
number  set  in  this  computation.  Time 
histories  of  transverse  force  in 
Figs. 7. 1,2  and  3  shows  that. 


*5  J  C  <5  5  J  if'  ’  0 
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Fig. 7.1  Time  history  of  transverse 
force  (Kq=5; 
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Fig. 7. 2  Time  history  of  transverse 
force  (Ko=7) 
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Fig. 7. 3  Time  history  of  transverse 
force  (Ko=10) 

We  consider  that  a  transverse  force 
depends  on  positions  of  vortices 
strongly.  Time  history  of  transverse 
force  is  a  good  measure  of  periodicity 
of  the  flow  field. 
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4.2  Time  Evolution  of  Vortlclty 

Time  evolution  of  vortlclty  Is  shown 
In  Figs. 8.1  and  2  where  the  time 
Increment  Is  set  to  0.1,  contour  pitch 
2.0,  a  solid  line  denotes  a 
counterclockwise  vortex,  and  a  broken 
line  a  clockwise  vortex.  The  circular 
cylinder  Is  oscillated  from  side  to 
side  along  the  x-axls,  a  black  circle 
In  each  figure  shows  the  position  of  an 
oscillating  circular  cylinder,  and  it 
Is  located  on  the  left  end  at  t=7.0. 

Willlamsontl]  classified  aspects  of 
vortices  around  the  circular  cylinder 
into  some  groups  by  Ko  for  R«  of  the 
order  10=*,  and  In  the  range  of  Ka<13 
they  are  summarized  as  follows: 

(a)  Ko<7 

Vortices  which  are  generated  in  a 
half  period  become  a  pair  with  vortices 
which  are  generated  In  the  last  half 
period.  He  called  It  'pairing  of  at¬ 
tached  vortices',  although  one  of  the 
pair  Is  not  attached  but  shed. 

(b)  7<Ko<13 

The  pairing  of  shed  vortices  is 
formed,  and  a  street  of  vortices  moves 
away  from  the  cylinder  roughly  verti¬ 
cally  to  the  oscillation.  He  called  it 
'transverse  street'. 

The  computed  results  are  as  follows: 

(1)  Ko=5  (Fig. 8. 1.(0)  -v-  (9)) 

At  t=7.0,  the  vortices  A  and  B  which 
grow  at  t=7.0'''7.5  are  already 
generated  in  the  vicinity  of  the 
cylinder  surface.  Vortices  C  and  D  at 
t=7.2  and  vortices  E  and  F  at  t=7.8  are 
typical  examples  of  'pairing  of 
attached  vortices'.  It  Is  noticed  that 
the  flow  field  is  asymmetric. 

(2)  Ko=10  (Fig. 8. 2.  (0)  -v,  (9)) 

At  t=7.0,  vortex  A  which  grew  at 
t=6.5'v7.0  turns  to  the  opposite  side 
and  Is  divided  by  vortex  A'.  Vortex  B' 
was  shed  at  t=6.5'v7.0,  moves  away  from 
the  cylinder  nearly  vertically  to  the 
oscillation  at  t=7.0'v7.3,  and  become 
'transverse  street’.  At  t=7.2,  vortex 
A  amalgamates  vortex  D.  At  t=7.4  and 
7.5,  vortex  D  Is  shed. 

The  flow  patterns  are  not  clarified 
yet  at  R«=10000,  but  It  is  Interesting 
that  the  computed  results  agree  with 
Williamson's  observation  at  Re  of  the 
order  10=  very  well.  As  mentioned  in 
section  4.1  (1),  Increase  of  Ca  and 
decrease  of  Cm  with  Ko  are  simulated 
very  well  in  this  range  of  Ko.  We 
consider  that  the  changes  of  Ca  and  Cm 
are  due  to  these  drastic  changes  of 


aspects  of  vortices. 

Further  it  is  noticed  In  Fig. 8. 2 
that  the  aspect  of  vortex  shedding  is 
different  between  in  the  first  half  and 
In  the  last  half  period  at  Ka=10.  In 
the  first  half  period,  two  vortices 
shed,  l.e.  vortex  D'  sheds  at  t=7.3  and 
vortex  D  shed  at  t=7.4.  While,  in  the 
last  half  period,  one  vortex  sheds, 
l.e.  vortex  E  sheds  at  t=7.9.  It 
affects  in-line  force.  The  computed 
results  of  in-line  force  time  history 
is  not  odd-harmonic  as  shown  in 
Fig. 5. 3.  The  peak  value  In  the  first 
half  period  is  lower  than  that  in  the 
last  half  period.  It  means  that  the 
Morison  equation  can  not  express  the 
experimental  data  well  In  this  range  of 
Ko  as  pointed  out  by  Sarpkaya,  who  says 
that  the  range  is  8<Ko<25  at  R«  of  the 
order  10“*.  Figs. 5. 1,2,  and  3  show  that 
in-line  force  becomes  less  odd-harmonic 
with  the  progress  of  Ko.  They  show  the 
same  tendency  as  Williamson's 
observation  at  R«  of  the  order  10= . 

Tatsuno  et  al.[3]  pointed  out 
recently  that  the  flow  field  patterns 
are  classified  by  periodicity  and  three 
dimensional  coherent  structures  of  flow 
field  more  minutely  with  8  and  Ko  than 
Williamson's  classification.  For 
estimating  in-line  force  more 
correctly,  we  must  understand  in  what 
period  the  flow  field  repeats.  The 
period  is  not  necessarily  an  Integer. 

5  Discussions 

In  order  to  examine  the  validity  of 
the  present  computation,  we  consider 
the  following  six  points. 

(1)  Comparison  of  computed  results  with 
analytical  solutions 

The  computed  results  obtained 
without  the  initial  disturbance,  which 
is  the  oscillation  in  the  y-dlrectlon 
in  the  first  quarter  period,  must  agree 
with  analytical  solutions  in  the  range 
where  the  theories  are  valid,  Ko«l, 
R«xKo«l,  8»1.  When  the  Reynolds 
number  is  fixed  to  10-*,  the  valid  range 
is  Ko«l.  Figure  9.1  and  2  show  that 
the  computed  results  are  close  to  the 
analytical  solutions  in  this  range  and 
that  the  present  computation  Is 
reliable. 

(2)  Effect, of  initial  disturbance 

For  examination  of  the  effect  of  the 
degree  of  the  initial  disturbance  on 
the  flow  field,  we  carried  out  the 
computation  using  the  following 
equation  instead  of  equation  (24). 
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Fig. 8.1  Vorticlty  contour,  pitch=2.0,  Ko=5 

solid  line:  counterclockwise,  broken  line:  clockwise 
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Fig. 8. 2  Vorticity  contour,  pltch=2.0,  Ko=10 

solid  line:  counterclockwise,  broken  line:  clockwise 
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Ca 


Fig. 9.1  Comparison  of  drag  coefficient, 
Ca  between  computed  results  and 
analytical  solutions 

Cm 


Fig. 9. 2  Comparison  of  inertia  coef¬ 
ficient,  Cm  between  computed 
results  and  analytical  so¬ 
lutions 

V  -  sin  (&0 

-  0.01  X  sin  (4;rt)  for  t  -  0.0~0.25 
“  0-0  for  t  >  0.25 

(25) 

In  equation  (25),  the  amplitude  of 
superposed  sinusoidal  motion  in  the  y- 
directlon  is  set  to  1/lOth  of  equation 
(24)  and  the  period  the  same  as 
equation  (24).  There  are  i  > 
differences  between  the  two  results 
qualitatively.  Time  histories  of  in¬ 
line  force  are  shown  in  Fig. 10.  Here 
it  should  be  noted  that  it  is 
difficult  to  get  the  same  disturbance 
in  different  water  tanks,  even  though 
same  experiments  are  performed.  This 
is  one  of  the  reasons  why  experimental 
data  scatter.  Although  it  is  almost 
impossible  to  express  the  disturbance 
in  the  tank  numerically,  we  consider 
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Phase 


Fig. 10  Effect  of  initial  disturbance 

that  the  difference  between  computed 
results  with  the  different  Initial 
disturbances  as  shown  in  Fig. 10  may  be 
obtained  under  different  experimental 
conditions. 

(3)  Effect  of  total  number  of  grid 
points  on  Ca,  Cm,  and  flow  field 
The  grid  used  in  the  present 
computation  is  determined  by  the 
total  number  and  the  minimum 

Increment.  Resolution  of  flow  field  by 
finer  grid  is  higher,  while  stability 
of  the  solution  is  lower  if  the  same 
time  increment  is  used.  Since  we 
cannot  compute  so  long,  minimum  time 
Increment  is  limited.  Hence,  we  cannot 
make  the  grid  infinitely  fine.  Table  1 
shows  that  Ca  and  Cm  computed  by  the 
grid  120  x  50  and  140.x  60  are  in  the 
range  of  scatters  of  experimental  data, 
but  that  those  by  the  grid  100  x  30  are 
clearly  not  in  the  range. 


Table  1  Effect  of  total  number  of  grid 
points  on  Ca  and  Cm 
(Ko=5,  R.=10-‘) 


100  X  30 

120  X  50 

140  X  60 

Cd 

1,031 

0.480 

0.664 

Ca 

0.649 

0.795 

0.809 

Figure  11  shc'.vs  that  the  computed 
results  by  the  grid  120  x50  and  140  x 60 
qualitatively  agree  with  experimental 
data  very  well,  but  that  those  by  the 
grid  100 X  30  do  not  agree  with  them. 
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(c)  140X  60 

Grid  near  the  cylinder  surface 


yorticity  contour 


Fig. 11  Effect  of  total  number  of  grid  points  on  flow  field 
(Ko=5,  R.xlO'*,  t=»7.8) 


(4)  Effect  of  minimum  grid  increment  on 
end  Cm 

We  can  do  the  same  consideration  as 
the  total  number  of  grid  ponts.  Finer 
grid  increment  near  the  surface  of  the 
cylinder  makes  the  resolution  of 
boundary  layer  higher.  but  the 
stability  of  the  solution  lower  if  the 
same  time  increment  is  used.  Table  2 
shows  that  the  coarser  and"  finer 
minimum  increments  than  that  used  in 
the  present  computation  do  not  give 
good  results  of  Ca  and  C». 


Table  2  Effect  of  minimum  grid 
increment  on  Ca  and  Cm 
(Ko=5,  R.^IO*) 


^  x=0.003 

A  X»0.005 

A  X =0.007 

Cd 

0.703 

0.480 

0.703 

Ca 

0.469 

0.795 

0.469 

(5)  Effect  of  time  increment  on  Ca  and 

Cm 

Through  the  consideration  of  the 
stability,  finer  time  increment  makes 
the  stability  of  the  solution  higher 
and  give  a  solution  closer  to  the  true 
one.  But  finer  time  increment  makes 
time  derivative  of  the  residual  of  the 
continuity  equation  larger  and  the 
results  may  not  suffice  for  the  mass 
conservation  law.  Table  3  shows  that 
Cti  and  Cm  using  =0.0001  are  not  in 
the  range  of  scatters  of  experimental 
data. 


Table  3  Effect  of  time  increment  on  Ca 
and  Cm 

(Ko=5,  R.=10'‘) 


4t=0.0001 

3 t =0.0002 

31=0.0004 

Cd 

0.814 

0.480 

0.654 

Ca 

0.668 

0.795 

0.739 

(G)  Effect  of  the  Reynolds  number  on  C<x 
and  Cm 

The  experimental  data  by  Sarpkaya[6] 
and  Tanaka  et  al.[13]  Indicate  that  Ca 
decreases  and  Cm  does  not  vary  with 
progression  of  the  R«  number.  Figures 
12.1  and  2  show  that  the  computed 
results  do  not  simulate  the  tendency. 
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Fig. 12.1  Effect  of  the  Reynolds  number 
on  drag  coefficlnt,  Ca 
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Fig. 12. 2  Effect  of  the  Reynolds  number 
on  added  mass  coefficlnt.  Cm 

Why  can  we  get  very  good  solutions  at 
R.=10'‘  ?  We  can  consider  the  reason  as 
follows.  As  noted  earlier,  the  big 
vortices  generated  every  half  period 
are  predominant  for  the  flow  field. 
Hence,  in  the  computation  at  R.=10'*,  we 
can  consider  that  3rd  order  upwind 
scheme  controls  the  transition  to 
turbulence  near  the  surface  of  the 
cylinder  and  the  flow  field  outside  it. 
Including  predominant  vortices,  is 
correctly  estimated.  For  this  reason, 
we  can  obtain  very  good  results  at 
R-'IO^.  Then  we  need  to  consider  the 
effect  of  numerical  dissipation  on  the 
solutions.  At  the  higher  Reynolds 
number,  the  local  effective  Reynolds 
number  near  the  surface  of  the  cylinder 
becomes  too  high  for  3rd  order  upwind 
scheme  to  control  the  transition  to 
turbulence  there,  and,  as  a  result,  the 
numerical  dissipation  makes  the 
Reynolds  number  lower.  We  need  to 
consider  the  cause  of  some  errors  in 
more  detail  to  estimate  the  dependence 
of  the  Reynolds  number  on  the  flow 
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field. 

For  more  precise  estimate  of 
hydrodynamic  forces  •  acting  upon  a 
circular  cylinder  in  an  oscillatory 
flow,  the  following  is  hereafter 
required: 

•observations  of  phenomena  for  long 
periods 

•simulation  of  three  dimensional  coher¬ 
ent  structures  of  the  flow  field. 

In  this  paper,  all  computation  is 
performed  using  FACOM  VP-100,  and  it 
takes  about  70  minutes  for  8  periods  of 
the  oscillation  under  the  condition  of 
the  time  increment  =0.0002  which  is 
40000  time  steps. 

6  Conclusions 

(1)  Solutions  for  the  flow  around  an 
oscillating  circular  cylinder  at 
R«=10000  and  Ka=5,7  and  10  are  obtained 
by  the  direct  calculation  of  the 
Navler-Stokes  equations  using  body- 
fitted  coordinates  system,  moving  mesh 
technique,  and  the  MAC  method.  The 
results  are  in  excellent  agreement  with 
published  experimental  data  quantita¬ 
tively. 

(2)  The  computed  flow  patterns  show  the 
•pairing  of  attached  vortices’  and 
'transverse  street'  at  this  range  of 
Ko,  where  Ca  Increases  and  Cm  decreases 
drastically.  The  change  of  aspects  of 
vortices  is  very  similar  to 
Williamson's  observation  at  R«  of  the 
order  10®. 

(3)  Time  histories  of  the  computed  in¬ 
line  force  are  in  good  agreement  with 
those  which  are  given  by  the  Morison 
equation  and  published  experimental 
data  of  Ca  and  C*  at  Ko=5  and  7.  They 
show  that  this  computation  simulates 
unsteady  phenomena  accurately  every 
moment . 

(4)  Time  history  of  the  computed  in¬ 
line  force  is  not  odd-harmonic  at  all 
at  Ko=10. 

(5)  The  reliability  of  the  present 
computation  is  confirmed  by  the 
comparison  of  it  with  the  analytical 
solutions.  On  the  other  hand,  the 
computed  results  vary  with  total  number 
of  grid  points,  minimum  grid  Increment, 
and  time  Increment.  But  we  cannot 
determine  the  best  ones  before  getting 
solutions  and  comparing  them  with 
experimental  data.  In  order  to 
estimate  -the  effect  of  the  Reynolds 
number  on  the  flow,  we  need  to  consider 
the  cause  of  some  errors  in  more 
detail . 


(6)  For  more  precise  estimate  of 
hydrodynamic  forces  around  an 
oscillating  circular  cylinder, 
structures  of  the  flow  field  must  be 
observed  for  long  period  and  regularity 
of  It  must  be  Investigated.  Since 
three  dimensional  coherent  structures 
of  the  flow  field  may  affect  the 
regularity,  we  need  three  dimensional 
simulation  to  discuss  them  more 
completely. 
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Research  Institute. 


References 

1.  Williamson,  C.H.K.,  "Sinusoidal  flow 
relative  to  circular  cylinders",  J. 
Fluid  Mech.  Vol.155,  p.l41  (1985) 

2.  Honjl,  H.,  "Streaked  flow  around  an 
oscillating  circular  cylinder",  J. 
Fluid  Mech,  Vol.107,  p.509  (1981) 

3.  Tatsuno,  M.,  and  Bearman,  P.W., 

"Flows  induced  by  a  cylinder  per¬ 
forming  oscillations  at  large  ampli¬ 
tudes",  J.  the  Flow  Visualization  So¬ 
ciety  of  Japan.  Vol.8,  No. 30,  p.357 

(1988) 

4.  Morison,  J.R.  et  al.,  "The  force 
exerted  by  surface  waves  on  piles", 
J.  Petroleum  Tech.  Vol.189,  No. 2, 
p.i49  (1950) 

5.  Kculegan,  G.H.,  and  Carpenter,  L.H., 
"Forces  on  cylinders  and  plates  in 
an  oscillating  fluid.  J. Research  of 
the  National  Bureau  of  Standards", 
Vol.60,  No. 5,  p.423  (1958) 

6.  Sarpkaya,  T.,  and  Isaacson,  M. , 
"Mechanics  of  Wave  Forces  on  Offshore 
Structures",  Van  Nostrand  Reinhold 
Company  (1981) 

7.  Stokes,  G.G.,  "On  the  effect  of  the 
internal  friction  of  fluids  on  the 
motion  of  pendulums",  Trans.  Camb, 
Phil.  Soc.  Vol.9,  p.8  (1851) 

8.  Wang,  C.Y.,  "On  the  high  frequency 
oscillating  viscous  flows",  J. Fluid 
Mech.  Vol.32,  p.35  (1968) 

9.  Bessho,  M. ,  "Study  of  viscous  flow 
by  Oseen's  scheme(4th  report,  two- 
dimensional  oscillating  flow  without 
uniform  velocity",  J,  the  Society  of 
the  Naval  Architects  of  Japan.  Vol, 
161,  p.42  (1987) 

10.  Baba,  N.,  and  Miyata,  H.,  "High- 

order  accurate  difference  solution 
of  vortex  generation  from  a  circular 
cylinder  in  an  oscillatory  flow", 
J.  Comput.  Phys.  Vol. 69.  No. 2,  p,362 

(1987) 

11.  Harlow,  F.H.,  and  Welch,  J.E., 
"Numerical  calculation  of  time  de¬ 
pendent  viscous  incompressible  flow 
of  fluid  with  free  surface".  The 


326 


Physics  of  Fluids.  Vol.8.  No. 12, 
p.2182  (1965) 

12.  Kato,  S.,  and  Ohmatsu,  S.,  "Hydro- 
dynamic  forces  and  pressure  distribu¬ 
tions  on  a  vertical  cylinder  oscil¬ 
lating  in  low  frequencies" ,  OMAE 
(1989) 

13.  Tanaka,  N.,  Ikeda,  Y. ,  Hlmeno,  Y. , 
and  Fukutoml ,  Y. ,  "Experimental  study 
on  hydrodynamic  viscous  force  acting 
on  oscillating  bluff  body",  J.  the 
Kansai  Society  of  Naval  Architects. 
Vol.179.  p.35  (1980) 


Appendix  Relations  Between  Flow  Around 

an  Oscillating _ Circular 

Cylinder  in  a  Fluid  at  Rest 
and  Flow  Around  a  Circular 
Cylinder  Fixed  in  an 

Oscillating _ Flow _ (All 

quantities  are  dimensionally 
defined) 

(a)  Flow  around  an  Oscillating  Circular 
Cylinder  in  a  Fluid  at  Rest 
Assuming  that  a  circular  cylinder 
oscillates  in  the  x-dlrectlon,  the 
governing  equations  are  written  as 
follows: 
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where  U=U(t)  denotes  the  velocity  of 
the  circular  cylinder,  a  superscript  of 
prime  the  value  in  the  coordinate 
system  which  moves  with  the  circular 
cylinder,  and  v  the  kinematic 
viscosity. 


Boundary 
follows : 


conditions  are  written  as 
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(b)  Flow  around  a  Circular  Cylinder 
Fixed  in  an  Oscillatory  Flow 
Assuming  that  the  ambient  flow 
oscillates  in  the  x-dlrection,  the 
governing  equations  are  written  as 
follows: 
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where  U=U(t)  denotes  the  velocity  of 
the  oscillatory  flow. 


Boundary  conditions  are  written  as 
follows: 

u  =  -  U 

„  n  at  r-oo 


u  ■=  0 


(31) 

In  infinitely  far  field  from  the 
circular  cylinder,  the  velocity  is 
written  as 


,  u  =  -  U  (  t  ) 

V  W  0 

(32) 

Thus,  equation  (29)  in  the  far  field 
becomes  the  following  equations: 


dL  .  1  a  Pin/ 

dt  P  dx 


(33. a) 


(33. b) 


where  Pmr  denotes  the  pressure  in  the 
far  field,  l.e,  the  pressure  in  the 
uniformly  oscillatory  flow.  Equation 
(33.b)  represents  that  the  pressure  in 
the  oscillatory  flow,  P±nr,  is  a 
function  of  only  x  and  t,  l.e.  Pm*-  = 
P Xn-e  (  X ,  t )  . 

The  pressure  is  divided  into  two 
parts  as  follows: 


(28)  P  “  Plnf  +  P<n»-t:  (34) 


where  r  denotes  the  distance  from  the 
center  of  the  circular  cylinder  and  a 
the  radius  of  the  circular  cylinder. 


where  Pai.t  denotes  the  pressure  due  to 
the  disturbance  caused  by  a  circular 
cylinder.  Using  equations  (33)  and 
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(34),  equation  (29)  is  rewritten  as 
follows : 
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Equation  (26)  is  the  same  form  as 
equation  (25).  The  only  difference 
between  the  flow(a)  and  the  flow(b)  is 
that  the  pressure  includes  the 
additional  term  Pin«  whose  gradient  is 
required  to  accelerate  the  undisturbed 
flow  in  the  flow(b).  Integrated  around 
the  cylinder,  gives  rise  to  an 
Inertia  force,  which  is  pin  a*)9U/8  t 
per  unit  length.  The  inertia 
coefficient.  Cm,  which  is  defined  in 
the  flow(b),  is  related  to  the  added 
mass  coefficient,  C*,  which  is  defined 
in  flow(a)  as  follows: 


(35) 


Cm  *  1  +  Cm 


(36) 
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Abstract 


A  stationary  viscous  incompressible 
liquid  flow  past  a  body  is  considered. 
The  liquid  velocity  distribution  on  the 
surface  of  the  body  is  prescribed  so 
that  the  total  discharge  through  it 
equals  zero.  The  velocity  vector  tends 
to  a  nonzero  constant  vector  at  infini¬ 
ty.  The  following  equations  are  to  be 
fulfiled; 


S  =  0, 


(*) 


hv 


-  Re  dv/dXt-jyp  =  Re  ^ 
'^•v  =  0» 


and  the  following  boundary  conditions: 

V  =  'S(x), 

is 

V -♦  0  (1.3) 


(1.2) 


when  X 

Here  a  is  the  vector-function  satis¬ 
fying  the  condition 


T  =  0, 


(*.) 


Here  S  and  T  are,  respectively,  the 
momentum  and  the  moment  of  momentum, 
transfered  by  the  body  to  th^ liquid^ 
(for  two-dimensional  flows,  “  and  T 
are  the  above-mentioned  values,  related 
to  the  unit  length).  These  conditions 
form  the  boundary-value  problem  for  the 
Navier-Stokes  equations,  which  we  call 
the  problem  of  stationary  flow  past  a 
self-propelled  body.  Though  the  problem 
of  the  flow  past  of  a  self-propelled  bo¬ 
dy  has  a  natural  origin(self  propulsion 
executes  inhabitants, ships  and  airplan¬ 
es)  and  though  it  has  a  practical  impor¬ 
tance,  the  number  of  works  concerning  it 
is  very  limited. This  work  contains  the 
results  of  investigations  of  different 
models  of  a  self-propulsion  of  a  body 
in  a  liquid  obtained  by  abalytical .nume¬ 
rical  and  experimental  methods. 

§  1. 


1.1  Let  2  be  the  bounded  closed  surfa¬ 
ce  in  R^  and  £2  be  the  domain  exter¬ 
nal  with  respect  to  S  .  Th^problem 
of  defining  vector-function  v(x)(the 
difference  between  flow  velocity  at  the 
point  X  .^and  constant  velocity  at  in¬ 
finity,  e.,  =  (1,  0,  0))  and  scalar 
function  P(x)  (pressure)  which  satis¬ 
fy  the  stationary  system  of  Navier-Sto¬ 
kes  equations  in  the  domain  : 


/  a  •  3  dS  =  0,  (1.4) 

S 

whilst  still  arbitrary  in  other  respects, 
n  is  the  nuit  vector  of  the  external 
normal  to  the  boundary  of  the  domain  £i» 
Equations  (1.1)  have  been  written  down 
in  dimensionless  variables,  so  that 
Re  =  V.,1  /  V  is  the  Reynolds  num¬ 
ber,  V  is  the  kinematic  viscosity 
coefficient,  1  is  the  characteristic 
linear  scale  (e.g.,  1  =  dlam.  Q  ). 

The  value  of  (velocity  of  flow  past) 
is  a  natural  velocity  scale,  and  the 
pressure  scal^  is  assumed  equal  to 
p  V  /  1  ,  where  p  is  the  liquid 

density. 

Further  the  surface  of  S  will  be  as¬ 
sumed  to  belong  to  the  Hblder  class 

0_^<a<l,  and  the  components  of 
vector  a  -  to  belong  to  the  class 
(  E  ).  Problem  (l.l)-(l. 4) 
with  the  fixed  function  a  was  consi¬ 
dered  in  a  great  number  of  works.  The 
most  significant  results  were  obtained 
bj^  R.Finji  [8]  and  K. I. Babenko  [2].  If 
a  =  -  ,  we  come  to  a  classic  prob¬ 

lem  of  a  flow  past  a  body  with  an  unmo¬ 
vable  impermeable  boundary  E  .  It  is 
well-known  that  in  this  case  the  resis¬ 
tance  force  of  the  liquid  exerted  on 
the  body  differs  from  zero.  Thus,  to 
realize  a  stationary  regime  of  flow 
past  a  body,  it  is  necessary  to  confi¬ 
ne  it  to  the  liquid  flow  by  external 
forces.  The  classic  problem  of  flow 
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pasr  a  body  therefore  should  be  called 
the  problem  of  flow  past  a  towered  body. 

Here  our  particular  emphasis  will  be 
placed  on  the  problem  of  momentumless 
flow  past  a  body,  or  problem  (1.1)  - 
(1.4)  with  the  additional  condition(*) . 
In  the  terms  p  the  latter  is  exp¬ 
ressed  by  the  equality 


f=  +  Rev(y^  +  ^)*n]di;=0(i.5) 

Here  F  is  the  resistance  force,  Pv 
is  the  stress  tensor  corresponding  to 
the  velocity  and  pressure  fields  (  v 
and  P  ,  respectively),  having  the  el¬ 
ements  ,  , 

(Pv)i.  =-P6ij  +  av^/ax^  +  d^^/dx^ 

(1,  j='1|  2,  3)» 


It  is  clear  that  in  the  model  under  con¬ 
sideration  condition  (*)  may  be  provid¬ 
ed  only  by  the  mobility  and  (or)  the  per¬ 
meability  of  the  body  boundary  £  ,  In 
the  latter  case  it  is  natural  to  be  ex¬ 
pected  that  the  total  discharge  of  a  li¬ 
quid  through  the  body  surface  is  equal 
to  zero,  that  is  expressed  by  (1.4). The 
condition  of  momentumless  flow  past  a 
body  (**)  is  not  imposed  here  upon  the 
solution. 

It  is  well-known  that  with  fixed  ® 
problem  (1.1)-(1.4)  has  at  least  one 
solution  for  any  Reynolds  number,  Re^O 
[2,  8,  14].  With  low  Re  ,  its  solution 
is  unique  [2] .  From  here  it  follows 
that  the  problem  of  momentumless  flow 
past  a  body,  (1.1)-(1.5)  is  solvable, 
generally  speaking,  only  if  the^additio- 
nal  conditions  on  the  function  a  (  x  ) 
are  fulfilled.  In  other  words,  this 
problem  is  to  be  considered  as  a  prob¬ 
lem  of  a  join_^  definition  of  functions 
p  and  a  from  the  relations  (1.1)- 
-(1.5).  In  this  case  condition  (1.5), 
equivalent  to  three  scalar  relations, 
admits  a  wide  arbitrariness  in  choosing 
the  function  a  ,  whic.i  may  be  consi¬ 
dered  as  a  determining  function.  It 
should  be  noted  that  by  virtue  of  the 
law  of  momentum,  condition  (1.5)  is 
equivalent  to  the  equality  to  zero  of 
the  liquid  pulse  flow  through  any  cont¬ 
rol  surface  covering  E  ,  in  particu¬ 
lar,  an  infinitely  distanced  control 
surface  [18] . 


1.2.  The  existence  of  the  solution  to 
the  prol)lem  of  moinentuiriless  flow  past 
a  body  has  not  been  considered  so  far. 
The  existence  problem  may  be  solved  ra¬ 
ther  effectively  in  the  simplest  case 
when  the  Reynolds  number  is  equal  to 
zero  [19].  Let  us  denote  system  (1.1) 
when  Re  =0  (Stokes  system)  by  (l.l)o 
and  the  relation  (1.5)  when  Re  =  0  by 
(1.5)o.  System  (l.l)o,  conditions  (1.2) 


-  (1.4)  and  equality  (1.5)o  form  the 
problem  which  will  be  denoted  by  (l.l)o 
-(1.5)o  and  called  the  problem  of  momen¬ 
tumless  flow  past  a  body  in  the  Stokes 
approximation. 

In  contrast  to  (1.1) -(1.5),  problem 
(l.l)o-(1.5)o  is  linear,  and  the  Stokes 
operator  generated  by  system  (l.l)o  is 
a  self-conjugated  one  [143 •  The  above- 
mentioned  circumstances  make  it  possib¬ 
le  to  find  an  effective  solution  of 
problem  (l.l)o-(1.5)o  in  terms  of  eigen¬ 
functions  of  some  spectral  problem.  It 
may  be  formulated  as  follows. 

It  is  required  tq^  find  number  A-  and 
vector- function  (p  (  x  )  ^  0,  determi¬ 
ned  on  the  surface  Sjwhich  satisfies  con¬ 
dition  (1.4),  from  the  relation 

A  (p  =  A  (p 

Here  A  denotes  a  linear  operator, 
which  ^pts  in  correspondence  with  func¬ 
tion  ip  the  valj^e  of  the  trace  of  the 
stress  vector  Pv  on  the  surface  E  , 
calculated  from  the  solution  Vj  P  .^of 
problem  (l.l)o-(1.5)o ,  where  a  =  (p  . 
Operator  A  ,  iniyally  determined  on 
the  functions  <p  e  ^^■‘■“(E)  ,  admits 
a  self-conjugated  expansion  up  to  the 
operator,  acting  to  B[*^(E  )  from 
“ft  (  E  i  A  totality  of  the  trace 
of  the  functions  u  e  rt  ^  (  Q 
surface  E  are  denoted  by  H  S  ) 
and  the  closure  in  the  Dirichlet  integ¬ 
ral  norm  of  a  set  of  solenoidal  vector- 
-functions,  smooth  in  SI  ,  and  equal 
to  zero  at  sufficiently  high  values  of 
I  ^  is  denoted  by  H'^  (S2  ).  The  spa¬ 
ce  (  2  )  is  conjugate  with  res¬ 
pect  to  E  ).  Using  the  theory,  de¬ 

veloped  in  [l5] ,  it  is  possible  to  find 
the  following  properties  of  operator  A; 
(i)  it  has  an  inverse  ,  which  is 

continuous  and  self-conjugated;  (ii)  the 
spectrum  of  operator  A  is  discrete  and 
finite-fold;  (iii)  all  the  eigenvalues 
K^<'Kz<\i  . ,  •  are  positive;  (iv) 
when  k  -♦  00  ;  the  eigenfunctions  (pk 
and  (pi  corresponding  to  the  eigenva¬ 
lues  Ak  and  Ai/  Ar  ,  are  orthogo¬ 
nal  both  in  metrix  E  )  and  tj^at 

generated  by  a  scalar  product 
The  totality  of  eigenfunction^  {  tPk  } 
forms  a  full  system  both  in  Ca.(  S)  and 
(E  ). 

Now  it  is  not  difficult  to  formulate 
the  solution  algorithm  for  the  problem 
of  momentumless  flow  past  a  body  ln,j:he 
Stokes  approximation.  Let  =  (a*  cpr) 
denote  the  Fourier  coefficients  of  ex¬ 
pansion  of  the  function  a  (x)  in  basis 
{  Vk  }  •  orthonormalized  to  Ea  (  E  ) 
Then  the  condition  (1.5)o  may  be  written 
as  follows: 
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=  0 


(i  =  1, 


(1.6) 

2,  5), 


where  (pj^  ^  is  the  i-th  component  of 
vector  ’  cp^  .  Condition  (1.4)  means 
that 

00 

s  (a^  ;  (p,.  •  E  d  S )  =  0.  (1.7) 

k=1  ^  S  ^ 

Let  us  choose  an  arbitrary  element 
■Jl e E)  satisfying  conditions  (1.6), 
(1.7)  and  then  solve  problem  (l.l)o  - 
-  (1.5)0.  In  so  doing  the  velocity  vec¬ 
tor  ^  is  defined  one-valued,  and  the 
pressure  p  is  defiend  accurate  to 
the  additive  constant.  Thus,  in  the  so¬ 
lution  of  (l.l)o-(1.5)o  being  j^he  prob¬ 
lem  of  determining  functions  v,  p  and 
"S  ,  there  is  a  functional  arbitra¬ 
riness.  Therefore,  determining  the  fun¬ 
ction  a  from  the  condition  of  mini¬ 
mum  power  functional  is  considered  to 
be  natural: 

J  =  /  ^  •  Pi?  •  Ed  S  . 

S 

The  value  of  J  is  equal  to  the  work 
expended  per  unit  line  in  sustaining  a 
stationary  self-motion  regime. 

In  the  general  case  the  problem  of  de¬ 
termining  minimum  J  under  certain  na¬ 
tural  restrictions  upon  the  function  a 
is  solved  by  the  method  of  Lagrange  in¬ 
definite  coefficients.  Let  us  consider 
the  examples  of  such  restrictions: ,the 
function  aT  +  "^  has  the  support  S 
which  does  not  coincide  with  the  whole 
surface  of  2  (phjysically  the  case 
when  the  region  2  c  2  is  sufficient¬ 
ly  small  is  of  interest);  function 
3+  has  a  zero  normal  component  (the 
boundary  of  a  self-moving  body  is  im¬ 
permeable);  function  E< +  has  a  ze¬ 
ro  tangential  component  (the  body  sur¬ 
face  is  unmovable).  If  the  surface  2 
is  a  sphere,  the  minimization  problem 
of  functional  J  for  the  second  and 
third  type  of  the  above-mentioned  re¬ 
strictions  is  solved  explocitly  with 
the  use  of  the  results  obtained  in  [lO] . 
In  both  cases  the  minimum  of  J  is 
achieved  on  the  functions  a  ,  cor¬ 
responding  to  the  regime  of  potential 
flow  past  a  body.  It  is  unknown  if  this 
property  of  extremals  of  functional  J 
holds  for  an  arbitrary  surface  S  . 

The  matter  of  solvability  of  problem 
(i.i)-(i.5)  when  Re  >  0  is  rather  com¬ 
plicated.  However,  it  is  hoped  that  its 
solution  may  be  positive  for  low  Reynolds 
numbers.  The  solution  asymptotics  for 
a  classical  problem  of  flow  past  a  body 
(  3  =  )  when  Re  ->  0  [9]  is  the 

basis  for  such  an  optimism. 


1.3.  Now  let  us  consider  an  asymptoti¬ 
cal  behaviour  of  the  solution  to  prob¬ 
lem  (1.1)-(1.5)  when  r  =  |  x  j  -»  00  .  For 
now,  let  us  ignore  the  additional  con¬ 
dition  (1.5)  and  recall  that  the  exis¬ 
tence  theorem  for  (l.l)-(1.4)  "as  a 
whole"  is  so]^id  in  the  class  of  vector- 
-functions  v  having  Dirichlet  fini¬ 
te  integral  [14] , 

/  V  T?  :  vvdr  “  (1.8) 

Q 

In  Cs]  it  was  established  that  any  so¬ 
lution  of  the  above-mentioned  problem 
satisfying  the  inequality  (1.8)  admits 
the  estimate 

|‘v(x)|<  ^  when  r  -+  00  (1.9) 

with  some  positive  constants  C  and  e 
As  was  shown  in  [s] ,  any  solution  of 
problem  (1.1)-(1.4)  satifying  inequa¬ 
lity  (1.9)  has  an  asymptotical  beha¬ 
viour 

V  (x)  =  f  •  E  (x)  +  t  (x)*  (1.10) 

Here  ?  is  constant  vector\  determined 
by  the  formula  (1.5),  and  b  (*/  is 
the  remaining  term,  for  which  the  fol¬ 
lowing  estimate  has  been  obtained  (  ^ 
is  high) : 


It  I  ^  (1  +  s)”'’’*’ ^(1.11) 

Here  s  s  r  -  X  ,  650  is  arbitrarily 
small,  and  =  const.  >  0.  SymbolE(x) 

denotes  the  fundamental  tensor  of  Oseen 
system,  corresponding  to  (1.1).  The  ex¬ 
pressions  for  the  elements  of  tensor  E 
may  be  found  in  [8]  . 

It  follows  from  (1.10) ,(1.11)  that  the¬ 
re  is  a  paraboloidal  region  of  the  wake 
in  the  direction  of  ,  inside  of 

which  "ysi  OCr”"*)  .  Beyond  any  circulal 
cone  having  the  axis  directed  along  e  , 

V  =  0(r”*  ).The  field  asymptotics  terms 
v(x)  of  the  order  of  p-®/*  obtained 
in  [3]  on  the  assumption  of  the  colli- 
nearity  of  vectors  ?  and  .  (This 
assumption  is  fulfilled,  for  example, 
in  the  case  of  axisymmetrical  flow  past 
a  surface  of  revolution  2  ,  thereby 

the  condition  (**)  being  also  fulfilled). 
In  [3,  6]  the  velocity  vortex  behaviour 
at  great  distances  from  the  body  is  in¬ 
vestigated,  and  the  vortex  is  shown  to 
decrease  exponentially  outside  the  wake.. 

Formula  (1.10)  means  that  far  from  the 
towed  body,  the  velocity  field  distur¬ 
bance  (accurate  to  the  smalls  of  higher 
order)  will  be  as  that  of  Oseen  flow 
"flowing  past"  a  concentrated  force  E . 
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The  velocity  field  asymptotics  in  the 
problem  of  momentumless  flow  past  a  bo¬ 
dy  proved  to  be  determined  by  a  much 
higher  number  of  functionals 

characterizing  both  the  body  shape 
and  the  way  of  realization  of  self-mo¬ 
tion  regime.  The  basic  result  may  be 
formulated  as  follows  ['20]  . 

Let  p  be  the  solution  of  problem 
(1.1)-(1.4)  from  the  class  (1.8)  satis¬ 
fying  the  additional  condition  (1.5). 
Then  when  r  -*  <*>  the  asymptotical  repre¬ 
sentation  of  ^(x)  in  the  form 


^(x)  =  R  ;  DE(x)  + 
+  <i:  ^E(x)  +  7^(x). 


(1.12) 


is  valid.  Here  R  =  (Rij  )j  Q  =  (Qy)are 
the  constant  tensors  (  i»d  =  1,2,3). 

The  elements  of  tensor  R  are  express¬ 
ed  explicitly  in  the  terms  of  function 
.  Symbols  DB  and  VE  denote 
the  third-rank  tensors  having  the  ele¬ 


ments 
(DE) 


ijlc 


_  1 

"  o 


(VE) 


ijk 


dE 

dt. 


iijik=  1,2,3.  Summarizing  in  consoli¬ 
dation  R  :  DE  ,  Q  ;  VB  is  made  with 
respect  to  indices  i  and  j  .  Func¬ 
tion  ff(x)  admits  the  estimate 


Irf  (x)|  <  (s  +  (1.13) 

when  r  -»  00  ,  where  e  and  Go  are  the 
positive  constants,  e  being‘s  arbitra¬ 
rily  small,  s=  r  -  X  . 

Formula  (1.12)  is  derived  on  the  basis 
of  integral  reperentation  of  problem 
(1.1)-(1.3)  obtained  in  [9].  To  estima¬ 
te  the  volume  integral 

BfCx)  =  ;^(y)  •  ^(y)  ‘-rrECx  -  y)  dy 
Q 

when  r  ->  00  ,  the  results  of  [3]  have 
been  used. 

According  to  (1.12) , (1.13) ,  in  the  re¬ 
gime  of  momentumless  flow  past  a  body 
we  have  T  =  in  a  paraboidal  re¬ 

gion  of  the  trail  and  v  =  0 
beyond  any  cone  having  the  axis  e< . 
Thus,  a  quicker  decrease  in  velocity 
disturbance  at  great  distances  from  a 
self-moving  body,  as  compared  to  towed 
one,  is  evident.  Representation  (1.12) 
also  means  that  (at  least  over  the 
wake  region)  the  main  terms  of  veloci¬ 
ty  field  asymptotics  in  the  problem  of 
momentumless  flow  past  a  body  are  cha¬ 
racterized  by  18  parameters,  they  are 
the  elements  of  tensors  R  and  Q 


In  an  axisymmetrical  case  the  number  of 
these  parameters  decreases  to  eight. 
Identification  of  the  elements  of  tensor 
Q  being  some  functionals  of  the  so¬ 
lution  to  problem  (1.1)-(1.5)  is  of  par¬ 
ticular  interest.  This  problem  has  not 
been  solved  so  far. 

One  of  paradoxical  results,  related  to 
the  classsical  problem  of  flow  past  a 
body  for  the  Navier-Stokes  equations, 
is  as  follows.  Let  in  (1.2)  a  »  (This 
means  immobility  and  impermeability  of 
the  tody  boundary).  Then  for  any  solut¬ 
ion  V,  p  of  problem  (1.1)-(1.3)  satis¬ 
fying  the  condition  (1.8)  we  have 

/  I  T  1  «  00 

Q 

Such  a  statement  related  to  the  energy 
of  disturbed  motion  in  the  problem  of 
viscous  flow  past  a  body  first  appeared 
in  [7]. 

It  is  obvious  that  a  self-moving  cannot 
contribute  such  a  great  disturbance  in¬ 
to  a  flow.  An  appropriate  exact  formu¬ 
lation  is  as  follows.  Let  vi  P  be  the 
solution  of  problem  (1.1)-(1.4)  satis¬ 
fying  the  additional  conditions  (1.5), 
(1.8).  Then 

/  1  v|  ^  dx  <00  (1.14) 


The  property  of  the  solution  of  the 
problem  of  momentumless  flow  past  a  bo¬ 
dy  expressed  by  inequality  (1.14)  dis¬ 
tinguishes  it  among  all  the  possible 
solutions  of  problem  (1.1)-(1.4)  if 
function  a  entering  it  is  varied.  We 
hope  that  this  property  may  be  used  to 
investigate  the  existence  of  the  solu¬ 
tion  of  problem  (1.1)-(1.5),  if  the  lat¬ 
ter  is  considered  as  some  optimization 
problem. 

The  two  notes  are  to  be  made  in  connec¬ 
tion  with  the  velocity  field  asympto¬ 
tics  at  great  distances  from  a  self-mo¬ 
ving  body.  The  first  of  them  deals  with 
the  velocity  vortex  tehaviour  with  in¬ 
creasing  the  distance  from  a  body.  When 
r-»  00  ,  the  vorticity  in  the  solution 
of  problem  (1.1)-(1.5)  decreases  quicker 
than  in  a  calssical  problem  of  flow  past 
a  body  both  inside  and  outside  of  the 
wake  [6] .  In  the  exceptional  cases  the 
wake  may  be  absent.  In  [16],  such  a  si- ‘ 
tuarion  is  illustrated  by  a  plane  poten¬ 
tial  viscous  flow  past  a  self-moving 
"body" .  Its  boundary  consists  of  two 
symmetric  coupled  components,  on  each 
of  them  a  normal  velocity  component  be¬ 
ing  equal  to  zero,  and  a  tangential  one 
being  constant. 
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The  second  note  is  connected  with  the 
velocity  asymptotics  in  a  turbulent  flow 
regime.  In  this  case,  based  on  the  con¬ 
sideration  of  CSO]  and  additional  assum¬ 
ptions  related  to  the  Reynolds  stress 
behaviour  when  r  -»  oo  (for  a  self-moving 
body  these  assumptions  are  discussed  in 
[5] ) ,  it  is  possible  to  obtain  represen¬ 
tation  (1.12)  for  the  averaged  velocity 
field.  However,  here  the  elements  of 
tensors  R  and  Q  are  the  functionals 
of  the  solution  of  unclosed  system  of 
Reynolds  equations.  These  equations  are 
treated  as  the  Navier-Stokes  equations 
with  the  density  of  external  mass  for¬ 
ces  g  =-2»Re  •  dir  n  where  n  is  the 
Reynolds  stress  tensor  having  the  ele¬ 
ments  Ilii  =  Vi'  Va'  (i,  3  =  1,2,3). 
Here  condition  (*)  changes  its  form  in 
comparison  with  (1.15)  and  is  as  follows: 

/  [-P^  •  2  +  Ee^  (v  +  e.- )  •  n  + 

E 

+  Re  n  *2.]  d£  =  0> 


§  2. 


2.1.  Liquid  flows  at  great  distances 
from  self-propelled  and  non-self-propel¬ 
led  bodies  can  be  significantly  diffe- 
ren  c . 

Let  us  consider  the  problems  of  a  sta¬ 
tionary  flow  of  a  viscous  incompressib¬ 
le  liquid  past  self-propelled  bodies 
[21,22] . 

a) .  The  body  is  a  circular  cylinder  with 
a  moving  body.  The  cylinder  axis  coinci¬ 
des  with  the  axis  Z  of  the  system  of 
the  rectangular  coordinates  X,  Y,  Z. 

The  liquid  flow  is  plane  and  symmetri¬ 
cal  in  relation  to  the  axis  X  in  the 
plane  X,  Y.  The  body  boundary  moves  so 
that  the  correlation  (*)  is  fulfilled. 
The  correlation  (**)  is  fulfilled  by 
the  reason  of  the  symmetry  of  the  flow 
in  relation  to  the  axis  X. 

The  Navier-Stokes  and  the  continuity 
equations  and  the  conditions  on  the  cy¬ 
linder  boundary  and  at  infinity  have  the 
following  form: 

1 

•  X7)^  »  -  P  +  rT  V  ▼  =  0, 

'  (2.1) 

^  =  \f2  for  r  =  1 ,  3?  for  r  -»  00 , 

where  =  V/V^  (  V  is  the  liquid  ve¬ 
locity;  V  is  the  X-component  of  Jiie 
liquid  velocity  at  infinity  (  V"  » 

=  (  V  0,  0  )  ;V^  >0);  p  =  P/CpVj  ) 

(  F  is  the  pressure  in  the  llouid:  p 
is  the  liquid  density);  r  =  vX*~+Jv^a 
(  a  is  the  radius  of  the  cylinder) ; 


1  =  (1,  0,  0);  Re  «  a  vyv  is  the 
Reynolds  number  (  V  is  the  kinematic 
coefficient  of  the  liquid  viscosity); 

A  is  a  function  of  Re  ;  f  is  an 
add  function  of  the  angle  6  between 
the  vectors  1  „^nd  X  I  +  "^  ' 

(0,  1,  0);  f  Sin  m 

are  constants;  ;»  0;  la 

=  l£r3  (5  =  (0,  0,  1); 

unit  external  normal  to  the  cylinder 
boundary) . 

The  dependences  f  on  8  ai^  A  on 
Re  are  prescribed  so  that  S  =0. 


In  [21]  the  problem  (2.1)  was  solved 
approximately  for  low  Re  .  The  fol¬ 
lowing  asymptotical  formula  for  the  li¬ 
quid  velocity  at  great  distances  from 
the  body  was  obtained: 


( 1  - 


2  V  X 


)exp  (- 


4VX 


)  ] 


(2.2) 


for  X/&-*  +00  and  constant  X  /(aX)»Ee. 
In  accordance  with  (2.2)  for  the  plane 
flow  past  a  self-propelled  body,  the 
disturbance  of  the  liqi^d  velocity  va¬ 
nishes  by  the  law  X"  '  (for  the  pla¬ 
ne  flow  past  a  body  which  receives  from 
the  liquid  per  unit  length  per  unit  ti¬ 
me  a  non-zero  momentum  the  disturbance 
of  the  lljiuid  velocity  vanishes  by  the 
law  [5]).  The  formula  (2.2) 

has  such  a  form  as  the  formula  for  the 
velocity  of  plane  liquid  flow  far  from 
a  self-propelled  body  founded  in  [5] . 


b).  The  body  is  a  ball  with  a  liquid- 
-permeable  boundary.  The  ball  centre 
coincides  with  the  origin  of  the  coor¬ 
dinates  X,  Y,  Z.  The  liquid  flow  is  sym¬ 
metrical  in  relation  to  the  axis  X  and 
is  non-swirling  around  it.  On  the  body 
boundary  the  liquid  velocity  component 
normal  to  it  is  distributed  so  that 
the  liquid  mass  flux  through  this  boun¬ 
dary  equals  zero  and  the  correlation 
(*)  is  fulfilled.  The  correlation  (♦*) 
is  fulfilled  by  the  reason  of  the  non- 
-swirling  of  the  flow  around  the  axis 
X. 


The  Navier-Stokes  and  the  continuity 
equations  and  the  conditions  on  the 
ball  boundary  and  at  infinity  have  the 
following  form 

ry.vytrn  -^4.  ^  y  =  0, 

(2.3) 

Y=  Af  n  for  r=1 1  t  -»  1  for  r  -♦  oa , 

where  r=VX‘'+Y^+  /a  (  a  is 
the  radius  of- the  ball);  A  is  a 
function  of  Re  ;  f  is  a  functiorj^of 
the  angle  6  between  the  vectors  i  and 
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X?  +  Yj  +  (f  5.  (cos  e  )  ; 

fjj  ■  are  "constants;*  fif  /o;  /O;  Pjj 

are  the  polynomials  of  Legendre). 

The  dependences  f  on  0  am)  ^  on 
Re  are  prescribed  so  that  S  =0. 

In  (22]  the  problem  (2.3)  was  solved 
approximately  for  low  Re  .  The  follo¬ 
wing  asymptotical  formula  for  the  li¬ 
quid  velocity  at  great  distances  from 
the  body  was 

V  ~  [1  + 


X  ejq)  (- 


for  Yi/&  -♦  +  00  and  constant (Y*+Z^)/ 
/  (aX  ),  Re  . 

In  accordance  with  (2.4)  for  the  axi- 
symmetrical  flow  past  a  self-propelled 
body  the  disturbance  of  the  liquid  ve¬ 
locity  vanishes  by  the  law  X”*  (for 
the  axisymmetrical  flow  past  a  body 
which  receives  from  the  liquid  per  unit 
time  a  non-zero  momentum  the  disturban¬ 
ce  of  the  liquid  velocity  vanishes  by 
the  law  X”"'  [sj). 


obtaijied: 


f^X‘= 


Y^+  Z* 
4  vX 


“  4'vX 


(2.4) 


2.2.  A  propeller  work  can  significant¬ 
ly  affect  a  liquid  flow  near  a  body  ’ 
at  distances  which  do  not  exceed  its 
several  transverse  dimensions.  This 
may  be  used  to  organize  required  liquid 
flow  around  a  body  (for  example,  a  flow 
with  closed  streamlines). 

Let  us  consider  the  problem  of  a  sta¬ 
tionary  flow  of  viscous  incompressible 
liquid  past  a  pair  of  rotating  cylin¬ 
ders  (a  pair  of  identical  parallel  cir¬ 
cular  cylinders  rotating  around  their 
axes  with  opposite  angular  velocities) 
[23] .  The  axes  of  the  cylinders  are 
parallel  to  the  axis  Z  and  intersect 
the  plane  X,  Y  at  points  X  =  0,  Y  =  h 
and  X  =  0,  Y  =  -h.  The  liquid  flow  is 
plane  and  symmetrical  in  relation  to 
the  axis  X  in  the  plane  X,  Y. 

The  Navier-Stokes  and  the  continuity 
equations  and  the  conditions  on  the 
boundaries  of  the  cylinders  and  at  in¬ 
finity  have  the  following  form: 

(v*t7)v  =  -  VP+  ^  A  V  ,  VT  =  0, 

v= -kx  for  j  r_^  |=1,t=  k  x  r_  (2.B) 

“*>  ^ 

for  |r_|  =1 ,  V  -♦  e  i  for  r  ->  00  , 

v/here  v  =  V/(J1  a)  (  is  the  mo¬ 

dule  of  the  angular  velocities  of  the 
cylinders;  a  is  the  radius  of  the 


cylinders)}  P  =  P/(  pn^a*)}  raVX*^!*^ 
(*=»Va;^y“YA)}  *3!+(y  -  1/C2e)>3} 

?  =  13!  +  +  V(2  e  ))  J; 

e  =  a/  (^)  ;  Re  =  a  fl/v  is  the  Rey¬ 
nolds  number. 


In  [23)  the  problem  (2.5)  was  solved 
approximately  for  small  e  .  It  was 
ascertained  that  in  the  considered  ap¬ 
proximation  the  pair  of  rotating  cylin¬ 
ders  is  a  self-propelled  body. 


Fig.  1 


In  Fig.  1  the  pattern  of  streamlines 
of  the  flow  around  the  cylinders  is  dis¬ 
played  (the  sections  of  the  cylinders 
by  the  plane  ex  ,  ey  are  represented 
by  the  points  ex  =  0,  e  y  =  1/2  and 
eX  =  0,  ey  =  -1/2;  the  cylinders  are 
surrounded  by  the  liquid  layer  which  is 
streamed  continuously  by  the  liquid  mo¬ 
ving  from  infinity). This  flow  around 
the  cylinders  is  realized  by  the  motion 
of  their  boundaries,  i.e.  by  the  propel¬ 
ler  work. 

The  problem  of  a  stationary  flow  of  a 
viscous  incompressible  liquid  past  a 
pair  of  rotating  cylinders  was  conside¬ 
red  in  [23]  in  connection  with  the  prob¬ 
lem  of  decreasing  the  energy  required 
for  a  body  to  propel  in  a  liquid.  In 
connecLion  with  the  latter  problem  the 
motion  of  a  pair  of  rotating  cylinders 
in  a  liquid  was  also  investigated  ex¬ 
perimentally  [24,  25).  The  measurements 
showed  that  the  self-propelling  of  the 
cylinders  was  energetically  non-profl- 
table  and  a  reduction  of  the  energy 
which  was  necessary  for  their  propelling 
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could  be  achieved  when  the  cylinders 
simultaneously  rotated  and  were  af¬ 
fected  by  an  external  force  (the  pro¬ 
peller  worked  but  not  in  a  self-propel¬ 
ling  regime). 

The  power  N  which  is  necessary  for  a 
pair  of  cylinders  to  propell  is  the  sum 
of  two  quantities: 

N  =  FQ  +  W, 


where  F  is  the  external  force  acting 
onto  the  cylinders;  Q  is  the  veloci¬ 
ty  of  the  pair  of  cylinders;  W  is  the 
power  which  is  necessary  for  the  cylin¬ 
ders  to  rotate. 
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In  Figs.  2,  3  the  data  obtained  by  mea¬ 
surements  on  the  dependences  c  =  , 
=F/(2LapCi2)  and  w  =  W/  (2  L  a  p 
on  u  -  Qb/^  are  displayed  (  L  is 
the  length  of  the  cylinders;  symbols 
1-5  correspond  to  e  =  0.45;0.4;0.35; 
0.3;0.25)  [25]  .  In  accordance  with  the¬ 
se  data,  the  most  energy  profitable 
propelling  is  realized  at  u  w  1.3. The 
power  which  is  necessary  for  this  pro¬ 
pelling  of  the  cylinders  is  approxima¬ 
tely,  S0%  of  the  power  required  for 
the  propelling  of  the  non-rotating 
cylinders. 
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§  3 


3.1.  Let  us  come  over  to  the  problem 
of  numerical  modelling  of  momentumless 
flow  past  a  body.  It  is  based  on  the 
Navier-Stokes  equations  with  the  use 
of  numerical  methods  [1,4,11,13].  The 
two  cases  are  considered  when  relation 
(*)  is  fulfilled.  In  one  of  them  (down¬ 
stream),  there  is  a  surface  S  behind 
the  ball  (a  part  of  sphere  with  a  grea¬ 
ter  radius).  The  liquid  flows  over  S 
and  gets  thereby  an  additional  pulse. 

In  the  other  case  the  ball  surface  is 
permeable.  On  one  its  part,  between  two 
cones  with  the  divergence  semi-angles 
Q,  ,  Q,  ^  mutual  axis  6  =  n  , 

the  liquid  is  sucked  in  ,  and  on  the 
other  its  part,  "cut"  by  a  cone  ^<0511 
the  same  quantity  of  the  liquid  is^  re- 
turbed  to  the  flow. 

The  other  way  to  fulfil  the  condition 
(*)  are  also  possible,  for  example,  by 
prescribing  a  self-consistent  distribu¬ 
tion  of  volume  forces,  localized  in  a 
small  region  behind  the  body.  A  numeri¬ 
cal  solution  of  the  problem  of  momentum¬ 
less  flow  past  an  extended  ellipsoid  of 
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revolution  was  obtained  in  this  state-  found  in  (ll3]  . 
ment  in  [12] . 


The  solution  of  the  problem  of  flow 
past  a  self-moving  body  becomes  more 
complicated  due  to  nonlocality  of  con¬ 
dition  (*).  In  the  present  paper  a  sta¬ 
tionary  solution  was  found  when  solving 
the  nonstationary  Navier-Stokes  equa¬ 
tions.  In  the  spherical  coordinate  sys¬ 
tem  they  have  the  form: 
ai.  (u-cose)Sii  +  LT±§lPto  -iCl+sine). 

dt*  tu  cose^gj,  +  r  ae  j. 

r^aine 

X  (sine  •  t)].  |^(^.eose)|£ 


dr 


M  .uCv-tsine) 

•  ^  *  *r%  i/s  AA 


•60 


r  ae  1(3.1) 


l«  ] »  It  +(u-cose)U 


r'^sin^e^^ ae-”  at 


ar’ 


■  v+sine  aw  .u-C03e.„ .  (v+aine)W  ctge  . 

■*  r  ae"^  r  ’*■'  r 

^  al^'^'^^+Tikeae  * 

x(8in0.  v)=0,  Re=*^}  r= 

_ a/T<2  M  ...-.l - _ s.  „ 

ra  ar'  sin  0  ae 

<(ain0  ^))t 

Hereu,  v  and  W  are  the  projections 
of  the  velocity  vector  to  r  ,  0  and 

<p  directions,  respectively,  a  is  the 
sphere  radius,  is  the  modulus  of 

inflowing  flow  velocity,  u  is  the 
characteristic  value  of  swirling  by  the 
propeller  model.  Equations  (3.1)  have 
been  written  down  in  dimensionless  va¬ 
riables.  The  values  of  a  ,  ,  pV^» 

a  0)  have  been  chosen  as  the  scales 
of  length,  velocity,  pressure  and 
swirling.  The  boundary  conditions  are 
prescribed  as  follows: 

The  sphere  surface  r  =  1; 


U  =  ( 0  )  +  cos  0  , 

V  =  -  sin  0 ,  W  =  W  ( 0  ) 


(3.2) 


The  axis  of  symmetry  0  =  0,  0  =  it; 


au/  6©  =  0,  V  =  0,  W  =  0; 


(3.3) 


The  conditions  on  the  sphere  having  a 
large  enough  radius  r  =  r^; 


3.2.  To  solve  numerically  the  model 
problem  under  consideration  [11] ,  the 
methods  such  as  MAC,  SUMAC  and  other 
similar  ones  were  generalized  [1,4,11]. 
The  main  differences  are  due  to  a  spe¬ 
cial  way  of  prescribing  conditions 

(3.4)  when  i'=r^  and  the  presence  of 
surface  S  having  the  pressure  jump.  The 
unknown  values  were  calculated  in  the 
nodes  of  displaced  network  ( 

in  the  middles  of  the  cell  sides;  P  , 

W  at  the  centers  of  them) .  The  radi¬ 
al  velocity  component  u  on  the  sphe¬ 
re  with  a  large  radius  was  determined 
from  a  difference  analogy  of  the  con¬ 
tinuity  equation.  Surface  S  passed 
through  the  centers  of  the  cells.  The 
velocity  components  v  and  W  pres¬ 
cribed  on  S  were  found  with  the  use  of 

(3.5) ,  i.e.  the  equation  at  these  points 
was  not  used.  When  the  problem  with 
surface  S_  is  considered,  two  pressures 
P'^  and  P”  ,  are  to  be  determined  at 
points  of  this  surface,  one  of  them_|__be- 
ing  excluded  with  the  help  of  P  -  P  = 

[p]  .  In  the  Poisson  difference  equation 
for  pressure,  which  is  derived  in  a 
usual  way,  in  its  righthand  part  there 
appears  an  additional  term  const*  [p] 
differing  from  zero  only  at  the  points 
near  surface  S.  The  pressure  equation 
was  solved  by  the  method  of  upper  re¬ 
laxation.  Fulfillment  of  (3.5)  was  ac¬ 
hieved  by  correction  of  the  pressure 
jump  [p] ,  prescribed  on  S,  or  the  volu¬ 
me  of  liquid  flowing  over  the  body  sur¬ 
face.  The  pressure  jump  or  discharge 
variations  were  made  within  the  general 
iteration  process.  The  flow  region  was 
mapped  onto  the  rectangle  by  transfor¬ 
mation  r  =  exp  Z,  0  =  0’.  The  dimensio¬ 
nal  network  was  introduced  in  plane 

(  Z,  0*  ) 


3.3.  We  made  some  calculations  in  or¬ 
der  to  compare  the  basic  hydrodynaml- 
cal  characteristics  for  towed  or  self- 
-moving  sphere.  The  numerical  experi¬ 
ments  were  made  under  the  following 
boundary  conditions.  In  the  problem 
with  surface  S  we  have 


V  =  0,  VV  =  0,  p  =  0; 


(3.4) 


The  conditions  on  the  surface 
S  =i(.rt  6):  V  =  r  ,  0  <  0  <  it}  ; 

,  O  t  ^ 


T  =  V  =  -  Sin  0 ,  u  =  u  , 

+  •'*  '-t  '''  (3,5) 

p  -  p  =  i.pj,  f,  =  ,1  -  j. 

Here  an  upper  index  +  or  -  states  to 
the  side  of  the  surface  S  (e.g. 

v'^Cr  ,  0)  =  lim  V  (r,  0)). 

8  x^r^TO 

The  considerations  dealing  with  the  va¬ 
lidity  of  such  a  statement  can  be 


Uq  (  0)  =  0,  WqC  0)  =  0,  (3.6) 


0^  <  0  <  It, 


)/(R.- 


0,  for  other  6 


sin0) , 

(3.7) 


,  V. 

(here  R*  is  the  dimensionless  radius 
of  surface  S).  If  self-motion  is  model¬ 
led  by  the  liquid  flow  over  the  sphere 
surface,  conditions  (3.5)  on  S  are  not 
used.  Functions  u^jC  0  )  and  Wj,(0  )  were 
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Fig.  4d 


prescribed  in  the  following  way: 


U^>: 


qO  for  other  6, 

E  =  H  (J^Aq)  sine  derl 


(3.8) 


E. 


rt 

vt  (; 


f^(e)  sine  de) 


where  f ^  (e )  =Ce-  e^ ) ( e^-  6  ) . ^(e  )=0(  &-ep, 
_g-Bsin  Bj/gia  e,  e  <  e  <  n. 


Wo(e) 


Jc'i- 

0, 


for  other 


e 


(5.9) 


(3.7),  (3.9)  mean  that  the  flow  is  swir¬ 
ling  only  after  it  has  passed  through 
the  unit  which  models  a  propeller. 


rate  the  self-moving  sphere.  The  propel¬ 
ler  is  modelled  by  the  surface  having 
the  pressure  Jump r»  =  1.4;  86»162®.. 

Fig. 4b  illustrates  the  flow  rotation 
when  r  =  0;  CpJ  =3.00.  Fig.  4c  cor¬ 
responds  to  r  =  15,  C  P  3  =4.38.  Figs. 
4d,e  represents  a  self-moving  sphere 
with  a  permeable  surface.  The  case  when 
r  =  0,  e,  =  lOS';  Qz=  1320;  ej  = 

=  156®  is  shown  in  Fig.4d.  Fig.4e  corres¬ 
ponds  to  the  case  when  P  =  20;  6-  = 

=  112^®;  02=  135®;  0j  =  157. 

The  calculations  were  made  with  the  use 
of  different  networks.  The  most  detailed 
network  consisted  of  40  nodes  in  a  ra¬ 
dial  direction  and  60  nodes  in  an  angle. 
In  all  the  calculations  =  12.1  ( 

=  2.5).  The  number  of  iter'ations  requi¬ 
red  for  a  stationary  distribution  of  pa¬ 
rameters  to  be  achieved  was  dependent  on 
the  choice  of  initial  values  of  [  p  ] 
and  H  .  When  the  rest  state  was  assu¬ 
med  to  be  an  initial  state,  not  more 
than  1500  iterations  were  to  be  found. 
Contuniation  in  the  number  Re  reduced 
the  required  number  of  iterations  by  a 
factor  of  1.5  or  2. 


Presented  in  Fig.  4  are  the  isolines  of 
the  stream  function,  swirling  and  pres¬ 
sures  for  Re  =  50.  Fig.  4a  illustrates 
the  towed  sphere,  and  Figs. 4b, c  il lust- 


3.4.  The  problem  of  stationary  motion 
of  an  arbitrary  body  with  a  constant  ve¬ 
locity  is  tightly  connjoti^J  with  the  es¬ 
timate  of  the  consumption  of  energy  ne¬ 
cessary  for  providing  the  motion  regime 
under  consideration.  In  the  case  of  to¬ 
wed  body  the  required  power  N  is  simp¬ 
ly  expressed  through  the  resistance  ?  ; 
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N  =  ]?  •  V  .In  the  case  of  momentum¬ 
less  flow  T?  =0.  One  can  judge  about 
the  value  of  required  power  by  the  los¬ 
ses  of  mechanical  energy,  associated 
with  dissipation, 

$  =  2  p  V  /  D :  Ddx 
Q 

where  D  is  the  strain  velocity  tensor; 

U  is  the  flow  region  which  is  unbound 
in  the  case  of  external  problem  of  flow 
past  a  body.  Fig.  5  gives  the  values  of 
dimensionless  dissipation  C  5  = 
=®^(2itpvia*))  for  different  cases  of 
stationary  motion  of  a  sphere  having 
the  radius  a  with  a  constant  velocity 
V«  in  the  liquid  having  the  density  p 
for  different  Reynolds  numbersRe=V^V  • 


Rig*  5 


Fig.  6 


consideration. 


The  solid  lino  denotes  the  data  for  the 
towed  sphere  =  Cd  /  •  A  dashed 

line  denotes  the  data  foi-  a  linear  prob¬ 
lem  (Stokes  approximation).  The  calcula¬ 
ted  values  of  dissipation  for  different 
rotations  for  the  problem  with  a  per¬ 
meable  surface  of  the  sphere,  0i  =112.5*; 

©2  =  135®;  ©3  =  157.5®  are  denoted 

by  ractangle.s.  The  problem  with  the  sur¬ 
face  S  (  Ts  =1.4;  ©B  =  162®)  is  deno¬ 
ted  by  circles.  Non-shaded  circles  cor¬ 
respond  to  the  problem  with  zero  rota¬ 
tion.  It  is  easily  seen  that  the  flow 
rotation  amplification  is  accompanied 
by  the  increase  in  dissipation  of  mecha¬ 
nical  energy,  and,  consequently,  the 
increase  in  required  power. 

For  che  problem  with  surface  S  the  re¬ 
sistivity  coefficients  Ob  and  may 

be  calculated  in  the  usual  way.  Fig. 6 
presents  the  values  of  C  p  ,  Of  for 
different  F©  .  it  is  interesting  to  no¬ 
te  that  if  Of  >  Op  for  a  towed  sphere. 

Op  may  be  less  than  Cp  for  a  self- 
-moving  one  in  the  Re  range  under 
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Time-Domain  Calculation  of  the  Nonlinear  Hydrodynamics  of 
Wave-Body  Interaction* 
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Shanghu,  China 
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Chiba,  Japan 


Ahatraet 

The  boundary  element  method  coupled  with 
time-marchlhg  finite  difference  le  adopted 
and  improved  to  calculate  the  nonlinear  hy- 
drodynamiCB  of  wave-body  Interaction.  The 
radiation  condition  and  initial  condition 
have  been  studied  through  specially  chosen 
examples  such  as  the  cylinder  undergoing 
forced  heave  motion  or  forced  sway  notion  and 
the  body  floating  or  standing  in  periodic 
waves  with  wave  front,  and  steady  solution  of 
practical  interest  has  been  obtalnd  in  a  de¬ 
finite  calculation  domain  by  less  computer 
time.  A  few  comparisons  are  made  with  avail¬ 
able  solution  and  model  test  results.  It  is 
concluded  that  the  method  is  capable  of  pre¬ 
dicting  forces  due  to  nonlinear  wave  quite 
accurately  with  requirement  of  median  com¬ 
puter. 

Nomenclature 

oxyz  frame  of  reference,  with  z  pointing 

upward  and  zbO  the  still  water 
surface 

(/  velocity  potential 

immersed  body  surface 

Sj  free  surface 

3^  outer  open  boundary  surface 

n  unit  nonnal  vector  directed  outward 

from  the  fluid  region  riB(n  ,n_,n  ) 

X  jr  2 

nonaal  velocity  of  the  body  surface 
g  acceleration  of  gravity 

t  time  variable 

At  time  increment 

Jj(*»y»t)  elevation  of  the  free  surface  for 
5-D  case 

i{(x,t)  elevation  of  the  free  surface  for 

2-P  case 

X  field  point 


•The  Project  Supported  Partly  by  National 
Natural  Science  Foundation  of  China. 


^  source  point 

horizontal  velocity  of  the  body 
vertical  velocity  of  the  body 
H  wave  height 

C  wave  velocity 

a>  wave  frequency  or  oscillating  fre¬ 

quency  of  the  body  undergoing  forced 
motion 

T  wave  period 

Aq  oscillating  amplitude  of  the  body 

undergoing  forced  motion 

a  radius  of  circular  cylinder 

DP  mean  water  draft  of  the  body 

d  still  water  depth 

fi  radius  of  the  outer  open  boundary 

p  mass  density  of  fluid 

1.  Introduction 

In  many  design  cases,  the  application  of 
linear  diffraction  theory  is  not  entirely 
appropriate  for  the  prediction  of  wave  forces 
on  large  offshore  structures  of  general  form. 
For  3-D  nonlinear  free  surface  problem,  basi¬ 
cally  there  are  two  approaches  commonly  used 
in  literature.  One  is  based  on  finite  dif¬ 
ference  method,  in  which  the  solution  of 
NavieiwStokes  equations  by  MAC  and  its  various 
modifications  SMAC,SDMMAC,ABMAC,IMP  and  re¬ 
cently  TUMMAC  (0(2) (3)  are  relatively  po¬ 
pular.  This  aproach  appears  to  have  the  capa¬ 
city  tocope  with  large  amplitude  nonlinear 
waves  and  even  breaking,  but  considerable 
further  development  will  be  aceeooary  to  be 
realistically  used  due  to  its  high  cost  and 
need  of  supercomputer.  The  other  approach  is 
based  on  boundary  element  method  coupled  with 
finite  difference  time-marching  method,  first 
introduced  by  Longuet-Higgins  and  Cokelet  (4) 
and  then  followed  by  Faltinsen  (s),  Vinje  et 
ai.  (6),  Isaacson  (7),  Lin  et  al.  (8),  and 
others.  This  approach  is  more  suitable  to 
deal  with  the  wave  diffraction  of  large  off¬ 
shore  structures  for  engineering  use  and  is 
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adopted  in  this  paper. 

The  vork  of  this  paper  is  to  solve  2-D  and 
3-D  nonlinear  problems  with  free  aurface.  The 
wave-body  interaction  is  treated  as  a  tran¬ 
sient  problem  with  known  initial  condition 
and  is  solved  by  integral-equation  method 
based  on  Green's  theorem.  It  is  emphasized  to 
deal  with  the  following  aspects  through  dif¬ 
ferent  model  problems  in  the  paper:  (a)  the 
radiation  condition,  (b)  the  point  at  the 
Junction  of  the  body  and  the  free  surface, 

(e)  the  initial  condition  for  a  body  floating 
or  standing  in  periodic  wave. Only  after  des¬ 
cribing  these  three  aspects  correctly  is  the 
solution  stable  and  practical. 

Numerical  calculation  should  be  truncated 
at  finite  distance  and  the  smaller  the  domain 
the  better,  while  the  physical  domain  is  in¬ 
finite.  Therefore  a  numerical  radiation  con¬ 
dition  should  be  posed  so  as  no  reflected 
waves  from  the  truncated  surface,  ie.  outer 
open  boundary.  For  an  axlsymmetrical  cylinder 
heaving  in  still  water,  several  approaches 
for  the  formulation  of  the  radiation  condi¬ 
tion  have  been  tested,  and  it  la  found  that 
the  usual  one-dimensional  Somraer-feld  condi¬ 
tion  is  the  simplest  and  can  give  reasonable 
results  both  for  the  wave  pattern  and  wave 
force.  For  the  cylinder  sway  in  still  water, 
the  Sommei^feld  condition  is  extended  to  2-D 
case  and  the  wave  direction  is  determined 
only  by  wave  itself.  The  numerical  results 
show  good  agreement  with  the  tested  ones  done 
in  Nihon  University,  Japan.  For  the  diffrac¬ 
tion  of  a  solitary  wave  upon  a  fixed  vertical 
circular  cylinder,  the  Somraer-feld  condition 
is  further  extended  as  a  radiation  condition 
by  assuming  that  the  scattering  of  the  outer¬ 
going  wave  is  small  at  the  outer  open  boun¬ 
dary.  The  numerical  results  is  appropriate 
compared  with  Isaacson's  analytical  solu¬ 
tion.  The  same  works  have  been  done  for  the 
diffraction  of  a  periodic  wave  upon  a  fixed 
cylinder. 

In  the  numerical  calculation,  Lagrangian 
free  surface  condition  is  used.  The  point  at 
the  junction  of  the  body  and  the  free  surface 
IS  determined  by  extrapolation  for  axlsym- 
raetncal  flow  and  by  satisfying  both  the  con¬ 
ditions  on  the  free  surface  and  on  the  body 
for  general  3-D  flow,  that  is,  according  to 
the  body  condition  we  can  obtain  the  velocity 
of  the  intersection  point,  by  which  the  new 
position  of  intersection  point  ceui  be  deter¬ 
mined  through  satisfying  the  free  surface 
condition. 

In  order  to  shorten  initial  transient  pro¬ 
cess,  appropriate  initial  boundary  condition 
should  be  posed.  Numerical  tank  is  good  for 
this  purpose,  and  it  can  make  the  vicinity  of 
the  body  be  still  water. The  another  advantage 
of  the  numerical  tank  is  capable  to  produce 
waves  with  any  water  depth  and  any  water 
bottom  condition.  The  approach  of  numerical 
tank  is  described  in  detail  in  the  doctoral 
thesis  by  C.Iang  (9).  A  2-D  nonlinear  Stokes 
wave  with  wave  front  is  also  suitable  for  the 
initial  condition.  The  details  are  described 
in  subsequent  section. 


2«  Formulation  of  the  Problem 
2.1  Basic  Equationa 

The  basic  assumptions  are  that  the  fluid 
is  iaviscld,  incompressible  and  the  flow  is 
irrotational.  Select  the  coordinate  system 
and  computation  domain  as  shown  in  Fig. 1 ,  the 
velocity  potential  if(x,y,z,t)  aatisfios 


in  fluid  domain  (i) 


on  3^  (2) 

on  S^j  (3) 

on  3^  (4) 

on  (5) 


Here  the  conditions  on  the  free  surface  are 
expressed  in  Lagrangian  form.  These  equations 
are  solved  with  suitable  initial  and  radia¬ 
tion  conditions. 


2.2  Time-marching  Procedure 

The  free  surface  and  the  velocity  poten¬ 
tial  on  it  are  calculated  by  finite  dif¬ 
ference  time-marching  method  and  they  can  be 
expressed  in  the  form 

x""l=x"+0.5At(3(||)“-(-||)""’)  'J 

y“+’=y"+0.5At(3(-||)"-(^)""’)  /  (6) 

0"'^  ’  =0"+0 . 5  At(  3( -grj+0 . 5V0 -70)  ” 

-(-g:jtO.  570-70)""’)  (7) 


Where  superscript  n  denotes  the  value  at 
t^nat.  Eq,(7)  can  be  rewritten  as  follows 


on  (8) 

Where  F^  is  a  known  function. 

According  to  the  mode  in  which  body  moves 
wo  can  obtain 

(|J)""’=F2(0".0"-\(|J)".(||)"-\0‘’"’) 

on  3^+’  (9) 
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Where  ?  is  a  knovm  function  for  forced  motion 
and  it  San  be  obtained  by  solving  Newton's 
Lav  of  momentum  simultaneously  with  the  solu¬ 
tion  of  the  velocity  potential  for  freely 
motion,  because  implicit  scheme  is  usually 
used  in  the  Bernoulli's  equation  [9]  for  this 
case. 

With  suitable  radiation  condition  the 
velocity  potential  on  the  outer  open  boundary 
can  be  described  as 


where  (j'0/jt)"‘^’=(0'‘^’-0")/At,  0"^’  and  0” 
are  the  values  of  the  velocity  potential  on 
the  same  point  of  the  body  at  different  time 
steps  and  v  is  the  velocity  of  the  body  at 
that  point.^The  hydrodynamic  forces  on  the 
body  are  calculated  from  the  formula 


0“"'=F3(0".0"-\(|J)".(M)“-’) 


on  S. 


h+1 


(10) 


Where  F,  is  also  a  known  function  and  can  be 
obtained  in  section  3* 

Once  the  free  surface  S^,  Immersed  body 

surface  3?,  outer  open  boundary  s”  and  the 
0  c 

velocity  potential  0  ,  nonaal  velocity 

(B0/an)**  on  them  are  known  (of  course  before 
time  tsnAt  all  of  these  quantities  are  also 

known),  and  0"^*^  on  can  be  obtained 

from  Eqa.(6),(7).  3^^^  and  (2l0/bn)“'^^  on  3^^ 

can  be  deteinlned  in  terms  of  the  new  points 
at  the  junction  of  the  body  and  the  free  sur¬ 
face  and  Eq.(9)  seperately.  3”^^  and  0"^^  on 

fH  1  ^ 

3g  can  be  determined  in  terms  of  the  radia¬ 
tion  condition  Eq.(lO).  From  Green's  third 
fomula,  we  have 


I^0(f))d8 


JG(x, 


(11) 


Where  S=Sj+S^+3^.  Both  points  "x  and  ^  are  on 

the  boundary  3.  o((  x)=2'il'for  a  smooth  surface 
at  point  X.  Eankine  source  with  suitable 
images  is  used  as  the  Green  fimctlon  G(x,^), 
which  is  so  chosen  that  the  bottom  condition 
are  satisfied  automatically. 

Now  the  Integral  equation  (11)  can  be 
solved  numerically  at  time  t=(n+l)At,  and  we 

can  obtain  (b0/tn)"'^  on  3“'^^  and  3^^  0'*'^'’ 

on  In  this  way  we  can  go  further  to 

time  t=(n+2)At  and  calculations  can  be  ad¬ 
vanced  over  a  sufficient  duration. 

Once  the  values  of  the  velocity  potetlal 
on  the  body  surface  are  known,  the  pressure 
on  the  body  surface  can  be  obtained  from 
Bernoulli  equation  represented  in  a  frame  of 
reference  fixed  on  the  body. 


f 


•  V0+O»  5V0'  V0+-gz) 


(12) 


3.  Radiation  Condition 
3.1  Forced  Motion 

Assuming  that  a  cylinder  starts  to  move  in 
still  water,  initial  condition  could  be  satis¬ 
fied  easily,  so  we  specially  choose  the  exam¬ 
ples  of  forced  heave  motion  and  forced  sway 
motion  as  the  calculation  models  to  find  out 
the  propriate  radiation  condition. 

In'  numerical  calculations  we  use  a  cylin¬ 
drical  coordinate  system  (ordz)  on  the  outer 
open  boundary  S  and  make  r>=R=const  represent 

Ic* 

First  let  a  circular  cylinder  undergo  a 

forced  heave  motion  in  still  water,  here  the 

flow  is  axlsymmetrlc.  Before  the  wave  reaches 

the  we  have 
c 


0bO 


(14) 


on  % 

With  such  radiation  condition  we  have  tried 
different  radius  R,  i.e.  expanding  the  open 
boundary  gradually  to  find  out  how  the  scale 
of  the  outer  open  boundary  affects  the  nume¬ 
rical  solution.  Then  we  assume  that  the  wave 
near  the  outer  boundary  satisfies  3ommer-feld 
radiation  condition  [10] 


on  3_ 


(15) 


The  phase  velocity  varies  only  with  time 

on  3^,  and  it  can  be  determined  by  0*'"'’^  and 

('30/Jn)”  on  3^  near  3^.  Then  0*'"'^^  on  3^  can 

be  obtained  according  to  C0.  £q.(l5)  can  make 

^he  wave  on  3  be  propagating  outerward  along 
7  direction. 

Next  let  a  circular  cylinder  undergo  forced 
sway  motion.  Now  the  flow  is  non-axisymmetric 
and  3omffler-feld  condition  is  described  as 


on  S_ 


(16) 


Here  1  is  an  unknown  direction  of  outergoing 
wave  on  the  outer  boundary,  phase  velocity  Cv 
varies  with  time  t  and  angle  0  and  is  equal  ^ 
at  the- same  vertical  line.  From  Eq.(l6)  we 
have 


"0 

where 

l^=cos(l,r) 

li^=co8(r,e) 


(17) 


(18) 
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The  solution  of  Bq.(l7)  can  be  expressed  as 
(«=0(kj.rfl^H9-C^.t)  (19) 

where 

f  1  if 

L  (21) 

\-1  if  ^<0 

such  a  can  make  the  wave  at  outer  boundary  be 
outergoing  propagating  wave. 

Substituting  Eq.(20)  into  Eq.(l7),  we  have 

Up  to  now  by  Eq.(22)  we  can  determine 
in  tenns  of  0°'*’^  and  (J^/Jn)**  on  near  S^, 
and  obtain  0°'*’^  on  according  to  C^. 

34 2  Vave  Diffraction  Problem 

For  the  diffraction  of  a  solitary  wave  or 
periodic  wave  upon  a  fixed  or  floating  verti¬ 
cal  cylinder,  the  Sommer-feld  condition  is 
further  extended  as  a  radiation  condition  by 
assuming  that  the  scattering  of  the  outergo¬ 
ing  wave  is  small  on  the  outer  open  boundary. 
Replacing  0  in  Eq.{22)  by  0^,  we  can  also 

obtain  0*^*^  on  S^,  here 

( 23) 

and  0  is  total  velocity  potential  and  0  is 
velocity  potential  of  incoming  wave.  ^ 

4.  Description  of  the  Initial  Condition 
4.1  Radiation  Problem 

For  forced  heave  motion  mentioned  above  we 
have 

0(x,y,z,O)=O  on  S- L_n  (24) 


^(x,y,z,0)=(z^,n^)  |^qt 


^it=0 


0(x,y,z,O)=O 


For  forced  sway  motion,  the  formulas  of 

initial  conditions  on  3-  and  S„  are  similar 
I  c 

with  Eq8.(  24) ,(  26)  and  that  on  S^becomes 

^(x.y,z,0)KXgnxMt=0-" 

°M-!t=0  ^27 

4.2  Body  Standing  o'-  Floating  in  Waves 
If  the  incoming  wave  is  a  solitary  wave, 


as  used  by  Isaacson  [7  J  because  it  decays 
rapidly  away  from  its  crest,  the  flow  near 
the  body  can  be  taken  zero  as  initial  condi¬ 
tion.  If  the  incident  wave  is  periodic  Stokes 
or  Conoidal  waves  and  the  body  is  assumed  to 
be  stationary  at  certain  instant  (as  initial 
time) ,  there  must  be  a  transient  period  before 
a  steady  state  is  approached.  Sometimes  as 
reported  by  Vinje,  Xie  and  Brevig  [ll),  even 
numerical  troubles  occur.  In  order  to  formu¬ 
late  the  initial  condition  properly,  a 
numerical  tank  is  set  up  using  the  same  pro¬ 
cedure.  A  2-D  cylinder  with  different  cross- 
section  heaving  can  produce  the  required  wave 
profile,  see  Fig. 2  and  Fig. 3*  The  details  are 
in  doctoral  thesis  by  C.Tang  [9).  With  such  a 
incident  wave,  the  solution  can  approach 
steady  rapidly  and  Initial  condition  can  be 
described  as 


lt=0“**w 

t=0 

on  S^ 

lt=o 

(28) 

|t=o“(^w 

t«0 

on  S. 
c 

lt=o 

(29) 

The  numerical  tank  can  be  applied  to  any 
water  depth  and  any  type  of  water  bottom 
boundary.  Another  expresion  of  the  incident 
wave  is  a  2'-I>  nonlinear  Stokes  wave  with  wave 
front,  it  can  be  described  as 

«j(xty»t)“A(x)  (-loose 

sh4kd)(^'^ch(  2kd))co82e)  (30) 

0(x.y.t)3A(x)(-2J  Bh|kd)®^“® 

(51) 


8=2H'd, 

fc5( x-C  t) 

(ic-:!:)') 

r  1 1  1  ) 

C=(-«th(kd))^  ^ 

(32) 

|•1-exp(x^k8) 

if 

x+ica-tO 

A(x)J 

(0 

if 

x+lca?0 

(33a) 

ri  . 

if 

x+!;a<-ir 

A(x)-<0.5(  1-'COo(x+ka) )  if -7r<x+E8<0  (33b) 

(0  if  x+lca?0 

This  Stokes  wave  by  i:qs.(  30) ,( 31 )  can 
ensure  no  wave  in  tne  vicinity  of  the  body, 
and  is  also  suitable  for  the  initial  condi¬ 
tion  in  some  cases. 


3.  Numerical  Procedure 

In  order  to  make  the  computer  program  be 
extended  easily  to  arbitrary  3-D  body,  we  use 
the  whole  cylinder  and  fluid  region  as  compu¬ 
tation  domain.  The  boundary  S=^•^3J^+S^  are 

discretized  into  element  and  on  each  element 
(D0/'Jn) ,  end  0.  are  assumed  to  be  constant 

j  J 


for  3-D  case  or  linearly  distributed  for  2-D 
case,  as  in  typical  boundary  method,  the 
above  Green's  fomula  Eq.(l1)  becomes 


MB 


3  =  1 


HF 

3=1 


i3'bn'3 


i:r1,2,--.,NN  (34) 


where 

“^3 


^3 


,'^ds 


/  4  ^ 

;fcii 

\  1  J 

IRad.  Cond. 

Eq.( 

14) 

(2) 

/R^4.7 

IRad.  Cond. 

Eq.( 

14) 

(3) 

rR=4.7 

IRad.  Cond. 

Eq.( 

15) 

Fig. 4, 

Fig.  5  and  Fig.  6 

show  respectively  the 

time  history  of  free  surface  profiles  con¬ 
sisting  with  above  three  cases.  From  Fig. 6  we 
can  observe  the  wave  reflecting  from  the 
outer  boundary.  Fig. 7  shows  the  comparison  of 
heave  force  of  case(3)  with  Lin's  (8),  and 
Fig. 8  shows  the  effect  of  water  depth  on 
heave  forces  in  which  the  calculation  method 
is  similar  to  case(3). 


°i3=®i3 


^  (35)  6.2  Forced  Sway  Motion 


f1  1=3 

SilH 

lo  i*3  / 

and  NNsN&fNF-fNC  is  total  number  of  elements 
(for  3-D)  or  nodes  (for  2-D)  on  boundary 
S=Sj^+Sj^+S^ ,  and  NB  on  Sjj,NF  on  ,  NC  on  3^ 

respectively.  Vhese  algebric  equations  can  be 
solved  either  by  direct  or  iterative  method. 

The  3unction  point  of  the  body  and  free 
surface  is  detennined  in  the  paper  by  extra¬ 
polation  for  axisymmetrie  flow  and  by  satis¬ 
fying  both  the  conditions  on  the  body  and  on 
the  free  surface  for  general  3-D  flow,  that 
is,  according  to  the  body  condition  we  can 
obtain  the  velocity  of  the  intersection  pointi 
by  which  the  new  position  of  intersection 
point  can  be  detemlned  through  satisfying 
thefree  surface  condition. 


6,  Numerical  Examples  and  Conclusion 
6.1  Forced  Heave  Motion 

As  an  example,  we  consider  the  forced 
heave  motion  of  a  floating  truncated  vertical 
cylinder  of  radius  a  and  mean  draft  a/2.  The 
vertical  velocity  of  the  body  is  prescribed 
to  be 


h.tosintct 

G  0 

(36) 

with  body  draft 

H(  t)=-|-hQOOs«)t 

(57) 

In  order  to  make  our  computation  com¬ 
parable  to  Li.n'o  (s)  results,  we  also  choose 
that  a=1,  /5=1  and  g=l ,  the  other  initial 
input  data  for  calculation  iSfl)=7r/2,  h  -O.OS, 
d=8,  nt=0. 1 .Besides  the  radius  of  the  outer 
boundary  and  the  radiation  condition  for 
calculation  are  divided  into  following  three 
groups 


Lot  a  floating  tranoted  cylinder  undergo 
forced  sway  motion.  The  radius  of  the  cylin¬ 
der  is  a,  the  mean  draft  of  it  is  a/2  and  the 
water  depth  is  a.  The  gravity  canter  of  the 
body  can  be  described  as 

Xg-hjjSinfdt  ( 33) 

here  h-«0.05a  and  <^(a/g)'^cO. 8028.  Comparison 
has  been  made  between  the  calculations  and 
experiments  by  Dr.  N.Takaki  in  Nihon  Dniver- 
sity, Japan,  Fig. 9  shows  good  agreement  of  the 
results  of  the  free  surface  elevations  at  the 
fixed  point.  Fig.lO  gives  the  fraa  surface 
profiles  at  some  fixed  time. 


6.3  Diffraction  Problem 

The  diffraction  problems  of  a  vertical 
circular  cylinder  standing  oi  the  seabed  and 
piercing  the  free  surface  by  a  solitary  wave 
has  been  calculated.  Fig, 11  shows  the  com¬ 
parison  of  hydrodynamic  coefficients  among 
present  results,  Li'e  fl2)  difference  solu¬ 
tion  and  Isaacson*  s  }  closed-form  solution. 

Fig.  12  gives  numerical  calculation  model 
of  diffraction  problem,  in  which  the  2-D  in¬ 
coming  wave  is  obtained  by  the  forced  heave 
motion  of  a  2-D  cylinder,  l.e.  numerical  tanl^ 
Fig.  13  is  the  time  history  of  Incomiug  wave 
elevation  and  velocity  potbciial  of  incoming 
wave  at  point  xc-R,  y=0  (see  Fig. i2  point  A). 
Fig.  14  is  the  time  history  of  horizontal 
wave  force. 

The  interatlon  of  the  2-D  fT'.oatlng  rectan¬ 
gular  cylinder  and  the  wave  has  been  oaio'u- 
lated,  where  the  cylinder  is  onl.y  with  one 
degree  of  freedom  in  z  direction  and  the  wave 
is  also  produced  by  the  numerical  td:ik  tdilch 
ensure  no  wave  in  the  vicinity  of  the  cyliiid.- 
er.  Pig.  15  is  the  free  surface  elevations  at 
point  x=-H.  Fig. Id  is  the  variaxiuns  of  aori- 
zontal  wave  force  and  vertical  wave  forcfi. 
Fig.  17  shows  the  variations  of  the  body  cen¬ 
ter  and  the  body  velocity  in  z  direction. 

Fig, 18  and  Fig. 19  show  the  results  of  s 
2-D  periodic  Stokes  wave  (described  by  Dq.(3)) 
and  Eq.(3l))  upon  a  fixed  circular  cyii.ider 
and  a  truncated  fixed  circular  cylinder  at 
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the  free  surface 


6.4  Conclusions 

From  above  examples  the  following  conclu¬ 
sions  are  obtained: 

(a)  The  boundary  element  method  coupled 
with  tlme-maTChlng  finite  difference  shows 
good  prospect  for  practical  use  with  rea¬ 
sonable  cost  and  requirement  of  median  com¬ 
puter. 

(b)  Sommer- feld  condition  with  varying 
wave  speed  used  approximately  as  radiation 
condition  for  radiation  and  diffraction  po¬ 
tential  in  nonlinear  case  seems  to  be  accep¬ 
table,  at  least  for  the  case  we  have  delt 
with. 

(c)  Numerical  tank  Is  good  for  establish¬ 
ment  of  initial  boundary  condition  with 
shorter  transient  process,  and  it  can  be 
applied  to  any  water  depth  and  any  water 
bottom  condition.  A  2-D  nonlinear  Stokes  wave 
with  wave  front  is  also  suitable  for  Initial 
condition. 

(d)  The  determination  of  the  location  of 
the  Intersection  points  at  the  free  surface 
and  the  body  is  serious  problem,  the  approach 
we  used  is  succeded  In  our  cases. 
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Fig.l  Frames  of  reference  and  integration 
surface  (show  with  i^O) 
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Fig. 2  Free  surface  elevatios 
at  various  times 
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Fig. 3  Free  surface  elevatios 
at  various  times 


Fig.  11  Horizontal  wave  force  variation 
000  present  results 
•••  Ill's  results 
—  Isaacson's  results 


Fig. 12  Nuaerical  calculation  model 


Fig. 13a  Incoming  wave  elevation  for 


Fig.  14  Horizontal  wave- force  variation 
for  3-D  fixed  circular  cylinder 


Fig.  15  Incoming  wave  elevation  at  xa-R  for 
2-D  floating  rectangular  cylinder 
(a/DJV=4,  a/DP=5.6,  R/DIt26) 


Fig. i6  Horizontal  and  vertical  wave- 
force  variations  for  2-D 
floating  reetagular  cylinder 
(d/DP=4,  a/DPa5.6,  R/DF=26) 


Fig.  17  Variations  of  the  body  center  and 
the  body  velocity  for  2-D  floating 
rectang^ar  cylinder  in  z  direction 
(d/DF=4,  a/Dife5.6,  R/DP*26) 


Fig. 18  Incoming  wave  elevation  at  x=0  and 
horizontal  wave-force  for  3-D 
fixed  circular  cylinder 


Fig.  19  Incoming  wave  elevation  at  x=0  and 
horizontal  wave-force  for  3-D 
truncated  circular  cylinder  at  the 
free  surface 
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DISCUSSION 
by  K.J.  Bai 

First  of  all,  the  authors  should  be 
congratulated  on  the  impressive  numerical  work 
reported  in  the  present  paper.  This  paper  is 
a  most  welcome  addition  to  the  literature  on 
numerical  computations  for  the  nonlinear  free 
surface  flow  problem.  In  the  following,  I 
would  like  to  make  three  comments: 

(1) the  radiation  condition  given  in 
Eq.(15)  is  true  only  for  linear  (or  nonlinear) 
hyperbolic-type  wave.  However,  in  the  water 
wave  problem  there  exists  local  disturbance 
term  besides  the  propagating  waves.  Therefore 
this  radiation  condition  should  be  imposed  at 
a  sufficiant  distance  away  from  the  heaving 
vertical  cylinder.  Specifically,  for  this 
heave  motion,  the  local  term  in  the  potential 
behaves  like  a  pulsating  free-space  (Rankine) 
source.  In  some  cases,  at  the  sufficient 
distance  away  from  the  heaving  cylinder  where 
the  local  disturbance  term  is  negligible,  the 
propagating  waves  may  be  treated  as  linear. 
This  is  because  the  nonlinear  three- 
dimensional  wave  will  be  linear  as  it  spreads 
out.  Recently  we  have  made  some  numerical 
tests  on  the  matching  of  the  Kelvin  source 
distribution  and  the  local  nonlinear  numerical 
scheme  along  the  numerical  radiation  boundary, 
which  replaces  the  radiation  condition  in 
Eq.(15).  This  matching  procedure  worked  very 
well  in  our  numerical  test.  I  wonder  if  you 
have  ever  tested  this  scheme.  I  would  like  to 
know  how  far  one  should  take  the  radiation 
boundary  in  order  to  use  the  radiation 
condition  Eq.(15). 

(2)  Similarly  to  the  above  question,  I  do 
not  understand  the  radiation  condition  given 
in  Eq.(22)  for  the  sway  motion  of  a  vertical 
cylinder.  I  think  that  for  this  asymmetric 
motion  for  the  swaying  cylinder,  the  wave 
number  vector  should  be  radial  vector.  It  may 
be  seen  from  the  fact  that  the  potential  for 
the  swaying  vertical  cylinder  can  be  expressed 
in  a  Fourier-Bessel  series  in  a  sufficient 
distance  away  from  the  cylinder. 

(3) 1  do  not  understand  the  validity  of 
the  equation  in  (23)'  which  is  entirely  based 
on  the  linearity.  Even  though  the  diffracted 
waves  become  small  at  the  radiation  boundary, 
I  uo  not  see  the  logic  behind  tne  linear 
superposition  of  the  local  nonlinear 
part(i.e.,  the  incoming  wave,  I  guess)  and  the 
linear  part. 


Author's  Reply 

(1)  Although  Olanski  condition  is  just 
only  an  approximation  as  radiation  condition 
for  radiation  and  diffraction  problems  in 
nonlinear  case,  the  numerical  results  have 
shown  that  this  radiation  condition  can  absorb 
the  reflected  wave  on  the  open  boundary. 
Besides  because  of  the  Sommerfeld  radiation 
con,Htion  with  varying  phase  velocity  every 
time  step,  this  condition  is  acceptable  in 
nonlinear  case  so  long  as  the  distance  between 
open  boundary  and  body  is  large  enough.  Of 
course  that  nonlinear  solution  matching  with 
linear  Green's  function  on  the  open  boundary 
is  also  usable  as  an  approximation,  but 
Sommerfeld  condition  is  easier. 

(2)  If  the  vertical  circular  cylinder 
undergoes  forced  sway  motion,  the  flow  would 
be  non-axisymmetric  in  the  vicinity  of  the 
body,  and  we  should  solve  this  problem  in  3-D 
flow,  and  it  is  different  from  the  heave 
motion  of  a  circular  cylinder.  Because  the 
distance  between  the  open  boundary  and  body  is 
just  only  large  enough,  the  direction  of  the 
reflected  wave  on  open  boundary  and  body  is 
3ust  only  large  enough,  the  direction  of  the 
reflected  wave  on  open  boundary  is  an  unknown 
quantity  which  can  be  determined  by  Bq.(20). 
If  the  open  boundary  is  very  far  away  from  the 
body,  the  direction  of  the  reflected  wave  will 
be  along  r  direction,  and  it  can  be  obtained 
from  Eq.(20). 

(3)  in  the  wave  diffraction  problem  we  use 
®S=®~®w  just  only  on  the  open  boundary.  On 

the  free  surface  we  let  9  satisfy  nonlinear 
free  surface  condition,  and  Eq.(23)  only  used 
as  satisfying  radiation  condition  on  open 
boundary. 


DISCUSSION 
by  R.C,  Ertekin 

The  authors  should  be  commended  for  their 
paper  which  initiates  one  of  the  first  steps 
in  solving  the  exact  nonlinear 
diffraction/radiation  problems  governed  by  the 
potential  theory.  I  have  a  few  questions  on 
the  formulation  and  results. 

1)  What  is  the  form  of  the  Green  function 
which  satisfy  3<li/3n=0  on  the  sea  floor?  I 
know  of  a  way  of  placing  image  singularities 
if  the  sea  floor  is  horizontal  so  that 
3®/9z=0  there.  But  not  the  form  of  Green 
function  if  it  is  arbitrary  so  that  3O/3n=0  • 
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2)  How  (5? a  you  doal  with  the  3-D  problem 
o£  r.aigl.bo.inq  panel  compatibility,  i.e.  that 
the  S'lrfacfe  elcvatitm  lo  continuous  in  passing 
from  one  panel  to  another  and  having  a  common 
boundary  (without  holes)  between  adjacent 
elements?  If  the  ptcbiem  is  axisymmetric,  one 
can  use  cubic  spline  interpolation,  for 
instance,  to  deal  with  this  problem,  as  it  was 
done  by  Brown  University  researchers  to  solve 
the  problem  of  rain  drop  collision  with  a  free 
surface  using  the  BEM  (Symp.  on  Fluid 
Dynamics,  California  Institute  of  Technology, 
Pasadena,  1989).  1  can  see  the  resolution  of 
this  dirfioulty  in  tbe  oaso  of  a  heaving 
cylinder,  but  not  so  easily,  in  swaying 
cylinder  case  in  3-D. 

3)  Wang,  Wu  and  Yates  solved  the  solitary 
wave  'iiffroction  by  a  vertical  cylinder  using 
Boussinesq  equations  (17th  ONR  symp..  The 
Hague,  1988)  and  compared  their  results  with 
Isaacson's  that  you  cited.  They  found 
considerable  discrepancy  especially  behind  the 
cylinder.  Whereas  your  results  agree  well 
with  Isaacson's.  Can  you  explain  what  you 
think  might  be  the  reason  for  this? 

4)  Could  you  comment  on  the  accuracy  and 
efficiency  of  your  time  stepping  method? 

Author's  Reply 

1)  Here  Green  Function  is  so  chosen  that 
it  can  satisfy  36/3n=0  floor  when 

sea  floor  is  flat,  that  is  G=l/r+l/r'.  If  it 
is  not  flat,  Green  function  can  be  described 
as  G=l/r.  We  must  place  singularities  along 


the  sea  floor.  At  this  time  >  and 
the  sea  floor  will  become  one  part  of  the 
integration  surface. 

2)  In  the  numerical  calculation  we  can 
follow  the  fluid  particles  at  every  time  step 
by  use  of  Lagrangian  free  surface  condltipn 
and  time  stepping  scheme,  then  we  can 
determine  the  free  surface  elevations  and  the 
shape  of  panel.  If  the  shape  of  panel  is  very 
different  from  the  initial  shape,  we  can 
redivide  the  free  surface  element  in  terms  of 
some  regulations. 

3)  The  diffraction  problem  of  a  vertical 
circular  cylinder  standing  on  the  seabed  and 
piercing  the  free  surface  by  a  soliton  wave 
has  been  calculated.  There  are  only  small 
differences  between  our  results  and 
Isaacson's.  I  think  that  the  different 
methods  by  which  the  radiation  condition  and 
the  intersection  points  of  the  body  and  the 
free  surface  can  be  described  will  affect  the 
numerical  results. 

4)  The  accuracy  of  time  stepping  method 
will  depend  on  the  discretion  of  the  elements, 
the  quantities  of  the  time  step  and  element 
size,  the  scheme  of  finite  difference  and  the 
method  of  integration.  If  the  radiation 
condition  and  the  determination  of 
intersection  point  are  not  appropriate,  the 
calculation  will  diverge  after  a  few  time 
steps.  If  the  free  surface  has  very  serious 
nonlinear,  for  examples,  the  body  enter  into 
the  water  suddenly  the  usual  method  to  deal 
with  the  free  surface  elevation  could  not  be 
very  efficient. 
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Abstract 

A  numerical  method  is  described,  which 
simulates  in  the  time  domain  the  propagation 
of  steep  two  dimensional  periodic  waves  and  the 
large  motions  Induced  by  the  waves  on  free 
floating  bodies.  The  method  allows  for  mild 
transient  phenomena.  The  algorithm  is  based 
on  Green's  formula  for  harmonic  functions 
applied  in  a  finite  control  fluid  domain, 
together  with  the  fundamental  solutions  of 
Laplace's  equation.  A  lowest  order  boundary 
element  discretization  is  used.  In  addition 
to  several  numerical  results,  computations  of 
the  sway  forces  and  the  roll  and  heave  motions 
Induced  by  steep  periodic  waves  on  a  floating 
body  restrained  in  the  sway  mode  are  presented 
and  compared  with  the  results  of  specially 
conducted  model  tests. 

1.  Introduction 

The  increasing  accessabllity  of  computers 
of  high  capacity  and  the  parallel  development 
of  computing  techniques  lead  to  the  feasabillty 
of  algorithmic  solutions  of  complicated 
hydrodynamic  problems  through  a  discretization 
of  the  corresponding  governing  equations  in 
their  fundamental  form.  In  this  paper,  a 
solution  of  this  type  is  discussed  for  the 
problem  of  motions  Induced  by  steep  water  waves 
on  a  floating  body.  The  problem  is  formulated 
in  two  dimensions,  in  the  time  domain  and 
potential  fluid  flow  is  assumed. 

A  number  of  numerical  models  of  the  same 
problem  have  been  developed  since  the 
appearance  of  the  integral  equation  formulation 
combined  with  the  time  stepping  scheme  for  the 
non-linear  free  surface  conditions  originally 
employed  by  Longuet-Higgins  and  Cokelet  [1]  in 
a  study  of  the  propagation  of  steep  waves. 
Faltinsen  [2]  considered  forced  heave  motions 
of  a  two-dimensional  circular  cylinder,  as  well 
as  a  related  problem  of  sloshing  (3).  Vlnje 
and  co-workers  extended  their  earlier  work  on 
breaking  wave  simulation  (Vlnje  and  Brevig  {4]) 
to  Include  submerged  and  surface-piercing 
bodies  in  the  fluid  [5,6],  and  next  attempted 


the  problem  of  motions  of  floating  bodies 
[7,8].  Subsequently,  the  simulation  of  a 
capsizing  of  Salter's  duck,  an  ocean  energy 
extracting  device,  was  reported  in  [9).  For 
this  latter  study,  experimental  results 
supplemented  the  numerical  simulation. 

Following  largely  the  techniques  of  Vlnje 
and  co-workers,  with  an  important  modification 
in  the  consideration  of  the  body- free  surface 
intersection  point,  Lin  [10]  simulated  two- 
dimensional  waves  generated  by  a  wave-maker  in 
a  finite  rectangular  tank.  This  study  was 
followed  by  an  extension  to  forced  oscillations 
of  axi-symmetrlc  three-dimensional  cylinders, 
(11].  Subsequently,  Dommermuth  and  Yue  [12,13] 
Investigated  the  three-dimensional  axi- 
symmetrlc  problem  and  were  able  to  simulate 
forced  heave  oscillations  of  large  amplitude 
of  cylinders  and  inverted  cones  in  an  otherwise 
undisturbed  free  surface.  Greenhow  and  co¬ 
workers  also  employed  the  approach  of  Vlnje  and 
applied  the  method  in  a  study  of  the  two- 
dimensional  impact  problem  [14,15,16],  In  the 
adaptation,  specific  improvements  and 
developments  of  the  algorithm  were  made  to  make 
it  suitable  for  the  particular  application. 
Isaacson  [17,18]  reported  on  a  similar  method 
for  studying  two  and  three-dimensional  fixed 
and  floating  body  problems.  In  spite  of  those 
efforts,  to  the  knowledge  of  the  authors,  a 
fully  satisfactory  solution  of  the  problem  has 
not  been  achieved. 

The  study  presented  here  was  undertaken  to 
investigate  the  possibility  of  developing  a 
relatively  simple  but  robust  numerical  model 
of  the  problem,  which  would  be  as  suitable  as 
possible  for  future  generalizations  to  three 
dimensions.  This  in  particular  lead  to  the 
requirement  that  the  wave  excitation  in  the 
control  fluid  domain  and  the  radiation 
condition  for  the  outgoing  waves  be  Implemented 
in  forms  which  would  not  preclude  an  efficient 
modelling  of  open  water  conditions.  Similarly, 
the  modelling  of  wave  breaking  was  excluded  in 
order  to  ensure  long  periods  of  simulation  for 
steep  wave  conditions.  In  this  way  the 
presented  model  acquired  its  characteristic 
features  which  distinguish  it  from  the  models 
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described  above. 

The  computer  codes  used  In  the  study  were 
written  In  FORTRAN  and  the  computations  were 
performed  on  DEC-VAX  8800  and  -VAX  8530  cluster 
at  Memorial  University  of  Newfoundland.  The 
study  as  presented  here  was  completed  In  April 
1988. 

_ The  Governing  Equations  and 

Their  Boundary  Element  Formulation 

7.1  The  Governing  Equations 

A  finite  two-dimensional  control  domain,  D, 
containing  fluid  Is  considered.  The  domain  Is 
bounded  by  a  piecewise  smooth  contour  3D,  as 
shown  In  Fig.  1.  The  boundary  3D  Is  composed 
of  the  free  surface  3Df,  an  Impermeable  bottom 
3D[),  and  the  wetted  contour  3Dg  of  a  partially 
or  fully  submerged  Impermeable  rigid  body  B. 
The  remaining  part  of  3D  consists  of  two 
vertical  geometrical  control  boundaries  3Dei 
and  3Dg2,  separated  by  such  a  distance  that  D 
contains  the  submerged  part  of  B.  A  Cartesian 
coordinate  system  Oxz  Is  chosen,  with  the  z 
axis  directed  vertically  upwards  and  origin  0 
coinciding  with  the  Intersection  of  BDji  with 
the  undisturbed  free  surface. 


where  3/3n  -  n.3/3x,  and  n  designates  the  unit 
normal  vector  on  3D  directed  outwards  of  D. 
The  same  condition  Imposed  on  the  wetted  body 
surface  3D|  gives: 


where  Is  the  velocity  component  of  3D|  along 
Its  (outward  to  D)  normal.  For  bodies  fixed 
In  space,  -  0. 

In  addition,  boundary  conditions  on  control 
boundaries  3Dgi  and  3Dg2  ere  assiuned  to  be 
applied  In  such  a  form  that  either  ^  or  3^/3n 
are  known  at  all  time  Instants  t  S  0.  The 
Imposed  conditions  are  described  later  In 
connection  with  specific  applications. 

2.2  The  Boundary  Element  Formulation  and  Its 
Discretization 

2.2.1  The  Boundary  Integral  Formulation 

The  application  of  Green's  second  Identity 
to  ^  and  the  fundamental  solution  In  r(P,Q), 
with  point  P  located  In  D  or  on  3D,  results  In 
the  well  known  Green's  formula  for  harmonic 
functions  (19): 


The  fluid  In  D  Is  considered  to  be  Invlscld, 
Incompressible  and  homogeneous,  and  the  flow 
Is  assumed  to  be  Irrotatlonal .  If  B  Is 
completely  submerged,  thereby  rendering  D  a 
multiply  connected  domain,  the  flow  Is  assumed 
to  be  acyclic.  Therefore  the  flow  In  D  Is 
described  by  a  single  valued  velocity  potential 

^(x,t),  where  x  denotes  the  radius  vector  and 
t  denotes  time.  The  continuity  of  flow 
requires  that  the  potential  should  satisfy 
Laplace's  equation  In  D: 


^  _  0 
3x2 


(1) 


On  the  free  surface  3Df  the  kinematic 
condition: 


Sj  _  3^  3^  dtj 

3t  3z  *  3x  3x 

and  the  dynamic  condition: 

U  -  .  (Ex  +  g,  +  1 


(2) 


(3) 


are  Imposed,  where  tj  denotes  the  free  surface 
elevation,  g  denotes  the  acceleration  of 
gravity,  and  V  represents  the  gradient 
operator:  V  -  3/3x;  p.  Is  the  applied  pressure 
on  t^hc  free  ourfscc ,  cen  tc  0  in  trhc 

sequel,  and  p  signifies  fluid  density.  On  3D5 
the  Impermeability  condition  Is  applied 


3n 


0 


(4) 


n(P)^(P)  -  JdD  [^(Q)  In  r(P,Q)  - 

^  ^(Q)  In  r(P,Q)}  dS(Q)  (6) 

on(Q> 

with  point  Q  located  on  3D.  Here  r(P,Q)  - 

|x(P)  -  x(Q) I  Is  the  distance  between  points 
P  and  Q;  the  subscript  of  d/3n  Indicates  the 
point  at  which  the  differentiation  Is  taken; 
n(P)  -  2jr  for  P  located  Inside  D  but  not  on 
3D.  For  P  located  on  3D,  n(P)  Is  the  angle 
subtended  Inside  D  by  the  tangents  to  3D  at  P, 
which  Is  equal  to  x  when  the  normal  to  3D  Is 
continuous  at  P  and  the  Cauchy  principal  value 
of  the  Integral  over  3D  Is  taken. 

Formula  (6)  expresses  the  potential  4  at  any 
point  P  Inside  D  In  terms  of  Its  boundary 
values  and  those  of  Its  normal  derivative. 
VHien  P  Is  placed  on  3D  and  values  of  ^  are 
prescribed  on  a  part  of  3D  and  those  of  3^/3n 
are  Imposed  on  the  remaining  part,  (6) 
represents  two  coupled  Fredholm's  Integral 
equations  of  the  second  kind  with  respect  to 
^(P)  as  the  unknown,  and  of  the  first  kind  with 
respect  to  3^(P)/3n  as  the  unknown.  Formula 
(6)  Is  valid  at  any  Instant  of  time,  and 
therefore  for  solutions  advancing  In  time,  this 
relation  can  be  applied  at  every  consecutive 
time  step. 

2.2.2  Discretization 

It  Is  assumed  that  3D  consists  of  Ng  piece- 
wise  smooth  open  contours: 
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(7) 


Ns 

an  -  u  aOk 

k-l 

The  open  contours  are  further  subdivided 
Into  a  finite  number  of  segments,  each 

approximated  by  a  straight  line  between  Its  end 
points: 

Mk 

aCk  -  u  as!f  (8) 

1-1 

A  collocation  point  Q|  Is  chosen  on  each  of 
the  segments  aSj.  The  functions  ^  and  a^/dn  on 
aD  are  approximated  by  constant  values  on  each 
segment  and  the  values  are  determined  at  the 
corresponding  collocation  points  Qjf.  Following 
the  usual  practice,  the  collocation  points  are 
placed  at  the  centre  of  each  segment.  However, 
in  principle  Q(  need  not  be  located  centrally 
In  Tlie  dl.scretlzatlon  scheme  maintains 

a  consistent  order  of  approximation  (see  e.g. 

[20] )  and  represents  an  application  of  the 
lo  ;est  order  boundary  element  method  or  b.e.m. , 

(21) .  A  system  of  linear  algebraic  equations 
is  thus  obtained  from  (6),  (7)  and  (8),  with 
respect  to  the  unknown  or  3(ti\/3ny  values  at 
collocation  points  Qj.  The  Influence 
coefficients  In  this  system  depend  only  on  the 
geometry  of  the  boundary  contour  and  can  be 
determined  explicitly  (see  e.g.  [3])  for  the 
present  type  of  straight  line  segments. 

The  bottom  condition  (4)  permits  exclusion 
of  aOo  from  the  contour  of  Integration  in  the 
Integrand  in  (6)  if  aOo  Is  horizontal,  by 
augmenting  the  fundamental  singularity  with  its 
symmetric  image  with  respect  to  aOp.  Thus, 
when  the  bottom  Is  horizontal  at  a  depth  d.  In 
r(P,Q)  in  (6)  Is  replaced  by  In  r(P,Q)  +  In 
>^(l’iQ'))  and  dDo  Is  discarded  from  dD.  Here 
Q'  is  the  symmetric  Image  of  Q  with  respect  to 
3Do.  This  results  in  a  reduction  of  the  system 
of  linear  equations  by  the  number  of  segments 
used  in  discretizing  dOp.  The  Influence 
coefficients  then  contain  additional 
Integrations  over  the  Image  segments. 

It  Is  possible  to  apply  a  higher  order 
formulation  of  the  b.e.m.,  for  example,  an 
Isoparametric  representation  of  and  d^y/dny 
over  the  segments,  dS|  (see  e.g.  [21]).  Such 
refinements  are  achievable  at  the  expense  of 
additional  algorithmic  complexities.  In 
particular,  complications  arise  in  the 
treatment  of  the  point  at  which  the  normal  to 
dD  Is  discontinuous  or  at  the  Intersection  of 
two  parts  of  the  boundary  on  each  of  which 
different  conditions  (l.e.  ^  or  d^/dn)  are 
imposed,  which  in  the  present  application  are 
the  features  of  the  body- free  Biirfeoe 
Intersection  point.  In  addition  to  a 
discontinuity  of  the  normal  at  this  point, 
conditions  posed  on  the  body  and  the  free 
surface  are  different  (Neumann  condition  on  the 
body  boundary  and  Dirlchlet  condition  on  the 
free  surface).  In  this  respect,  the  central 
collocation  discretization  scheme  adopted  here 


avoids  an  explicit  occurrence  of  the  problems 
and  as  a  result  Is  the  most  straightforward  for 
numerical  Implementation,  In  addition,  higher 
order  applications  of  b.e.m.,  which  lead  to  a 
better  resolution  with  lesser  number  of 
segments  (see  e.g.  [22]),  are  known  to  be  more 
susceptible  to  numerical  instability  [24]  which 
Is  a  major  concern  In  the  considered 
application. 

The  present  choice  of  discretization  scheme 
Is  founded  In  the  belief  that  a  'workable' 
model  can  be  developed  based  on  this  simplest 
scheme,  for  the  final  task  of  the  simulation 
of  large  motions  of  floating  bodies  in  steep 
waves,  since  It  is  supposed  that  several  of  the 
anticipated  problems  may  not  necessarily  be 
remedied  by  applying  more  refined 
discretizations  but  initially  may  even  be 
obscured  by  the  Inherent  difficulties  of  such 
applications.  More  refined  discretizations 
can,  in  principle,  be  adopted  latter. 

2.3  The  Baste  Algorithm  of  Solution 

The  general  discretization  scheme  described 
above  is  applied  to  the  boundary  value  problem 
(1)  to  (5)  by  identifying  the  open  contours 
dDk  with  the  free  surface  dUf,  the  bottom  dDo, 
the  body  contour  3Dg  and  the  control  boundaries 
and  dDc2-  The  simulation  sought  for  Is 
accomplished  through  a  time  marching  procedure . 
Initial  conditions  provide  the  boundary  data 
on  dD  at  t  -  0;  ^  on  dDp,  d^/dn  on  dDp  and  dDg, 
and  either  4>  or  d^/dn  on  dDj)  and  dO^z- 
the  solution  of  the  appropriately  rearranged 
system  of  linear  equations,  d^/dn  on  dD(  and  ^ 
on  dDg  for  that  time  Instant  are  determined. 
The  boundary  conditions  are  then  invoked  to 
obtain  the  required  boundary  data  for  the  next 
time  level.  In  particular,  appropriate 
evolution  equations  for  the  free  surface, 
deduced  from  (2)  and  (3) ,  and  for  the  control 
boundaries.  If  applicable,  are  Integrated  in 
time  to  determine  the  updated  free  surface 
contour  (l.e.  the  configuration  of  dDf  for  the 
advanced  time  level)  and  the  values  of  ^  or 
d^/dnon  the  updated  boundaries.  On  the  body, 
d^/dn  on  dDg  is  related  to  the  body  velocity  by 
virtue  of  (5) ,  which  in  turn  is  related  to  ^ 
through  the  body  equations  of  motion  and 
Bernoulli's  equation.  The  boundary  contour  dD 
as  well  as  the  boundary  data  for  the  advanced 
time  level  are  now  established  and  the  solution 
process  can  be  repeated. 

The  potential  ^  at  any  desired  location  in 
D  can  be  calculated  from  the  discretized  form 
of  relation  (6).  Other  information,  e.g.  fluid 
velocity  uiiu  pressure  are  calculable  from  ip  by 
utilizing  Bernoulli's  equation  and  employing 
numerical  difference  techniques  In  space  and 
time.  The  evolution  of  the  free  surface  and 
the  motion  of  the  body,  which  constitute 
necessary  information  for  advancing  the 
solution  in  time,  are  extracted  as  the 
simulation  proceeds. 
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(11) 


The  system  of  linear  equations  to  be  solved. 
In  general  corresponds  to  a  full  coefficient 
matrix  and  thus  benefits  admissible  In 
solutions  of  matrices  with  special  features 
are  not  available.  In  the  present  algorithm, 
a  standard  IMSL  (International  Mathematical  and 
Statistical  Library)  routine  Is  utilized  which 
employs  a  Gaussian  elimination  technique  for 
matrix  Inversion  [25], 

The  evolution  equations  for  the  free  surface 
can  be  put  In  the  following  general  form: 

g  -  f(y.t)  (9) 


In  the  present  algorithm,  a  4th  order  Implicit 
Adams-Bashforth-Moulton  (A-B-M)  scheme  Is 
adopted  and  Is  found  to  be  convergent  for  all 
required  Integrations.  To  achieve  convergence 
to  the  third  significant  figure,  usually  not 
more  than  one  corrector  step  Is  necessary. 
This  scheme  requires  Information  at  the 
preceding  four  steps.  In  the  Initiation  of  the 
solution,  the  first  three  steps  are  therefore 
treated  by  means  of  successively  lower  order 
schemes  with  a  greater  number  of  Iterations. 

A  variety  of  other  schemes  exists  for  the 
integration  of  equations  of  the  form  (9),  e.g. 
Runge>Kutta  schemes,  Hamming's  method,  etc. 
Fourth  order  Runge*Kutta  starters  are  popular 
for  analogous  Initial-value  problems  (e.g.  (1,2 
and  13].  However,  the  starter  scheme  employed 
here  Is  found  adequate  for  the  applications 
considered.  Limited  numerical  experiments  with 
other  schemes  were  also  performed  and  the 
algorithm  appeared  insensitive  to  the  choice 
of  any  particular  scheme. 

1, _ Applications  to  Linear  Free 

Surface  Flow  Problems 


3.1  General  Considerations 


A  simple  means  of  partly  testing  the 
effectiveness  and  reliability  of  the  algorithm 
is  to  apply  It  to  problems  which  Involve  small 
amplitude  free  surface  elevations.  The 
simulation  of  the  propagation  of  small 
amplitude  waves  allows  one  to  linearize  the 
free  surface  conditions  and  therefore  reduces 
the  possible  sources  of  numerical  errors.  It 
also  allows  us  to  examine  and  solve  the 
remaining  numerical  problems  as  discussed 
below.  In  addition,  solutions  of  linearized 
flows  are  usually  available  In  closed  forms 
thereby  providing  an  exact  basis  for 
comparison. 

Upon  applying  the  usual  approximations,  the 
free  surface  conditions  (2)  and  (3)  take  the 
following  linearized  forms: 


dri  Bif) 
St  “  3z 


(10) 


M  - 
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and  are  applied  on  the  undisturbed  free  surface 
z  -  0.  In  addition,  for  the  applications 
considered  In  this  section,  the  fluid  domain 
Is  represented  by  the  rectangular  area  depicted 
In  Fig.  1,  with  the  body  contour  removed.  The 
bottom  surface  is  taken  to  be  at  a  constant 
depth  d.  The  free  surface  part  of  the  boundary 
on  which  the  Integrand  In  (6)  Is  to  be 
evaluated  remains  undisturbed  at  all  time 
Instants,  and  3/an  -  S/Sz  on  BVf.  The  entire 
boundary  dD  is  therefore  Independent  of  time 
and  consequently  the  Influence  coefficients  In 
the  resulting  system  of  linear  equations 
remains  unchanged  In  time. 

3.2  The  Simulation  of  Alrv  Waves 

As  a  test  case,  the  method  was  applied  to 
simulate  the  propagation  of  steady  Airy  waves 
In  the  control  domain.  In  the  simulation,  the 
Initial  values  of  the  potential  on  the 
undisturbed  free  surface  z  -  0  were  specified 
according  to  the  Airy  wave  potential: 


^(x.t) 


HI  cosh[2ir(z+d)/Al 
2T  sinh  2itd/X 


sin  (x  -  ct) 

(12) 


with  t  -  0.  This  corresponds  to  a  wave  of 
height  H,  length  X  and  period  T,  progressing 
in  the  positive  x  direction  with  celerity  c. 
For  the  linearized  simulations,  either  ^  or 
3^/3n,  computed  from  (12),  were  applied  on  the 
control  boundaries. 


The  following  notation  Is  used  in  the 
discussion  of  computed  results :  Ax  denotes  the 
length  of  the  segments  (or  the  spatial  grid 
size) ,  suffixed  appropriately  to  Indicate  the 
part  of  3D  on  which  they  are  chosen,  viz.  Axf, 
Axci,  Axcj  are  the  segment  sizes  on  3Df,  3D(;i 
and  3Dc2  respectively.  The  time  step  size  Is 
denoted  by  At.  respresents  the  time  step 
level  of  computation:  -  t/At.  The  distance 
between  the  control  boundaries  dDj^  and  30^2, 
1 .  e .  the  horizontal  extent  of  the  free  surface , 
Is  denoted  by  L.  In  the  linearized 
simulations,  the  spatial  grid  sizes  are  kept 
constant  on  each  part  of  the  boundary,  and  At 
Is  constant  over  the  entire  time  of  simulation. 


As  an  example,  in  Figs.  2(a)  and  (b) ,  the 
free  surface  elevations  are  shown  for  a 
simulation  where  Neumann  conditions  were 
Imposed  on  both  the  control  boundaries.  The 
control  domain  was  relatively  long,  L  -  7A, 
with  water  depth  d  -  0.4A.  Other  parameters 
were:  AXf,  Axci,  Axca  -  A/25  and  At  -  T/40. 
The  comparison  with  theoretical  free  surface 
contours  clearly  demonstrates  that  the 
algorithm  is  capable  of  following  the  wave 
motion  with  acceptable  degree  of  precision  over 
long  periods  of  simulation  time. 

Computations  were  also  performed  for  a  wide 
variety  of  combinations  of  the  spatial  and 
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temporal  grid  sizes,  for  different  values  of 
h/X  and  d/X,  and  for  different  initial 
distributions  of  the  free  surface  potential 
(i.e.  initial  values  of  ^  on  BDf  given  by  (12) 
with  values  of  t  different  than  0) .  In  all 
computations,  the  quality  of  agreement  between 
the  numerical  and  theoretical  results  was 
similar  to  the  presented  examples.  The 
numerical  solutions  did  not  exhibit  any 
discernible  evidence  of  degeneration  even 
after,  for  example,  400  time  steps  or  up  to  10 
wave  periods. 


3.3  The  Unsteady  Wave  Pronagatlon 

The  simulation  of  the  propagation  of 
unsteady  waves  is  achieved  by  specifying  an 
exciting  wave  potential  on  one  of  the  control 
boundaries.  The  fluid  in  D  is  initially  at 
rest  with  z  -  0  as  the  initial  contour  of  3Df. 
The  potential  given  by  (12),  which  corresponds 
to  an  Airy  wave  propagating  in  the  positive  x 
direction.  Is  applied  in  a  modulated  form  on 
3D(;j  at  all  time  Instants  t>0.  Therefore,  a 
disturbance  is  Introduced  at  one  end  of  the 
control  domain  to  excite  a  fluid  motion  in  the 
initially  unperturbed  fluid  in  D.  For  this 
simulation,  the  boundaries  3D(;^  and  30^2  can  be 
referred  to  as  upstream  and  downstream 
boundaries  respectively. 


For  the  initially  unperturbed  state  of  fluid 

^(*it)|t*o  ”  0  in  the  entire  of  D,  including  3D 
(the  value  of  ^  could  strictly  be  .my  constant, 
but  it  is  convenient  to  make  this  constant  0 
by  redefining  see  e.g.  [26]).  What  is  not 
so  apparent  is  the  requirement  that 

3^(x,t)/3t|tM0  -  0  be  maintained 
simultaneously.  Examining  eqn.  (3),  it  can  be 
noticed  that  -  0  and  -  0  imply 
3^/3t|(io  -  0  on  3Df.  It  follows  that  3^/3t  on 
SDci  must  have  a  zero  value  at  t  -  0  for  the 
compatibility  of  the  initial  boundary  data,  at 
the  intersection  of  3D(;)  and  3Df.  The 
potential  given  by  (12)  maintains  ^|t«o  ”  0  on 
SDc)  but  3^/3t|t.o  has  a  finite  value. 
Simulations  which  did  not  impose  3^/3t|t,o  on 
3D(;^  were  not  successful  due  to  a  numerical 
Instability  which  started  at  the  origin  (at 
3Dcin3Df)  and  slowly  spread  over  the  entire 
domain.  Although  this  instability  is  of  a  weak 
type,  in  the  sense  that  the  solution  can  still 
be  continued,  the  free  surface  contour  shows 
undeslred  'zigzag'  patterns  and  eventually 
diverges  from  the  required  Airy  wave  profile. 


In  the  present  formulation,  a  modified 
excitation  potential  is  used,  defined  by 
Introducing  a  modulation  function  M(t): 


**  r  ,  \  $  /  ,  \ 


(13) 


with: 

M(t)  -  (  -  oos(xt/^))  t  <  p 


where  ^  >  0.  This  function  has  the  property 
that  H(t)|t.Q  -  0  at  )  3M(t)/3t|(,o  “  0. 
Therefore ,  regardless  of  the  form  of  4>  on  3D(;i , 
the  initial  values  of  3^*/3t  are  equal  to  zero 
by  virtue  of  (13)  and: 


a^*(t) 

3t 


M(t) 


3^(t) 

3t 


.  3M(t) 

at 


^(t) 


(15) 


The  time  span  over  which  the  excitation 
potential  is  modulated  can  be  controlled  by 
selecting  an  appropriate  value  of  the  parameter 
When  (13)  is  applied  with  a  sufficiently 
large  value  of  fi  in  M(t),  the  instability 
disappears.  With  fi/T  -  1.0,  the  existence  of 
some  undesired  behaviour  was  still  detected. 
With  further  increase  of  fi/T  to  2,  waves 
evolved  smoothly  although  no  numerical 
smoothing  was  applied.  By  inserting  (13)  in 
Bernoulli's  equation  it  is  found  that  the 
modulation  excludes  an  impulsive  application 
of  pressure  on  3Dci  at  c-O.  These 
considerations  appear  to  parallel  a  recent 
study  of  Che  impulsive  wave-maker  problem, 
[27]. 

3.4  ComouDted  Examples 

Examples  of  computed  results  in  terms  of  the 
free  surface  elevations  are  shown  in  Fig.  3. 
For  these  computations,  the  downstream  boundary 
was  placed  at  the  distance  of  2X  from  the 
upstream  boundary.  The  discretization 
parameters  were:  AXf  -  X/2U  and  At/T  -  1/36, 
where  A  and  T  refer  to  the  length  and  period 
of  the  excitation  wave.  The  downstream 
boundary  was  considered  to  be  a  rigid  wall, 
thus  Che  condition  posed  on  30^2  3^(t)/3n 

-  0  at  all  time  instants.  The  water  had  a 
depth  of  d  -  0 . 5A ,  and  the  excitation  potential 
was  modulated  over  2T,  I.e.  j8/T  -  2.  Fig.  3. 
shows  plots  of  the  evolutions  of  free  surface 
elevations  at  four  stations  situated  at  x  - 
0.26A,  0.50A,  0.74A  and  0.98A,  together  with 
the  theoretical  Airy  wave  evolutions  computed 
from  (12)  at  the  corresponding  stations.  For 
comparative  purposes ,  the  Airy  wave  evolutions 
are  also  modulated  by  the  same  modulation 
function.  It  is  clear  that  for  t/T  <  5,  the 
reflected  waves  do  not  reach  the  locations  x/A 

-  0.98.  At  locations  x/A  -  0.24  and  0.50,  more 
than  two  periods  of  steady  state  results  are 
achieved. 


The  algorithm  was  also  applied  Co  simulate 
wave  generation  by  piston  and  flapper  types  of 
wave -makers.  Tlie  corresponding  Neumann 
boundary  conditions  were  Imposed  on  a  3D(;i 
fixed  at  the  mean  position  of  the  wave -maker 
board.  In  both  cases,  the  normal  velocity 
values  were  modified  by  the  modulating  function 
(14).  Stable  propagating  waves  were  simulated. 
The  gain  functions  (wave  amplitude  to  half 
stroke  ratios)  were  found  Co  be  within  0.2X  and 
IX  relative  error  when  compared  to  the  linear 
theory  values  [28]. 
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The  presented  results  exemplify  the 
robustness  of  the  numerical  time  domain 


simulation  algorithm  for  fluid  flow  problems 
that  include  a  free  surface.  Computations  were 
performed  for  a  number  of  other  combinations 
of  parameters,  and  showed  a  similar  quality  of 
agreement  with  theoretical  solutions.  No 
rigorous  rule  could  be  established  for  the 
minimum  size  of  Ax.  As  a  rough  guide,  a  size 
of  Ax  -  A/12  was  found  to  describe  adequately 
the  evolution  of  the  free  surface  for  most  of 
the  simulations.  Further  relaxation  resulted 
in  a  lack  of  resolution,  although  the  fluid 
motion  could  still  be  followed  (which  means  the 
solution  did  not  break  down) .  For  temporal 
grid  size,  the  Courant-Frledrichs-Lewy  (C-F-L) 
type  of  condition,  (29): 

NcFL-|cg|<l  (16) 

with  c  representing  the  wave  celerity,  was  used 
for  guidance,  although  no  formal  stability 
analysis  of  the  algorlthim  was  carried  out. 
In  the  present  computations,  for  most  of  the 
cases,  a  value  of  Ncf^  between  0.5  and  0.7  was 
used. 

However ,  the  solutions  were  found  to  exhibit 
a  tendency  towards  numerical  instability  upon 
successive  refinements  of  the  spatial  mesh 
sizes.  When  a  collocation  point  was  located 
very  close  to  a  corner  where  the  boundary 
undergoes  a  sharp  change  in  curvature,  such  as 
the  intersections  of  3T)f  with  and 
relatively  large  errors  occurred  in  the 
computed  velocities  at  these  locations,  in 
comparison  with  points  far  from  such  corners. 
These  non-uniform  differences  appeared  to 
introduce  numerical  instability  when  the  grid 
size  was  very  fine,  typically  when  Ax/A  < 
1/100.  A  similar  behaviour  of  solutions  near 
corners  in  applications  of  boundary  element 
methods  is  documented  in  literature  (24].  This 
instability  is  thought  not  to  be  a  serious 
limitation  in  the  applications  of  the  algorithm 
but  serves  to  Indicate  a  lower  bound  on  the 
grid  sizes. 

In  addition  to  the  Ath  order  A-B-M  scheme, 
other  schemes  for  the  integration  of  eqns.  (10) 
and  (11)  were  also  tried.  First  order  Implicit 
schemes  were  found  to  be  inadequate  in  that  the 
solution  showed  poor  convergence 
characteristics  and  contained  large  errors. 
In  contrast,  2nd  order  schemes  lead  to 
substantial  improvements.  Further  improvements 
were  achieved  by  using  3rd  and  Ath  order 
schemes,  although  the  relative  improvements 
between  those  two  latter  orders  were 
practically  insignificant  (the  numerical  values 
differed  only  in  the  sixth  significant  figure). 
In  no  case  was  more  than  one  corrector  level 
required  for  a  convergence  to  the  third 
significant  figure.  It  is  observed  here  that, 
from  a  computational  point  of  view,  higher 
order  schemes  do  not  necessarily  require 
additional  computational  effort.  To  start  the 
A-th  order  A-B-M  schemes,  lower  order  A-B-M 
schemes  were  found  to  be  adequate. 


{l, — The  Unsteady  Propagation  of  Steep  Waves 
A.l  The  Evolution  Eouations  for  The  Free 

Sarfftss 

For  the  simulation  of  the  propagation  of 
steep  waves,  it  io  necessary  to  consider  the 
non-linear  free  surface  conditions  (2)  and  (3) 
without  the  linearizing  approximations.  These 
equations  are  to  be  satisfied  on  the  exact 
location  of  the  free  surface  and  therefore  the 
evolution  of  the  free  surface  within  the 
control  domain  must  be  followed.  As  a  result 
the  fluid  domain  must  be  redefined  at  every 
consecutive  time  Instant.  In  addition  the 
evolution  of  the  boundary  data  on  the  free 
surface  must  also  be  determined. 

In  the  present  work,  an  Euler  Ian  formulation 
of  the  free  surface  conditions  is  used. 
Assuming  the  free  surface  elevation  q  to  be  a 
single  valued  function  of  coordinate  x,  the 
evolutions  of  q  and  4>  on  the  instantaneous  free 
surface  are  followed  at  image  points  of  the 
undisturbed  free  surface,  obtained  by  the 
projection  along  the  vertical  axis.  The 
variation  of  the  potential  at  the  image  points 
on  the  free  surface,  which  undergo  vertical 
displacements,  is  determined  by  (see  e.g.  [3]): 

d^  -  1^  dt  +  II  dq  (17) 

since  ^  -  ^(z,t)  at  these  points.  Here  dq  is 
the  differential  of  the  vertical  displacement 
of  the  image  point: 

dq  -  |2  dt  (18) 


From  (2),  (3),  (17)  and  (18),  the  evolution 
equation  for  d  Is  obtained  as: 


dd 

dt  ”  ■  2^^ax^ 


.  1  3d  3<l>  dt) 
'3z'  ‘  3x  3z  3x 


(19) 

which  defines  tlie  rate  of  change  of  the 
potential  at  the  image  points.  In  the  present 
method,  therefore,  eqns.  (2)  and  (19) 
respectively  are  the  evolution  equations  to  be 
integrated  in  time  in  order  to  determine  the 
instantaneous  free  surface  contour  and 
potential. 

The  above  method  of  following  the  evolution 
of  free  surface  is  different  from  the 
Lagranglan  method  utilized  in  most  of  the 
previous  investigations  of  non-linear  water 
waves,  which  were  also  based  upon  boundary 
litLegrul  forinulutions  (e.g.  [1,5,11,13,30  and 
31]).  The  attractiveness  of  the  Lagranglan 
method  follows  from  its  ability  to  describe 
multivalued  free  surface  contours.  In 
contrast,  the  applicability  of  the  present 
method  is  restricted  to  single-valued  free 
surface  contours.  The  possibility  of 
simulating  extreme  wave  conditions,  pertinent 
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to  wave  breaking,  Is  therefore  excluded. 
However,  the  present  method  provides  several 
computational  advantages.  The  Image  points  on 
the  free  surface,  which  through  the 
dlscretlzaton  are  Identified  with  collocation 
points,  are  not  allowed  to  cluster.  So,  the 
scheme  avoids  the  adverse  numerical  effects 
often  Inherent  In  the  Lagranglan  methods  In 
which  the  particles  tend  to  concentrate  In  some 
regions.  From  the  previous  experience  of  other 
workers.  It  Is  known  that  some  form  of  control 
of  the  Lagranglan  points  Is  necessary  to 
prevent  them  from  clustering,  e.g.  the 
Introduction  of  a  'tangential'  velocity 
component  as  discussed  by  Baker  In  [30]  or  a 
regrlddlng  of  the  free  surface  points  at  every 
time  step,  as  employed  In  (13).  The  present 
method  of  following  the  free  surface  Is  free 
from  such  complications.  In  addition,  the 
collocation  points  cannot  leave  the 
computational  domain  at  any  time,  therefore  the 
additional  task  of  tracing  such  points  Is 
avoided.  Computational  experience  gained  from 
performed  simulations  suggests  that  In  the 
presented  method  numerical  difficulties  arise 
when  a  collocation  point  Is  situated  very  close 
to  one  of  the  vertical  control  boundarle.s.  By 
preventing  horizontal  displacements  of  the 
collocation  points,  such  problems  are  also 
minimized. 

Yet  another  point  with  regard  to  the 
applicability  of  the  present  method  needs  to 
be  mentioned.  The  ultimate  objective  Is  to  be 
able  to  simulate  the  motion  of  a  floating  body 
In  steep  waves,  for  a  sufficiently  long  time, 
preferably  over  a  number  of  periods  of 
oscillation.  It  must  be  noted  that  In  the 
Lagranglan  method  the  simulation  cannot  be 
extended  much  beyond  the  time  when  the  wave 
breaks.  Similar  restrictions  In  applications 
are  typical  of  most  finite-difference 
algorithms  (see  e.g.  [32]). 


The  simulation  of  the  unsteady  propagation 
of  steep  waves  Is  accomplished  by  a  procedure 
similar  to  the  one  described  In  §3.3.  A  wave 
potential,  representing  an  oncoming  wave 
travelling  In  the  positive  x  direction.  Is 
Imposed  on  at  t>0.  This  applied  potential 
Is  hereinafter  called  the  excitation  potential, 
since  It  provides  the  necessary  excitation  of 
fluid  motion  In  D.  It  was  found  through 
numerical  results  that  the  form  of  the 
excitation  potential  has  negligible  Influence 
on  the  generated  numerical  wave  at  points  In 
the  Interior  of  D,  provided  they  are 
sufficiently  far  from  the  upstream  boundary. 

An  alternative  way  of  simulating  waves  Is 
to  provide  a  moving  wave -maker  at  one  end  of 
the  control  domain.  Such  a  procedure  was 
applied  In  earlier  works,  e.g.  [10,11,14].  In 
the  present  method  of  following  the  evolution 
of  the  free  surface,  such  an  approach  would 
necessitate  either  a  redistribution  of  the  free 


surface  grid  or  a  successive  Introduction  and 
deletion  of  collocation  points,  since  the  wave- 
maker  enters  and  withdraws  from  the  free 
surface  grid.  It  could  cause  collocation 
points  to  come  very  close  to  the  wave-maker  and 
thus  generate  numerical  difficulties,  as  It  was 
explained  above. 


The  application  of  the  Impermeability 
condition  at  the  downstream  boundary  dDcj,  as 
It  was  done  in  the  applications  presented 
above.  Is  not  satisfactory  for  simulations  of 
long  duration.  An  appropriate  open  boundary, 
or  radiation  condition  must  be  specified,  which 
makes  the  boundary  sufficiently  transmissive 
to  allow  wave  patterns  generated  In  D  to  pass 
through  the  boundary  without  causing 
appreciable  reflection  effects.  In  the  present 
algorithm,  a  simple  open  boundary  condition  Is 
adopted  on  BDa,  which  assumes  that  the 
potential  at  this  boundary  can  be  written  as 
a  wave  form  of  the  same  celerity  as  that  of  the 
applied  excitation  potential  on  dDci: 


^(x.t)  -  ^(x  -  ct) 


(20) 


where  c  represents  the  celerity  of  the 
excitation  wave  (cf.  eqn.  (12)).  This  results 
in  the  following  relation: 


3^  8^ 

at "  an 


(21) 


in  which  d/Bn  -  B/Bx  on  ao^  was  used.  Eqn. 
(21)  has  a  form  similar  to  Orlanskl's  radiation 
condition  but  its  application  here  Is  not 
strictly  equivalent.  In  [33]  and  In  many 
finite-difference  algorithms  (see  e.g.  [34]), 
the  value  of  c  is  taken  as  the  celerity  of  the 
local  waves  approaching  the  downstream 
boundary,  and  c  is  determined  by  a  numerical 
differentiation  at  the  neighbouring  grid 
points.  In  [35],  a  similar  simple  form  Is 
adopted  with  c  determined  from: 

c  -  y(gd)  (22) 

where  d  denotes  the  local  water  depth  at  the 
downstream  boundary.  Eqn.  (22)  represents  the 
shallow  water  approximation  of  the  phase 
velocity  and  is  therefore  different  from  the 
condition  applied  in  the  present  method  (both 
methods  become  equivalent  in  the  limiting 
situation  of  d/A  «  1) . 

The  evolution  of  ^  is  now  easily  determined 
by  the  time -Integration  of  eqn.'  (21),  using  the 
same  scheme  as  the  one  used  for  integrating  (2) 
and  (19).  Simple  as  It  appears,  in  the 
considered  applications  this  procedure  results 
in  minimal  reflection  effects  on  aDjj,  as  the 
results  presented  below  Illustrate. 
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The  evolution  equations  (2)  and  (19)  require 
the  evaluation  of  spatial  derivatives  of  1/  and 
^  at  the  collocation  points.  To  determine 
ai;/3x,i;  as  a  function  of  x  is  approximated  by 
a  cubic  spline.  From  this  approximation,  the 
components  of  the  outward  normal  vector  can  be 
calculated.  For  the  spatial  derivatives  of 


3<l> 

ds  "  3x 


(23) 


since  l/(ds/dx)  -  nj,  where  d/ds  denotes  the 
tangential  derivative.  To  determine  S^/Sx,  in 
turn  ^  as  a  function  of  x  is  approximated  by 
a  cubic  spline.  From  d^/ds  and  d^/dn  and  the 
outward  normal  vector,  other  components  of  the 
spatial  derivatives  can  be  determined.  In  the 
software,  an  IMSL  routine  for  cubic  splines 
with  natural  end  conditions  is  used  in  which 
no  conditions  are  prescribed  at  the  end  points 
and  continuity  of  second  derivatives  is 
enforced  at  the  penultimate  points  [36]. 


evaluated  without  the  matching  procedure  are 
represented  by  faCx) .  A  transfer  function  g(x) 
is  introduced  to  redefine  f2(x)  as  f|(x)  in  the 
'matching  zone'  between  aDj)  and  dDci: 

f2(x)  -  g(x)  fi(x)  (24) 

where  f2(x)  is  defined  in  x^  ^  x  <  xi  +  1,  fi(x) 
indicates  the  theoretical  wave  elevation  or 
potential  corresponding  to  the  excitation 
potential  applied  on  aDji ,  and  x^  represents 
the  X  coordinate  of  aD^f.  A  quadratic 

polynomial  is  chosen  for  g(x)  whose 
coefficients  are  determined  from  the 
conditions: 

f2(xi)  -  fi(x,) 

fj(x,  +  1)  -  f2(xi  +  1)  (25) 

i  f*2(x,  +  1)  -aT  ^ 


4.4.2  The  Instability  at  The  Intersection  of 
aD/*i  and  aPt 

When  a  time -modulated  excitation  Airy 
potential  is  applied  on  30^  in  the  described 
algorithm,  an  instability  is  found  to  originate 
at  the  intersection  of  aOd  and  3Df.  The  form 
of  the  instability  is  qualitatively  similar  to 
that  observed  in  the  analogous  linear 
application  when  the  modulation  function  was 
not  used.  The  solution  breaks  down,  typically 
within  10  time  steps  irrespective  of  the  step 
size. 

The  occurrence  of  these  oscillations  can  be 
attributed  to  the  incompatibility  of  the 
excitation  wave  potential  and  elevation  applied 
externally  on  aDji  with  the  wave  potential  and 
free  surface  elevation  Induced  in  D  in  the 
vicinity  of  aOji.  In  other  words,  the  fiee 
surface  conditions  implicitly  satisfied  on  the 
left  of  3D(;i  (i.e.  by  the  exciting  wave 
potential)  are  Inconsistent  with  the  conditions 
on  aOf  immediately  to  the  right  of  30^ .  On 
the  basis  of  conducted  numerical  experiments, 
this  discontinuity  is  believed  to  cause  large 
velocity  gradients  across  the  vertical  boundary 
and  these  Initiate  the  instability.  The 
application  of  other,  'non-linear'  excitation 
potentials,  e.g.  Stokes  second  order  potential, 
were  tried  without  success.  Difficulties 
originating  from  analogous  discontinuities  were 
known  earlier,  e.g.  similar  problems  were 
discussed  in  [37]  and  in  [11],  the 
discontinuity  was  identified  with  the 
difficulty  of  the  matching  of  non-linear 
interior  with  linear  exterior  solutions, 
reported  in  [8]. 

In  order  to  achieve  a  smooth  variation  of 
the  free  surface  elevation  and  potential  across 
aDjji,  the  matching  procedure,  described  below, 
was  developed.  Another  vertical  boundary  30  ^ 
in  the  interior  of  the  control  domain  D  is 
Introduced  at  a  short  distance  1  from  aD^f. 
The  free  surface  elevation  and  potential 


The  above  procedure  requires  the  evaluation  of 
a[f2(Xf  +  i)]/ax  and  this  is  determined  from  a 
second  order  central  difference  scheme.  A 
linear  form  of  g(x)  was  found  not  as 
satisfactory.  The  quadratic  function  for  g(x) 
is  however  very  effective  in  suppressing  the 
instability  and  enables  the  fluid  motion  to  be 
followed  without  further  problems  originating 
at  the  intersection  point. 

On  the  downstream  boundary  BDa  it  is 
necessary  to  determine  the  intersection  of  aDf 
with  30^2.  This  is  determined  via  a  second 
order  Lagranglan  scheme  using  the  data  at  the 
three  preceding  collocation  points  on 

4.4.3  The  Instability  on  The  Free  Surface 

In  addition  to  the  instability  originating 
at  the  upstream  end  of  the  free  surface, 
another  instability  was  found  to  develop  on  the 
entire  free  surface  as  the  solution  progressed. 
Saw-tooth  Instabilities  of  this  type  have  been 
reported  by  earlier  investigators.  Numerical 
experiments  with  various  combinations  of  the 
spatial  and  temporal  grid  sizes  were  performed 
with  the  hope  of  identifying  a  stability 
criterion  related  to  these  discretization 
parameters.  However  no  such  criterion  could 
be  established.  In  the  present  formulation, 
in  which  collocation  points  on  the  free  surface 
are  restricted  to  move  vertically,  the  arc 
lengths  between  the  adjacent  collocation  points 
never  reduce  below  the  horizontal  grid  spacing. 
Consequently,  the  relation  between  the  time 
step  size  and  the  horizontal  projection  of  the 
free  surface  segments  is  easily  controlled. 
In  all  computations,  the  C-F-L  type  condition, 
see  eqn.  (16).  was  satisfied  in  the  entire 
fluid  domain  and  throughout  the  whole 
simulation  period.  A  form  of  stability 
criterion  based  upon  a  linear  von  Neumann 
stability  analysis  for  a  4th  order  Runge-Kutta 
scheme  was  provided  in  [13]: 
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5^1  ^  ‘  <“> 

This  condition  was  also  maintained  In  the 
discussed  computations . 

The  present  computational  experience 
indicates  that  the  instability  Is  closely 
associated  with  the  shape  of  the  free  surface 
elevation.  It  becomes  more  pronounced  as  the 
wave  steepens.  It  should  be  observed  that  in 
the  analogous  linear  application,  no  such 
problem  was  encountered.  Computations  with 
successively  higher  levels  of  iteration  in  the 
tlr:ie- integration  of  the  free  surface  conditions 
and  a  close  examination  of  the  computed  free 
surface  profiles  and  boundary  data  suggest  an 
insensitivity  of  the  instability  to  the  time- 
integration  schemes.  Therefore,  the  violation 
of  a  stability  condition  of  the  above  type 
might  not  be  the  root  mechanism  in  the 
initiation  of  the  instability. 

To  suppress  this  instability,  the  smooching 
scheme  originally  employed  by  LongueC-Higglns 
and  Cohelet  [1]  was  adopted.  In  view  of  their 
computational  experience,  Che  five-point  scheme 
was  used  instead  of  a  seven-point  scheme.  The 
formula  provided  in  [1]  is  inapplicable  for  the 
special  cases  of  the  first  and  last  two 
collocation  points  on  the  free  surface  and  a 
modified  scheme  had  Co  be  applied  there.  The 
smooching  scheme  is  applied  at  regular  time 
intervals.  Usually,  the  application  at  every 
4th  time  step  was  found  effective  in 
eliminating  Che  unwanted  oscillations.  It  is 
possible  to  employ  a  variety  of  other  available 
smooching  schemes.  A  third  degree  five  point 
least  squares  smooching  scheme  was  also  tested 
and  was  found  to  be  equally  effective. 

Although  the  application  of  artificial 
smoothing  is  known  Co  cause  a  loss  of  the  local 
accuracy  of  the  solution,  the  global  solution 
fortunately  remained  within  acceptable  limits 
of  accuracy,  which  was  demonstrated  by  the 
computed  results.  This  feature  of  Che 
artificial  smoothing  was  also  noted  by  earlier 
workers  (e.g.  (11,  14  and  38]). 

4.5  Computed  Results 

In  the  present  context,  the  notation 
described  above  applies  with  Che  exception  that 
AXf  denotes  the  spacing  of  the  free  surface 
collocation  points  along  the  x  axis,  instead 
of  the  actual  lengths  of  the  segments .  Unless 
otherwise  specified,  the  applied  excitation 
potential  on  SDd  is  the  Airy  potential.  The 
normalizing  parameters  for  horizontal  and 
vertical  length  scales  and  time  scale  are 
respectively  the  length  A,  height  H  and  period 
T  of  the  Airy  wave  corresponding  to  the 
excitation  potential  (cf.  eqn.  (12)).  In  all 
presented  computations,  Axp,  Ax^^,  Ax^j  and  AC 
are  constants.  However,  due  to  wave  run  up, 
dl)c2  continuously  changes  in  length.  Since  the 
left  hand  side  of  eqn.  (21)  is  an  Eulerian  time 
derivative,  the  collocation  points  on  this 


boundary  are  generally  kept  fixed  in  space, 
except  for  the  uppermost  segment.  Depending 
on  the  length  of  dDc2i  e  segment  is  deleted  or 
an  additional  segment  is  introduced  so  that  the 
length  of  the  segment  in  comparison  with  the 
length  of  the  adjacent  segment  on  dDp  maintains 
a  ratio  between  0.5  and  2.0. 

Numerical  experiments  carried  out  to 
investigate  the  effectiveness  of  Che  matching 
procedure  showed  that  the  number  n  of 
collocation  points  in  Che  matching  zone  is  the 
dominant  factor  in  comparison  with  the  length 
1  of  the  zone.  The  choice  of  n  -  4  was  very 
effective  In  removing  the  oscillations, 
regardless  of  the  grid  sizes  and  wave  heights. 
The  subsequent  results  are  all  computed  with 
this  value  of  n  -  4. 

The  convergence  characteristics  of  the 
solution  in  the  entire  fluid  domain  was 
studied.  The  chosen  fluid  domain  extended 
horizontally  over  L  -  2A  and  vertically  over 
d  ■■  0.5A,  and  the  applied  excitation 
corresponded  to  a  large  nominal  wave  steepness 
of  H/A  -  0.10.  For  these  computations,  the 
segment  sizes  were :  Axp ,  Axci ,  Ax^j  -  A/16 , 
A/20,  A/24,  A/28,  A/32  and  A/40.  The  time  step 
size  was  At/T  -  1/40  for  Che  first  five  values 
of  N,  while  for  N  -  120,  it  was  halved  to  At/T 
>■  1/80.  This  was  necessary  because  of  the 
reduced  segment  sizes.  Otheirwise  for  At/T  - 
1/40,  which  corresponds  to  Ncfi,  -  1  (cf.  eqn. 
(16)),  the  solution  exhibited  an  instability. 
Free  surface  smoothing  was  applied  at  every 
fourth  step,  fi/T  -  1  was  taken  in  the 
modulation  function,  and  n  -  4  was  used  for  the 
matching  region.  Except  for  the  value  of  N  - 
48,  the  results  demonstrated  good  convergence 
characteristics.  For  this  value  of  N,  the 
results  were  affected  by  comparatively  poorer 
resolution.  These  computations  (and  many 
others)  indicated  that  the  value  of  AXf  -  A/24 
and  comparable  values  for  AXji ,  Axc2  were 
adequate  for  describing  the  fluid  motion 
without  appreciable  effects  of  the  lack  of 
resolution. 

The  effectiveness  of  the  open  boundary 
condition  (21)  was  examined  by  selecting  a 
range  of  values  of  the  celerity  of  the  outgoing 
waves.  Taking  c  in  eqn.  (21)  as  c',  with  c' 
■■  ac,  where  c  represents  the  celerity  of  the 
exciting  wave  at  flDj)  (as  in  eqn.  (12)), 
computations  covered  a  variation  of  a  from  0 
to  1,  with  specific  values  of  a  -  0,  0.25, 
0.50,  0.75,  0.90  and  1.00.  The  other 
parameters  were  chosen  as:  L  -  2A:  d/A  -  0.5; 
H/A  -  0.10;  AXf,  Axd  and  Axjj  -  A/24,  and  At/T 
-  1/40.  The  free  surface  elevations  at  the 
simulation  time  of  t/T  -  8.75  are  shown  in  Fig. 
4.  It  is  apparent  that  the  reflection  effects 
at  the  downstream  boundary  increase  with  the 
difference  between  a  and  1.  Results  for  a  - 
1  Indicate  that  the  wave  passes  through  SDjz 
with  imperceptible  reflection.  From  these  and 
other  computations  the  effectiveness  of 
choosing  a  -  1.0  for  making  the  downstream 
boundary  transmissive  was  evident,  although 
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values  slightly  less  than  1  also  appeared  to 
work  well.  Computations  were  also  attempted 
for  values  of  a  greater  than  1,  but  even  for 
a  value  moderately  greater  than  one,  e.g.  a  - 
1.05,  the  solution  broke  down  after  about  t  - 
ST,  which  was  approximately  the  time  for  the 
wave  to  grow  fully  at  the  downstream  boundary. 
This  breakdown  resulted  from  an  Instability 
originating  at  the  downstream  Intersection  of 
3Df  and  In  view  of  the  success  of  a  - 
1.0  In  making  the  boundary  sufficiently  non- 
ref  lectlve,  this  aspect  was  not  pursued  any 
further . 

A  comparison  of  evolutions  of  wave 
elevation,  for  H/A  -  0.10  at  x/A  -  0.98,  with 
theoretical  profiles  for  the  Airy  wave  given 
by  (12),  Stokes  second  order  wave  and  Miche's 
second  order  theoretical  profile  (39)  are  shown 
in  Fig.  5.  The  numerically  simulated  wave 
compares  well  with  the  second  order  profiles, 
but  displays  stronger  non-linear 
characteristics.  The  comparatively  more  peaky 
crest  and  shallower  trough  of  the  computed  wave 
are  visible. 

To  Investigate  the  Influence  of  the 
excitation  potential  on  the  interior  solution, 
computations  were  performed  with  a  Stokes 
second  order  potential  as  the  excitation 
Instead  of  the  Airy  wave  potential.  The 
applied  excitations  had  a  value  of  H/A  -  0.10, 
for  which  the  second  order  correction  in  wave 
amplitude  is  almost  lOX  of  the  first  order 
amplitude,  but  both  excitations  have  the  same 
average  energy  density.  The  fluid  domain 
chosen  and  the  discretization  parameters  were: 
L  -  2A,  d  -  0.5A,  AXf  -  A/24,  At  -  T/40.  The 
evolutions  of  wave  elevation  in  time  at  x/A  - 
0.48  and  1.48  are  shown  In  Figs.  6  (a)  and  <b) . 
The  differences  between  the  two  simulations  are 
undetectable. 

The  results  presented  above  show  that  the 
simulation  of  unsteady  steep  wave  propagation 
can  be  achieved  by  Imposing  an  excitation 
potential  on  one  of  the  vertical  control 
boundaries  encompassing  a  rectangular  fluid 
domain.  The  interior  solution  apppears  to  be 
not  sensitive  to  the  exact  form  of  the 
potential.  The  simulated  wave  profile  displays 
typical  non-linear  characteristics  of 
relatively  more  peaky  crest  and  shallower 
trough  In  comparison  with  linear  waves.  As 
expected,  the  non- linearities  are  more 
pronounced  for  steeper  waves.  Very  steep  waves 
were  simulated  for  time  durations  of  over  20 
wave  periods,  for  which  a  steady  state 
behaviour  occurred  In  the  entire  domain. 

The  simple  outgoing  wave  condition  (21) 
produced  good  results  over  the  entire  period 
of  each  computation  as  well  as  for  all 
combinations  of  H,  T,  L  and  d  for  which 
computations  were  performed.  The  Interior  wave 
was  not  observed  to  be  contaminated  by 
numerical  reflection  effects  even  after  long 
times  of  simulation  and  at  locations  close  to 
the  downstream  boundary.  This  demonstrated  the 


effectiveness  of  (21)  In  the  modelling  of  the 
propagation  of  nonlinear  periodic  waves. 

_ The  Floating  Body  Problem 

5.1  The  Governing  Equations 

In  order  to  simulate  motions  of  a  floating 
body  In  steep  waves,  a  floating  body  B  Is 
Introduced  In  the  fluid,  such  that  Its  wetted 
contour  dDg  Is  completely  contained  In  D  (see 
Fig.  1).  The  objective  is  to  expose  B  to  an 
Incident  steep  wave  train  and  subsequently  to 
follow  the  Induced  motion  of  B.  A  propagating 
steep  wave  Is  generated  In  D  In  the  manner 
described  above.  For  such  simulations.  It  Is 
necessary  to  know  the  exact  location  of  dDg  at 
every  time  Instant.  In  addition,  a  relation 
between  ^  and  d^/dn  on  dDg  must  be  established 
such  that  the  evolution  of  boundary  data  on  dDg 
can  be  followed.  The  required  Information  Is 
obtained  by  Invoking  the  equations  of  rigid 
body  motion  and  the  impermeability  condition. 

For  the  following  considerations  an 
additional  coordinate  system  fixed  with  the 
body  Is  Introduced.  A  rectangular  Cartesian 
coordinate  system  Gx'z'  Is  used  with  Its  origin 
G  located  at  the  body  centre  of  gravity  CG,  and 
Gz’  axis  directed  vertically  upwards  in  the 
undisturbed  position  of  the  body.  The  axis 
through  G  perpendicular  to  the  x'  and  z'  axes 
Is  assumed  to  coincide  with  a  principal  axis 
of  Inertia  of  the  body.  The  body  geometry  is 
invariant  in  the  coordinate  system  and 
therefore  the  Instantaneous  wetted  contour  dDg 
is  completely  defined  by  the  location  and 
orientation  of  Gx'z'  system  with  respect  to  the 
Oxz  system  and  wave  elevation.  The  components 

In  the  Gx'z'  system  denoted  by  (x)',  of  the 
radius  vector  of  a  point  fixed  with  the  body, 
are  related  to  the  components  In  the  fixed  In 
space  system,  of  the  radius  vectors  of  the  same 

point  and  of  CG,  denoted  by  (x)  and  (Xg) 
respectively,  by  the  following  relation: 


(i  -  ig)  -  [R)T  (X)'  (27) 

where  matrix  [R]  represents  the  tensor  of 
rotation  and  the  superscript  T  Indicates  a 
transpose.  [R]  Is  given  by: 


(R)  - 


.  cos  $ 
-sin  6 


sin  9 
cos  9 


(28) 


where  9  denotes  the  angular  displacement  of 
Gx'z'  system  with  respect  to  Oxz  system, 
measured  as  positive  counterclockwise.  The 
equations  of  motion  for  the  body  are  written 
In  the  Newtonian  form: 


{Fx,  Fi,  Mg)  -  {Hg  ig.  Mg  z'i,  Ig  9)  (29) 

where  F^  and  Fj  are  the  components  of  the  force 
F  acting  upon  the  body,  whereas  Xg  and  zg  are 
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those  of  X(j,  in  x  and  z  directions 
correspondingly:  represents  the  moment  of 

force  F  about  the  axis  passing  through  G  and 
orthogonal  to  Gx'  and  Gz' ;  Mb  denotes  the  body 
mass  and  I;  denotes  the  body  moment  of  inertia 
about  the  axis  with  respect  to  which  Mg  is 
defined,  and  dots  indicate  differentiation  with 
respect  to  time. 


The  use  of  Bernoulli's  equation  (33) 
requires  the  evaluation  of  3<^/dt  on  the  body. 
To  this  end  the  following  relation: 

.  M  +  V  .  ^  (35) 

dt  dt  dx 

is  applied,  where  d/dt  signifies  the  rate  of 
change  of  any  quantity  following  a  material 


The  external  forces  and  moment  exerted  on 
B  can  be  obtained  by  a  direct  integration  of 
fluid  pressure  p  on  3Db: 


fx-;3Dj 

pn^dS 

(30) 

Fr  -  /3Dg 

pnjdS  -  g  Mg 

(31) 

-  fdo 

p[-(z-ZG)nx+(x-XG)nj)dS 

(32) 

point  of  the  rigid  body  and  v  denotes  the 
velocity  of  the  point.  The  quadratic  term  in 
Bernoulli's  equation  is  readily  obtainable 
from: 

<“> 

At  a  collocation  point  i  the  tangential 
derivative  d/ds  of  is  determined  in  the 
form: 


where  n,,  and  n^  denote  the  components  of  the 
normal  vector  on  SDb  in  the  fixed  in  space 
system  of  reference.  The  pressure  p  is 
computed  from  unsteady  Bernoulli's  equation: 

p  -  -p[gz  +  ^  +  l  (33) 

On  the  body  surface,  the  fluid  normal 
velocity  3^/3n  is  equal  to  the  normal  component 
of  the  body  velocity  by  virtue  of 
impermeability  condition  (5)  .  Therefore,  from 
(5)  and  (27) ,  the  following  form  of  the 
impermeability  condition  is  obtained: 

ai  •  •  • 

“  "x  Xg  +  riz  Zg  +  3  t-(z-ZG)nx+(x-XG)njl 

(34) 

to  be  satisfied  on  3Db.  The  above  expression 
provides  3^/3n  at  any  point  on  3Dg  in  terms  of 
the  body  configuration,  velocity  and  geometry. 

5.2  The  Algorithm  for  The  Computation  of 
Hydrodynamic  Forces 

The  solution  algorithm  described  in  §2.3  can 
now  be  adapted  for  the  simulation  of  motions 
of  B.  At  any  instant,  presuming  3^/3n  to  be 
known  on  BDg,  the  other  boundary  data  are 
determined  from  the  solution  of  the  Integral 
relation  (6).  From  this,  the  fluid  pressure 
p  exerted  on  the  body  is  determined  by 
utilizing  Bernoulli's  equation  (33). 
Subsequently,  the  fluid  excitation  loads  on  B 
are  determined  by  a  direct  integration  of 
pressure  over  the  wetted  body  surface,  (30)  to 
(32).  To  establish  the  boundary  data  for  the 
next  time  level,  the  equations  of  motion  are 

invoked.  By  integrating  (29),  Xq,  Vg,  3  and  3 
at  the  advanced  time  are  determined.  The 
necessary  boundary  data  (3^/3n)  on  the  body 
surface  are  then  established  from  (34)  and  the 
computation  for  the  next  time  step  can  begin. 


(34>. 


1- 

“  AS(  ^3i^* 


(37) 


since  for  the  straight  line  segments,  (3s/3i)( 
-  AS(  which  denotes  the  length  of  the  segment. 
To  determine  (3^/3i)(,  appropriate  second-order 
difference  formulae  are  employed.  This  is 
permissible  despite  large  variations  in  3Dg, 
since  ^  on  the  surface  is  in  general  a  smoothly 
varying  continuous  function,  which  was 
confirmed  by  plotting  against  i  for  several 
conditions.  In  the  present  algorithm, 
Simpson's  rule  was  applied  for  the  evaluation 
of  force  and  moment  expressions  (30)  to  (32). 


To  carry  out  the  computations  on  the  wetted 
body  surface  BDgi  it  is  convenient  to  describe 
the  body  geometry  with  respect  to  the  Gx'z' 
system,  in  which  it  is  Invariant.  Denoted  by 
3D'b(  it  can  be  subdivided  into  segments  once 
and  for  all.  To  determine  the  wetted  contour 
3Db  (3Db  C  3D'b),  the  intersection  points  3Df  n 
SDg  need  to  be  found.  This  is  achieved  using 
an  extrapoltion  scheme  in  which  a  second  order 
polynomial  is  fitted  to  the  three  points  on  3Df 
adjacent  to  3D'g.  However,  the  application  of 
a  fixed  discretization  of  3D'g  through  the 
determination  of  3D'g  n  3Df  and  the  subsequent 
consideration  of  only  those  segments  of  3D'g 
which  belong  to  dDg,  produced  an  instability  in 
the  force  computation  and  a  resulting 
divergence  of  the  solution.  This  was  caused 
by  the  Introduction  or  deletion  of  segments  on 
the  body  near  the  intersection  point  with  the 
free  surface,  which  in  turn  produced  a  large 
variation  of  pressure  in  the  computation  of  the 
dynamic  part  of  the  pressure  distribution. 
This  problem  is  overcome  hy  redistributing  the 
collocation  points  on  the  body  at  every  time 
step  such  that  the  segment  sizes  vary  smoothly 
In  time.  Because  of  the  redistribution  of  the 
collocation  points,  a  spatial  interpolation  of 
(f>  becomes  necessary  in  the  computation  of 
d^/dt.  In  general,  this  spatial  interpolation 
Introduces  very  small  approximation  errors, 
since  the  changes  of  collocation  points  between 
two  consecutive  time  steps  are  very  small. 
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Computations  using  linear  and  second  order 
interpolation  rules  produced  practically 
indistinguishable  results.  In  the  present 
algorithm,  the  second  order  rule  is  applied. 

On  the  free  surface,  a  similar 
redistribution  of  the  collocation  points 
becomes  necessary.  Except  for  a  wall-sided 
body  in  heave  motion,  any  other  combination  of 
the  body  geometry  and  modes  of  motion  causes 
a  change  in  the  size  of  the  segments  adjacent 
to  the  body,  eventually  leading  to  a  deletion 
or  introduction  of  a  collocation  point.  For 
the  same  reason  as  on  the  body,  this 
destabilizes  the  force  computations.  Therefore 
the  original  locations  of  the  collocation 
points  cannot  be  retained,  and  collocation 
points  must  be  redistributed  at  every  time 
step.  This  necessitates  an  Interpolation  of 
ti  and  ^  in  space  for  the  Integration  of  the 
free  surface  evolution  equations.  Instead  of 
storing  and  interpolating  between  q  and  4 
values,  the  values  of  the  right  hand  sides  of 
(2)  and  (19)  are  stored  for  the  required  number 
of  past  time  steps  (four  steps  for  the 
integration  scheme  employed)  and  interpolated. 
This  results  in  a  slight  reduction  of  the 
computation.  A  cubic  spline  interpolation  is 
employed.  With  regard  to  the  associated- 
numerical  inaccuracies,  the  above  comments  on 
the  discretization  of  SOg  apply. 


integrates  the  equations  of  motion  using  the 
explicit  scheme.  In  this  way,  it  is  possible 
to  use  a  stable  difference  formula  for  the 
dynamic  pressure  term  in  the  force  calculation, 
in  exchange  for  an  explicit  scheme  of  the 
integration  of  the  equations  of  motion. 

Although  the  adopted  procedure  was  more 
stable  and  not  divergent  at  the  initial  time 
steps,  after  sufficient  time,  in  particular 
when  surge  and/or  roll  motions  were  involved, 
another  'saw-tooth'  type  instability  was  found 
in  the  time  variation  of  the  forces,  velocities 
and  displacements .  These  appeared  first  in  the 
force  computations  and  gradually  contaminated 
the  velocities  and  displacements.  The 
mechanism  which  Initiates  this  instability  was 
not  identified,  but  the  singularity  at  the  body 
and  free  surface  Intersection  point,  associated 
with  larger  horizontal  velocity  components  in 
these  modes,  is  probably  a  factor.  This 
problem  is  circumvented  by  smoothing  the  forces 
in  time.  The  smoothing  formulae  applied  are 
the  same  as  those  used  on  the  free  surface 
(notice  that  the  smoothing  here  is  in  time) . 
For  the  chosen  Integration  rules,  forces  over 
only  Che  past  four  steps  need  to  be  smoothed. 

6.  The  Evaluation  Against  Experimental  Data 

6.1  The  Experimental  Program 


5 . 3  The  Integration  of  The  Equations  of  Motion 

In  order  to  integrate  them  in  time,  the 
equations  of  motion  (29)  are  transformed  into 
six  ordinary  differential  equations  of  Che 
first  order: 


(Uo,  Xq,  Vq,  Z(j,  u,  9) 


Mg’ 


“0 


■  if’ 


(38) 


A  number  of  standard  techniques  are  available 
for  integrating  the  above  system  of  equations. 
For  convenience,  as  well  as  Co  be  consistent 
with  the  integration  of  the  free  surface 
conditions,  a  4th  order  A-B-M  scheme  was 
originally  used.  However,  the  solution  was 
divergent,  and  this  could  not  be  remedied  by 
increasing  the  number  of  iterations  per  time 
step.  The  problem  was  found  to  be  caused  by 
the  computation  of  the  d^/dc  terra.  When  an 
implicit  scheme  is  used  for  the  equations  of 
motion,  this  term  can  only  be  computed  from  a 
backward  difference  scheme  in  time  in  the 
corrector  part  of  the  algorithm  and  this  leads 
to  the  instability. 


In  the  present  algorithm,  the  instability 
is  avuiueu  cumpuLliig  the  piedlcted  values 
by  using  a  backward  difference  scheme  for  d^/dt 
in  the  force  evaluation,  and  an  explicit  scheme 
for  integrating  the  equations  of  motion.  For 
the  second  and  higher  iterations,  the  scheme 
returns  to  the  preceding  time  step  and  corrects 
the  forces,  this  time  utilizing  a  central 
difference  scheme  for  d^/dt,  and  once  more 


An  experimental  program  was  undertaken  to 
validate  the  numerical  model.  This  was 
considered  necessary  due  to  the  inadequacy  of 
published  analytical,  numerical  or  experimental 
data  on  two-dimensional  motions  of  floating 
bodies  in  steep  waves.  To  the  authors 
knowledge,  no  systematic  two-dimensional 
experimental  data  are  readily  available  in  open 
literature,  in  which  a  floating  body  is 
subjected  to  an  Incident  wave  train  such  that 
the  motions  and/or  waves  contain  significant 
non-linear  characteristics.  The  only  exception 
appears  to  be  the  experiment  by  Kyozuka  [40] 
who  conducted  an  experiment  on  a  body  of  Lewis 
form  by  subjecting  it  to  oncoming  waves  and 
presented  the  results  in  the  frequency  domain. 

The  experiments  were  performed  in  the 
Memorial  University  wave  tank  which  has 
interior  dimensions  of  54.74  m  x  4.8  m  x  3.04 
m  and  is  equipped  with  a  piston  type  wave-maker 
and  a  parabolic  beach  (for  more  details  on  the 
tank,  see  [41]).  The  arrangement  where  the 
body  is  completely  free  to  float  was  considered 
not  to  be  favourable  for  experimental  purposes , 
since  it  would  be  difficult  to  prevent  the  body 
from  undergoing  motions  in  the  transverse  plane 
(yaw  and  pitch) .  This  lead  to  the  choice  of 
experiments  in  which  the  body  was  restricted 
froDi  swaying.  Tlie  uudy  clioseit  for  LesLing  was 
of  rectangular  40  cm  x  40  cm  cross  section,  and 
its  length  was  120  cm.  To  avoid  sharp  corners 
and  minimize  resulting  flow  separation,  a  bilge 
radius  of  2.5  cm  was  provided.  The  body  was 
ballasted  to  a  draft  of  20  cm.  To  achieve  two- 
dimensionality  of  the  flow,  a  channel  within 
the  wave  tank  was  constructed  by  erecting 
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vertical  walls.  The  channel  length  was  6.1m. 
For  the  period  for  which  test  results  were 
collected,  reflected  waves  from  either  end  of 
the  tank  did  not  reach  the  test  site. 
Experiments  were  performed  In  a  water  depth  of 
0.9  m.  The  wave  field  was  monitored  using 
standard  twin  wire  wave  probes  of  resistor 
type.  The  collected  data  were  therefore  the 
wave  heights,  the  horizontal  force  exerted  on 
the  body  and  roll  and  heave  displacements  of 
the  body. 

Prior  to  the  testing  of  body  motions,  a 
series  of  preliminary  tests  were  performed  In 
which  waves  were  generated  and  wave  heights 
were  measured  at  four  locations  along  the 
centre  line  of  the  channel.  One  of  them 
coincided  with  the  designed  location  of  the 
body.  The  purpose  of  these  tests  was  to 
determine  the  range  of  frequencies  and  heights 
for  which  waves  of  acceptable  quality  could  be 
generated  In  the  channel.  Also,  the  data 
generated  were  needed  for  the  comparison  with 
the  simulation. 

The  tests  with  the  model  were  conducted  In 
two  series.  In  one  the  model  was  free  to  heave 
but  restrained  from  rolling.  The  roll  moment 
was  not  measured  In  these  tests.  In  the  other, 
the  model  was  free  to  heave  and  roll  but 
restrained  from  swaying.  The  steepest  waves 
generated  In  the  preliminary  wave  test  series 
could  not  be  applied  In  the  main  series  of  the 
tests  because  they  caused  significant  flooding. 
Altogether  39  tests  were  perforrae_d  covering 
the  range  of  wave  periods  0.054  ^  w  y(b/2g)  < 
1.08,  with  w  -  2jr/T  and  b  denoting  the  breadth 
of  the  body  cross-section,  and  of  wave 
steepness  0.068  <  H/A  <  0.013.  The  tests  with 
the  body  free  to  roll  were  carried  out  for  two 
radii  of  gyration  0.29b  and  0.36b,  and  for  GM/b 
-  0.054. 

For  all  body  motion  tests,  data  were 
recorded  which  Included  the  transient 
Information.  Except  for  the  horizontal  force 
measurement,  all  other  measurements  (wave 
heights,  heave  and  roll  motions)  had 
Insignificant  amount  of  noise  content.  The 
noise  was  removed  by  a  five  point  averaging 
technique.  For  the  force  measurement,  however, 
the  time  records  contained  a  relatively  large 
proportion  of  high  frequency  noise.  The  noise 
was  subsequently  removed  by  applying  a  digital 
filtering  technique.  A  majority  of  the  tests 
was  conducted  twice  to  verify  repeatability  of 
the  tests.  The  results  showed  very  good 
repeatability,  with  the  exception  of  the  sway 
forces . 

6 . 2  The  Comparison  of  Experimental  and 
N'jtr'sirlcsl.  Rcsul.  tn 


6.2.1  General  Comments 

In  order  to  establish  a  proper  basis  for  the 
comparison  of  the  experimental  data  with  the 
corresponding  results  of  computation.  It  Is 
necessary  to  replicate  the  experimental  wave 


conditions  In  the  numerical  simulation  as  close 
as  possblle.  Previous  computed  results  (cf. 
§4)  showed  that  the  height  of  the  generated 
waves  Inside  the  control  domain  Is  closely 
comparable  to  the  height  (H)  of  the  Airy  wave 
describing  the  excitation  potential.  Also,  the 
fundamental  period  of  the  generated  wave  was 
shown  to  be  very  close  to  the  excitation 
period.  Ideally,  the  excitation  potential 
should  be  selected  such  that  the  waves 
simulated  at  the  location  of  the  body  match  the 
test  wave  conditions  but  this  would  lead  to  a 
trlal-and-error  search  for  the  correct 
excitation  potential.  Considering  the 
simulation  time  and  the  number  of  experimental 
conditions  that  were  to  be  simulated,  this 
process  would  have  been  prohibitively  expensive 
and  time  consuming.  Instead,  the  application 
of  the  Airy  excitation  potential  with  H  and  T 
taken  from  the  test  conditions  was  found  to 
give  close  enough  simulations  of  the 
experimental  waves. 

All  of  the  numerical  results,  used  in  the 
comparisons  with  the  experimental  data,  unless 
specifically  mentioned,  were  computed  for  a 
standardized  control  domain  extending  over  L 
-  4.0A.  The  CG  of  the  body  at  rest  was  located 
at  -  2 . 5A  from  the  boundary  30^1 .  The  two 
values  of  time  variable  T^  and  Tj  indicate 
approximately  the  time  at  which  the  fully 
developed  wave  pattern  reached  the  location  of 
the  body  (Ti),  and  the  time  at  which  the 
reflected  from  the  body  wave  pattern  reached 
the  excitation  boundary  (Tj) .  The  values 
provide  a  guidance  for  the  time  interval  within 
which  the  comparisons  are  meaningful.  For  the 
size  of  the  domain  chosen,  about  3  to  5  wave 
periods  could  be  obtained  within  the  interval 
between  Ti  to  Tj  for  most  of  the  tests. 

Considering  the  wide  range  of  wavelengths 
A  for  which  numerical  results  were  to  be 
generated,  the  grid  sizes  were  not 
standardized.  The  spatial  grid  sizes  were 
chosen  such  that  a  reasonably  good  description 
of  the  entire  boundary  can  be  obtained.  At  for 
each  computation  was  chosen  such  that  it 
satisfied  the  condition  given  by  eqn.  (16) . 
The  other  relevant  parameters  were:  fi/T  -  1 
and  n  -  4  for  all  computations  (this 
corresponded  to  the  matching  length  between 
O.IA  to  0.13A).  The  shape  of  the  body  in  the 
numerical  model  was  rectangular. 


The  comparison  between  the  numerical  and 
experimental  time  records  were  presented  in  the 
following  manner.  The  numerical  wave  elevation 
was  monitored  at  a  station  Inside  the  control 
domain,  located  at  a  distance  of  0.5A  from  the 
excitation  boundary.  The  station  was  about 


ft  /*  % 


on  vitO 


average,  therefore  the  time  history  for  the 
free  surface  elevation  remained  uninfluenced 
by  reflections  from  the  body  for  a  relatively 
long  time.  For  the  experimental  input 
conditions,  the  wave  elevation  records  from  the 
preliminary  test  series  without  the  presence 
of  the  body  were  taken  as  the  experimental 
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input  conditions.  The  comparison  of  these  two 
records  provided  the  comparison  of  the  oncoming 
wave  conditions.  For  presentation,  these  two 
records  were  synchronized.  The  synchronization 
was  standardized  by  matching  the  peak  of  the 
simulated  wave  in  the  time  interval  3<t/T<4 
with  the  peak  of  the  experimental  wave  record. 

The  primary  outputs  of  the  experimental  and 
numerical  model  were  the  two  displacements, 
heave  and  roll,  and  the  horizontal  (sway) 
force.  These  results  were  plotted  after  their 
records  were  synchronized  with  respect  to  the 
undisturbed  wave  pattern  at  the  horizontal 
location  of  the  body  CC  at  rest.  The 
synchronization  was  achieved  by  first 
presenting  the  experimental  records  relative 
to  the  undisturbed  wave  pattern  at  the  CG 
location.  The  undisturbed  wave  pattern  was 
obtained  from  a  reference  probe  record  and  the 
phase  difference  between  the  reference  probe 
and  the  probe  at  the  location  of  the  body  CG, 
measured  in  the  absence  of  the  model. 
Subsequently  the  records  of  the  responses 
determined  by  the  numerical  model  were  adjusted 
for  the  phase  difference  between  the 
experimental  and  simulated  wave  patterns  at  the 
location  of  the  reference  probe.  The  error 
Inherent  in  this  procedure  was  estimated  within 
+  15  deg. 

6.2.2  The  Comoart.son  of  Swav  Forces  and  Heave 
Motions 

A  detailed  review  of  the  comparison  of  the 
experimental  and  computed  records  is  beyond  the 
scope  of  the  present  discussion,  only  a  brief 
summary  and  some  examples  can  be  presented 
here. 

With  the  exception  of  three  instances  over 
the  whole  experimental  range,  the  sway  force 
differences  of  peak-to-peak  values  were 
contained  within  +10X  with  respect  to  the 
experimental  data,  for  the  steady  responses. 
However,  relatively  large,  on  the  average  ±20®, 
phase  differences  were  observed,  larger  for  the 
model  restrained  from  rolling,  on  the  average 
+26®.  It  should  be  noticed  that  the 
experimental  peak-to-peak  values  were  assessed 
to  be  repeatable  within  not  leus  than  +4X 
error. 

The  differences  of  steady  peak-to-peak  heave 
responses,  between  the  experiment  and 
computation  were  well  below  +5Z  for  the  model 
free  to  roll  and  occasslonally  above  that  value 
for  the  model  restrained  from  rolling.  The 
phase  differences  were  within  +15  deg,  with 
the  exception  of  three  tests.  In  the  range  of 
heave  resonance  the  numerical  values 
consistently  ovcrpredicted  the  experimeuLal 
data.  The  repeatability  of  the  experimental 
data  was  estimated  within  +2X. 


6.3  The  Comparison  of  Roll  Motions 

With  the  exception  of  the  lowest 
experimental  frequency  in  the  vicinity  of  roll 
natural  frequency,  the  body  displayed  very 
small  roll  displacements  in  all  other  tests. 
The  roll  amplitudes  were  mostly  less  than  A 
deg.  The  numerical  method  predicted  a  similar 
behaviour. 

Large  roll  amplitudes  were  _  obtained 
experimentally  for  the  frequency  wy(b/2g)  - 
0.5A  with  the  radius  of  gyration  0.033b.  At 
this  frequency,  experimental  data  was  gathered 
for  three  different  wave  steepnesses,  H/A  - 
0.013,  0.023  and  0.028.  A  larger  steepness 
could  not  be  achieved  due  to  the  limitation  of 
the  dynamoneter  (maximum  allowable  roll  of  + 
30  deg.)  as  well  as  due  to  water  spilling 
inside  the  body.  For  these  tests,  although  the 
agreement  of  measured  and  computed  phases  was 
very  good,  with  phase  differences  within  +15 
deg,  the  roll  amplitudes  were  considerably 
over-predicted,  with  peak-to-peak  values 
differing  by  between  17X  to  32X.  The  peak-to- 
peak  sway  forces  were  under-predicted  on  the 
average  by  19X.  The  heave  motions  correlated 
well,  with  peak-to-peak  values  over-predicted 
on  the  average  by  5X  and  approximately  zero 
phase  difference. 

The  over-predictions  of  roll  amplitudes  is 
believed  to  result  from  effects  of  fluid 
viscosity  which  were  not  accounted  for  in  the 
numerical  model.  The  significant  influence  of 
fluid  viscosity  on  the  damping  of  roll  is  well 
documented  in  literature  (see  e.g.  [A2]). 
Therefore,  the  incorporation  in  the  numerical 
model  of  the  viscous  effects  upon  roll  damping 
is  expected  to  improve  the  predictions. 

In  order  to  include  the  viscous  damping  of 
roll  in  the  numerical  model,  the  equation  of 
roll  motion  was  modified  to  the  form; 

IgS  -  Mo  -  bo(0  (39) 

where  the  second  term  on  the  right-hand  side 
of  (39)  represents  the  contribution  of  viscous 
damping  to  the  roll  moment  and  is  considered 

as  a  function  of  angular  speed  S.  It  should 
be  observed  that  moment  Mo  includes  the  effects 
of  roll  damping  resulting  from  wave  scattering. 
The  expression  for  the  viscous  damping  moment 
was  identified  from  free  rolling  numerical  and 
physical  experiments  in  the  form: 

bg(ff)  -  B,?  +  (40) 

where  Bi  and  Bj  denote  constant  coefficients 
derived  from  the  identification.  In  the 
identification  the  assumption  was  made  that  the 
damping  contribution  of  wave  scattering  to  the 

roll  moment  is  linear  with  respect  to  6 . 
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The  numerical  results  obtained  by  the 
described  above  procedure  showed  a  significant 
Improvement  of  the  predicted  roll  motion.  The 
changes  of  computed  sway  force  and  heave  motion 
were  marginal.  Figs.  7  and  8  show  the 
comparisons  of  the  computed  and  measured 
records,  obtained  without  and  with  the 
Inclusion  of  viscous  roll  damping  respectively. 
The  results  are  for  the  largest  wave  steepness 
H/A  -  0.028  at  which  the  worst  agreement 
between  the  experiment  and  computation  was 
observed.  For  all  three  wave  steepnesses  the 
differences  between  computed  and  measured  peak- 
to-peak  roll  values  reamlned  below  6X  for  the 
simulations  in  which  eqn.  (39)  was  applied. 

6. 4  Summary 

Taking  into  account  the  experimental  errors 
and  inaccuracies  of  the  comparison  resulting 
from  the  unsteady  characteristics  of  the 
experimental  and  computed  data,  the  predictions 
by  the  numerical  model  show  good  agreement  with 
experimental  records.  The  observed  differences 
between  computed  and  measured  sway  forces  and 
heave  motions  result,  at  least  partly,  from 
the  absence  of  viscous  effects  in  the  numerical 
model,  A  similar  remark  applies  to  the  roll 
motions  were  the  Inclusion  of  the  viscous  roll 
damping  is  semi-empirical. 

It  should  be  observed  that  the  experimental 
data  used  in  the  comparison  Included  three 
kinds  of  non-negligible  non-linear  phenomena. 
For  the  shorter  waves  with  higher  steepness, 
the  waves  near  the  body  approached  the  breaking 
limit.  In  a  number  of  tests,  a  foam  formation 
was  observed.  Large  heave  and  relative  motions 
of  the  body  with  respect  to  waves  were  observed 
in  several  tests.  For  these  tests,  the  video 
records  showed  that  the  run-up  profiles 
resembled  closely  those  generated  by  the 
simulation.  In  addition,  the  tests  Included 
the  occurrence  of  roll  amplitudes  up  to  20  deg. 
combined  with  large  motions  relative  to  waves. 

The  comparison  confirmed  the  validity  of  the 
numerical  method  In  the  presence  of  the 
described  phenomena.  It  also  demonstrated  that 
the  method  can  provide  realistic  estimates  of 
roll  motions  within  the  specified  range  if  a 
semi-emplrlcal  model  of  viscous  roll  damping 
is  included  in  the  algorithm. 

7.  Conclusion 

The  numerical  results  presented  above  show 
that  the  propagation  of  steep  long-crested 
periodic  waves,  which  may  include  mild 
transients,  can  be  modelled  numerically  in  the 
time  domain  by  means  of  a  relatively  simple, 
low  order  boundary  element  method  algorithm. 
The  efficiency  of  a  radiation  condition  of 
Orlanskl's  type  is  also  demonstrated.  The  use 
of  the  condition  makes  possible  the  avoidance 
of  other  means  of  eliminating  the  reflection 
of  waves  at  the  downstream  boundary,  such  as 
e.g.  the  introduction  of  an  artificial  wave 
damping  in  the  free  surface  conditions,  which 


are  not  compatible  with  open  water  conditions. 
Similar  comments  apply  to  the  wave  excitation 
in  the  control  fluid  domain,  achieved  in  the 
algorithm  by  a  matching  of  an  imposed  exciting 
wave  potential  with  the  flew  in  the  control 
domain,  in  the  vicinity  of  the  upstream  control 
boundary.  The  procedure  is  different  from  the 
more  usual  simulation  of  a  physical  wave-maker, 
and  corresponds  better  to  open  water 
conditions.  However,  in  the  procedure  the 
exciting  wave  potential  must  be  modulated  in 
time  to  enforce  the  compatibility  of  the 
initial  conditions  at  the  boundary  and  in  the 
control  domain.  The  problem  parallels  similar 
difficulties  encountered  in  the  modelling  of 
the  wave -maker. 

Another  characteristic  feature  of  the 
algorithm  constitutes  the  use  of  an  Eulerlan 
form  of  the  nonlinear  free  surface  conditions, 
based  on  the  assumption  of  a  single -valued  wave 
elevation.  At  present  this  form  of  the 
conditions  appears  to  be  more  suitable  for  the 
extended  in  time  modelling  of  motions  of 
floating  bodies  in  steep  waves,  than  its 
Lagrangian  counterpart,  although  the  latter  is 
capable  of  modelling  wave  breaking.  The 
application  of  the  Eulerlan  free  surface 
conditions  makes  possible  a  strict  observance 
of  local  stability  condition  of  Courant  type, 
without  the  use  of  procedures  (such  as  e.g.  a 
regrlddlng  of  collocation  points)  which  may 
introduce  a  numerical  smoothing.  The  results 
presented  above  suggest  that  the  violation  of 
a  Courant  type  stability  condition  may  not  be 
the  reason  of  the  occurrence  of  the  typical 
instability  in  the  free  surface  data. 

The  extention  of  the  basic  steep  wave 
propagation  algorithm,  which  includes  the 
presence  of  a  free  floating  body  in  the  control 
fluid  domain,  provided  time  domain  simulations 
of  body  motions.  In  the  simulations  steady 
state  motions  of  the  body  excited  by  steep 
periodic  waves,  preceded  by  short  transients, 
were  achieved.  The  computed  records  compare 
well  with  experimental  data,  thus  illustrating 
the  applicability  of  the  extended  algorithm. 
The  experimental  data  were  obtained  from 
specially  performed  model  tests,  with  a  body 
model  restrained  in  the  sway  mode.  In  several 
of  those  tests  significant  nonlinear  phenomena 
related  to  the  wave  propagation  and  interaction 
with  the  body  were  observed.  In  the  numerical 
simulations  no  significant  wave  reflection  at 
the  downstream  boundary  was  detected.  However, 
for  the  form  of  the  algorithm  presented  here, 
simulation  times  are  limited  by  the  reflection 
of  waves  scattered  by  the  body  from  the 
upstream  control  boundary.  To  ensure  the 
stability  of  the  computation  of  hydradynamic 
forces  and  of  the  integration  of  the  quations 
of  body  motion,  special  procedures  were 
developed  which  include  a  smoothing  of  the 
hydrodynamic  forces  in  time. 
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d/A  -  0.4,  AXp/A  -  1/25  and 
At/T  -  1/40) . 
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g-  5 


Comparison  of  theoretical  and  numerical  time  histories  of  vave 
elevation. 


(a)  at  i  =  12  (i/A  =  0.48) 


A  Airy  wave  pot.  on  dOci 
O  Stokes  2nd  order  pot.  on  dV 
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Fig.  6  The  evolution  in  time  of  free  surface  elevations  induced  by  different 
excitation  potentials. 
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Fig.  8 


Comparison  of  theory  and  experiment  for  wyb/2g  -  0.54  and  H/X  -  0.028 
when  roll  viscous  damping  is  included  in  the  simulation: 

(Ti«14.5  sec  and  T2“21.0  sec). 


DISCUSSION  DISCUSSION 

by  R.  Cointe  by  R.C.  Ertekin 


I  would  like  to  congratulate  the  authors 
for  a  very  interesting  and  extensive  work.  We 
are  now  working  on  a  similar  problem  and  we 
find  It  very  difficult  to  accurately  compute 
the  fiee  motions  of  the  body  using  finite 
dif  ferences  in  time  to  evaluate  the  9®/3t 
term  in  Bernoullie's  equation.  An  alternative 
method  consists  in  evaluating  this  term  by 
solving  the  corresponding  boundary  integral 
equation.  Would  the  authors  discuss  their  ex¬ 
perience  on  this  problem? 

Author's  Reply 

The  work  presented  by  Dr.  Cointe  at  this 
conference! A1 ) ,  addresses  several  problems 
which  are  either  identical  or  analogous  to  the 
ones  we  have  addressed  in  our  paper.  The  main 
differences  between  the  two  works  result  from 
the  assumed  directions  of  approach,  with  the 
"numerical  flume"  approach  taken  by  Dr. 
Cointe,  and  "open  water"  approach  chosen  by 
us.  As  a  result  certain  comparisons  between 
the  achieved  results  may  be  instructive. 

In  particular  I  believe,  it  is  worthwhile 
to  notice  that  the  wave  damping  condition 
employed  in  (Al)  at  the  down  stream  boundary, 
is  tuned  to  the  dominant  wave  frequency,  and 
our  application  of  the  radiation  condition 
depends  on  the  use  of  an  appropriate  wave 
celerity. 

It  could  also  be  interesting  to  see  how 
an  introduct*jn  of  the  compatibility  of  the 
initial  condition  on  the  exciting  boundary  and 
free  surface,  which  we  impose  through  a 
modulation  function,  would  affect  the 
performance  of  Dr.  Cointe's  algorithms. 

Referring  directly  to  Dr,  Cointe's 
question,  we  could  not  avoid  the  necessity  to 
solve  the  boundary  value  problem  twice  in 
order  to  advance  the  simulation  of  motion  of  a 
floating  body  in  time.  The  technique  used  is 
described  in  section  5.3,  and  it  relies  on 
using  a  cential  difference  scheme  to  obtain 
time  derivatives  of  the  potential  on  the  body 
surface. 

We  very  much  appreciate  Dr.  Cointe’s 
question  and  wish  him  success  in  finalizing 
the  development  of  his  model. 

(Al)  R.  Cointe,  "Nonlinear  Simulation  of 
Transient  Free  Surface  Flows",  5th 
International  Conference  on  Numerical 
ShipHydrodynami.-s,  Hiroshima,  1989. 


The  authors  should  be  commended  for  a  very 
careful  and  detailed  analysis  carried  out  in 
their  paper.  It  was  a  pleasure  to  read  it. 

By  using  the  plane  speed  obtained  from  the 
potential  for  Airy  Waves,  you  appear  to  be 
assuming,  at  least  implicitly,  that  downstream 
waves  are  linear.  And  by  setting  c'=  ac  and 
varying  a,  aren't  you  basically  determining 
the  value  of  the  phase  speed  which  you  would 
have  if  you  numerically  calculated  it? 

We  have  recently  solved  the  problem  of 
diffraction  of  nonlinear  waves  by  2- 
dimfciisional  submerged  objects  by  using  the 
BEM.  The  results  will  be  presented  in  the 
next  OMAE  conference  in  Houston  (1990,  9th 
meeting).  We  have  used  Crank-Nicholson  scheme 
in  time  stepping  and  found  no  saw-tooth  waves 
that  you  have  seen  in  your  results  by  using 
the  A-B-M  method.  We  have  not  filtered  our 
results.  This  makes  we  believe  that  your  time 
stepping  algorithm  is  causing  tlie  problem.  It 
is  not  very  unheard  of  that  a  multistep  method 
is  associated  with  such  difficulties  (Burden  & 
Faires,  "Numerical  Analysis",  1985,  Prindle  & 
Weber).  One  way  of  handling  this  difficulty 
is  by  using  adaptive  time  stepping  in  the 
algorithm. 

I  would  like  to  also  point  out  that 
Shapiro,  R.  ("Linear  filtering".  Mats. 
Comput.,  Vol.  29,  1975)  presented  filtering 
formulas  for  any  number  of  points  earlier. 

Finally,  could  you  explain  why  sway  forces 
could  not  have  been  repeated  in  the 
experiments? 

Author’s  Reply 

The  comments  by  Professor  Ertekin  are 
appreciated.  considering  the  formulation 
presented  in  the  paper,  the  upstream  boundary 
can  be  used  as  a  permeable  boundary  for 
oncoming  waves  which  satisfy  fully  the  non¬ 
linear  free  surface  conditions.  However, 
applications  on  that  boundary,  of  wave 
potentials  which  do  not  conform  to  the 
conditions,  are  equivalent  to  wave  excitations 
hy  a  wave  maker.  As  much  as  the  kinematics  of 
a  wave  maker  board  does  not  imply  the 
linearity  of  the  generated  waves,  since  they 
satisfy  the  non-linear  free  surface 
conditions,  the  application  of  an  Airy  wave 
potential  on  the  upstream  boundary  does  not 
imply  the  linearity  of  the  wave  generated  in 
the  control  fluid  domain.  A  wave  excitation 
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of  this  type,  by  a  wave  potential  which  in¬ 
cludes  a  wave  celerity  c  in  its  definition, 
makes  it  convenient  to  use  the  same  celerity 
in  the  radiation  condition.  This  procedure 
appeared  to  be  effective  in  the  performed 
simulations.  Otherwise  the  celerity  would 
have  to  be  determined  numerically  from  the 
solution  in  the  control  fluid  domain. 

The  source  of  the  saw-tooth  instability  in 
the  wave  propagation  simulation  is  not 
entirely  clear.  In  our  simulations  it  was 
related  to  the  use  of  the  non-linear  free 


surface  conditions  and  to  wave  steepness,  and 
therefore  the  accuracy  of  the  computation  of 
the  spatial  derivatives  in  the  free  surface 
conditions  seems  to  be  the  probable  source  of 
the  instability. 

Finally,  the  measurements  of  sway  forces 
were  repeated  in  all  the  tests  carried  out 
twice.  However  the  peak-to-peak  values  from 
those  measurements  showed  a  variation  of  at 
least  ±4%  between  the  original  and  repeated 
test  records.  The  cause  of  these  variations 
was  not  fully  determined. 
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for  the  Green’s  functions  involved.  The  solution  of  the 
boundary  integral  equations  comes  from  a  very  effec¬ 
tive  iterative  solver.  The  calculation  of  the  wave  drift 
forces  is  done  in  two  alternative  ways,  one  is  the  inte¬ 
gration  of  the  pressures  over  the  mean  wetted  surface 
of  the  body  and  secondly  using  the  Maruo  expression 
for  the  wave  drift  forces  corrected  for  the  small  forward 
speed  parameter.  The  nature  of  the  non-uniformity  in 
the  asymptotic  expansions  will  be  studied  in  this  pa¬ 
per  and  extended  to  uniform  expansions.  We  keep  in 
mind  that  one  of  our  goals  is  to  arrive  at  a  formulation 
that  makes  use  of  the  zero  speed  source  potential. 

In  this  paper  we  present  a  uniform  approximation 
valid  for  small  values  of  the  small  parameter  but  also 
for  fixed  finite  values  of  tR. 

2.  Mathematical  Formulation 

We  first  derive  the  equations  for  the  potential  func¬ 
tion  such  that  the  fluid  velocity  is  de¬ 

fined  as  u{x,t)  =  grad  ^(2,().  The  total  potential 
function  will  be  split  up  in  a  steady  and  a  non-stcady 
part  in  a  well-known  way: 

<i)(x,t)  =  Ux-i-'^(x-,U)  +  ^{x,t-,U)  (1) 

In  this  formulation  U  is  the  incoming  unperturbed  ve¬ 
locity  field,  obtained  by  considering  a  coordinate  sys¬ 
tem  fixed  to  the  ship  moving  under  a  drift  angle  a.  In 
our  approach  this  angle  need  not  be  small.  The  time 
dependent  part  of  the  potential  consists  of  a  incoimng 
wave  at  frequency  w  an  a  diffracted  and/or  radiated 
wave  contribution.  To  compute  the  wave  drift  forces 
all  these  components  will  be  taken  into  account. 


z 


Fig.  1.  Axis  of  coordinate  system 

The  equations  for  the  total  potential  (j>  can  be  writ¬ 
ten  as: 

A<j>  =  0  in  the  fluid  domain  Dr  (2) 


At  the  free  surface  we  have  the  dynamic  and  kinematic 
boundary  condition 

gC  +  <i>t  +  •  V(j>  =  constant  I 

I  at  z  =  C  (3) 

<f>t  —  4>zC])  ~  <I>dCv  ~  Ct  —  ^  } 

We  assume  that  the  waves  are  high  compared  to  the 
Kelvin  wave  pattern,  but  that  they  are  both  small  in 
nature,  hence  the  free  surface  boundary  condition  csm 
be  expanded  at  z  =  0.  Elimination  of  (  leads  to  the 
following  non-linear  condition: 

=0atz  =  0  (4) 

To  compute  the  wave  resistance  at  low  speed  the  free 
surface  elevation  must  be  treated  more  carefully,  be¬ 
cause  the  wave  height  is  of  asymptotically  smaller  or¬ 
der.  This  problem  has  been  studied  extensively  by 
Bggers  [13],  Baba  [14],  Hermans  |15|  and  Brandsma 
[16].  The  velocity  field  is  well  described  by  the  double 
body  potential  with  a  small  wave  pattern.Therefore 
we  take  the  double  body  potential  into  account  and 
we  neglect  the  stationary  wave  pattern.  For  the  wave 
potential  ^(»,  t;  U)  the  free  surface  condition  now  be¬ 
comes:- 

+  g^z  +  ^U^xt+ 

-f2V?  •  +  (U'^  +  2U2^  +  + 

+2{U  -f-  ^x)^v^rv  + 

+ 

+(2tf^,, + -f  {0}  =  0 

at  z  =  0  (5) 

The  boundary  conditions  on  the  hull  can  be  written  in 
a  similar  way  for  all  radiating  and  diffracted  modes. 
We  therefore  treat  the  following  general  form,  keeping 
in  mind  that  the  actual  form  has  to  be  used  in  the 
computations.  Generally  we  have  the  condition: 

(V.^-n)  =  y(®)e-“'®e  5  (6) 

where  S  is  the  mean  wetted  area  of  the  ship  hull. 

The  noii-liiieai  operator  £'■'  on  (p  will  be  neglected 
as  well.  The  first  term  in  equation  (5  )  contains  linear 
terms  in  U. 
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Wageningen,  The  Netherlands 
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Technical  University  of  Delft 
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Abstract 

In  this  paper  results  will  be  presented  of  model 
tests  and  calculations  of  the  wave  drift  force  on  a  200 
kDWT  tanker  and  half  immersed  sphere.  The  the¬ 
ory  of  small  forward  speed  motion  computations  is  ex¬ 
tended  in  order  to  allow  larger  horizontal  distances  in 
the  Green’s  functions  by  deriving  a  proper  asymptotic 
expansion  of  the  low  speed  Green’s  function.  Also  an 
alternative  formulation  for  the  wave  drift  forces  has 
been  derived,  based  on  the  momentum  balance  as  e.g. 
derived  by  Newman  or  Maruo.  This  alternative  for¬ 
mulation  is  derived  for  the  small  forward  speed  case. 

1.  Introduction 

Recently  we  derived  a  formulation  for  the  descrip¬ 
tion  of  the  motions  of  a  floating  body  with  a  small 
velocity.  The  reason  for  such  a  formulation  is  related 
to  the  wave  drift  damping  phenomena.  Large  moored 
tankers  offshore  exhibit  low  frequency  resonance  be¬ 
haviour.  These  resonant  forces  are  associated  with 
the  slowly  varying  wave  drift  forces.  These  forces  can 
be  computed  with  the  help  of  linear  diffraction  the¬ 
ory  and  taking  into  account  the  second  order  effects 
of  the  pressure  and  the  wave  height.  An  extensive 
study  among  many  other  studies  was  published  by 
Pinkster  (1).  Also  second  order  wave  excitation  may 
be  taken  into  account  in  an  approximative  way,  see 
Benshop  et  al.  (2).  In  an  early  paper  Remery  and 
Hermans  [31  indicated  that  for  an  accurate  descrip¬ 
tion  of  the  low  frequency  motions  not  only  the  drift 
forces  are  important  but  also  the  accurate  prediction 
of  the  damping  coefficient  near  resonance.  In  a  later 
study  by  Wichers  (4)  he  showed  that  this  damping  co¬ 
efficient  was  quadratic  with  respect  to  tlic  wave  height, 
tlius  leading  to  the  concept  of  wave  drift  damping  co¬ 
efficient,  which  have  been  shown  by  Wichers  et  al.  [5] 


to  be  related  with  the  forward  speed  dependency  of 
the  wave  drift  forces.  The  effect  of  the  varying  wave 
drift  forces  with  speed  has  been  described  by  a  num¬ 
ber  of  authors  nowadays,  beginning  from  Hermans  and 
Huijsmans  [6]  to  the  more  recent  publication  by  Nossen 
et  al.  (7],  Sclavonous  [8]  and  Hu  and  Batock  Taylor 
{9|.  In  the  paper  of  Hermans  and  Huijsmans  the  speed 
was  restricted  to  be  low,  due  to  non-uniform  character 
of  the  asymptotic  expansion  scheme.  In  the  paper  of 
Sclavonous  the  problem  was  solved  by  deriving  explicit 
Green’s  functions  for  the  wave  drift  damping,  with  a 
proper  account  of  the  disturbance  of  the  steady  poten¬ 
tial  <l>,.  In  order  to  solve  the  forward  speed  problem 
Zhao  and  Faltinsen  [lOj  showed  that  the  treatment  of 
the  speed  dependent  boundary  conditions  (depending 
on  the  steady  potential  (j>,)  have  to  be  handled  care¬ 
fully.  As  soon  as  one  tries  to  use  the  expansion  scheme 
in  [11]  for  the  unsteady  potential  with  respecl  to  for¬ 
ward  speed  at  a  small  but  fixed  forward  speed  one 
is  confronted  with  the  non-uniformities  in  the  asymp¬ 
totic  expansion.  In  short  one  finds  for  a  point  source 
that  the  second  order  results  behave  like  (rR)^  where 
T  =  is  the  small  parameter  and  R  is  the  distance 
to  the  point  source. 

In  former  studies  only  the  speed  effect  due  to  a 
uniform  flow  has  been  attempted.  However  the  in¬ 
fluence  of  the  steady  perturbation  potential  resulting 
from  the  stationary  fluid  flow  around  the  ship,  on 
the  ship  motion  problem  is  not  well  understood.  For 
the  case  the  current  is  head  on  or  the  ship’s  course 
is  at  zero  drift  angle,  then  the  influence  can  be  ne¬ 
glected.  In  case  of  a  ship  moving  at  a  certain  drift  an¬ 
gle  it  then  appears  to  be  of  considerable  influence,  see 
Huijsmans  et  al.  [12|.  In  our  study  we  have  incorpo¬ 
rated  the  steady  forward  speed  perturbation  potential 
into  the  ship  motion  problem.  The  forward  speed  ship 
motion  problem  is  solved  using  an  efficieni  algorithm 
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Our  Ansatz  is  that  in  order  to  obtain  the  first  or¬ 
der  approximation  with  respect  to  U  the  higher  order 
terms  in  U  may  be  neglected  in  the  free  surface  con¬ 
dition.  In  the  next  section  we  show  that  in  general 
this  is  true,  but  first  we  discuss  the  construction  of 
the  regular  part  of  the  perturbation  problem,  with  the 
complete  linear  free  surface  condition. 

We  assume  ^(i,  t:  U)  to  be  oscillatory. 

4>{x,t-,U)  =  (7) 

The  free  surface  condition  is  then  written  as: 

—w^<j>  —  2iwU  (j>zz  +  U^^zx'i' 

g<t,z  =  D{U-, ’}){<!>}  ^iz=0  (8) 

where  D{U\'^)  is  a  linear  differential  operator  acting 
on  (f)  as  defined  in  equation  (5). 

We  apply  Green’s  theorem  to  a  problem  in  D,  in¬ 
side  S  and  to  the  problem  in  outside  S,  where  S  is 
the  ship’s  hull.  The  potential  function  inside  S  obeys 
condition  (8)  with  D  =  Q,  while  the  Green’s  function 
fulfills  the  homogeneous  adjoint  free  surface  condition: 

-f-  2iwU -b 


with  at  =  cos{Ox,t),aT  -  cos{Ox,X.)  and  a„  = 
co8(0*,n),  where  a  is  the  normal  and  t  is  the  tan¬ 
gent  to  the  waterline  and  T  =  tx  n  the  binormal.  It 
is  clear  that  the  choice  of  7(f)  =  0  for  the  integral 
along  the  waterline  will  give  no  contribution  up  to  or¬ 
der  U.  The  source  distribution  we  obtain  in  this  way 
is  not  a  proper  distribution,  because  it  expresses  the 
function  1^  in  a  source  distribution  along  the  free  sur¬ 
face  with  a  strength  proportional  to  derivatives  of  the 
same  function  (f).  However  this  formulation  is  linear 
in  U  and  moreover  the  integrand  tends  rapidly  to  zero 
for  increasing  distances  R.  So  finally  we  arrive  at  the 
formulation: 

-2na{x)-  [i)  ■^G{x,i)  dSi 

X  6  S  (12) 

and 

4w^(x) = 


+U^Gii  +  9Gi  =  (i  atC  =  0  (9) 

This  Green’s  function  has  the  form 

G{x,i-,U)  =  -l  +  ^,-il>{x,i^U)  (10) 

T  T 

where  r  =  |*  -  ^|  and  r'  =  |x  -  ^'|  ,  where  ^  is  the 
image  of  ^  with  respect  to  the  free  surface. 


Combining  the  formulation  inside  and  outside  the 
ship  we  obtain  a  description  of  the  potential  function 
defined  outside  S  by  means  of  a  source  and  a  vortex 
distribution  of  the  following  form: 


4ir^(s)  = 

-  {«i7((l)  +  arlrii)}  ^(s.l)]  dg  -t- 


t 

■' —  / 

g  JuL 


°‘n<^{0G{£>i)dv 


j  JJ^G{x,i)D{<l,}dS( 


(11) 


-/la{i)G{x,i)dS,+ 

where  Z){(^}  =  2V^-y.^. 


We  now  consider  small  values  of  U,  keeping  in  mind 
that  there  are  two  dimensionless  parameters  that  play 
a  role  in  the  limit.  We  consider  r  ^  1  and 

^  »  1. 

It  turns  out  that  the  source  strength  and  potential 
function  can  be  expanded  as  follows: 

<T{x)  =  <Ttj{x)  +  T(X\{x)-\rff{x\U)  (14) 

<l>{x)  =  (j)t,[x)  +  r<in{,x)  +  d>{?^)U)  (15) 

where  cr  and  <j>  are  Cl(r*)  as  t  -»  0,  while  the  expansion 
of  the  Green’s  function  is  less  trivial. 

3.  The  Green’s  Function 

In  this  section  we  present  an  asymptotic  expan¬ 
sion  of  the  Green’s  function.  The  Green’s  function  fol¬ 
lows  from  the  source  function  presented  in  Wehausen 
and  Laitone  [17].  In  case  of  r  <  1/4  the  function 
i’  is  written  as  follows: 
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V'  (5,|; ^  ^  /.  + 


+  ^  r  de  [  dkF{e,k)  (16) 
TT  J,r/i  JC, 

where: 

fcexp(fe[g  +  C  +  t(g-Ocos  gj) 

^  ’  ’  gk-{cj  +  Ukcosef 

•  cos  [fc  (j/ —  ?;)  sin  0)  (17) 

The  contours  Ci  and  C-i  ate  given  as  follows: 


Fig.  2.  Contours  of  integration 

The  contours  ate  chosen  such  that  the  radiation 
conditions  are  satisfied.  The  radiated  waves  are  out¬ 
going  and  the  Kelvin  pattern  is  behind  the  ship.  For 
small  values  of  r  the  poles  of  equation  (17  )  behave  as: 

^  u>  +  C?(t)  as  T -♦  0  (18) 

«  y  cos  g  as  r  -♦  0  (19) 

A  careful  analysis  of  the  asymptotic  behaviour  of 
V'(®i4i  U)  for  small  values  of  U  leads  to  a  regular  part 
and  an  irregular  part: 

V’(2)4; V)  =  Ip,, (s,|)  +  Tip,  (2,1)  +  ... 

■  +I'~'ip,{x,^  +  ...  (20) 

where 

V'o  ($.i)  = 

'Pt  (x,i)  = 

(22) 

JC,  [K  -  K„F 

where  —  (x  -  |)^  +  (y  ~  yY  and  6'  =  arctan{^} 
and 


10  ($,|)  = 

exp  |i/(x  -f  C)  sec'*  sin  [t'(®  —  ^)  sec  fl]  • 

•  cos  [t/(y  -  1])  sin  6  sec*  sec*  6d6  (23) 

The  expression  in  equation  (23)  gives  the  interaction 
of  the  translating  part  of  the  Green’s  function  with 
the  oscillatory  part.  In  Hermans  and  Huijsmans  [6]  it 
is  shown  that  due  to  the  highly  oscillatory  nature  the 
influence  of  equation  (23)  may  be  neglected  in  our  first 
order  correction  for  small  values  of  t. 

The  non-uniformity  character  of  equation  (20)  for 
large  values  of  R  becomes  clear,  if  we  analyse  ip,  (®)^) 
a  little  bit  further.  The  contour  of  integration  C-i  is 
chosen  well  underneath  the  singularity  k,,  =  w*/y  and 
performs  a  partial  integration  of  equation  (22). 

The  end  points  give  zero  contribution.  Hence  we 
find: 

11  (2)^)  = 

We  are  mainly  concerned  with  small  values  of 
T(2-f^)  because  the  pressure  is  calculated  at  the  ship’s 
hull  and  we  assume  the  horizontal  length  scales  large 
compared  to  the  vertical  length  scale. 

To  get  more  insight  in  the  structure  of  the  source 
function  we  deform  the  contour  C  in  the  complex  plane. 


Fig.  3.  Contours  in  complex  plane 
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We  use  the  relation  Jn(^)  =  | 

For  large  values  of  z  the  Hankel  functions  behave  like 


and 

V 

V 

(25) 

We  find  as  an  approximation  of  equation  (20) 

V-  «  V-o  +  rV-i  =  2ni  + 


2 

+- 

TT 


glk(j+C) 
k  +  iko 


+  J  Ko{kR)dk  + 


At  cos  8' 

TT 


glfc(2+<) 

{k  +  ikaY 


g-ik(i+<)  1 

(i^^r 


■K,(kR)dk  (26) 

This  expression  is  then  studied  for  large  values  of  R. 

The  two  integrals  can  be  expanded  with  the  help 
of  the  following  integral  representation  of  the  function 
K,.{z): 

K„{z)  =  l\-‘^"’'"coshntdt  (27) 

We  first  apply  the  method  of  steepest  descend  with 
respect  to  the  t  integral  and  perform  a  partial  inte¬ 
gration  with  respect  to  k.  It  then  turns  out  that  both 
integrals  behave  like  0(R~^^^),  hence  they  lead  to  uni¬ 
form  expansions  with  respect  to  r.  The  integrals  are 
0(1)  as  T  -*  0,V/ig(u,«,)- 


rPnc,  »  2mkoe'^o^‘*<^H^'\koR) 

{1  +  2irkoRcose'}  -b  0(r*), V/igf),oo)  (29) 

and  for  large  values  of  R  we  have: 

V  7r«uii 

{1  -f  2TikoR  cos  8'}  +  0{R-^l'^)  +  0(r“)  (30) 

The  origin  of  the  non-uniformity  is  now  clear.  It  is 
the  well-known  phase  shift  of  the  wave  numbers  of  the 
PLK  method.  The  residue  of  the  exact  source  func¬ 
tions  leads  to  the  exact  phase  shift,  in  our  case  we 
have  approximated: 

txp(2ikf,T{x  —  f))  by  1  +  2ifco'r(*  —  ()  (31) 

This  term  originates  from  the  x,  t  derivatives  in  the  free 
surface  boundary  condition.  Before  treating  methods 
to  obtain  uniform  expansions  we  must  keep  in  mind 
the  way  we  like  to  use  the  Green’s  function.  This  leads 
to  the  insight  that  we  need  two  different  approaches. 
One  for  the  computation  of  the  far  field  wave  and  one 
for  the  computation  of  the  integral  equation.  In  the 
far  field  the  exact  value  of  the  wave  number  has  to  be 
taken  into  account,  while  in  the  latter  case  a  first  order 
correction  of  the  wave  number  is  sufficient  to  arrive  at 
solutions  valid  up  to  second  order. 


4.  Expansion  of  Source  Strength 

In  this  section  an  approximate  solution  of  equation 
(12)  will  be  derived.  Inserting  (14)  and  (15)  into  (20) 
one  obtains  for  like  powers  of  t  the  following  set  of 
equations: 


The  terms  that  follow  from  the  residues  give  rise  to 
the  expected  non-uniform  behaviour.The  second  term 
in  equation  (26  )  may  be  written  in  the  form: 

2ni  *  2ircos8'  ^kuHl'\k,R)  -f 

+{z  +  Ok^Hl'^koR)  +  Rk^Hi'\k,  +  «)] 

(28) 

The  second  term  gives  rise  to  non-uniform  behaviour 
of  large  values  of  z  +  ^,  however  we  restrict  ourselves 
to  fin.tc  values  of  z  ^ 

Our  main  concern  is  the  last  term.  We  compare 
this  term  with  the  first  one  in  equation  (26) 


-27rtro  (x)  "  (l)  (®>l) 

=  AirVoix),  X  e  5  (32) 

and 

-  27ra-,  ({)  ^Go  (*,^)  dS^  = 

-  (i)  (^’i)  +  47rV,(a)-b 

T IL  (^) 

where  Gu  {±>i)  - - ;  +  p  —  (^js)  speed 

pulsating  wave  source  and 

’/(x)  =  Fo(x)  +  r  F,  (x)  +  0(r*)  (34) 
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The  potential  functions  in  (14)  now  become: 

^0  (x)  =  -~ll  To  [i)  Go  {x,i)  dSi  (35) 
<t>l  (x)  =  ~  To  (l)  (x,()  dS( 

-l/I<^^(i)(^o(x,i)ds,+ 

J /„  (^-1)  ^  (i)  (36) 

In  principle  the  solution  of  the  problem  is  now 
solving  d>o  (s)  and  (pi  (z)  using  the  steady  perturba¬ 
tion  potential.  The  steady  perturbation  potential  4> 
is  determined  using  a  boundary  integral  technique  for 
the  steady  double  body  flow,  which  originally  comes 
from  a  Hess  and  Smith  type  of  algorithm.  The  steady 
double  body  flow  is  calculated  separately  and  is  then 
incorporated  into  the  free  surface  integral. 

In  reference  [6]  it  is  shown  that  the  non-uniform 
term  with  respect  to  v  in  the  Green’s  function  leads  to 
contributions  that  are  asymptotically  small  compared 
to  the  terms  we  have  taken  into  account. 


Uniform  Asymptotic  Expansions 


In  principle  we  have  to  solve  (32)  and  (33)  where 
the  source  function  suffers  non-uniform  behaviour.  If 
the  size  of  the  ship  is  order  one  with  respect  to  r  it  is 
sufficient  to  use  (10)  with  (20).  The  question  remains 
how  to  compute  the  far  field.  This  will  be  dealt  with 
in  part  1  of  this  section. 

If  the  size  of  the  vessel  becomes  large  with  respect 
to  T,  tR  =  0(1),  we  have  to  modify  (20)  in  order  to 
obtain  proper  approximations  of  the  source  strength 
from  (32)  and  (33).  This  problem  is  stated  in  part  2 
of  this  section. 


5.1  The  Far  ! 


In  the  case  where  a-,,  -f  rct  is  known,  the  far  field 
may  be  computed  with  the  aid  of  equation  (13).  Be¬ 
cause  for  R  large  we  cannot  use  (10)  with  (16).  As 
explained  before  the  contribution  of  the  “Kelvin”  resi¬ 
dues  from  hi  and  A:^  are  neglected.  Contributions  of 
the  wave  residues  are  dominant  but  first  we  apply  the 
method  of  stationary  phase  to  the  integral  with  respect 
to  0.  The  integrand  F{9,  k)  for  large  "elues  of  R  tvith 
the  notation  x  =  Rcos6,y  —  R sin 6: 


F{e,k)  = 

k  exp(fe(z  +  0) 

2  gk  —  {u>  +  kU  cos 

|exp  [-ik{^  cos  6  +  t]  sin  ^ )]  •  exp  [tfeiZ  cos(^  -  fi)]  + 
exp  [— tfe(f  cos6  —  r)  sin  5))  exp  ^kR  cos(6  +  ff)]  J 

(37) 

We  have  to  distinguish  between  the  four  quadrants  at 
infinity.  We  choose  0  <  6  <  7r/2.  All  other  quadrants 
can  be  treated  in  a  similar  way,  the  results  are  the 
same.  We  obtain: 

nx,i^u)^ 


y/it  exp  |k(2  -h  C)  “  cos  -f  77  sin  6)  -f  ikR^ 
gk  —  {w  +  Uk  cos  fl)* 

f  y/kexp  |A:(2  -|-  Q  +  tA:(^  cos  S  -|-  77  sin  ^) 
xj  gk  —  {u>  —  Uk  cos  6)'^ 


(38) 

The  first  integral  may  be  closed  in  the  upper  quarter 
plane  whilst  the  second  one  may  be  closed  in  the  lower 
quarter  plane.The  integrals  along  the  imaginary  axis 
are  of  0(R~'>/^). 


We  now  finally  obtain: 

«(x,^;U)« 

jY'  j  gi{k,{0)R-K/.l)  1 

V  'fR  \  (1  “  ^  cos9(w  -f  k\(9)U  cos9))  J 

^ki(^)exp  |fci(0)(z  -f  C)  -  tki(S)(^  cosd -t-T/sinfi)} 


(39) 
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Hence,  to  obtain  the  potential  in  the  far  field  we 
use  (13)  with 

^ and  (41) 


<T  (f)  =  <T<i  {i)  +  T<r,  (l)  (42) 


'l>u  = 

io  -  27rifc„e*“('+'^)  • 

{1  -  exp(2tfc«r(®  -  0)}]  (46) 


5.2  Large  Vessels 


In  the  case  of  large  vessels  (41)  is  not  a  good  ap¬ 
proximation  for  the  source  strength.  We  now  have  to 
take  care  of  the  non-uniformity  as  described  in  (30). 
A  practical  requirement  is  that  we  want  to  make  use 
of  the  zero  speed  oscillatory  Green’s  function  and  its 
derivatives.  The  function  ijii  (®)^)  can  be  computed 
for  the  major  part  using  algorithms  as  e.g.  developed 
by  Newman  [18]  or  Noblesse  [19].  One  minor  con¬ 
tribution  has  to  be  evaluted  separately.  Keeping  in 
mind  that  the  PLK  method  requires  the  omission  of 
the  most  severe  secular  term  to  obtain  uniform  expan¬ 
sions  we  may  conclude  that  the  procedure  only  needs 
to  avoid  approximations  as  (31).  The  following  proce¬ 
dure  makes  it  possible  to  use  the  zero  speed  algorithms 
with  a  slight  modification.  A  proof  of  the  validity  can 
be  given  rigorously  with  the  same  analytic  manipu¬ 
lations  as  described  in  Section  3.  For  instance  the 
following  correction  may  be  performed: 


It  can  be  shown  by  inspection  that  this  multiplicative 
correction  yields  the  correct  uniform  asymptotic  ex¬ 
pansion  up  to  0{r^R)  as  r  — *  0  [20].  The  interval 
of  validity  is  properly  extended.  It  is  also  possible  to 
apply  the  correction  to  V'Orr*  alone  and  to  show  that: 


frr,  =  (V’o„.(l  -  2ikoT{x  -  0)  + 


exp(2iTfco(»  -  0)  +  (44) 

The  correction  is  only  needed  for  large  values  of  KqR, 
therefore  the  correction  may  be  performed  at  asymp¬ 
totic  level.  This  leads  to  the  following  simplified  re¬ 
sults  for  the  total  V*.  This  result  is  rewritten  in  asymp¬ 
totic  form  where  we  made  use  of  the  explicit  form  of 
the  re.sidues 


where 


(45) 


= 

-  2xJfeue*“(*+'^)  ■ 

_  ^)}]  (47) 

The  correction  of  ipo  can  easily  be  performed  in  the 
zero  speed  Green’s  function  algorithm,  while  the  cor¬ 
rection  of  il>\  can  be  performed  either  analytically  or 
numerically.  It  can  be  shown  by  inspection  also  that: 

riJ, -f  C?(r^it)  (48) 

Hence  the  region  of  validity  is  extended  in  a  proper 
way. 

If  one  wants  to  higher  order  approximations  the 
procedure  has  to  be  reconsidered.  Corrections  can  be 
obtained  along  the  same  line.  However  the  advantage 
of  reduction  to  the  zero  speed  algorithms  is  not  avail¬ 
able  anymore.  One  has  to  devise  a  fast  algorithm  for 

'p2- 


6.  Wave  Drift  Forces 

In  Hermans  and  Huijsmans  [6]  we  described  a  way 
to  compute  the  first  order  forces  and  the  second  order 
wave  drift  forces.  The  method  we  used  there  was  based 
on  a  direct  pressure  integration  of  the  first  and  second 
order  pressures  respectively.  It  has  been  shown  before 
(e.g.  see  Pinkster  [1])  that  this  method  works  well 
and  is  even  necessary  in  order  to  compute  the  slowly 
varying  wave  drift  forces. 

At  this  moment  we  are  mainly  interested  in  the 
constant  component  of  the  wave  drift  force.  In  this 
section  we  recapitulate  a  method  that  leads  to  results 
that  possibly  are  more  accurate  numerically,  because 
when  using  the  pressure  integration  technique  one  has 
to  use  derivatives  of  the  potential  function  over  the 
mean  wetted  surface.  This  is  even  more  the  caise  if  one 
uses  pressure  integration  in  the  case  of  ship  motions 
with  forward  speed  (see  Huijsmans  [21]).  Newman  [22] 
and  Maruo  [23]  have  derived  an  expression  for  the  wave 
drift  forces  and  moments. 
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The  mean  forces  and  moments  may  be  expressed 
as  (22): 

Fr  = 


<l){x,t)  = 

U) 


\p  cos  0  +  pVu{Vu  cos  9  —  Vo  sin  0)]  RdOdz  (49) 


[psin 0  +  pVu{Vu sin 5  +  Vfl cos d)) Rd6dz  (50) 


M,  = 


-IL 


VnVoR^dOdz 


(51) 


where  p  is  the  first  order  hydrodynamic  pressure,  V 
is  the  fluid  velocity  with  radial  and  tangential  com¬ 
ponents  V/f,  Vo  and  Sou  is  a  large  cylindrical  control 
surface  with  radius  R  in  the  ship-fixed  coordinate  sys¬ 
tem.  Faltinsen  and  Michelsen  [24]  derive  from  these 
formulas  expressions  in  terms  of  the  source  densities 
of  the  first  order  potentials.  From: 


ff  (^)  =  (l)  +  Y,  (^)  oij  (52) 

j=i 


where  aj  =  cEje"'"*  j=l(l)6  are  the  six  modes  of  mo¬ 
tion  and  superscript  7  refers  to  the  diffraction  com¬ 
ponent  of  the  source  strength.  In  our  case  we  follow 
the  same  reasoning  to  obtain  similar  results  for  the 
slow  forward  speed  case.  Our  velocity  potential  has 
the  form: 


Hs,t)  = 

Ux +'^(x-,U)  +  4>(x,U)e-"^' 
=  Ux +''4[x]U)  -I- 


+ f  (^)e'‘’f®) i  e^*'  (fl)--"))  (54) 

here  (a  is  the  amplitude  of  the  incoming  wave  and 
F(fl)e'^(®)  results  from  the  asymptotic  expansion  of  the 
far  field  potentials  in  (53)  with 

(x;  If)  = 

+^j 1^^  V4,  ■  V4>'->'>G  (x, l)  dS(,  (55) 

where  G  (si^)  is  approximated  by  (30).  Due  to  the 
fact  that  the  function  V^(^)  decays  rapidly  as  |^|  -♦  oo 
we  assume  that  R  =  |x|  is  large  enough  to  take  the 
asymptotic  expansion  of  G  (si^)  in  the  last  term  as 
well.  The  function  may  be  replaced  by 

This  leads  to 


F(0)e'®(®)  = 


27r 


-3jri/4 


1  _  cos  9{u  -f  ki{6)V  cos  9) 


is 
2iw 
9 


(T  exp  {kt{9)(  -iki{9){( cos 9  +  r) sin 9)}  dS^ 

f f  V?  •  exp  {-iki{9) 

J  JFS 


(^  cos  9  +  1]  sin  9)}  dS(] 


(56) 


(x;  U)  +  (x;  U)  -h  g  (x;  U)  a,  |  e-"' 

(53) 

where  the  potentials  (x;  U) ,  j=l,7  have  the  form 
(13)  and  are  the  potentials  due  to  the  motions  and 
diffraction  effects.  We  assume  that  they  are  all  deter¬ 
mined  by  means  of  a  source  distribution  where  (rW  (x)  - 

^  is.)  +  (x). 

Ill  the  fa,  field  7i  ^  1  We  neglect  the  iltllueuce 
of  the  stationary  potential  <i>{x\U)  in  (53)  hence  we 
approximate  (53)  by: 


where: 

4>'‘P  {i)  =  <I>P  (i)  b  53  (l)  (57) 

j=i 

This  result  is  of  0{t^)  as  t  -♦  0  'inq[n,'»)- 

The  upper  integration  boundary  in  (49),  (SO)  and 
(51)  is  the  free  surface 

C  -•  ^Re  [(ia;(^fx,y,0)  -  I7^x(x,y,0))e"'"']  (58) 
It  follows  from  the  pressure  term  that  we  may  write: 

"  W"  "  2/-I  (69) 
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We  find  the  following  expression  for  Fy. 

T.= 

-ji  {kti(f>(i>' +  2TlTa{<j)(j>l)}  R  cos  9d6 
4  Jo 


A  closer  look  at  (63)  and  (60)  shows  that  the  con¬ 
tribution  to  7x  consists  of  two  parts.  The  first  one, 
originates  from  those  parts  of  the  cross  products 
that  behave  like  R~'^^  while  the  second  one,  Fj^),  orig¬ 
inates  from  those  square  terms  of  the  second  part  of 
(63)  they  behave  like  iZ"'.  We  formally  write: 

Fx  =  +  FP  (66) 


+-^  +  ^Jj^e)  ^sin^ 


d9dz 


and  for  Fy. 


Fu  = 


(60) 


We  now  can  write: 

Fi'>  = 

r  Fm cos 9  + cos  13)  ■ 
4  Jo 


f  {h)<f)<j>'‘ +  2Tlm(<l)(j>l)}  R  sin  9 d9 
4  Jo 


i'i>n4>o  +  jRcos  9 

and  for  My 
iMx  = 


d9dz 


(61) 


+T  /  /  R{4>r^I  + <t>n<t>e)d9dz  (62) 

The  integration  with  respect  to  z  needs  some  ex¬ 
tra  attention  due  to  the  fact  that  the  exponential  be¬ 
haviour  of  the  incident  wave  and  the  radiated  or  dif¬ 
fracted  wave  is  different,  due  to  the  dependence  of  the 
wave  number  on  P  and  9,  respectively  see  (54). 


•  cos  {{ki{P)  cos{9  -  P)  —  kt{9))R~  S{9)}d9  + 

+T^  R}!'^  f'”  F(9)  [(cos  9  +  cos  p)  cos  9 
I  Jo 

+^(cos*tf  -  sin'*^))  -  sin^  sin/jj  ■ 

•  cos  {(ifc,  iP)  cos{9  -P)-ki  {9))R  -  S{9)}  d9 

+0(r^)  (67) 

We  now  apply  the  method  of  stationary  phase  for  large 
values  of  R.  To  do  so  we  have  to  determine  the  sta¬ 
tionary  points  of  the  integrands.  We  determine  the 
point  where: 

~{ki{P)cos{9-p)-k,{9)}=.0  (68) 

We  find  two  points. 


The  asteriks  in  equation  (60)  denote  the  complex 
conjugate  and 

<l>  = 

^  cxp(ki(P)z  -f  iki(P)(xcosP  +  i/sinP)) 


9i  =  P-h2T  sin  P  and  =:  /?  -f  tt  -f-  27-  sin  /?  (69) 

The  second  point  gives  a  zero  contribution,  where  we 
remark  that  the  last  term  in  (67)  is  cancelled  by  the  r- 
dependent  contribution  of  the  last  term.  It  is  obvious 
that  the  other  terms  give  zero  contribution  due  to  the 
factor  7r  in  ^2.  We  use  the  asymptotic  result: 


+F{9)e'^^'>^^^cxp{ki{9)z  +  iki(9)R}  (63) 

We  formally  write  (63)  as  sum  of  two  components: 

<f>  ~  +  <i>B  (64) 

For  the  wave  number  A|  {9)  we  can  write  neglecting  U'^ 
terms  in  the  wave  number  depending  on  9: 

ki{9)  =  fc(,(l  -f  2t  cos9)  (65) 

The  first  term  is  related  to  the  incoming  wave  field 
while  the  second  one  describes  the  diffraction  and  ra¬ 
diation  effects. 


r  l{9)  cos  {{k,  iP)  cos{9  -  p)  -  fc,  {9))R  -  S{9)}  d9 

Jo 

[Ztt  1  1 

^1  (l-2rcos;9)'/2  {K/?  +  2rcos/3)  • 

•cos(5(/?  +  27- cos/3) -b  7r/4}  (70) 

As  mentioned  before  the  second  contribution  is  zero. 
A  critical  reader  will  notice  that  formally  we  have  to 
deal  with  a  non-uniformity  due  to  the  fact  that  we  have 
a  first  order  ‘uniform’  solution.  The  phase  correction 
is  of  first  order.  Hence  in  our  asymptotic  result  of  (70) 
we  neglect  the  second  order  phase  correction.  The  only 
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way  to  do  the  analysis  properly  is  to  use  the  exact  value 
of  the  wave  number  in  (40)  instead  of  our  asymptotic 
approximation. 

Summarizing  we  now  have: 

rojrl 

Ag]  cos(S(/3*)  +  W4) 

•F(/3‘)  {cos /9'  +  cosj9+ 

-2rcos(2/3)}  (71) 

where  A  =  and  /3'  =  /9  +  2rsin/3. 

A  similar  analysis  can  be  followed  for  the  sway  force 
and  leads  to  the  following  resuic: 

Ag]'^'cos(5(/3-)  +  7r/4) 

■F(/3’){sin/3‘  +  sin/3+ 

-2rsin(2/3)}  (72) 

The  second  part  of  the  wave  drift  force  may  now 
be  written  as: 

“ 4 ^  r*  F’(fl)  {cos  0-2r  co8(2  ff)}  d9  (73) 

For  the  sway  force  this  leads  to: 

pW  = 

V 

-^fco  F*(5)  {sin  9 -2r  8in(2  fl)}  d9  (74) 


U 


Fig.  4.  Definition  of  waves  and  current 

The  calculated  steady  double  body  flow  using  the 
Hess  and  Smith  algorithm  apply  to  the  situation  of  a 
tanker  under  a  drift  angle  of  135  degrees  (in  principle 
the  solution  can  be  made  applicable  to  any  drift  angle 
«<:)• 

The  boundary  conditions  on  the  mean  wetted  hull 
for  the  radiation  problem  have  been  applied  with  the 
steady  perturbation  potential  set  to  zero,  which  then 
results  in  the  well-known  expression  for  the  m-terms 
of  the  radiation  boundary  condition.  A  more  proper 
way  of  handling  the  radiation  boundary  condition  ac 
published  by  Zhao  et  al.  [10]  was  not  attempted  here 
due  to  the  difficulty  of  the  splitting  the  boundary  con¬ 
ditions  into  linear  forward  speed  dependent  boundary 
conditions. 

For  the  results  of  computation  for  the  wove  drift 
force  on  the  sphere  a  comparison  was  made  with  results 
of  computations  as  was  obtained  by  Noscen  et  al.  [7|. 

The  panel  discretization  of  the  tanker  amounted 
to  238,  720  and  1610  panels  in  order  to  check  the  nu¬ 
merical  accuracy  of  the  pressure  integration  technique. 
The  result  of  the  computation  are  depicted  in  Fig.  15. 
The  number  of  panels  for  the  sphere  amounted  to  744. 


Numerical 


For  the  validation  of  the  mathematical  model  pre¬ 
sented  in  the  previous  sections  computations  have  been 
performed  on  a  fully  loaded  200  kDWT  tanker  and  a 
half  immersed  sphere. 


The  description  of  the  tanker  can  be  found  in 
Huijsmans  ct  al.  [12].  The  numerical  results  of  the 
wave  drift  forces  on  the  tanker  have  been  validated 
against  results  of  model  test  experiments.  The  cal¬ 
culations  for  the  200  kDWT  tanker  are  applicable  to 


the  Situation  of  a  taiiker  iu  both  hcad-on  currcnt  and 


waves  as  well  as  the  case  of  the  waves  and  current  co- 


paradel  under  135  degrees,  as  displayed  in  the  next 


figure. 


To  solve  the  integral  equations  for  the  source 
strength  (x)  and  (rj^^  (*)  large  algebraic  equations 
have  to  be  solved. 

In  the  present  solver  use  is  made  of  a  newly  devel¬ 
oped  iteration  scheme.  Details  of  this  new  solver  for 
Boundary  Integral  Equations  will  be  published  in  the 
near  future.  To  solve  a  large  system  of  1610  unknowns 
for  the  radiated  and  diffracted  modes  only  required  4 
to  6  iteration  steps  to  gain  an  accuracy  of  lO”"*  in  the 
Euclidian  norm.  The  timing  was  approximately  28 
CPU  secuiius  pel  wave  frequency  ii.t  IGIG  panels  ui. 
an  ETA  lOP  mini  supercomputer  from  ETA  systems. 
The  analysis  of  the  results  of  the  wave  drift  forces  us¬ 
ing  the  pressure  distribution  integration,  as  shown  in 
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Figs.  9  to  12  leads  to  the  observation  that  the  numer¬ 
ical  accuracy  of  the  pressure  distribution  integration 
greatly  depends  on  the  panel  discretiisation.  Detailed 
results  are  presented  in  Table  1  for  the  frequencies  of 
0.5  and  0.7  rad/s. 


Table  1 


Fj,  for  180  deg.  waves  and  current 

w 

238 

720 

1610 

0.5 

15.5 

17.3 

14.9 

0.7 

11.2 

15.3 

15.1 

Drift  force  on  sphere 


7.1  Half  Immersed  Sphere 

The  results  of  computation  for  the  sphere  are  pre¬ 
sented  for  the  mean  wave  drift  force.  The  mean  drift 
force  on  the  sphere  has  been  calculated  in  two  ways, 
i.e.  one  describing  the  correct  influence  of  the  steady 
perturbation  potential  and  the  other  is  using  the  slen¬ 
derness  approximation  in  which  the  influence  of  the 
steady  perturbation  potential  has  been  neglected. 

The  region  of  integration  over  the  free  surface  was 
from  r  —  R  to  r  =  3jR,  where  R  is  the  radius  of  the 
sphere.  The  number  of  free  surface  panels  amounted 
10  810  panels. 

These  results  are  presented  in  the  following  Figs.  5 
to  7. 


Fig.  6.  Forward  speed  wave  drift  forces 


Drift  force  on  sphere 


Drift  force  on  sphere 
V  =’  0.0  m  3—1 
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Fig.  5.  Zero  speed  wave  drift  forces 


Fig.  7.  Influence  of  steady  potential 


Drift  force  on  sphere 
V  =*  1.0  m  3—1 
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Fig.  8.  Forward  speed  results  Nossen 


In  Fig.  8  the  results  of  computation  are  presented 
for  Fn  =  0.032  against  other  results  as  obtained  by 
Nossen  et  al.  [7). 

The  observed  difference  between  the  results  of 
Nossen  and  ours  is  due  to  the  fact  that  the  results 
of  Nossen  apply  to  a  fixed  cylinder  in  waves  whereas 
o.ir  r(''ults  apply  to  the  free  floating  cese.  In  the  range 
where  diffraction  dominates,  the  results  tend  to  be  the 
same. 

The  zero  speed  wave  drift  forces  on  the  sphere  are 
calculated  in  two  ways;  i.e.  one  using  a  pressure  dis¬ 
tribution  integration  technique  and  the  other  one  uses 
the  momentum  flux  analysis  (Maruo  [23]). 


Drift  force  in  135  degrees 
V  =  2.0  m  s-1 


Fig.  9.  Mean  surge  drift  force 


Drift  force  in  135  degrees 


For  the  forward  speed  case  this  was  also  done,  how¬ 
ever  now  the  equations  (71)  and  (73)  have  to  be  used 
for  the  momentum  flux  analysis. 

One  esm  see  from  Figs.  5  to  7  that  the  calculations 
using  the  momentum  balance  are  not  so  much  influ¬ 
enced  by  the  panel  discretization.  This  can  be  made 
plausable  by  observing  that  the  expression  for  the  wave 
drift  forces  from  the  momentum  balance  only  simple 
source  distribution  integration  over  the  mean  wetted 
hull  is  required.  It  is  our  opinion  that  due  to  the  in¬ 
tegration  of  higher  order  derivatives  in  the  pressure 
distribution  for  the  forward  speed  case  the  results  are 
more  sensitive  for  the  way  the  integration  is  performed. 


Drift  force  in  135  degrees 


Fig.  11.  Mean  surge  drift  force 


Drift  force  in  135  degrees 
V  -  2.0  m  s-1 


Fig.  10.  Mean  sway  diift  force 


Fig.  12.  Mean  sway  drift  force 
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7.2  Tanker 

At  MARIN  a  number  of  tests  have  been  conducted. 
The  test  comprise  in  short  regular  wave  test  on  a  sta¬ 
tionary  moored  200  kDWT  tanker  in  82.5  metres  of 
water  depth  with  waves  and  current  parallel  to  each 
other.  The  results  of  model  tests  and  computations 
for  head  waves  and  2  knots  current  have  been  exten¬ 
sively  described  by  Wichers  [25]  and  Huijsmans  [21]. 
The  results  of  model  tests  for  the  tanker  with  the  waves 
and  current  coming  from  135  degrees  are  presented  in 
Figs.  9  and  12  for  the  mean  surge  and  sway  drift  force 
respectively. 


Drift  force  In  135  degrees 
V  =  2.0  m  s-1 


Fig.  13.  Influence  of  steady  potential 


The  resulting  drift  forces  are  calculated  in  two  ways; 
i.e.  one  using  the  pressure  integration  technique  and 
one  using  the  momentum  flux  analysis.  The  results 
have  been  presented  in  Figs.  11  and  12  for  the  surge 
and  sway  wave  drift  force  respectively.  The  influence 
of  the  stationary  potential  on  the  wave  drift  forces  has 
been  studied.The  results  are  displayed  in  Figs.  13  and 
14.  From  these  results  one  is  tempted  to  conclude 
that  the  influence  of  the  stationary  potential  on  the 
drift  forces  in  this  case  is  restricted  to  the  sway  drift 
force  results,  however,  previous  observations  also  in¬ 
dicate  that  the  use  of  a  pressure  integration  for  the 
calculation  of  the  wave  drift  forces  with  forward  speed 
are  somewhat  doubtful,  due  to  the  large  dependency 
on  the  panel  discretization  of  the  body. 


Drift  force  in  135  degrees 
Influence  of  discretization 
V  -  2.0  m  s-1 


Fig.  15.  Influence  of  panel  discretization 


Drift  force  in  135  degrees 
V  =  2.0  m  s-1 


References 


[1]  Pinkster,  J.A.,  Low  frequency  second  order  wave 
exciting  forces  on  floating  structures,  PhD  thesis. 
University  of  Delft  (1980). 

|2j  Benschop,  A.,  Hermans,  A.J.  and  Huijsmans, 
R.H.M.,  “Second  order  diffraction  forces  on  a  ship 
in  irregular  waves”.  Journal  of  Applied  Ocean  Re¬ 
search,  Vol.  9  (1987). 

|3j  Remery,  G.F.M.  and  Hermans,  A.J.,  “Slow  drift 
oscillations  of  a  moored  object  in  random  seas”, 
Proceedings  of  the  Offshore  Technology  Confer¬ 
ence,  Houston,  Paper  1500  (1971). 


Fig.  14.  Influence  of  steady  potential 


387 


[4]  Wichers,  J.E.W.,  “On  the  low  frequency  surge 
motions  of  vessels  moored  in  high  seas”,  Off¬ 
shore  Technology  Conference,  Houston,  Paper 
4437  (1982). 

[5]  Wichers,  J.E.W.  and  Huijsmans,  R.H.M.,  “On 
the  low  frequency  hydrodynamic  damping  force 
acting  on  offshore  moored  vessels”,  Offshore 
Technology  Conference,  Houston,  Paper  4813 
(1984). 

[6j  Hermans,  A.J.  and  Huijsmans,  R.H.M.,  “The  ef¬ 
fect  of  moderate  speed  on  the  motions  of  floating 
bodies”,  Schiffstechnik  (March  1987). 

[7]  Nossen,  J.,  Palm,  E.  and  Grue,  J.,  “On  the  solu¬ 
tion  of  the  radiation  and  diffraction  problems  for  a 
floating  body  with  a  small  forward  speed”.  Inter¬ 
national  Workshop  on  Water  Waves  and  Floating 
Bodies,  Oslo  (1989). 

[8]  Sclavonous,  P.,  “The  slow  drift  wave  damping 
of  floating  bodies”.  International  Workshop  on 
Water  Waves  and  Floating  Bodies,  Oslo  (1989). 

[9]  Hu,  C.S.  and  Eatock  Taylor,  R.,  “A  small  forward 
speed  pertubation  method  for  wave-body  prob¬ 
lems”,  International  Workshop  on  Water  Waves 
and  Floating  Bodies,  Oslo  (1989). 

[10]  Zhao,  R.  and  Faltinsen,  0.,  “A  discussion  of 
the  m-terms  in  the  wave-body  interaction  prob¬ 
lem”,  International  Workshop  on  Water  Waves 
and  Floating  Bodies,  Oslo  (1989). 

[11]  Huijsmans,  R.H.M.  and  Hermans,  A.J.,  “A  fast 
algorithm  for  tl>e  calculation  of  3-D  ship  motions 
at  moderate  forward  speed”.  Proceedings  of  fth 
Numerical  Ship  Hydrodynamic  Conference,  Wash¬ 
ington  (1985). 

[12]  Huijsmans,  R.H.M.  and  Wichers,  J.E.W. ,  “Con¬ 
siderations  on  wave  drift  damping  of  a  moored 
tanker  for  zero  and  non-zero  drift  angles”.  Pro¬ 
ceedings  of  the  PR  ADS  Symposium,  Trondheim 
(1987). 


[13]  Eggers,  K.,  “Non-Kelvin  dispersive  waves  around 
non  slender  ships”,  Schiffstechnik,  Vol.  8,  (1981). 

[14]  Baba,  E.,  Wave  resistance  of  skips  in  low  speed. 
Technical  Report  109,  Mitsubishi  Technical  Bul¬ 
letin  (1976). 

[15]  Hermans,  A.J.,  The  wave  pattern  of  a  ship  sailing 
at  low  speed.  Technical  Report  84A,  University  of 
Delaware  (1980). 

[16]  Brandsma,  F.J.  and  Hermans,  A.J.,  “A  quasi- 
linear  free  surface  condition  in  slow  ship  theory”, 
Schiffstechnik  (April  1985). 

[17]  Wehausen,  I.  and  Laitone,  E.,  Surface  Waves, 
Volume  9  <  f  Handhuch  der  Physik,  Springer  Ver- 
lag  (1960). 

[18]  Newman,  J.N.,  “The  evaluation  of  free-surface 
Green’s  functions”.  Proceedings  of  the  4th  Inter¬ 
national  Conference  on  Numerical  Ship  Hydrody¬ 
namics,  Washington  (1985). 

[19]  Telste,  J.  and  Noblesse,  F.,  “Numerical  evalua¬ 
tion  of  Green’s  functions  of  water  wave  diffrac¬ 
tion  and  radiation”.  Journal  of  Ship  Research, 
Vol.  nil  (1987). 

[20]  Hearn,  G.,  Priv.  Communication  (1989). 

[21]  Huijsmans,  R.H.M.,  “Wave  drift  forces  in  cur¬ 
rent”,  16th  Conference  on  Naval  Hydrodynamics, 
Berkeley(1986). 

[22]  Newman,  J.N.,  “The  drift  force  and  moment  on 
a  ship  in  waves”.  Journal  of  Ship  Research,  Vol. 
10  (1967). 

[23]  Maruo,  H.,  “The  drift  of  a  body  floating  on 
waves”.  Journal  of  Ship  Research,  Vol.  4  (1960). 

[24]  Faltinsen,  0.  and  Michelsen,  F.,  “The  motions  of 
large  structures  in  waves  at  zero  Froude  number”. 
Symposium  on  the  Dynamics  of  Marine  Vehicles 
and  Structures  in  Waves,  London  (1974). 

[25]  Wichers,  J.E.W.,  “Progress  in  computer  simula¬ 
tions  of  SPM  moored  vessels”.  Offshore  Technol¬ 
ogy  Conference,  Houston,  Paper  5175  (1986). 


388 


DISCUSSION 
by  R.  Zhao 

(1)  Discuss  about  direct  pressure  integration 
method 

(2)  Discuss  about  wave  drift  damping 
Author's  Reply 

The  direct  pressure  integration  method  is 
based  on  the  integration  of  local  hydrodynamic 
quantities  like  water  velocities  and  gradients 
of  pressures  over  the  mean  wetted  hull.  This 
procedure  is  demonstrated  in  our  papers 
presented  at  the  ONR  Conference  in  1986«  [Al] 
and  at  the  UTAH  symposium,  (A2]. 

One  of  the  main  problems  in  using  the 
direct  pressure  integration  method  is  based  on 
the  accuracy  of  the  underlying  hydrodynamic 
data.  In  the  zero  speed  case  there  is 
sufficient  evidence  that  this  procedure,  using 
3-D  diffraction  theory  results,  will  lead  to 
meaningful  results.  In  the  non-zero  speed 
case  however  this  evidence  is  lacking  and  to 
the  author's  opinion  the  accuracy  of  the  first 
order  results  based  on  3-D  diffraction  results 
with  forward  speed  must  be  even  more  accurate 


than  the  zero  speed  results  due  to  the  fact 
that  in  the  evaluation  of  the  pressure 
distribution,  gradients  of  the  water  \>elocity 
distribution  are  required.  In  pursuing  the 
direct  pressure  integration  one  has  to  resort 
to  e.g.  higher  order  panel  methods  to  obtain 
the  required  accuracy. 

The  question  regarding  the  wave  drift 
damping  has  not  been  addressed  in  this  paper, 
however  information  can  easily  be  obtained 
using  the  results  of  our  paper.  At  the  moment 
we  only  calculated  the  drift  force  at  two 
speeds,  which  is  in  principle  enough  to  obtain 
wave  drift  damping  data.  However,  if  one 
wants  to  obtain  reliable  results  for  the  wave 
drift  damping  coefficient  several  more  speeds 
(also  negative  speeds)  have  to  be  calculated. 
This  will  be  done  in  the  near  future. 

(All  R.  H.  M.  Huijsmans,  "Wave  Drift  Forces  in 
Current",  15th  ONR  Symposium,  Berkeley, 
1986. 

tA2)  R.  H.  M,  Huijsmans,  "Slowly  Varying  Wave 
Drift  Forces  in  Current",  lOTAM 
Symposium  on  non-linear  water  waves, 
Tokyo,  1987. 


389 


NumericzJ  Prediction  of  Semi-Submersible. Non-Linear  Motions 

in  Irregular  Waves 

X.  B.  Chen  and  B.  Molin 
Institut  Fran^aia  du  Pe'trole 
Rueil-Maltnaison,  France 


Abstract 

A  numerical  model  to  predict  non-linear  vertical  motions 
of  a  semi-submersible  in  regular  and  irregular  waves  is  presented. 
Non-linear  second-order  forces  are  evaluated  by  using  Molin’s 
method  which  permits  to  obtain  them  without  explicitely  solving 
for  the  second-order  potential.  Non-linear  low  frequency  motions 
being  large  in  magnitude,  variations  of  second-order  forces  with 
the  motion  of  the  body  mean  position  ate  considered  in  the  time 
simulation.  As  application  cases,  two  floating  bodies  with  small 
waterplane  areas  are  taken  into  account.  Comparisons  of  calcu¬ 
lations  with  experimental  results  show  that  this  theory  correctly 
predicts  the  low  frequency  motions. 


1.  Introduction 

The  nonlinear  behavior  of  floating  offshore  structures  in 
regular  and  irregular  waves  is  an  interesting  and  important  topic 
in  ocean  engineering.  The  problem  of  dynamic  interaction  of 
ocean  waves  and  a  floating  structure  is  intrinsically  nonlinear. 
Even  though  potential  flow  is  assumed,  direct  solution  to  the 
three-dimensional  problem  has  not  been  achieved  yet.  For  small 
amplitude  waves,  the  perturbation  method  is  often  used  to  sep¬ 
arate  it  into  first-  (linear)  and  second-order  problems.  The  first- 
order  problem  can  be  solved  by  using  a  singularity  method.  The 
second-order  problem  is  quite  more  complicated.  The  seccnd- 
order  problem  is  important  as  it  yields  the  second-order  loads 
whose  frequencies,  disjointed  from  those  of  the  first-order,  may 
be  close  to  the  resonant  frequencies  of  the  fluid-structure  sys¬ 
tem.  These  exciting  loads  are  not  very  large  in  magnit'.'de  but 
significant  amplification  may  be  induced  due  to  the  small  system 
damping. 

The  large  low-frequency  motions  of  floating  bodies  ex¬ 
cited  by  second-order  low  frequency  loads  are  dealt  with  in  this 
paper.  In  recent  years,  numerous  contributions  (Newmanl”!' 
1074;  Pinkster  and  Huysmansl^l-lOSS,  Molint®^)  lOSS  ctc:)  have 
been  published.  Although  horizontal  low-frequency  motions  for 
a  moored  floating  Structure  are  often  evaluated  and  in  reason¬ 
able  a^eement  with  experiments,'vettical  resonant  motions  have 
been  little  studied  and  poorly  predicted  (Pinkster  et  pUkl®*) 
1985).  A  time  simulation  model  based  on  separation  of  mean 
large  slow  motions  of  bodies  and  their  first-order  motions  by 
two  time  scales  is  presented.  Tkiantafyllou’s!®*!  (1982)  theory  on 
the  horizontal  surge,  sway  and  yaw  motions  is  extended,  in  this 
model,  to  full  six  degrees  low  frequency  motions.  Specifically  the 
variation  of  the  second-order  loads  with  body  mean  position  is 
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Studied  and  some  interesting  remarks  are  deduced. 

Exact  second-order  loads  are  obtained  by  applying  Mo- 
lin’s(°'l  (1979)  method  and  using  two  identities  to-transform 
Haskind  integrals  (Chenl*®)  1989)  for  second-order  potential  con¬ 
tributions,  besides  first-order  qurmtities  contributions  which  are 
evaluated  straightforwardly  after  solving  the  first-order  problem. 
The  system  damping  being  an  impbrtaiit  factor  is  composed  of 
radiation  part  and  viscous  part.  At  low  frequencies  as  the  radi¬ 
ation  daniping  is  negligible,  the  viscous  put.presented  by  linear 
and  quadratic  model  is  used  in  time  simulation. 

The  validation  of  numerical  nrodel  is  made  by.  comparison 
with  experiment  results.  Two  floating  bodies  having  low  vertical 
resonant  frequency  idealizing  characteristic  oflshore  structures 
which  have  large  submerged  volumes  with  comparatively  small 
waterplane  areas,  are  used  in  experiments  undertaken  at  the  Ship 
Research  Institute  of  Japan  by  MoW*’)  (1982).  Comparisons 
of  numerical  calculations  with  experimental  results  show  that 
this  theory  predicts  correctly:  the  large  low  frequency  vertical 
ihotions. 


2.  Low  Frequency  Motions  Theory 

A  floating  body  is  assumed  to  be  submitted  to  bichro^ 
matic  waves  of  amplitudes  ai,  or  and  frequencies  wi,  uj.  It  re¬ 
sponds  oscillatorilly  with  small  ampliiudes  at  the  frequencies  a>i 
and  U2  around  its  mean  posiion  which  inoves  with  large  anv- 
plitude  at  the  low  frequency  (wi  —  ws).  As  illustrated  by  figure 
1,  three  reference  systems  are  defined:  (1);A- three-dimensional 
Cartesian  coordinate  system  o^XtyoXo  fixed  in  espace  with  the  z- 
axis  vertically  upwards.  (2)  System  otyz  following  the.  large  low 
frequency  nnotion  which  has  its  origin  at  the  body  gravity  center 
G.  and  (3)  Another  coordinate  system  OXYZ  tied  to  the  body 
which  coincides  with  ozyz  in  the  absence  of  small  high  frequency 
motions.  The  three  systems  coincide  at  the  initial  time. 

Assuming  a  vector  rs(f)  with  six  components  of  surge, 
sway,  heave,  roll,  pitch  and  yaw  which  designate  the  six  degrees 
of  freedom  of  the  body: 

?.(<)  =  M0.v.(0..fo(0.^.(<).o.(0.i^.(0f  (1) 

Two  small  parameters. e  and  c  are  introduced  to  express  this 
vector  into  two  parts; 

+  (2) 

Where  e,  a  perturbation  paraineter,  is  proportional  to  the  ratio 
ofrwave  amplitude  to  wave  length  while  e  represents  the- ratio 
between  the  two  time  scales  of  motions:  a  high  frequency  mp- 
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tion  with  small  amplitude  around  its  mean  position  and  a  low 
frequency  motion  of  the  body  mean  position  of  large  amplitude 
because  of  low  resonant  frequencies  of  the  system.  (Mote  strictly 

Figure  1  —  Reference  Systems 


to 


we  should  take  six  ratios  of  time  scales  since  the  six  low  resonant 
frequencies  ace  not  the  same). 

It  was  shown  by  'ftiantafyllout®*),  in  the  inviscid,  itto- 
tational  and  incompressible  fluid,  that  the  two  potential  prob* 
lems  relating  these  two-scales  motions  can  be  separated  and  that 
the  flrsl-ocder  problem  is  the  same  as  if  no  low  frequency  mo¬ 
tions  exist  and  high  frequency  flr8t*order  forces  and  motions  are 
only  parametrically  dependent  on  the  low  frequency  motions.  We 
shall  emphasize  this  dependence  by  representing 

the  low  frequency  forces  as  a  function  of  the  body  mean  position. 

The  high  frequency  motions  excited  by  first-order  forces 
can  easily  be  derived  by  classical  means  of  using  motion  transfer 
function  and  those  from  second-order  high  frequency  excitation 
are  of  order  e’  and  negligible.  As  these  high  frequency  motions 
are  supposed  to  be  small  as  compared  to  the  low  frequency  mo¬ 
tions,  our  efforts  are  concentrated  on  the  evaluation  of  the  large 
mean  position  motions; 

?«(<)  =  [ic(0.yc!(0.2^c(0i^Cf(0.®c(0.V’c(0r  (3) 

We  shall  first  establish  the  low  frequency  motion  equation,  in 
the  following,  assuming  the  dependence  on  the  mean  position 
of  the  second-order  low  frequency  forces  and  proceed  the  time 
simulation  and  frequential  analyses.  The  complete  second-order 
forces  are  evaluated  in  the  last  paragraph  of  this  section. 

2.1  Low  Frequency  Motion  Equation 

The  complex  notations  are  afterward  admitted  in  follow¬ 
ing  analytical  expressions.  For  exemple,  a  real  harmonic  function 
H(t)  of  frequency  u  having  an  amplitude  h  and  a  phase  P  is  rep¬ 
resented  by: 

=  hcoeP-  co8(uf )  —  h sin ■  sin(a>f ) 

=  3t{h-e-‘“‘}  (4) 

and  so; 

h  =  hcos/?  — i -hsin/?  =  h -e”*^  (5) 

where  i  =  and  3t{F'}  designates  the  real  part  of  the  complex 
function  F. 


Assuming  the  mass-inertia  matrix  of  system  and  ’added 
mass-inertia  matrix  M  -f  m,  damping  matrix  B,  restoring  ma¬ 
trix  K  and  exciting  low  frequency  forces  F(r<;,  t),  the  motion 
equation  can  be  written: 

(M  -f  m)^?c(0  +  B^Po(t)  -f  KrcCf)  =  F(ro,  f)  (6) 

In  this  equation,  the  exciting  low  frequency  forces  can  be 
caused  by  wind,  current  and  waves.  For  the  sake  of  simplicity, 
f(ro,  i)  only  includes  the  wave  effects.  Using  Taylor’s  series, 
these  low  frequency  forces  can  be  expressed  by: 

F(?c,  t)  =  F(roc,  t)  +  ((?<j  -  roo)  •  V] F(?o(j,  <)  +  •••  (7) 

By  denoting: 

Fo(0  =  F(?o(7,  0  (8) 

and 

F,(l)  =  Vj'(roc,l)  (9) 

noting  that  F|(f)  is  a  6  s  6  matrix,  the  equation  (7)  can  be  then 
written  as; 

F(?o,  f)  =  Fo(l)  +  F,(l) .  (fo  -  ?oo)  +  •  •  >  (10) 

Substituting  the  equation  (10)  in  which  the  first  two  terms  are 
used  and  the  vector  roo,  representing  the  origin  position  of  the 
body,  is  taken  as  zero  vector  into  the  equation  (6)  ,  the  latter 
can  be  rewritten  as; 

(M-l-m)^?c(<)-f  Bifc(f)-f  [K-  F,(<)]fc(0  =  Fo(<)  (11) 

This  equation  ressembles  Mathieu’s  equation  if  Ft(f)  is  periodic. 
The  solutions  to  this  equation  will  be  discussed  in  detail  for  the 
cases  of  regular,  bicbromatic  and  irregular  waves. 

Motion  In  Regular  Waves 

A  regular  wave  with  an  amplitude  a  and  a  phase  0  of 
frequency  w,  in  the  direction  of  angle  9  with  the  axis  x  is  repre¬ 
sented  by  the  following  form: 

t]{t)  =  a  cos(JI;z  cos  9  -f  iy  sin  9  —  -  0) 

=  »{a.e-‘“"}  (12) 

with: 

o  =  a’e'*l*'°**+''*‘"*J""’  (13) 

The  low  frequency  forces  contain  only  the  steady  forces 
which  ue  function  of  wave  frequency  and  mean  position: 

^(?o .  f )  =  +  Frfi  •  fo  (14) 

in  which  F,io  is  the  steady  forces  at  the  origin  position  and  Fsi 
their  first  derivatives  with  regard  to  mean  position  displacement. 
They  are  expressed  in  complex  form: 

Fso  =  »||aa*/5o(a-,-<u)|  (16) 

and: 

Fsi  =  »||ao*Fj,(a>,-a.)|  (16) 

where  o*  is  complex  corrugate  of  a,  the  complex  amplitude  of 
wave  at  the  original  point  {xa,ya)  and  Fio(U],  —u/)  is  the  trans¬ 
fer  function  of  the  second-order  low  frequency  forces  in  bichr^ 
matic  wave  of  frequencies  uj  and  ui  (here  we  impoM  Uj  =wi  = 
u).  Fiiffjjf—ut)  is  the  gradient  matrbe  of  f3o(wii— <vr).  Intro¬ 
ducing  these  equations  (14.16.16)  into  (11),  we  obtained  a  new 
formula  to  calculate  the  mean  displacerhent  of  the  body: 
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rco : 


K  -  « -u>)||  '  « ||aa*F5o(a.,  -u;)| 

(17) 


instead  of  (he  classical  formula; 


rooc  =  K-‘  • » -u>)|  (18) 


The  formula  (17)  indicates  that  mean  displacement  of  a 
floating  body  in  regular  wave  is  not  strictely  proportional  to  the 
square  of  the  wave  amplitude  and  that  it  depends  also  on  the 
derivative  of  the  steady  forces.  For  example  in  the  case  of  heave 
motion,  the  vertical  steady  force  and  its  derivative  being  usually 
of  the  same  sign,  the  mean  displacement  predicted  by  (17)  may 
be  much  larger  than  (18)  which  is  classically  used.  Another  in¬ 
teresting  remark  can  be  obtained  by  considering  the  free  motion 
of  the  system  represented  by  the  equation  (11).  The  natural  res¬ 
onant  frequency  of  heave  motion,  assumed  to  be  decoupled  from 
the  other  degrees  of  freedom,  is  given  by: 


<^Rt 


/ 


I<33  -  31{^aa»f3i,(a>,-a))} 

(Af  -f  msa) 


(19) 


This  shows  that  the  natural  frequency  in  still  water  is  differ¬ 
ent  from  that  in  a  regular  wave.  The  natural  frequency  may  be 
smaller  when  wave  amplitude  increases  and  it  depends  in  addi¬ 
tion  on  wave  frequency.  In  fact,  the  derivatives  of  steady  forces 
play  a  role  like  a  supplement  (or  decrease)  of  the  restoring  forces 
in  the  system. 


Motion  In  Bicbromatic  Waves 


Free  surface  elevation  of  bichromatic  wave  is 
at  first-order  form,  as: 

represented, 

lj{<)  =  l?l(0,Ur,^l,O  +  >?3(<’,W3,/?ZiO 

=  31{oi.e-'“‘*}-b3l{a2'C-'"»'} 

(20) 

here  ai  and  03  are  complex  amplitudes  of  waves  including  the 
directional  angle  6  and  their  phases  A  and  /I3,  and  corresponding 
frequencies  ui  and  013. 

In  this  bichromatic  wave  system,  the  low  frequency  forces 
are  composed  of  a  steady  part  and  an  oscillatory  part  which  has 
a  difference  frequency  (a>i  -ws): 

F(rc,  f)  =  Fi(ro)-bF3(?c,  0 

(21) 

and  they  are  written  by: 

Fs(fc)  =  Fio  +  Fdi  •  rc 

(22) 

F2(?C|1)  =  F3o(f)  -b  F2l(f)  •  Fc 

(23) 

Introducing  above  identities  into  the  equation  (11),  we 
have  the  motion  equation  as: 

(M  +  m)^rc(t)  +  Dpa(t)  +  [K  -  F„  -  F2,(l)]fc(l) 


F3,(<)  =  »{aia;F„(«,,-u>,)  .e-ff“>-"»)'}  (28) 

The  evaluation  of  the  transfer  function  of  second-order  low  fre¬ 
quency  forces  will  be  considered  in  the  next  paragraph  (2.2).  It 
is  assumed  to  be  known  now. 

The  exact  solution  to  the  equation  (2d)  can  be  obtained  by 
time  simulation  method.  We  integrate  this  equation,  supposing  a 
starting  point  of  Fc;(0)  =  ^r<;(0)  =  0,  by  astantard  fourth-order 
Runge-Kutta  method.  The  motion  simulated  becomes  stable  af¬ 
ter  some  transient  periods. 

The  frequency  domain  analysis,  in  bichron.atic  wave  case, 
is  possible  if  the  following  assumption  is  admitted: 

rc(t)  =  Fco  -b  «  {fbie-'("*-“»)‘}  +  »  (29) 

Introducing  above  equation  into  the  equation  (24),  each  mode  of 
motion  can  be  approximatively  obtained  by  below  identities: 

?oo  =  [K-Fdir‘-Fso  (30) 


For  =  [-(M  -b  m)(b;i  -  ws)*  -  «B(ti;i  -  wj)  -b  K  -  F^i]  * 
•oiOj  [F3o(“Ii-W3)+ Fjt(a)i,-wj)F(jo]  (31) 


roj  =  (-4(M  -b  m)(<ui  -  wj)’  ~  <2B(aii  -  uj)  -b  K  -  Fsi)  ^ 

■iaiaj(F3i(wi,-wj)roi)  (32) 

The  formula  (30)  for  mean  displacment  is  the  same  as  (17). 
The  oscillatory  amplitude  of  frequency  (wi  -  ut)  is  determined 
by  (31).  It  depends  not  only  on  the  low  frequency  forces  but 
also  on  the  mean  displacement  (F<;o)  and  derivatives  of  steady 
forces  (Fsi).  Since  the  second-order  forces  are  proportional  to 
the  square  of  the  wave  amplitudes,  the  amplitude  of  the  low 
frequency  is  thought  to  be  the  same  too.  It  may  not  be  true  be¬ 
cause  the  ’supplement’  stiffness  (F,it)  increases  with  the  square 
of  wave  amplitudes.  For  instance,  in  case  of  heave  motion,  Fui< 
being  positive,  the  motion  amplitude  does  not  increase  paraboli- 
cally  as  wave  amplitude  increases.  The  motion  amplitude  should 
be  less  than  proportional  to  wave  amplitude  square  when  the 
difference  frequency  is  larger  than  that  of  resonance  and  more 
when  the  difference  frequency  is  smaller.  We  keep  the  double  dif¬ 
ference  frequency  2(wi  —  ws)  term  because  this  frequency  may  be 
closer  to  the  resonant  frequency  of  the  system  when  the  different 
frequency  (wi  -  uj)  is  much  lower. 


Motion  In  Irregular  Waves 

The  unidirectional  irregular  wave  is  often  represented  by 
a  finite  series  of  elementary  Airy  components  whose  amplitudes 
are  deduced  from  the  wave  power  spectrum  5ot(w): 


=  Fso  +  F2o(i)  (24) 

in  which  the  low  frequency  forces  can  be  rewritten  in  complex 
form  including  their  transfer  functions: 

Fsi  =3l|^oiaJF3i(wi,-wi)-b^a3a2F3i(w2,-a;3)|  (20) 

F3o(0  =  31  (oia;/i!o(wi. -wj)  ■  (27) 


N 

t](t)  =  cos(kjX cos$  +  kjysinO  - Ujt  - Pj)  (33) 
i=i 

and: 

=  ^2S’„(a(/)%  (34) 

where  B  is  the  wave  direction  angle.  Phase  angles  (j  =  1, 2,  ■  •  ■ , 
N)  are  determined  at  random  between  (0,2x)  and  Auy  is  thejth 
discretization  step  of  power  spectrum  frequency  width.  If  we  use 
the  complex  presentation,  the  wave  system  is  rcwitton.by: 
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( ^ 

U=‘ 

with: _ 

aj  =  (36) 

If  all  discretization  steps  Suj(j  =  I,---,  A')  arc  equal  (= 
Su)  and  the  largest  low  frequency  considered  u„,  is: 

a»ni  <  n  •  n  <  N  (37) 


tegration  over  the  average. surface  instead  of  instantaneous  sur¬ 
face  (supposing  a  given  mew  position).  These  forces. consisting 
of  four  terms  we  presented 'by: 

F3i(uj,-Uf)  =  -y  -  (j)  ■  (Ti!~(i)Ndr 


+5/1. 


+y  y  (nfoMjuiV4'^  -  MoM’tUjV4'^^)WS 


we  can  then  express  the  second-order  steady  part  and  the  oscil¬ 
latory  part  of  the  low  frequency  forces  by  following  simple  and 
double  summation  forms: 


(38) 

(39) 


Fjc(t) 

Fji(t) 


(  n  N 

-  I S  £  “joj- 

(/.•=u=f+i 

{n  N 

12 12 

<=t^=(+i 


tFta(>^}  1  -wi-r)  ■  e"‘^“< 


-"<-»)<  I 

(40) 


r>'ji(w^ -wy-r)  • 


(dl) 


As  wc  see  the  above  expressions  of  oscillatory  part  of  low 
frequency  forces,  two  remarks  have  to  be  pointed  out:  one  is 
that  the  number  A'  of  element  wave  fcequencics  should  be  largo 
enough  to  --epresont  correctly  irregular  waves  arid  to  evaluate  the 
low  frequency  forces  at  the  difference  frequencies  (wy  -  wy-r)  for 
f  =  1,  •  •  ■ ,  n  and  ;  1,  <  •  > ,  Af  (A  is  typically  between  100  and 

iOO).  Aiiolher  is  that  the  double  summations  of  low  freiprency 
fortes  at  ewh  tb  le  step  need  more  computing  time  as  the  nun>- 
ber  N  is  large.  Prior  to  doing  the  simulation  by  same  equation 
(24)  US  in  bicliromatie  wave  case,  two  special  files  have  to  be  built 
up.  First  file  containing  the  second-order  force  transfer  function 
at  origin  mean  position  can  be  obtained  by  running  repeately 
a  first-order  diffraction-radiation  code  for  a  number  (ni)  of  fre¬ 
quencies  (m  may  be  equal  to  A'/IO  or  N/5)  which  cover  the 
whole  frequency  range  and  successively  a  second-order  code  for 
repeating  m(m-H)/2  times.  The  first-  and  second-order  solutions 
for  other  frequencies  can  then  be  obtained  by  an  interpolation 
method.  Second  file  containing  the  derivatives  of  second-order 
force  transfer  function  can  be  achieved  by  etabllshing  two  files 
at  two  Of  three  different  mean  positions  and  using  the  finite  dif¬ 
ference  method. 


2.2  Low  tVequency  Forces 

The  low  frequency  forces,  obtained  by  Integrating  the 
second-order  hydrodynamic  pressure  on  tlie  body  wetted  surface, 
consist  of  one  pan  which  depends  only  on  first-order  quantities 
(potential,  velocity  and  motions  etc.)  and  anotlicr  part  which 
depends  on  the  second-order  velocity  potential.  They  can  then 
be  written  as: 

Ajo(w>i-wr)  =  Aji(wy,-wr)-h/22(wyi-wr)  (42) 

The  first  part  forces  F2t(wy,— wr)  are  formulated  by  integrat¬ 
ing  the  hydrodynamic  pressure  which  corresponds  to  quadratic 
terms  in  Bernoulli’s  equation  and  corrective  terms  due  to  the  in¬ 


+5(n-i-F;„r+ni-PM)  (43) 

where  p  is  water  density  and  g  is  the  acceleration  due  to  gravity. 
The  indices  j  and  i  represent  the  first-order  quantities  corre¬ 
sponding  the  wave  frequencies  uj  and  ut  and  the  sign  »  des¬ 
ignates  the  cotuugate  complex.  N  is  the  general  norrhal  vector 
of  body  surface  towards  the  fluid.  The  first  contribution  is  an 
integral  of  relative  water  elevation  (difference  of  water  eleva¬ 
tion  17  and  vertical  displacement  ()  on  the  average  waterline  Po- 
The  second  contribution  is  the  integral  of  pressure  due  to  the 
fluid  qumlratic  velocity  (^(*1  being  first-order  velocity  potential). 
The  third  one  comes  from  the  corrective  term  of  the  first-order 
pressure  on  the  average  surface  instead  of  instantaneous  surface 
{MoM  being  translation  of  one  point  Mo  on  body  surface)  and 
the  fourth  one  is  a  correction  of  first-order  inertia  forces  !*;„  due 
to  the  first-order  rotations  It- 


All  these  contributions  can  be  evaluated  directely  once 
the  first-order  problem  is  tolved.  In  fact,  the  first-order  veloc¬ 
ity  potential  obtained  by  i  singularity  method  is  used  to  have 
the  first-order  excitation  forces  and  motions  by  incchanicarequa- 
tipns.  A  source  distribution  whidi  is  kinematically  equivalent  to 
the  body  responding  in  waves  can  be  obluined  by  considering 
first-order  motions  and  used  16  evaluate  first-order  quanlilies 
(potential  and  its  spatial  derivatives  on  body’s  surface  and4he 
water  elevation. on  the  waterline)  that  arc'iiccded  for.  the  first 
part  of  the  second-order  forces. 


The  second-order  velocity  potential  ♦l’l(j:,y,s,l)'is  as¬ 
sumed  to  have  incident,  diffraction  and  radiation  parts,  in  the 
same  manner  as  the  first-order  potential; 


-f  +  4n'>)-  (44) 


in  which  the  incident  potential  »  known: 

4’)  - - ^ _ igl,.- . ; 

g\kj  -  ir|  tanh(|1.7  -  )  -  (u/  -  wrP 

coslidt/  -  mk's 

C06h(|*>-<:riff)  ^ 

where: 


A-  =  (1  -f  tanh(i7//)  tanh(I:r//)] 


a. 


2  \  wicosh^(iSrff/)J 

in  wliich  H  is  the  waterdepth. 


(d6) 


The  second-order  radiation  potential  is'8Upposed.,to  .sat- 
bfy  the  same  equations  as  the  first-order  radiation  potential.  The 
only  difference  corresponds  to  low  frequency  ((*7  -  w/)  instead! 
of  the  frequencies  w/  or  (j(.  The  solution  by  using  the  same  sin¬ 
gularity  method  gives  us  the  potential  damping  and  added  mass- 
for  ono  low  frequency. 


Ail  nonhombgeneous  properties  of  the  second-order  prob- 
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lem  are  tied  with  the  second-order  diffraction  potential  tvhich 
satisfies  not  only  Laplace’s  equation,  the  sea  bed  condition  equa¬ 
tion  and  a  proper  radiation  condition  but  I' a  the  nonhomoge- 
neous  f'ee  surface  condition  and  the  nonhomogcncous  body  suo 
face  condition.  These  two  latter  conditions  are  written  as: 


integral  in  fluid  domain  including  the  Laplace  operator  on 
and  into  boundary  surface  integrals.  By  analysing  asyniptctic 
expressions  of  the  velocity  potentials  and  using  the  stationary 
phase  theorem  for  the  surface  integral  at  infinity,  MolinI°’)  (1979) 
has  shown  that  the  following  identity  is  true: 


on  the  free  surface  and: 

i;A»  =  + 


fln’ 


(•17) 


(48) 


on  the  body  surface. 

The  nonhomogeneous  ter,, is  and  being  functions 

of  the  first-order  potentials  are  expressed  by: 

flW  =  :(u>i  -cvr)(V«iJ‘>  •  -  V^<i]) 


-IJ  (54) 


Introducing  this  identity  in  the  expression  (51),  we  have  the  com¬ 
plete  formula  for  the  fth  component  of  the  low  frequency  forces: 

~ut)  =  Fillip  I  -w<)  -f  F2ei((^i ,  -a>r)  -1-  F2,t{wj,  -Ui) 

(55) 


and: 

=  (Kb/  -  V<p|‘))R;  -  no  +  (1%,  -  v4'>*)n./  ■  «7o 

-{MoMj  ■  -  (MoM'i  ■  V)V<ij‘^7o  (50) 

in  whicli  is  the  first-order  incident  potential  and  is  the 
sum  of  the  first-order  diffraction  and  radiation  potentiaLs.  is 
the  velocity  of  the  point  Mo  on  the  body  surface. 


in  which  we  name  the  incident  integral: 

j 'i>f^NidS  (56) 

the  Ilaskind  integral  on  the  body  surface: 

fj.Ko./, -wr)  =  i(a;/  -  ^t)p  J  ^  il„dS  (57) 

and  the  Haskind  integral  on  the  free  surface: 

Fi,i(uj,~ut)=:i(us  ~ut)^  f  [  a^ilrpidS  (58) 

9  J 

With  these  three  integrals  including  only  terms  function  of  the 
first-order  velocity  potential,  the  complete  low  frequency  forces 
may  be  evaluated  without  explicitely  knowing  the  second-order 
velocity  potential  which  is  more  difficult  to  have,  on  condition 
that  the  difficulty  of  the  double  derivatives  of  the  first-order  ve¬ 
locity  potential  can  be  overcome. 


It  is  important  to  note  in  the  above  expressions  the  dou¬ 
ble  spatial  derivatives  of  the  first-order  velocity  potential.  For 
a  three  dimensional  body  of  arbitrary  form,  because  of  the  sin¬ 
gularity  of  Green  function  as  shown  by  [09],  the  double  spatial 
derivatives  near  the  body  surface  are  not  pos.sible  to  be  evaluated 
accurately  by  using  a  numerical  method.  'I'he  nonhomogeneous 
terms  can  not  be  then  obtained  directely.  But  we  arc  going  to 
try  to  calculate  the  integrals  containing  these  terms. 


The  second  part  of  the  low  frequency  forces  arc  written 
by: 

F2s(i4;/ ,  -ui)  =  i(wj  -  ut)p  j  [  (4’^  -f  4>^D^)tidS  (51) 
J  JSC9 

The  contribution  of  the  incident  potential  is  easily  obtained  as 
the  second-order  incident  potential  is  known  (sec  equation  45). 
In  order  to  evaluate  the  contribution  of  the  diffraction  potential, 
additional  potentials  (f  =  l,  --,6)  are  introduced.  These  ad¬ 
ditional  potentials  satisfy  Laplace’s  equation,  the  sea  bed  and  the 
radiation  conditions  and  the  two  following  boundary  conditions: 


_r, ..  _  1, -A.r..  -  n  --n  /5«>v 

'-■>  -irr.  v6‘/ 

=  on  (53) 

1  =  1, 2,-. ,6 

these  equations  being  the  same  as  in  the  first-order  radiation 
problem,  these  additional  potentials  arc  obtained  in  the  same 
way. 


Green’s  second  identity  is  applied  to  transform  the  volume 


An  identity  deduced  from  Stokes’  theorem  can  be  derived 
by  making  the  vectorial  analysis: 


JL 


(G-V)V<J.f?odS 


■T 1 1  [( •  '7)6  +  V<t>  ■  dit;((5)]  •  rio  dS  (59) 

By  using  this  identity  into  (67)  and  supposing  6  =  tfu-MoM,  the 
Haskiiid  integral  on  the  body  surface  is  transformed  into  integrals 
which  don’t  contain  any  mote  the  double  spatial  derivatives  and 
can  so  be  evaluated  accurately. 


In  order  to  evaluate  the  Haskind  integral  on  the  free  sur¬ 
face,  we  divide  the  unlimited  free  surface  into  two  regions:  an  in¬ 
ner  region  Sinn  which  is  limited  by  the  waterline  and  a  boundary 
circle  line  some  distance  far  away  from  the  body  and  an  outer 
region  Smt  which  is  the  surface  extending  from  the  boundary 
circle  line  to  infinity. 


In  the  inner  region,  since  the  Haskind  integral  contains 
the  double  spatial  .-ferivative  of  the  first-order  potential,  another 
identity  derived  from  Riemann’s  theorem  is  developped  as: 


[st-' •’St 


d 

a/ 


>  •  OrJ  dr 

I/]  dS  (60) 


Using  this  identity,  the  Haskind  integral  on  the.inner  region  can 
be  transfomed  into  integrals  in  which  double  derivative  does  not 
appear  any  more  and  maybe  so  calculated  numerically  by  using 
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classical  quadratic  method. 


Ihble  1  —  Characteristics  of  the  Models 


In  the  outer  region,  the  asymptotical  form  of  the  non- 
homogeneous  term  in  the  cylindrical  reference  (r,6,z),  is 
derived  by  using  the  dcvoloppment  of  Kochin’s  function  in  the 
presentation  of  the  hrst-order  velocity  potential.  This  asymptotic 
expression  of  as  form  of  a  product  of  Fourier  series  in  6  and 
oscillatory  radial  functions  in  r  and  the  similar  expression  for 
are  introduced  into  the  Haskind  integral.  This  integral  is  then 
separated  into  a  product  of  two  line  integrals;  first  integral  in  S 
which  is  not  difficult  to  be  calculated  by  applying  the  orthogo¬ 
nality  proporties  of  Fourier  series  product  and  another  integral 
in  the  radial  distance  r  which  is  easily  obtained  by  analytical 
results  of  FVesnel  integral. 


The  value  of  the  Haskind  integral  on  the  free  surface  is 
the  sum  of  integral  results  on  the  inner  region  and  on  the  outer 
region.  This  value  varies  oscillatorily  with  the  radial  distance 
of  the  boundary  circle  line  which  separates  the  inner  and  outer 
regions.  As  shown  in  [10],  the  oscillatory  value  converges  much 
more  rapidly  than  that  without  the  outer  region  integral  and 
the  final  result  is  very  close  to  the  average  value  of  oscillation. 
In  a  test  case  of  a  vertical  cylinder  (height/rad!us=5.)  for  which 
we  have  analytical  results,  the  inner  region  is  discretized  by  36 
points  in  circumference  direction  and  10  points  in  radial  direction 
per  composite  wave  length  Ae  which  is  defined  by: 


A<  = 


2x 

ij  -  k(  +  kjt 


(61) 


where  kji  satisfies: 

(wj  -  Utf  =  gkjt  ■  ianh{kj(H)  (62) 


A  good  agreement  between  numerical  and  analytical  results  is 
obtained  when  the  radial  distance  is  mote  than  three  A^.  The 
average  value  of  integral  results  for  the  radial  distances  between 
4^(  and  5A<  is  taken  as  the  final  result  of  the  Haskind  integral. 
The  error  between  the  numerical  result  and  the  analytical  result 
ic  less  than  five  pec  cent. 


The  computing  time  for  the  low  frequency  forces  is  dom¬ 
inated  by  the  evaluation  of  the  Haskind  integral  on  the  free  sur¬ 
face,  Since  other  contributions  arc  just  in  form  of  simple  addi¬ 
tions  of  the  first-order  quantities  which  are  obtained  once  che 
first-order  problem  is  solved  completely.  In  the  same  case  of  a 
vertical  cylinder  whose  one  quarter  surface  is  divided  into  108 
panels,  the  first-order  solution  costs  about  3  minutes  on  Vax8700 
computer  while  the  free  surface  Haskind  integral  is  obtained  after 
10  minutes  calculus  for  one  frequency.  When  the  system  responds 
to  only  some  frequencies,  it  is  necessary  to  evaluate  completely 
the  low  frequency  forces  for  these  frequencies.  But  it  is  also  rea¬ 
sonable,  when  the  frequencies  considered  are  numerous,  to  take 
the  approximation  which  consists  of  neglecting  purely  and  sim¬ 
ply  the  free  surface  integral.  This  economical  approximation  is 
adequate  when  the  diffraction  effects  arc  weak.  For  instance,  the 
submersible  or  semi-submersible  with  small  watcrplane  areas  are 
the  cases  where  the  approximation  can  be  used.  This  is  shown  by 
Matsuil®*)  who  considered  the  ITTC  senii-submcrsible  platform. 
The  work  in  [09]  has  the  same  conclusion. 


3.  Model  Test  Presentation 

The  model  tests  were  carried  out  at  the  Ocean  Basin  of 
the  Ship  Research  Institute  of  Japan,  while  the  second  author 
was  on  sabbatical  leave  in  1981-1982.  Two  bottle-shaped  models 
were  considered,  with  different  ne^  diameters.  Table  1  presents 
some  characteristics  of  both  models. 


Designation 

Model  No.l 

Model  No.2 

R1  Neck  diameter 

HI  Neck  height 

R2  Bottle  diameter 
H2  Bottle  height 

M  Displacement 

Cg  Center  of  gravity 
Cb  Center  of  body 

Kz  Vertical  Stiffness 

11.5  cm 
20.0  cm 
83.0  cm 
70.0  cm 

220.3  Kg 
33.8  cm 
35.4  cm 

113.3  N/m 

21.6'  cm 
20.0  cm 
63.0  cm 
70.0  cm 

225.5  Kg 
34.7  cm 
36.4  cm 

370.6  N/m 

The  test  set-up  is  disetibed  on  figure  2.  The  mooring  sys¬ 
tem  was  constituted  by  two  linear  springs.  The  ballasts  of  the 
models  were  adjusted  to  ensure  large  natural  periods  in  toll  and 
pitch.  In  all  tests  it  appeared  that  the  pitch  response  was  neg¬ 
ligibly  small.  The  heave  motion  of  the  models  was  measured  by 
a  potentiometer.  It  was  checked  during  the  tests  that  the  surge 
motion  was  always  smalt  enough  to  ensure  an  accurate  measure¬ 
ment. 


Figure  2  —  Thst  set-up 


R,  . 

f  V  "7 — 7 — ;  >  7  /  / 

Tests  in  regular  waves  were  first  undertaken  for  the  pur¬ 
pose  to  evaluate  the  vertical  steady  force.  The  mean  vertical  dis¬ 
placements  were  measured  for  wave  periods  ranging  from  0.6  to 
2.0  seconds  and  double  wave  amplitudes  of  4.  and  6.  centimeters. 

Extinction  tests  \ycrc  made  in  still  water  and  in  regular 
waves,  in  order  to  estimate  the  heave  damping,  which  is  an  im¬ 
portant  quantity  in  the  evaluation  of  low  frequency  motion.  In 
this  series  of  tests,  the  model  was  given  a  vertical  dotynward  dis¬ 
placement  (10  to  20  cm)  and  released.  The  heave  damping  was 
classically  estimated  from  the  record  of  the  decaying  motion.  The 
tests  showed  that  the  damping  increases  under  the  effect  of  wave 
superimposition.  Another  feature  observed  in  regular  waves,  is 
that  the  zero  down-crossing  intervals  decreased  as  the  heave  mo¬ 
tion  decayed  to  zero.  This  variation  of  natural  periods  is  taken 
into  account'by  the  equation  (19). 

A  large  proportion  of  the  tests  undertaken  were  in  bichro- 
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matic  waves.  In  these  experiments,  two  regular  waves  of  equal 
amplitudes  were  superimposed.  One  pulsation  was  kept  constant 
and  different  beat  frequencies  were  achieved  by  varying  the  other. 
Another  kind  of  tests  was  aslo  made  at  constant  beat  frequency 
and  varying  wave  amplitude.  Tests  in  irregular  waves  plus  cur¬ 
rent  were  aslo  undertaken. 

In  next  section,  the  tests  results  and  analysis  are  pre¬ 
sented  in  the  comparison  with  the  numeric.M  predictions. 


4.  Numerical  Predictions  and  Comparisons 

For  the  purpose  of  the  numerical  solution  to  the  diffrac¬ 
tion-radiation  problems  that  is  needed  to  evaluate  the  low  fre¬ 
quency  forces,  the  body  wetted  surface  is  meshed  by  quadri¬ 
lateral  panels.  The  principle  of  discretisation  is  that  the  panels 
close  to  the  free  surface  and  near  the  corners  of  body  surface  are 
finer  than  the  others.  Figure  3  presents  the  mesh  used  in  the  full 
numerical  calculus.  The  total  number  of  panels  is  880. 

Figure  3  —  Mesh  of  the  body  surface 


The  numerical  accuracy  depends  directly  on  the  repre¬ 
sentation  of  the  body  form,  that  is,  the  size  of  the  discretiza¬ 
tion.  A  mesh  giving  an  accurate  solution  to  the  first-order  prob¬ 
lem  may  not  be  refined  enough  for  the  second-order  problem. 
The  convergence  with  discretisation  was  so  investigated  first. 
Model  No.l  is  chosen  to  evaluate  the  first-order  vertical  force 
and  the  second-order  steady  force  in  a  regular  wave  of  frequency 
{u  =  6.283  rad./ sec.)  and  the  low  frequency  vertical  for^  in 
bichromatic  waves  of  frequencies  (wi  =  7.222  rad. /sec.  and 
U2  =  6.283  rad./ sec.).  Figure  4  presents  the  numerical  results 
with  respect  to  the  panel  number  in  which  the  first-order  verti¬ 
cal  force  Fi,(w)  with  the  markers  (■*  *■)  is  adimensionalized 
by  pgLLa  (here  the  reference  length  L  =  \  m),  the  second- 
order  steady  force  F2,(u,-u)  with  the  markers  (•»"■■=')  by 
(pgLaa/2)  and  the  low  frequency  force  F3,(wi,-U2)  with  the 
markers  (■  »-#-)  by  {pgLaiaj). 

From  the  figure  4  we  see  that  the  first-order  forces  have 
converged  with  100  panels,  while  the  second-order  forces  need 
over  800  panels.  If  the  criterion  of  panel  size  for  the  first-order 
is  one  sixth  of  wave  length,  that  of  the  second-order  should  be 
one  fifteenth  of  the  average  wave  length  (about  800  panels  on 
the  whole  surface).  In  order  to  achieve  a  good  accuracy  for  the 
low  frequency  forces,  we  have  then  chosen  the  discretisation  of 
880  panels  presented  by  the  figure  3.  The  computer  times  on 
the  series  of  Vax8000  computer,  for  one  frequency,  are  about 


9  minutes  for  the  first-order  problem  and  30  minutes  for  the 
evaluation  of  the  low  frequency  forces. 


Figure  4  —  Convergence  with  discretisation 


In  the  regular  waves,  the  second-order  steady  forces  of 
model  No.l  are  evaluated  for  16  frequencies  from  2  rad./ sec.  to 
14  rad./ see.  at  three  vertical  position  of  the  body:  the  origin  po¬ 
sition  (neck  height  111=20  cm),  the  higher  position  (neck  height 
111=18  cm)  and  the  lower  position  (neck  height  Hl=22  cm).  The 

results  are  presented  by  the  figure  5  in  which  the  curve  ( - ) 

describes  the  steady  forces  as  a  function  of  the  wave  frequencies 

at  the  origin  position,  the  curve  ( - )at  the  higher  position 

and  the  curve  (-•--)  at  the  lower  position. 


Figure  5  Vertical  drift  forces  at  three  reference  positions 


Frequency  (Hz) 


As  the  first-order  vertical  body  motions  are  small,  the 
drift  forces  dominated  by  the  contribution  of  the  quadratic  term 
of  the  fluid  velocity  (see  the  equation  43)  ate  always  positive 
upward  because  the  fluid  motion  is  larger  above  the  model  than 
underneath.  For  the  same  reason  the  drift  forces  ate  higher  at 
the  higher  position  and  lower  at  the  lower  positim,  as  compared 
to  the  origin  position,  and  they  have  a  peak  for  a  frequency  equal 
to  about  6.5  rad./ sec. 

Figure  6  presents  the  derivatives  of  vertical  drift  forces 
with  respect  to  the  mean  vertical  position.  These  derivatives  ate 
obtained  by  finite  differences.  The  adinoenionalized  vertical  drift 
forces  Fioi  »t  the  origin  mean  position  are  drawn  by  the  curve 

( - )  and  their  first  derivatives  Fiu  by  the  curve  ( - ) 

which  ate  adimer.aionalized  by  {pgLaa/2  *  L/Zem).  The  second 
derivatives  adimensionalized  by  {pgLaa/Z  *  ZL^/Zevr?)  are  also 
prnented  by  the  curve  ( - ). 
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Figure  6  —  Derivatives  of  the  vertical  drift  forces 


The  derivatives  shown  by  the  figure  have  similar  shapes  (a 
peak  for  a  frequency  equal  to  6.5  rad./ sec.)  as  the  drift  forces  at 
the  origin  position.  The  values  of  the  first  derivatives  are  smaller 
than  those  of  the  drift  forces  and  the  second  derivatives  are  much 
smaller  than  the  first  derivatives  (with  the  adimensionalizations 
given  above).  So  it  is  legitimate  to  use  only  the  first  term  in  the 
Taylor  series  of  the  steady  forces  (see  the  equation  7). 

Using  the  vertical  drift  forces  and  their  first  derivatives 
evaluated  numerically,  the  vertical  mean  displacements  of  the 
model  in  regular  waves  are  obtained  by  the  equation  (24).  Figure 

7  presents  this  result  as  the  curve  ( - )  and  the  comparison 

with  the  model  testa  uD'^ertaken  at  the  Ship  Research  Institute 
of  Japan  (markers  ■  ■  ■  )  and  with  the  results  calculated  by 
the  classical  metnod  of  the  equation  (18)  (the  curve  —  -). 

Figure  7  —  Vertical  mean  displacements 


Frequency  (Hz) 


The  vertical  mean  displacements  are  adimensionalized  by 
the  square  of  the  wave  zunplitude.  The  comparison  from  the  fig¬ 
ure  7  shows  a  good  agreement  between  the  experiments  and  the 
numerical  predictions.  But  the  classical  method  underestimates 
the  vertical  mean  displacement. 

In  the  bichromatic  waves  tests  for  model  No.2,  the  second 
wave  frequency  wj  =  5.712  rad,/ sec,  is  kept  constant  while  the 
first  frequency  wj  varies  from  6.283  rad.fsec.  to  7.140  rad./sec., 
which  covers  the  whole  frequency  range  used  in  the  model  tests. 
The  second-order  low  frequency  forces  at  the  origin  mean  po¬ 
sition  are  presented  on  figure  8.  The  top  curve  describes  the 
amplitude  of  total  low  frequency  forces  which  consist  of  the  first 


part  (see  equation  42)  shown  in  the  middle,  the  second-order  in¬ 
cident  contribution  and  the  Haskind  integral  on  the  body  surface 
shown  underneath,  and  the  contribution  of  the  Haskind  integral 
over  the  free  surface  (bottom  curve). 

Figure  8  —  Low  frequency  forces 


The  second-order  low  frequency  forces  are  dominated  by 
the  first  part.  But  it  is  not  correct  to  take  only  this  part  as  an  ap¬ 
proximation  of  the  low  frequency  forces  because  the  contribution 
of  second-order  potential  (set-down  effect)  is  important  and  in¬ 
creases  with  the  difference  frequency.  Nevertheless  the  contribu¬ 
tion  of  the  Haskind  free  surface  integral  is  very  small  as  compared 
to  the  other  contributions.  The  approximation  which  consists  in 
neglecting  this  small  but  expensive  contribution  is  jnstified. 

The  steady  forces  axe  evaluated  as  the  sum  of  the  steady 
forces  in  two  regular  waves  of  two  different  frequencies.  The  first 
derivatives  of  the  low  frequency  forces  and  the  steady  forces  are 
obtained  by  the  same  procedure  as  those  of  the  steady  forces  in 
regular  waves,  applying  the  finite  difference  mctliod  to  I  he  results 
at  three  different  mean  positions.  The  obtained  low  frequency 
forces  and  the  steady  forces  and  their  first  derivatives  are  used 
in  equation  (24)  for  the  motion  simulation.  Figure  9. presents 
one  of  the  bichromatic  wave  which  was  used  in  the  model  tests 
(u»i  =  6.756  rad./sec.  and  uij  =  5.712  rad./sec.)  with  a  beat 
amplitude  equal  to  4  cm  (oi  =  02  =  2cm).  The  low  frequency 
motion  cimulation  is  shown  on  figure  10. 

In  the  equation  (17),  the  added  mass  is  taken  as  the  nu¬ 
merical  result  at  the  frequency  equal  to  1.044  rad./sec.  and  the 
linear  heave  damping  is  derived  from  the  extinction  tests.  The 
simulation  is  started  at  an  initial  point  such  that  the  displace¬ 
ment  and  the  velocity  are  zero.  The  simulated  motion  is  stable 
after  less  than  ten  periods.  The  low  frequency  motion  ampli¬ 
tude  and  the  mean  displacement  are  measured  from  the  stable 
simulation. 

In  the  same  bichromatic  wave,  the  simulations  are  worked 
out  for  double  beat  amplitudes  from  2  cm  to  8  cm.  The  results 

are  shown  by  the  curve  ( - )  in  figure  11.  The  markers  (•  •  ■ ) 

are  the  experimental  points  and  the  curve  (----)  designates  the 
classical  calculus  without  the  first  derivatives  of  the  second-order 
lov?  frequency  forces. 

According  to  the  frequency  domain  analysis  in  the  above 
section  2,  the  amplitude  curve  of  clazmical  method  is  parabolic 
because  the  second-order  motions  are  simply  proportional  to  the 
square  of  the  wave  amplitude.  But  the  motion  simulation  which 
t  jees  account  of  the  variation  of  the  second-order  forcM  with 
respect  to  the  mean  position  is  not  the  same.  When  the  beat 
frequency  is  larger  than  the  natural  frequency,  the  simulation 
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Figure  9  —  Bichromalic  wave 


Figure  10  —  Low  frequency  inolion 


Time  (second) 


amplitude  U  less  than  a  square  function  of  the  wave  amplitude. 
The  difference  between  the  two  increases  with  the  wave  ampli¬ 
tude.  The  comparison  shows  that  the  simulation  amplitude  curve 
is  much  closer  to  the  experimental  results  than  that  from  using 
the  classical  method. 


Figure  11  —  Heave  amplitude  as  a  function  of  wave  amplitude 


Bich.  Wave  High!  (cm) 


to  the  beat  frequency.  The  markers  ( a  ■  ■  ■ )  arc  the  points 

of  the  model  tests  results.  The  continuous  line  ( - )  is  derived 

from  the  motion  simulation  while  the  dotted  line  is  obtained  by 
using  (he  elassical  method. 

Figure  12  —  Heave  ampliiudc  of  model  No.2 


Low  Frequency  (Hz) 


The  heave  amplilud?  of  the  motion  simnlation  is  in  good 
agreement  with  the  experimental  results.  The  classical  method 
underestimates  the  heave  motion  for  frequencies  lower  than  that 
of  resonance  while  it  over-estimates  the  heave  motion  at  larger 


The  whole  low  frequency  motions  arc  obtained  for  the 
frequency  range  of  the  resonance  by  the  same  way.  The  figure  12 
presents  the  results  of  the  double  heave  amplilndc  with  respect 
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frequwciet.  Moreover  the  motion  simulation  predicts  correctly 
the  resonant  frequency  of  the  system. 

For  model  No.l  in  bichromatic  waves,  the  numerical  com¬ 
putations  are  called  out  for  frequencies  wi  varying  from  6.347 
rad.f$ec.  to  ‘  .221  rad. f sec.  and  fixed  uj  =  6.283  rad./sec.  The 
double  beat  amplitude  is  5.7  cm  (oi  =  oj  =  2.85  cm).  Same  pro¬ 
cedures  ate  used  as  for  the  model  No.2.  The  results  ate  presented 
on  figure  13. 

Figu;e  13  —  Heave  amplitude  of  model  No.l 


AgMn  the  classical  method  does  not  predict  well  the  low 
frequency  heave  motions.  The  motion  simulation  predicts  cor¬ 
rectly  the  resonant  frequency  of  the  body  in  bichromatic  waves. 


Table  2  --  Resonant  frequency  prediction 


Model 

Classici 

Simulation 

Experiment 

Model  No.l 
Model  No.2 

0.57  rad/see 
1.04  rad! sec 

0.47  rad/sec 
1.00  rad/sec 

0.45  rad/ sec 
1.00  rad /sec 

Although  the  numerical  prediction  gives  the  correct  fre¬ 
quency  of  resonance,  the  agreement  with  the  experimental  results 
for  model  No.l  is  not  excellent.  It  is  necessary  to  note  that  the 
heave  damping  m  the  simulation  using  the  equation  (24)  takes 
the  form  as: 


in  which  the  linear  damping  Bo  is  derived  from  the  extinction 
tests  and  the  quadratic  damping  Bi  u  computed  by  the  following 
formula; 

Bi  =  \pSCi 

where  S  is  the  bottom  area  and  the  drag  coefficient  Cj  is  taken 
equal  to  3.  It  is  possible  that  the  unsatisfactory  comparison  with 
the  model  tests  arises  from  the  unclear  determination  of  the 
heave  damping.  Further  investigation  on  the  viscous  damping 
of  the  system  is  necessary. 


surface  can  be  negligible. 

A  simulation  model  for-the  prediction-of  low-frequency 
motions  taking  account  of  the  variation  of  the  second-order  low 
frequency  forces  with  regard  to  the  mean  position  has  been  pre¬ 
sented.  Even  though  satisfactory  comparisons -with  the  model 
tests  results  are  obtained  for  the  heave  motions  in  bichromatic 
waves,  the  system  damping  for  low  frequency  motion  is  needed 
for  further  investigations. 
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5.  Conclusions 

Using  the  Haskind  integral  relations,  the  second-order 
low  frequency  forces  can  be  completely  evaluated  by  the  id  of 
two  transformiion  identitie:,,  without  expliciteiy  solving  for  the 
second-order  potentii.  The  numerical  results  show  that  for  float¬ 
ing  semi-submersible  bodies,  the  Haskind  integral  on  the  free 
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DISCUSSION 

by  R.  H.  Huijsmans 

I  like  to  congratulate  the  authors  with 
their  fine  paper  and  their  treatment  of  the 
mean  position  dependency  of  the  second  order 
forces,  which  resembles  the  way  the  wavedrift 
damping  concept  has  been  introduced. 

I  have  a  question  regarding  the  low- 
frequency  drift  forces  depending  on  the  second 
order  potential  ^22'  using  Lighthill's 
transformation  to  the  Haskind  integral  we 
showed  [Al]  that  the  simplified  analysis  of 
this  integral  as  was  proposed  by  Pinkster  tA2] 
was  valid  for  a  wide  frequency  range.  This 
simplified  analysis  has  the  benefit  of  small 
computational  efforts.  Would  the  authors 
comment  on  this? 

A  next  question  concerns  the  Fig.8  of  your 
paper.  It  seems  to  me  that  for  practical 
irregular  waves  notably  JONSWAP  type  wave 
spectra,  these  only  exists  a  small  frequency 
band  where  the  envelope  spectrum  has  some 
significance.  Therefore  larger  difference 
frequencies  need  not  to  be  regarded 
extensively.  Can  the  authors  comment  on  this. 

(All  A.  Benschop,  A.'J.  Hermans,  R.H.M. 
Huijsmans,  "Second  order  diffraction 
forces  on  a  ship  in  irregular  waves". 
Applied  Ocean  Research,  9,  1987. 

(A2)  J.A.  Pinkster,  "The  low  frequency 
excitation  forces  on  ships",  PhD  Thesis, 
University  Delft,  1980. 

Author's  Reply 

1.  The  contribution  of  the  second-order 
diffraction  potential  to  the  second-order 
loads  consists  of  two  Haskind  integrals:  one 
on  the  free  surface  that  involves  the  second- 
order  correction  to  the  free  surface  equation, 
the  other  over  the  hull  that  involves  the 
second-order  correction  of  the  body  surface 
equation.  For  difference  frequency  problems 
it  is  generally  accepted  that  the  free-surface 
integral  is  small,  which  has  been  confirmed 
both  by  the  discusser's  results  [Al]  and  by 
ours.  However,  if  the  body  is  allowed  to 
respond  to  waves,  the  body  surface  integral  is 
not  small,  e^^en  for  the  difference  frequency 
case.  Thus  Pinkster's  approximate  method, 
which  only  takes  account  of  the  second-order 
incident  potential  on  the  body  surface,  may 
not  be  valid. 

2.  We  are  thankful  to  the  discusser  that 
this  second  comment  has  made  us  aware  that  all 


figures  in  the  paper  are  incorrectly  labeled. 
The  low  frequencies  on  the  horizontal  axes  are 
not  expressed  in  Hertz  but  in  radian  per 
second  (as  it  is  written  in  the  text).  We 
apologize  for  that  error. 


DISCUSSION 

by  R.  Eatock  Taylor 

It  appears  that  the  second  order 
correction  due  to  the  body  motions  involves 
the  large  low  frequency  motions  (eq.7)  and  the 
small  wave  frequency  motions  (eq.43).  This 
presumably  results  from  the  two  time  scale 
approach,  although  the  details  are  not  given. 
Is  this  consistent  with  including  terms  from 
the  second  order  potential  for  the  low 
frequency  forces?  My  memory  of 
Triantaf  yllou's  argument  is  that  the 
corresponding  forces  are  of  third  order, 
because  of  the  small  parameter  which  results 
from  taking  the  derivative  of  the  potential 
with  respect  to  the  slow  time  [i.e.,  the 
factor  (  <Sj-(SL)). 

This  leads  to  a  second  question.  The 
expression  for  the  second  order  incident 
potential  given  in  eq.45  does  not  appear  to  be 
valid  at  very  small  difference  frequencies.  I 
suggested  this  at  the  Water  Waves  Workshop  in 
Norway  earlier  this  year,  and  I  would  like  to 
ask  the  authors  whether  their  formulation 
leads  to  a  discontinuity  in  the  vertical  force 
as  ;  i.e.  do  they  reach  the  regular 
wave  result  in  the  limit? 

Author's  Reply 

We  agree  that  our  method  can  be  rigorously 
justified  only  in  the  case  when  the  time  scale 
of  the  low  frequency  motion  is  very  long 
compared  to  the  wave  motion  time  scale. 
Obviously  this  is  not  the  case  for  the 
vertical  motion  of  more  traditional  semi- 
submersible  platform,  but  still  we  contend 
that  variation  of  the  low  frequency  exciting 
forces  with  the  low  frequency  vertical  motion 
should  be  account  for,  just  as  the  low 
frequency  horizontal  velocity  affects  the  low 
frequency  horizontal  loads. 

The  discrepancy  between  the  vertical  drift 
force  and  the  coj-i- ul  difference 
frequency  vertical  force  had  already  been 
noted  in  [9].  In  the  present  case  it  does  not 
appear  as  our  numerical  model  is  restricted  to 
the  infinite  water  depth  case. 
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DISCUSSION 
by  R.  Zhao 

(1)  Discuss  about  vertical  drift  force  by 
using  direct  pressure  integration  or  based  on 
momentum  and  energy  relations. 

Author's  Reply 

In  an  earlier  paper ( A3 1  of  the  author 
computed  the  vertical  drift  forces  on  the  same 
models,  using  both  the  momentum  method  and  the 
direct  pressure  integral  method.  Numerical 
results  showed  excellent  agreements.  This 


success  however  may  have  been  partially  due  to 
the  fact  that  the  diffraction-radiation 
problem  was  solved  with  a  fluid  finite 
elements  technique,  which  allows  for  an 
accurate  evaluation  of  the  fluid  particle 
velocities. 

[A3]  B.  Molin  and  J.  P.  Hairault,  "On  Second- 
Order  Motion  and  Vertical  Drift 
Forces  for  Three-Dimensional  Bodies  in 
Regular  Waves",  Proc.  Int.  Workshop  on 
Ship  and  Platform  Motions,  Berkeley,  1983. 
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ABSTRACT 


A  finite-element  method  is  presented  for  solving  a  nonlin¬ 
ear  free  surface  flow  problem  for  a  ship  moving  in  a  towing 
tank.  This  problem  is  formulated  as  an  initial/boundary 
value  problem  governed  by  Laplace’s  equation.  The  varia¬ 
tional  functional  used  in  the  present  paper  is  basically  sim¬ 
ilar  to  the  variational  functional  given  by  Luke  (1967). 

In  the  numerical  precedure,  the  variational  problem  is 
reduced  to  a  set  of  nonlinear  ordinary  differential  equation 
where  the  unknown  functions  appear  as  the  first  deriva¬ 
tives  with  respect  to  time.  In  this  numerical  procedure,  the 
governing  equation,  i.e.,  Laplace’s  equation,  is  treated  as  a 
constraint  to  the  ordinary  differential  equation.  In  solving 
this  problem,  we  employed  the  lumping  and  the  upwinding 
schemes  to  maintain  the  numerical  stability  in  the  integra¬ 
tion  with  respect  to  time.  To  illustrate  this  method,  a  simple 
wedge-shape  ship  stretched  to  the  bottom  is  treated.  Com¬ 
putations  ue  made  for  the  range  of  depth  Froude  number, 
Fh  =  0.7  1.1.  The  computed  results  show  a  good  agree¬ 

ment  with  the  previous  results  obtained  by  other  methods. 
Even  though  the  present  computations  are  made  mainly  in 
the  neighborhood  o[  Fh=  1,  this  method  can  be  applied  to 
general  Froude  number. 

1  Introduction 

A  free  surface  flow  of  an  inviscid,  incompressible  fluid 
past  a  ship  moving  with  a  constant  velocity  in  a  towing  tank 
is  described  by  an  initial/  boundary  value  problem  governed 
by  Laplace’s  equation  with  a  free  surface  as  a  part  of  solu¬ 
tion. 

In  the  past,  the  problems  of  this  type  were  generally 
treated  after  the  boundary  condition  on  the  free  surface  was 
linearized.  Recently,  however,  there  are  growing  interests  in 
treating  the  nonlinear  free  surface  flow  problems  by  various 


numerical  schemes.  For  example,  two-dimensional  problem 
was  treated  by  Washizu  ef  of.  (1977),  Hess  (1977),  Korving 
k  Hermans  (1977),  Salvesen  k  von  Kerezek  (1978),  Yen, 
Lee  k  Akai  (1977)  and  Mori  k  Shin  (1988).  Recently,  a  three 
dimensional  nonlinear  problem  is  treated  by  Dommermuth 
k  Yue  (1988). 

There  is  another  line  of  investigations  on  the  nonlinear 
free  surface  flow  problem  based  on  the  shallow  water  approx¬ 
imation  which  results  in  the  Korteweg-de  Vries,  Boussinesq 
and  Kadomtsev-Petviasbivili  equations  and  Green-Naghdi 
formulation.  Many  references  along  this  approach  can  be 
found  in  Choi  k  Mei  (1989).  To  name  few,  Choi  k  Mei 
(1989),  Ertekin,  Webster  k  Wehausen  (1984,1986)  treated 
three-dimensional  problems. 

In  the  present  paper,  we  initially  planned  to  investigate 
two  different  computational  methods,  i.e.,  the  finite-element 
method  and  the  fundamental  singularity-distribution  method 
for  a  three  dimensional  nonlinear  problem.  However,  the 
progress  along  the  second  approach  is  not  quite  satisfactory 
at  this  time.  Thus  we  describe  only  the  application  of  a 
finite  element  method  in  this  paper.  One  may  find  the  ap¬ 
plication  of  fundamental  source  distribution  method  for  a 
sloshing  problem  in  three  dimensional  rectangular  tank  in 
Kim  (1989).  To  illustrate  the  present  numerical  method, 
computations  are  made  for  a  wedge-shape  ship  extended 
from  the  bottom  to  the  free  surface.  Main  coniputatioual  ef¬ 
forts  are  made  for  the  critical  Froude  number,  i.e.,  Fh  =  1.0, 
just  because  of  less  computation  time  compared  to  the  small 
depth  EVoude  numbers.  To  treat  the  case  of  small  Froude 
number,  one  simply  has  to  take  more  finite  elements.  The 
computed  results  show  two  dimensional  solitons  periodically 
generated  in  the  upstream  and  complicated  three  dimen¬ 
sional  waves  in  the  downstream.  The  comparisons  show  a 
good  agreement  with  the  previous  results. 
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2  Mathematical  Formulation 

We  adopt  a  moving  coordinate  in  this  paper.  Let  Oxys 
be  a  coordinate  system  with  Oz  opposing  the  direction  of 
gravity  and  z  =  0  coincides  the  undisturbed  free  surface. 
The  origin  O  is  placed  inside  the  body  which  moves  with 
velocity  U  in  the  negative  z-direction.  We  assume  that  the 
fiuid  is  inviscid  and  incompressible  and  it’s  motion  is  irro- 
tational  such  that  the  velocity  field  of  the  fluid  S  can  be 
defined  as 

u(x,y,z,t)  =  V4>{x,y,z,t)  (1) 

where  ^  is  the  velocity  potential  and  satisfies  the  Laplace 
equation 

V^<l>{x,y,z,t)  =  0  (2) 

in  fluid  domain  D  and  the  boundary  condition 


To  put  our  formulations  in  a  scale-indepenent  form  we 
iiondimensionalize  all  physical  variables  by  h,  ph^  and  ^ 

for  length,  mass  and  time  scales,  respectively.  With  some 
abusement  of  notations  we  can  re>write  the  above  governing 
equation  and  boundary  conditions  as 


in 

D 

(10) 

=  -hnt 

on 

So 

(11) 

ft  =  +  ~^n 

ng 

on 

Sf 

(12) 

on 

Sf 

(13) 

^«  =  o 

on 

z  =  -l 

(M) 

^n  =  0 

on 

y  =  ±B 

(15) 

where  Fi,  =  is  the  depth  IVoude  number  and  all  vari¬ 
ables  are  redefined  as  nondimensionalized  ones. 


<t>n  =  -Unt  (3)  3  Method  of  Solution 

on  the  body  surface  So  where  n  =  {nt,ny,n,)  denotes  the 

outward  unit  normal  vector  on  the  boundaries.  S.l  Variational  formulation 


If  the  free  surface  is  represented  by  z  =  {(x,  y,  t)  the  kine¬ 
matic  and  dynamic  boundary  conditions  on  the  free  surface 
Sf  can  be  given  as 

ft  =  +  (4) 

ng 

*  =  (5) 

where  g  and  p  denote  the  gravity  constant  and  the  density 
of  fluid  and  p  =  p(z,y,t)  is  taken  zero  when  the  pressure 
distribution  is  absent. 

By  assuming  that  the  fluid  is  initially  at  rest,  the  initial 
condition  may  be  given  as 

^  =  ^,  =  0  at  t  =  0  (6) 

and  the  resulting  radiation  condition  is  given  as 

^  0  as  X*  -t-  y’  -*  00.  (7) 

It  should  be  noted  that  a  modified  radiation  condition  was 
treated  in  the  computations  for  the  downstream  boundary. 

For  the  fluid  domain  of  finite  depth  h  with  the  side  walls 
at  y  =  -jiBh  the  additional  boudary  conditions  are  given  is 


For  the  convenience  of  the  formulation  we  start  with  a 
homogeneous  problem;  =  0  and  all  boundaries  except 
free  surface  are  rigid  walls.  Then  we  introduce  a  variational 
form  of  the  above  problem  based  on  a  funtional  J  and  a 
Lagrangian  L  defined  as 


where  Sp  is  the  projection  of  Sp  on  Oxy  plane  and  t*  is  the 
final  time. 

Taking  the  variations  on  J,  first  with  respect  to  S(,  the 
variation  on  j,  denoting  6J{,  and  with  respect  to  S^,  denot¬ 
ing  SJ^,  respectively,  we  obtain 


=  I*  dt^lf_^{^S(t-sSs)dS 

=  (18) 

-Jo 


-iO.i 


<l>n  =  0 

<^n  =  0 


on  z=  -h 
on  y  =  ±Bh. 


(8) 

(a) 


dt 


and  then  with  respect  to  S(j>, 


-  jjj^v^-vs^dv\ 
+ fJf^v^<f>S4>d\ 


Here,  SJ  =  SJ(  +  SJ^. 


Equation  (18)  shows  that  the  stationary  condition  on 
J  for  the  variation  of  f  recovers  the  dynamic  free  surface 
boundary  condition  in  each  time  and  that  the  wave  elevation 
at  t  =  0,  t*  should  be  specified  as  the  constraints. 

Equation  (19)  shows  that  the  stationary  condition  on  J 
for  the  variation  of  ^  recovers  the  kinematic  condition  on 
Sp  and  the  governing  equation. 

The  variational  form  written  above  is  previously  given 
by  Miles  (1977)  and  is  slightly  diflferent  from  that  given 
by  Luke(1967).  In  the  present  variational  formulation  the 
wave  elevation  f  is  assumed  to  be  known  at  t  =  0,  t* ,  whereas 
Luke  assumed  the  potential  ^  to  be  known  at  both  initial 
and  final  times  additionally.  Specifically,  the  present  varia¬ 
tional  form  is  obtained  from  Luke’s  form  by  subtracting  the 
volume  integral  of  the  potential  resulted  in  the  process  of  the 
integration  by  parts  with  respect  to  time.  The  present  vari¬ 
ational  functional  has  more  lulvantage  over  the  original  Luke 
variational  functional  in  treating  the  nonlinear  free  surface 
boundary  conditions. 


3.2  Finite-Element  Discretization. 

The  original  initial/boundary  value  problem  is  well  de¬ 
fined  for  <l>  of  which  the  admissible  solution  should  be  twice 
continuously  differentiable  in  speice.  However,  in  the  above 
variational  method,  it  suffices  that  the  admissible  trial  func¬ 
tions  have  the  square  integrable  properties  of  the  function 
ij)  and  only  their  first  derivatives  in  space.  This  enables  us 
to  look  for  an  approximate  solution  in  a  wider  class  in  the 
variational  method. 

As  in  iis'ial  finite  element  analysis  we  discretize  the  fluid 
domain  into  finite  number  of  finite  elements.  In  the  present 
computations,  the  finite  elements  are  generated  such  that 
the  projections  on  the  horizontal  plane,  i.e.  z=0,  is  un¬ 
changed  while  the  other  coordinate,  i.e.  the  z-axis,  is  allowed 
to  change  in  time.  This  simplifies  the  fnesb  generation  and 
the  computations  considerably.  However,  this  restriction  is 


not  necessary  for  the  present  method  in  applying  to  a  gen¬ 
eral  problem.  Then  we  approximate  ^  in  N  dimensional 
function  space  whose  basis  is  continuous  in  D  and  has  con¬ 
tinuous  derivatives  in  each  element.  However,  it  is  allowed 
to  have  a  finite  discontinuity  in  the  normal  derivative  across 
the  common  boundaries  of  the  adjacent  elements.  We  de¬ 
note  the  basis  of  this  space  by  and  approximate 

f  by  the  span  of  the  restrictions  of  {iVi},-=i,...,w  on  Sy  which 
is  also  continuous  and  piecewise  differentiable  on  Sp; 


^(*,y.*,<)  =  (20) 

i{x,y,t)  =  Mk{x,y)  •  (21) 

where 

Afi{*>y)  =  iv;i(x,y,s;f)|,=f  A:=  !,•••, (22) 

and  Np  is  the  number  of  nodal  points  on  Sp  and  it  is  the 
nodal  number  of  the  basis  function  JV,-  of  which  the  node 
coincides  with  that  of  the  free  surface  node  k.  Summa¬ 
tion  conventions  for  the  repeated  indices  are  used  here.  It 
should  be  noted  that  the  basis  function  {JV,},=i,...,Ar  is  de¬ 
pendent  on  the  free  surface  shape  s  =  f(x,y,t)  but  its  re- 
stricition  on  Sp  is  the  function  of  (x,y)  and  independent 
of  f.  This  special  property  of  {Af)t}ib=t,-,Arr  >* 
simplicity  of  the  fluid  domain  D  which  has  no  variation  in  z- 
direction  such  that  we  can  change  the  position  of  the  nodal 
points  only  in  the  x-direction  in  each  time  step. 

Once  the  trial  function  is  approximated  by  using  the 
above  basis  function,  we  obtain  the  Lagrangian  L  for  this 
trial  solution  as 


L  =  ^1*3*19 

(23) 

-  \4>iKii4>s  -  ^kPuii 

where 


Tki 

=  jj_  MkMidS 

Kii 

(24) 

Pa 

=  JJ_  MkMidS. 

The  tensors  Kij,  Pu  are  the  kinetic  and  potential  energy 
tensor  and  Tu  is  a  tensors  obtained  from  the  free  surface 
integral,  v,’hich  can  bo  interpreted  ns  s  tensor  related  to 
the  transfer  rate  between  these  two  energies.  It  is  of  in¬ 
terest  to  note  that  in  Eq.  (24),  Tu  =  Pu-  However  2jh  will 
be  defined  differently  from  this  in  the  computation  through 
lumping. 
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The  stationary  condition  on  J  =  /  Ldt  is  equivalent  to 
the  following  Euler-Lagrange  equation 


Tkih 

(25) 

Tu  d>i, 

1 

II 

-  Pkiii, 

(26) 

for  k=  !,••• 

,Nf 

=0,  f  1*. 

(27) 

Here  Elq.  (25)  and  Eq.  (26)  are  the  nonlinear  ordinary 
differential  equation  for  {ft,  d>ik}k=i,-,Nr  “d  Eq-  (27)  is 
the  algebraic  equations  for  which  is  the  constraints 

for  the  above  two  equations. 

It  can  be  easily  shown  that  the  solution  of  the  above 
discretized  problem  satisfies  the  conservation  of  mass  and 
total  energy,  i.e. 


^(E^«f«)  =  °  (28) 

=  0-  (29) 

‘  ij 

This  property  of  the  conservations  is  independent  of  the  ten¬ 
sor  Ttt  if  it  satisfies 

=  (39) 

k  k 

It  should  be  also  pointed  out  that  the  direct  use  of  (26) 
leads  to  some  difficulty  in  the  computations.  This  difficulty 
arises  from  the  first  term  in  the  right-hand  side  which  is  the 
derivative  of  the  kinetic  energy  tensor  with  respect  to  the 
wave  elevation.  We  have  avoided  this  difficulty  by  utilizing 
the  fact  that  (26)  is  equivalent  to  the  condition  of  vanishing 
of  the  right-hand  side  in  Eq.  (18).  In  Eq.  (18)  $f  can  be 
regarded  as  test  functions  on  5f.  Then  Eq.  (26)  can  be 
given  as 

Tui>i,=  -  ds 

-  Iff-^M^m^dS  (31) 

-  Pki{i- 

If  the  integrals  in  Eq.  (26)  and  (31)  arc  evalutated  ex¬ 
actly,  they  are  equivalent.  However,  in  the  present  compu¬ 
tation  these  integrals  are  calculated  by  integral  quadrature 
rules.  Therefore,  the  conservation  of  energy  may  not  be 
satisfied  exactly  due  to  the  error  caused  by  the  numerical 
integration.  This  test  result  is  given  in  the  next  section. 


3.3  Numerical  Dispersion  Relation. 

If  one  solves  the  above  variational  formulation  numeri¬ 
cally,  one  encounters  the  effect  of  numerical  dispersion  de¬ 
pending  on  the  specific  numerical  schemes  employed.  How¬ 
ever,  it  is  difficult  to  analyze  the  numerical  dispersion  effect 
in  the  above  nonlinear  three-dimensional  problem.  There¬ 
fore,  we  restrict  ourselves  to  a  linear  problem  and  test  the 
numerical  dispersion  in  the  following.  The  linear  version  of 
the  Elq.’s  (25)~(27)  is  given  as 


Tkiil  = 

(32) 

=  0,  ijtik 

(33) 

Tu  ^i|  =  -Pu  Si 

(34) 

for  A:  =  1,  •  •  • ,  Wf  where  ify  is  the  linearized  kinetic  energy 
tensor  evaluated  in  the  undisturbed  fluid  domain. 

We  use  the  8-node  brick  element  with  linear  interpolation 
along  each  coordinate.  Then  by  separation  of  variables  the 
velocity  potential  ^(z,  y,  z,  t)  can  be  represented  as  a  prod¬ 
uct  of  the  following  three  sets  of  functions: 


<p*(x,t)  =  ipf[t)Xi{x), 

i  =  !,•••, 

(35) 

>(>'>(y,t)  =  <p)(t)Yj[y), 

j  =  !,•• 

‘t^yt 

(36) 

<p’(z,t)  =  if>l{t)Xk(z), 

fc  =  l,- 

-,N. 

(37) 

where  (x),Yj  {y),  Zk(z)  are  the  one  dimensional  basis  func¬ 
tions  and  W,,  Wy,  W,  are  numbers  of  nodal  points  in  x,y  and 
z  coordinates,  respectively.  Taking  Fourier  transformation 
from  the  time  domain  to  the  frequency  domain,  w,  we  have 
the  following  set  of  eigen-value  problems. 

j[X\X)-klXiXj)dx<p)  =  0  (38) 

J[YfY<-klYiY,)dy<py  =  0  (39) 

j°yiZ)  +  k^ZiZj)dz'p)  =  C  (40) 

where  <pl  =  <p‘(0)  and  fe*  =  +  fcj.  Here  Bn  =  1  if  i  =  1 

and  zero  otherwise.  It  is  understood  that  the  time  depen¬ 
dent  terms  are  now  functions  of  frequencies  without  chang¬ 
ing  their  notations. 

Moreover,  we  can  treat  a  two-dimensional  wave  prop- 
seating  in  the  x  direction  without  loss  of  generality  since 
the  linear  wave  is  isotropic  in  Oxy  plane  as  long  as  we  use 
the  same  mesh  size  in  x  and  y  directions.  To  obtain  the 
dispersion  relation,  we  assume  the  type  of  solution  for  ip*  as 

p’‘{x,u)  =  Ae‘'»*  (41) 

where  A  is  a  constant  amplitude  and 
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n  — 


n  —  1,2, 3,  ••• 


(42) 


IT 

nAx’ 

is  the  discrete  wave  numbers  and  Ax  is  the  horizontal  mesh 
size.  By  solving  Eq.  (38)  and  (40)  after  substituting  Eq. 
(41)  into  Eq.  (38),  the  dispersion  relation  can  be  obtained 
as 


,  _  6  1  -  co8(gnAa;) 

"  ~  Az*  2  +  co8(tfnA®) 

w  =  1V(I9„) 

where 

6  +  2/i*±3v/W3  +  4M^ 

=  - 6^15 

F,  =  1  +  mV3~a(i-^). 

Gi  =  1-pV6-/?.(i  + j).  ^=1.2 


(43) 

(44) 


(45) 

(46) 

(47) 


with  the  number  of  elements  in  z-direction  N  =  N,  —  l  and 
fi  =  knAz  with  vertical  mesh  size  Az  =  1/N. 


The  well-known  exact  linear  dispersion  relation  corre¬ 
sponding  to  Eq.  (43),  (44)  is 

(48) 

«««<  =  kttaihk.  (49) 

The  comparisons  between  these  numerical  and  exact  dis¬ 
persion  relaions  are  shown  in  Fig.  1.  It  can  be  shown  that 
for  Az  <<  1  with  $„  held  fixed 


=  *?,«.(! +  0(Az»)),  (50) 

which  means  that  has  rm  error  of  O(Az’),  however 
small  values  of  Ay  we  choose. 


w 


k 


(b) 

Fig.  1  Comparison  of  numerical  and  exact  dispersion 
relations. 

(a) ;  Eq.  (43)  and  Eq.  (48) 

(b) :  Eq.  (44)  and  Eq.  (49) 

N  :  No.  of  elements  in  vertical  direction. 


Fig.  1  shows  that  the  numerical  dispersion  relation  pre¬ 
dicts  higher  values  for  u  than  the  exact  values.  This  inher¬ 
ent  property  of  finite  element  method  baaed  on  variational 
formulation  restricts  the  numerical  stability  in  time-domain 
analysis.  A  simple  remedy  to  correct  this  inherent  draw¬ 
back  is  the  use  of  the  so-called  ’lumping*  in  the  tensor  Tu 
which  is^originally  equal  to  Pu  as  in  (24).  The  lumped 
tensor  Tu  is  given  as 


Tu=SuYLPi^  (51) 

m 

where  Su  is  Kronecker’s  delta.  Then  the  dispersion  relation 
corrected  by  this  lumping  is 

«  =  iy(^n)  (52) 

o 

The  order  of  correction  term  in  Eq.  (52)  is  0(Az*)  which  is 
same  as  the  error  in  W{Bn)-  For  the  shortest  wave  length 
2Az,  W{9„)  of  the  lumped  case  predict  one  third  of  the 
values  of  W  (fin)  of  the  unlumped  case.  This  means  that 
with  lumping  we  can  take  time  step  three  times  larger  than 
the  standard  finite  element  method  without  loss  of  the  or¬ 
der  of  accuracy  in  the  dispersion  relation:  The  dispersion 
correction  given  in  E!q.  (51)  by  the  lumping  also  preserves 
the  conservation  of  the  mass  and  energy,  sin>;e  Eq.  (30)  is 
satisfied  when  Tu  is  replaced  by  Tu  defined  in  Eq.  (51). 


3.4  treatment  of  tii®  Convective  Ilerm. 

We  assume  that  a  ship  is  moving  with  a  Froude  number 
F/,.  Then  the  pure  convection  terms  are  added  to  free  sur¬ 
face  boundary  conditions.  Since  the  presence  of  convection 
term  due  to  the  introduction  of  a  moving  coordinate  does 


407 


wAi  ..wAa: 


not  change  the  original  dispersion  and  nonlinearity,  we  anv 
lyse  them  separately  rmd  then  add  it  to  the  original  problem. 
Therefore  if  suffices  to  consider  a  pure  convection  problem 
separately  here. 

Let  a  convection  problem  for  f  be  given  as 

ft  =  -FhU  on  Sf.  (53) 

The  numerical  scheme  based  on  a  direct  weak  formulation 
for  the  above  equation  is  known  to  have  a  considerable  phase 
error  for  short  waves,  lb  reduce  the  contamination  of  the 
phase  errors  in  the  computational  domain  caused  by  the 
short  wave  components,  an  upwinding  scheme  hy  using  asym¬ 
metric  test  function  has  been  successfully  employed  as  in 
Hughes  ic.  Brooks  (1982).  The  discretized  form  of  Eq.  (53) 
based  on  this  scheme  is  obtained  as 


(54) 

where  a  is  the  upwinding  parameter  and  has  a  value  between 
0  and  1.  If  a  =  0,  it  is  equivalent  to  the  standard  Galerkin 
method  based  on  symmetric  test  functions.  If  a  =  1,  the 
right-hand  side  of  equation  (54)  is  equivalent  to  the  forward- 
difference  formula  in  finite  difference  method. 


JT 

(a)  Real  part 


(b)  Imaginary  part 

Pig.  2  Numerical  dispersion  relation  due  to  the  con¬ 
vective  term  for  Fs  =  l.  (Eq.  (55)) 


In  a  similar  precedure  given  in  Elq.  (41)  through  Eq. 
(43),  the  following  numerical  dispersion  relation  is  obtained 
for  Fit  =  i: 


3  sin(gnAx) 
Ax  2-bcos(tf„Ax) 

.  ^  1  -  COB(9nAx) 

*  Ax  2  +  cos(9nAx)' 


(55) 


The  real  and  imaginary  parts  of  the  above  equations  are 
plotted  in  Fig.  2a  and  2b,  respectively.  In  Fig.  2a  the  real 
part  of  u  is  compared  with  the  exact  relation 


u/=9„.  (56) 

In  Eq.  (55)  it  can  be  seen  that  the  upwinding  procedure 
has  no  effect  on  the  real  part  of  w.  The  additonal  term 
in  the  imaginary  part  due  to  the  upwinding  behaves  as  a 
diffusion  term  and  plays  a  role  of  damping  mainly  to  the 
short  wave  component  in  time.  The  computations  based 
on  Eq.  (54)  are  made  for  several  values  of  a  to  test  the 
effect  of  the  numerical  damping.  The  result  is  given  in  the 
next  section. 


3.5  Treatment  of  the  Radiation  Condition. 

In  the  present  computations,  the  computation  domain  is 
taken  sufficiently  large  in  the  upstream  direction  so  that  the 
generated  solitons  travelling  upstream  does  not  hit  the  up¬ 
stream  boundary  at  the  final  time  of  computations.  How¬ 
ever,  along  the  downstream  radiation  boundary,  we  used  a 
simple  boundary  condition  in  a  moving  frame  of  reference 
as 


=  0  at  X  =  XA  (57) 

where  x  =  xa  is  the  radiation  boundary  at  downstream. 
This  can  be  interpreted  as  the  disturbance  convected  away 
with  the  negative  velocity  of  the  moving  coordinate.  The 
present  computed  flow  cases  are  such  that  the  Froude  num¬ 
ber  b  around  one.  Accordingly,  the  velocity  of  the  moving 
frame  of  reference  is  the  critical  speed.  If  there  are  any 
reflected  waves  from  the  downstream  radiation  boundary, 
then  the  speed  of  the  reflected  waves  will  not  be  larger  than 
the  critical  speed.  Therefore  one  may  expect  the  reflected 
wave  cannot  contaminate  the  solution  in  the  computation 
domain.  Strictly  speaking  tbb  is  true  only  for  a  linear  prob¬ 
lem.  However,  even  in  nonlinear  case  the  speed  of  waves  at 
downstrem  do  not  exceed  the  critical  speed  in  most  cases. 
This  simple  numerical  treatment  of  the  downstream  radiv 
tion  boundary  condition  is  tested  successfully  and  the  result 
is  given  in  the  next  section. 


3.6  Time  Integration  on  tlje  Free  Surface. 

Up  to  the  previous  subsections,  we  presented  the  numer¬ 
ical  treatments  of  the  governing  equations,  the  convective 
terms  and  the  radiation  conditions  as  boundary  value  prob¬ 
lem.  Once  we  discretize  the  computation  domain  by  the 
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finite  elements  and  obtain  the  discretized  form  of  matrix 
equation  after  integrating  out  all  the  space  variables,  then 
the  problem  is  reduced  to  a  set  of  nonlinear  ordinary  dif' 
ferential  equations  to  solve.  In  this  reduced  equations,  the 
time  derivatives  are  present  in  the  potential  and  the  free  sur* 
face  elevation,  both  defined  on  the  free  surface.  The  reduced 
set  of  ordinary  differential  equations  becomes  the  following 
form: 


Tail 

(58) 

+/ui 

=  -FKC^jdfj  -  PuU 

(59) 

“^•'AhO  ~  2^iA\,'^y, 

fork=  !,•••,  Afp, 

=  -fi,  il^ik  (60) 

where 

Ah  =  (61) 

Aw  =  ff-  MkVNi-'^^NjdS 

fi  =  F^fl^^lfin^dS. 


It  should  be  pointed  out  that  Elq.  (60)  can  be  interpreted 
as  a  constraint  to  Ekj.  (58)  and  (59).  Equation  (60)  is 
obtuned  from  the  boundary  value  problem  for  Laplace  equv 
tion  with  an  essential  condition  on  free  surface  and  a  natural 
condition  on  the  body  surface. 


In  the  solution  procedure  for  this  problem,  the  construnt, 
i.e.,  EJq.  (60)  is  first  solved  b^the  Jacobi  conjugate  gradient 
method.  Then  the  matrix  Tu  is  inverted.  Here  the  other 
matrices,  which  are  dependent  on  the  free  surface  shape, 
are  treated  as  known  from  the  previous  time  step.  The  fi¬ 
nal  form  in  Eq.  (58)  and  (59)  is  solved  by  the  fourth-order 
Runge  Kutta  method. 


Fig.  3  Sketch  of  ship  model  and  tank  in  horizon¬ 
tal  plane  view.  Here  the  z-axis  is  against  the 
gravity. 


4  Numerical  Results  and  Discussions 

The  computed  model  as  shown  in  Fig.  3,  is  a  vertical- 
sided  wedge-shaped  ship  extended  from  the  free  surface  to 
the  bottom  of  the  tank.  The  length  of  the  wedge  ship,  the 
length  of  the  parallel  middle  body,  and  the  beam  are  denoted 
by  L,  Lm,  and  2&,  respectively.  The  tank  has  the  width  of 
2B  and  the  mean  water-depth  of  h.  The  ship  is  assumed  to 
move  with  a  constant  velocity  of  -  If  along  the  centerline  of 
the  tank.  In  presenting  our  computed  results,all  the  phys¬ 
ical  quantities  we  nondimensionalixed  by  h,  ph^  and 

for  the  length,  moss,  and  time,  respectively  as  mentioned 
previously. 

Before  we  made  the  computations  for  the  ship  in  the 
tank,  we  tested  the  case  of  a  two-dimensional  free  oscillations 
in  a  three  dimensional  rectangulw  tank  as  an  intial-value 
problem.  The  results  we  given  in  Fig.  4.  Here  the  motion 
stwted  from  an  initial  hump  on  the  free  surface  and  let 
the  time  increases.  The  normalized  tank  length  is  40  and 
the  final  time  in  nondimensional  scale  is  60  with  the  time 
step  of  0.2  .  Fig.  4a  and  4b  show  the  results  of  15  wave 
elevations  with  time  increment  of  4.  The  computed  wave 
elevation  and  the  speed  of  propagation  agreed  well  with  the 
approximate  theoretical  results  for  the  amplitude  and  speed 
of  the  wave,  which  is  given  in  Appendix  A. 


w 


(b) 


Fig.  4  Numerical  test  of  free  oscillation  in  a  tank 
stwted  from  an  initial  hump  at  t=0.  Tank 
length  =  40,  Az  =  0.4  and  At  =  0.2 
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Wave  elevation  Wave  elevation 


Fig.  5  shows  the  test  results  of  the  conservation  of  the 
total  energy,  E,  which  is  sum  of  the  kinetic  energy  K  and  the 
potential  energy  P.  The  computed  case  is  same  as  Fig.  4. 
Here  the  energy  is  normalized  by  the  initial  energy.  This 
result  shows  that  the  total  energy  is  conserved  fairly  well 
throughout  computations. 


(c)  a  =  0.03 


0.  30.  to.  SO.  00. 

I 

Fig.  5  Numerical  test  of  energy  conservation  for  the 
case  of  Fig.  4. 

K  :  kinetic  energy 
P ;  potential  energy 
E  =  K  +  P  :  total  energy 


(d)  «  =  0.05 


(b)  o  -  0.01 


Fig.  6  Numerical  test  of  the  effect  of  upwinding  pa¬ 

rameter  a  for  the  convective  term  across  the 
radiation  boundary.  The  initial  disturbance  is 
same  as  in  Fig.  4. 

(a) :  Computed  in  the  inertial  coordinates. 

(b) ~(e):  Computed  in  the  coordinates  moving 
with  velocity  -1. 


Fig.  6  shows  the  numerical  test  of  the  effect  of  the  up- 
winding  parameter,  a,  for  the  convective  term  across  the 
radiation  boundary.  The  initial  disturbance  is  same  as  in 
Fig.  4.  Fig.Oa  shows  the  wave  profiles  first  computed  from 


10. 


20. 


the  formulation  deRned  in  the  inertial  coordinates  and  the 
results  are  shifted  to  -x/jKt  to  compare  those  given  in  Fig. 
6b  through  Fig.  6e.  Fig.  6b  through  Fig.  6e  are  obtained 
from  the  results  computed  in  the  coordinates  moving  with 

the  velocity  of  -1  for  four  values  of  the  upwinding  parame¬ 
ter,  a  =  0.01,  0.03,  0.05,  0.1.  These  comparisons  sh«w  the 
dual  roles  of  upwinding  on  the  numerical  damping  and  sta¬ 
bility.  This  means  that  too  much  upwinding  would  give  too 
much  numerical  damping  effect  in  the  numerical  results.  In 
the  moderate  range  of  the  values  of  a,  the  upwinding  works 
favorably  to  the  stabiRty. 

Fig.  7  through  Fig.  12  are  the  results  for  the  following 
computation  conditions: 


Wedge  model: 
Computation  Domain: 


Finite  Element  Meshes: 
Upwinding  Parameter: 
Mesh  sizes: 


L=8,  b=0.4,  Lm=4 
x=(-30,30), 

y=(-4,0)  (Symmetry  is  used) 
150  X  10  X  1  elements 
a=  0.05 

Ax=0.4,  Ay=0.4  ,  At=0.2 


Fig.  7  throughout  Fig.  10  shows  the  .results  of  wave 
profiles  as  time  increases  with  the  time  increment  of  20,  for 
the  cases  of  =1.0,  0.9,  0.8,  0.7,  respectively.  The  gen¬ 
eration  of  the  upstream  solitons  are  pronounced  as  the  F/, 
approaches  to  1.  For  Fk  =  0.7,  the  generation  of  upstream 
solitons  is  barely  noticeable.  Fig.  11  shows  the  results  of 
supercritical  Froude  number,  i.e.,  F\=1'05.  It  is  of  interest 
to  note  that  the  numerical  instability  shows  up  when  t=60. 
hVirther  computations  for  t  larger  than  60  showed  that  the 
water  .surface  hit  the  bottom  locally.  At  present,  our  pro¬ 
gram  cannot  incorporate  with  a  local  dry  bottom.  This  can 
be  easily  incorporated  in  the  near  future. 

Fig.  12a  and  12b  show  the  computed  wave  resistance 
for  Ff,=0.9  and  1.0,  respectively.  Fig.  13a  and  13b  show 
the  time  record  of  wave  elevations  for  F/,=  0.9  and  1.0,  re¬ 
spectively.  This  shows  that  the  time-dependent  hydrostatic 
pressure  is  not  negligible  in  the  resistance  computations. 

Fig.  14a  and  14b  show  the  computed  results  of  wave 
resistance  for  two  different  tank  conditions:  Fig.  14a  is  for 
the  case  of  the  tank  and  ship  geometry  being  reduced  to  one 
half  in  the  direction  of  the  y-direction.  Fig.  14b  is  for  the 
case  of  those  geometry  reduced  to  one-tenth  in  that  direc¬ 
tion.  Thus  the  wave  resistances  are  shown  by  multiplied  by 
the  factor  of  two  and  ten,  in  Fig.l4a  and  14b,  respectively. 

Table  1  shows  the  amplitude,  speed  and  the  generation 
period  of  solitons  for  the  blockage  coefficient,  S  =  0.1.  Here 
the  blockage  coefficient,  S  is  defined  as  in  Ertekin  et  al. 
(1986).  The  amplitude  A  is  taken  from  the  first  solitons. 
The  period  is  measured  from  the  computed  results  at  the 
F.P.  Also  shown  sre  the  computed  result?  by  Ertekin  et 
al.  who  treated  a  pressure  patch  in  Table  1. 


Table  1.  Amplitude,  Speed  and  generation  period  of 
solitons  for  the  blockage  coefficient,  S=0.1. 
The  values  in  the  parentheses  are  obtained 
from  Ertekin  el  al.  (1986). 


Ajh 

C/y/^ 

UT,/h 

0.7 

0.139 

1.06 

14.6 

0.8 

0.240 

1.10 

19.4 

0.9 

0.375 

1.16 

24.1 

1.0 

(0.5101) 

0.553 

(1.224) 

1.24 

(20.0) 

30.0 

1.05* 

(0.6248) 

0.677 

(1.280) 

1.27 

(29.6) 

34.7 

1.1* 

0.806 

1.32 

39.1 

(0.7729) 

(1.390) 

39.3 

*  The  values  are  obtained  from  the  narrow 
tank  reduced  to  the  1/10  in  y-direction. 


Table  2.  Amplitude,  Speed  and  generation  period  of 
solitons  obtained  in  the  tank  reduced  to 
one  half  of  the  tank  width  for  U/y/gK  =  1. 


Block,  coeff. 

A/h 

Cfy/gK 

UT,/h 

0.06 

0.404 

1.18 

44.2 

0.08 

0.475 

1.22 

36.2 

0.1 

0.545 

1.24 

29.8 

0.12 

0.604 

1.26 

27.0 

As  a  concluding  remark  the  accuracy  of  the  present  com¬ 
putations  could  be  improved  by  employing  finer  meshes. 
The  computation  time  for  a  typical  model  of  1500  elements 
was  260  seconds  for  each  time  step  by  IBM  PC/XT  with 
T800  Monoputer.  A  typical  number  of  the  total  time  steps 
was  500. 
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Fig.  8  Computed  free  surface  for  F*  =  0.9 


414 


(>) 


(b) 


Fig.  14  Wave  resistance  for  different  tank  and  hull 
geometry  (F*  =  1). 

(a)  B  =  2,  b  =  0.2 

(b)  B  =  1,  b  =  0.1 


finite  element  method  we  present  two  different  approxima¬ 
tion  in  depth-wise  direction.  In  the  first  approximation  a 
linear  interpolation  is  used.  The  results  presented  in  the 
section  4  were  obtuned  by  using  this  element.  In  the  sec¬ 
ond,  we  use  a  quadratic  interpolation  which  satisfies  the 
boundary  condition  on  the  bottom.  The  above  two  approx¬ 
imations  will  be  refered  to  LI  and  L2,  respectively,  hereafter. 
The  approximate  velocity  potentials  of  LI  and  L2  schemes 
in  two  dimensions  are  given  as 

LI:  +  (A.1) 

L2:  ^*(i,r,t)  =  fl{x,t)  +  {z  +  1)^  (A.2) 

A.l  Linear  Dispersion  Relation 

The  linear  dispersion  relations  of  GN  and  Wu  equations 
are  identical  and  can  be  found  in  Ertekin  (1984).  The  re¬ 
lations  for  LI  and  L2  scheme  can  be  derived  from  Eq.  (40) 
with  appropriate  basis  functions.  The  results  are 


GN,  Wu 

,  3k* 

■  "  “3  +  k* 

(A.3) 

LI 

,  kHl2  +  k^) 

12  +  4fc* 

{A.4) 

L2 

k*(15-i-fc*) 

■  “  15  +  6it»  ■ 

(A.5) 

The  above  relations  are  plotted  in  Fig.  15  compared  with 
the  exact  relation.  It  can  be  found  that  the  finite  element 
method  gives  the  upper  bound  for  the  exact  values  of  u, 
whereas  GN  and  Wu  equation  gives  the  lower  bound.  The 
L2  scheme  predicts  more  closely  to  the  exact  values  of  u 
whereas  the  LI  scheme  deviates  more  than  others. 


Appendix 


A  Comparisons  with  Other  Theories. 


The  comparisons  are  made  on  the  linear  dispersion  rela¬ 
tion  and  the  speed  of  the  nonlinear  wave  of  permanent  form 

Af  a  fl*AAW«AA 

^aissvavisw  sv«s> 


the  results  obtained  by  the  equations  derived  by  Green  4s 
Naghdi  (1976)  (hereafter  the  GN  equation)  and  Wu  (1981). 
Since  both  equations  are  derived  with  the  assumption  of 
shallow-water  limit  or  equivalent  assumption  on  the  veloc¬ 
ity  field,  we  compare  them  with  the  result  of  finite  element 
method  with  one  element  in  depth-wise  direction.  For  the 


Fig.  15  Linear  dispersion  relations  in  various  schemes. 


417 


A.2  Speed  of  Permanent  Wave  Form 


The  speed  of  solitary  waves  for  a  given  amplitude  can 
be  found  in  Ertekin  (1984)  for  GN  equation.  The  speed 
for  Wu’s  equation  is  given  only  in  limiting  case  of  small 
amplitude  in  Wu  k,  Wu  (1982).  But  one  can  derive  the 
relation  using  the  integral  invariants  of  Wu’s  equation  in 
steady  state.  For  LI  and  L2  schemes  the  speed  of  peimanent 
wave  form  can  be  derived  using  the  dynamic  free-surface 
condition  and  their  two  integral  invariants,  i.e.,  mass  and 
momentum  flux.  They  are  given  below: 


GN  ; 

;  C*  =  l  +  A 

(A.6) 

Wu  ; 

1^A) 

Ll  : 

(A.8) 

L2  : 

1  +  A  0 

(A.9) 

where 

CA 

“  l  +  A 

(A.10) 

H  =  -7^  +  VC*-2A 

I't  A 


and  where  C  and  A  are  the  normalized  speed  and  amplitude. 
The  above  results  are  plotted  in  Fig.  16.  It  is  of  interest 
to  note  that  in  the  speed*amplitude  relation  for  Ll  and  L2 
schemes  two  different  speeds  are  present  at  an  amplitude 
(note  the  dotted  lines),  or  vice  versa.  Presumably  this  is 
due  to  the  presence  of  waves  other  than  the  solitary  waves. 
Fig.  16  also  shows  that  the  Ll  (or  L2)  scheme  gives  the 
bounded  amplitude  and  speed  of  permanent  wave  form  with 
A  =  0.600  (or  0.714)  for  the  maximum  amplitude,  and  C*  = 
1.473  (or  1.591)  for  the  maximum  speed. 


Fig.  16  Speed  of  the  permanent  wave  form  in  vari¬ 
ous  schemes. 
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DISCUSSION 
by  R.C.  Ertekin 

I  think  this  paper  presents  an  excellent 
example  of  how  micro  computers  can  be 
effectively  utilized  to  solve  complicated 
problems  in  time  domain.  Their  method  of 
solution  to  the  problem  is  impressive.  I 
would  like  to  comment  on  some  points  in  the 
paper. 

The  Green-Naghdi  equations  that  you  refer 
to  are  the  simplest  equations  in  a  series  of 
equations  (or  theories)  that  can  be  obtained 
by  the  Theory  of  Directed  Fluid  Sheets. 
Shields  (Ph.  D.  Thesis,  U.  C.  Berkely,  1985) 
have  derived  the  theory  II  and  Ill  equations. 
Their  derivations  (with  Prof.  W.  C.  Webster), 
in  some  sense,  resemble  the  Pohlhausen  method 
in  laminar  boundary  layer  theory.  I  think  the 
higher  theory  Green-Naghdi  equations  show 
double  valued  phase  speed  (your  Pig. 16)  like 
LI  and  L2.  This  double-value  of  c  is  not 
very  surprising  since  the  highest  wave  .is  not 
the  fatest  one  as  shown  by  Cokelet  and 
Longuet-Higgins  in  a  ,7.  Fluid  Mech.  article  in 
70's.  If  you  used  a  cubic  interpolation 
function,  1  believe  the  maximum  amplitude 
would  become  closer  toA“0.78as  shown  by 
Fenton  in  also  a  JFM  article  who  used  a  very 
high  order  perturbation  expansion. 

As  you  commented  the  Green-Naghdi 
equations  can  be  obtained  by  variational 
methods.  Solomon  and  Miles(1985)  derived  the 
G-N  equations  by  using  Hamilton's  principle 
(J.  Fluid  Mechanics).  I  will  be  happy  to 
furnish  these  references  in  a  more  complete 
form  if  you  wish. 

I  am  not  sure  that  "dry  mode"  is  a  good 


idea.  I  am  not  even  sure  that  it  happens  in 
nature.  We  have  experienced  such  dif 
ficulties  also.  By  changing  x,Ay  and  At  we 
solved  the  problem.  If  you  reduce  your  space 
and  time  increments  your  problem  of  stability 
may  disappear. 

In  free  oscillation  tests  (Fig.4),  the 
oscillations  in  the  trailing  part  of  the  waves 
are  perhaps  partially  numerical.  I  remember 
the  thesis  of  H.  Schember  (Cal.  Inst,  of 
Technology,  Ph,  D.  thesis,  1982)  who  studied  a 
similar  problem  on  these  oscillations. 

Author's  Reply 

Thank  you  for  your  nice  comments.  We  have 
admired  your  pioneering  research  on  the  Green- 
Naghdi  method  applied  to  the  nonlinear  free- 
surface  flow  problems. 

We  were  the  comment  on  the  dry  mode,  we 
partly  agree  with  Professor  Ertekin  on  the 
possibility  of  dry  tjottom  due  to  the  numerical 
instability.  However,  we  have  observed  the 
dry  bottom  in  the  experiments  when  we  moved  a 
vertical  flat  plate  in  the  direction  normal  to 
the  plate  and  along  the  centerline  of  the  tank 
in  a  shallow  water  in  a  wave  tank  (22cm  X  20cm 
X  110cm).  The  dry  bottom  was  possible  in 
nature  when  the  flat  plate  is  moving  so  fast 
that  the  water  behind  cannot  fill  the  empty 
space  fast  enough.  Then  there  should  be 
locally  dry  bottom  in  nature. 

On  the  last  comment  about  Fig.4  for  the 
free  oscillation  test,  we  believe  that  the 
trailing  part  of  the  smaller  waves  is  due  to 
the  dispersion  of  the  initial  free-surface 
elevation  (hump)  into  waves  of  different  wave 
numbers. 
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Numerical  Grid  Generation  and  Upstream  Waves  for  Ships  Moving 

in  Restricted  Waters 


R.  C.  Erteldn  and  Z.  -M.  Qian 
University  of  Hawaii 
Honolulu,  USA 


Abstract 

The  shallow-water  wave  equations  of 
Boussinesq  type  are  employed  to 
numerically  solve  the  problem  of  a 
vertical  strut  moving  In  a  channel, 
since  the  most  Important  parameter  In 
soliton  generation  by  moving 
disturbances  Is  the  blockage 
coefficient,  a  strut  can  be  made 
equivalent  to  a  finite  draft  ship.  A 
boundary-fitted  curvilinear  coordinate 
system  based  on  elliptic  equations  is 
generated  to  deal  with  the  difficulties 
due  to  the  body-boundary  conditions  in 
a  channel  containing  an 
arbitrarily-shaped  ship  boundary  which 
extends  to  sea  floor.  The  strut  problem 
is  solved  numerically  in  a  transformed 
computational  plane  which  contains 
uniform  grid  size.  A  finite-difference 
method  is  applied  to  the  equations  to 
march  in  time.  The  surface  elevation 
and  wave  resistance  are  computed  and 
compared  with  the  available  experimental 
data.  The  agreement  between  the 
calculations  and  experimental  data  is, 
in  general,  very  good. 


wave  speed  refer  to  the  depth  Froude 
number,  Fh  =U/\/^  ,  being  less  than, 
equal  to  and  greater  than  1.0, 
respectively,  where  U  is  the  ship-model 
speed,  g  is  the  gravitational 
acceleration  and  h  is  the  undisturbed 
water  depth  which  is  constant.  No 
published  mention  of  the  phenomenon  of 
ship-generated  solitons  could  be  found 
until  the  reports  by  Thews  and  Landweber 
[30],  sturtzel  and  Graff  [29],  and  Graff 
[9]  that  describe  the  continuous  solitary 
wave  generation  experimentally  were 
brought  to  attention  in  1984. 

Wu  and  Wu  [35]  reported  first  on  some 
numerical  calculations  of  a 
two-dimensional  pressure  distribution 
moving  steadily  over  the  water  surface 
in  which  the  same  phenomenon  of  soliton 
generation  was  predicted.  These 
calculations  were  based  on  generalized 
Boussinesq  equations  derived  earlier  by 
Hu  [34].  Some  of  the  calculations  were 
also  reported  in  Huang  et  al .  [ 13 ] . 


Introduction 


The  phenomenon  of  ship-generated 
solitons  was  rediscovered  experimentally 
(see  Huang  et  al.  [12])  during  the 
experiments  done  by  Sibul  et  al.  [28]  on 
an  unrelated  subject.  Huang  et  al.  [12] 
observed  that  when  a  ship  model  is  set 
into  motion,  starting  from  rest  and 
quickly  reaching  a  constant  velocity. 


model  are  generated  one  after  the  other 
in  addition  to  the  usual 
three-dimensional  waves  behind  the 
model.  The  waves  that  move  ahead  of  the 
model  were  completely  above  the  still 
water  line  and  their  speeds  were  critical 
or  supercritical.  These  waves  have  been 
termed  solitons  or  solitary  waves  which, 
unconventionally,  refer  to  individual 
waves  in  a  train  of  waves.  The 
subcritical,  critical  and  supercritical 


The  most  striking  feature  of  these 
nonlinear  waves  is  that  they  are  almost 
perfectly  two-dimensional,  spanning  the 
tank  walls,  even  though  the  generating 
source  is  a  three-dimensional  ship  model. 
Only  a  few  qualitative  features  of  these 
solitons  could  be  observed  during  the 
experiments  of  Huang  et  al.  [12]  since 
the  experiments  were  not  systematic. 
Ertekin  [3]  carried  out  a  series  of 
experiments  in  which  certain  parameters 
such  as  water  depth,  model  draft  and  tank 
width  were  changed  systematically. 
During  the  experiments,  a  ship  model 
(Series  60,  Block  80)  was  towed  along 
the  centerline  of  the  tank  with  a  constant 
velocity.  The  total  resistance 
experienced  by  the  model  and  the 
inin-away-soliton  amplitudes  were 
measured  simultaneously  in  these 
experiments . 
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The  experimental  results  of  Ertckln 
[3]  and  Ertekin  et  al.  [4]  showed  some 
very  important  qualities  of  the 
ship-generated  solitons.  Among  several 
are:  the  dependence  of  soliton 
amplitudes  on  the  blockage  coefficient 
(the  ratio  of  the  cross-sectional  area 
of  the  model  at  midships  to  the  cross- 
sectional  area  of  the  water  mass,  see 
Eg.  (3));  the  phenomenon  is  not 
associated  with  equipment 
malfunctioning;  at  critical  and 
supercritical  speeds  a  steady-state  flow 
cannot,  in  general,  be  obtained;  below 
critical  speed  soliton  amplitudes  die 
out  leaving  a  shelf  in  front  of  the  ship 
model;  and  no  solitons  can  be  generated 
as  blockage  coefficient  goes  to  zero. 
The  last  feature  of  the  phenomenon 
implies  that  as  the  tank  width  or  the 
water  depth  goes  to  infinity,  no  upstream 
waves  can  be  generated.  However,  we  note 
that  a  recent  work  by  Pedersen  [24] 
challenges  this  conjecture  by  an  argument 
related  to  the  existence  of  Mach  stems 
as  discussed  in  Ertekin  [3]. 

Ertekin  [3]  also  investigated  the 
theoretical  cases  of  a  two-dimensional 
pressure  distribution,  and  a 
two-dimensional  bump  on  the  sea  floor 
moving  with  a  constant  velocity.  Both 
the  Green  and  Naghdi  [10]  equations  for 
a  thin  fluid  sheet  (see  also,  Ertekin 
[6]),  and  the  shallow-water  equations 
derived  by  Wu  [34]  were  used.  Some  of 
the  results  were  included  in  Ertekin  et 
al.  [4].  Akylas  [1]  and  Cole  [2]  have 
considered  a  two-dimensional  bottom  bump 
by  using  the  Korteweg  de  Vries  equation 
(KdV) .  Lee  [16]  and  Lee  et  al.  [17] 
considered  a  two-dimensional  bottom  bump 
both  experimentally  and  numerically. 
Some  of  their  preliminary  results  were 
included  in  the  Discussion  Section  of 
Ertekin  et  al.  [4]. 

First  attempts  to  consider  a 
three-dimensional  disturbance  in 
computations  are  due  to  Mei  and  Choi 
[18],  Mei  [19],  Ertekin  et  al.  [5]  and 
Mei  and  Choi  [20].  Mei  [19]  considered 
a  vertical  strut  which  is  slender  so  that 
the  rigid-boundary  condition  on  the  body 
can  be  applied  at  the  center-line  of  the 
strut  within  the  order  of  perturbation 
expansion.  This  approximation  has 
resulted  in  two-dimensional  waves  in  both 
the  upstream  and  downstream  regions  since 
the  modified  KdV  equation  derived  is 
two-dimensional  only.  A  remark  may  be 
nscsssary  with  to  ths  tsnsinclo^y 
used  here  for  the  number  of  dimensions. 
In  three-dimensional  Cartesian 
coordinates  where  x  and  y  are  in  the 
horizontal  still-water  plane  and  z  is 
vertical  pointing  up,  we  use  the 
terminology  two-dimensional  for  flows 
confined  to  the  x-y  plane  and 
three-dimensional  for  flows  confined  to 


both  the  x-z  plane  and  the  x-y  plane  even 
though  some  flow  quantities,  such  as  the 
velocity  potential,  do  not  depend  on  the 
vertical  coordinate  z  because  of  the 
mean-layer  approximation.  Going  back  to 
the  discussion  on  Hei's  results,  we  note 
that  the  two-dimensionality  of 
downstream  waves  as  calculated  by  Mei 
[19]  was  not  observed,  in  general,  in 
the  experiments  of  Ertekin  [ 3 ] . 

Ertekin  et  al.  [5]  considered  a 
three-dimensional  pressure  distribution 
and  solved  the  Green-Kaghdi  (G-N) 
equations  in  the  time  domain.  The 
solution  of  this  nonlinear 
initial-boundary-value  problem  also 
showed  three-dimensional  downstream 
waves,  qualitatively  agreeing  with  the 
experimental  results.  This  confirmed 
that  the  application  of  Mel's  formulation 
has  a  limited  range,  at  least,  as  far  as 
the  downstream  waves  are  concerned.  The 
wave  resistance  is  also  found  to  be  i:: 
qualitative  agreement  with  the 
experimental  data .  More  recently,  Katsls 
and  Akylas  [14]  and  Ku  and  Wu  [36] 
obtained  results  for  a  three-dimensional 
moving  surface-pressure  distribution  by 
using  forced  nonlinear 
Kadomtsev-Petviashvili  (K-P)  and 
generalized  Boussinesq  (gB)  equations, 
respectively.  The  stability  of  the 
forced  KdV  equation  as  it  relates  to 
run-away  solitons  is  investigated  by  Wu 
[37]. 

In  the  present  study,  we  investigate 
the  nonlinear  waves  generated  by  a 
vertical  strut  by  using  the  generalized 
Boussinesq  equations  as  derived  by  Wu 
[34].  The  no-flux  boundary  condition  is 
satisfied  by  means  of  a  numerical 
grid-generation  technique  (see  for 
Instance,  Thompson  et  al.  [31].  The 
nonlinear  and  unsteady  results  are 
directly  compared  with  the  experimental 
data.  In  Section  2,  we  formulate  the 
fluid-dynamics  problem  to  be  solved  with 
all  the  boundary  and  initial  conditions 
to  be  satisfied.  We  also  transform  the 
equations  from  earth-bound  coordinates 
to  moving  coordinates  in  this  Section. 
In  Section  3 ,  the  numerical 
grid-generation  technique  used  is 
discussed  and  the  equations  of  Section 
2  are  transformed  to  a  regular 
rectangular  computational  domain.  In 
Section  4 ,  the  numerical-solution  method 
is  given  and  wave  resistance  experienced 
by  the  strut  is  discussed.  The 
finite-difference  method  employed  is 
presented  and  sample  results  are  shown. 
Preliminary  results  are  also  given  in 
Ertekin  and  Qian  [8],  and  the  detailed 
derivations  of  the  equations  presented 
here  and  some  other  results  can  be  found 
in  Qian  [25],  and  Ertekin  and  Qian  [7]. 
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2.  Formulation  of  the  problem 

In  order  to  clarity  the  physical 
problem  let  us  consider  Fig.  1.  This 
shows  a  ship  model  moving  along  the 
centerline  of  a  shallow-water  channel. 
The  dimensionless  speed  of  the  ship-model 
is  given  by  the  depth  Froude  number,  Fh» 
which  is  not  necessarily  critical.  The 
boundaries  consist  of  the  tank  walls, 
the  center-plane  symmetry  axis  if  only 
half  of  the  physical  region  is  to  be 
considered  due  to  symmetry  (mirror-image 
problem) ,  the  two  inlet  and  outlet 
boundaries  (or  "open"  boundaries)  ahead 
of  and  behind  the  model,  and  the  no-flux 
condition  on  the  model.  The  channel 
floor  and  the  free-surface  boundary 
conditions  are  not  discussed  since  these 
are  either  exactly  (in  the  case  of  G-N 
equations)  or  approximately  (in  the  case 
of  gB,  KdV  or  K-P  type  equations) 
satisfied  by  the  particle  velocity 
vector.  Then  the  problem  can  be  solved 
by  using  a  nonlinear  and  unsteady 
shallow-water  wave  equation  to  obtain 
the  unknown  particle  velocities  created 
by  the  movement  of  the  model.  One  can 
use  neither  linear  nor  steady-state 
equations  because  of  the  nature  of  the 
phenomenon.  In  fact,  it  can  be  shown 
(Ertekin  [3]),  perhaps  unsurprisingly, 
that  the  steady  form  of  the  gB  equations 
used  in  this  study  predicts  no 
disturbance  in  the  upstream  region.  The 
same  is  true  for  other  shallow-water  wave 
equations. 

2.1  Boussineaq  eguations 

The  two  different  sets  of 
shallow-water  equations  that  have  been 
applied  frequently  to  sollton-generatlon 
problems  in  the  past,  namely  the 
Green-Naghdi  equations  and  the 
generalized  Boussinesq  equations,  have 
both  advantages  and  disadvantages 
compared  with  the  other.  Even  though 
the  derivation  of  both  of  these  equations 
can  start  with  the  assumption  that  the 
fluid  is  incompressible  and  Inviscid, 
only  the  gB  equations  rec[uire  that  the 
flow  be  Irrotatlonal.  This  feature  of 
the  gB  equations  allows  one  to  consider 
the  layer  mean  value  of  the  velocity 
potential  and  the  surface  elevation  as 
the  unknowns  to  be  determined.  On  the 
other  hand,  such  a  potential  does  not 
exist  in  the  case  of  the  G-N  equations 
since  the  flow  is,  in  general, 
rotational.  As  a  consequence,  the  G-N 
equations  are  expressed  in  terms  of  the 
unknown  velocity  components  and  the 
surface  elevation.  The  apparent 
advantages  of  the  G-N  equations  over  the 
gB  equations  were  discussed  in  Ertekin 
et  al.  [4,  5].  In  a  three-dimensional 
problem  with  a  large  domain,  the  gB 
equations  are  more  efficient  to  solve 
computationally.  Therefore,  we  choose 


to  solve  the  following  set  of  gB  ec(uations 
for  a  constant  water  depth  and  zero 
atmospheric  pressure  (Wu  [34])': 

+  +  =  (1) 

+  (2) 

where  are  the  coordinates  of 

the  fixed  coordinate  system  in  which 

specifies  the  direction  opposite  to 
the  movement  of  the  ship,  is  the 
surface  elevation  of  the  wave,  is  the 
layer  mean  value  of  the  velocity 
potential  defined  by  in  which 

,  h  is  the  undisturbed  water 

depth  (constant)  of  the  channel  and  V  is 
the  two-dimensional  gradient  vector  in 
the  horizontal  plane.  Eqs.  (1)  and  (2) 
are  the  statements  of  conservation  of 
mass  and  momentum,  respectively. 

The  general  form  of  these  equations 
in  which  the  sea  floor  topography  may 
depend  on  the  x^,y*’  coordinates  and  time 
t*^  were  obtained  under  the  assumption 
that  the  Ursell  number  is  of  order  unity 
(Ursell  [32]) .  However,  they  seem  to  be 
valid  in  a  wide  range  of  Ursell  numbers 
as  shown  by  Lee  [16].  The  velocity 
potential  and  the  surface  elevation  in 
these  equations  depend  on  x°,y°  and  t®. 
These  equations  satisfy  approximately 
the  nonlinear  free-surface  condition  and 
the  sea-floor  condition.  The 

configuration  of  the  physical  region  is 
shown  in  Fig.  2. 

Before  elaborating  on  the  boundary 
conditions  and  initial  conditions  to  be 
satisfied,  we  need  to  justify  the  use  of 
a  vertical  strut  to  model  the  conditions 
of  the  experiments  done  by  Ertekin  [3]. 
In  those  experiments,  the  tank  width, 
the  model  draft  and  the  water  depth  were 
systematically  changed  to  obtain  27 
different  blockage  coefficients,  S],; 


where  Aq  is  the  cross-sectional  area  of 
the  underwater  portion  of  the  full  model 
at  midships  at  a  given  draft  and  W  is 
the  half-width  of  the  tank.  Also,  F^  is 
varied  to  cover  the  range  of  0.5-1. 3. 
The  most  striking  finding  of  these 
experiments  was  the  dependence  of  the 
sollton  amplitude,  speed  and  the  period 
of  generation  (the  time  that  it  takes 
for  the  second  soliton  to  generate)  on 
the  blockage  coefficient,  S],.  Typical 
experimental  results  have  been  given  in 
Ertekin  et  al.  [4].  Therefore,  it  is 
clear  that  one  can  use  a  vertical  strut 
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to  model  the  same  conditions  which 
existed  during  the  experiments,  i.e., 
hull  fona  is  of  secondary  importance. 

Now,  we  can  go  back  to  the  discussion 
of  the  boundary  conditions  and  initial 
conditions.  Because  we  assume  that  (see 
Fig.  2)  AO  and  BC  are  part  of  the  symmetry 
axis,  only  half  of  the  physical  domain 
needs  to  be  considered.  The 
computational  advantage  of  this  scheme 
is  obvious.  We  then  have  the  following 
boundary  conditions.  on  the  symmetry 
axis  AO  and  BC,  and  the  channel  wall  DE, 
the  no-flux  condition  is 

(4) 

On  the  ship  boundary,  which  is  moving  in 
the  negative  x°  direction,  we  have 


system  (x°,y°)  to  the  left  moving 

coordinate  system  (x',y')  whose  velocity 
is  -uo.  Since 

=  ,  y°“y,  (8) 

the  continuity  equation  (1)  becomes 

+  +  =  (9) 

and  the  momentum  equation  (2)  becomes 

+  (10) 

Referring  to  Figs.  2  and  3,  the  boundary 
conditions  and  the  Initial  conditions 
become 


Where  is  the  speed  of  the  moving 
boundary  and  (,n«,n^o)  is  the  unit 

normal  vector  of  the  ship  boundary 
pointing  into  the  fluid.  On  the  upstream 
and  downstream  open  boundaries,  we  use 
Somraerfeld's  radiation  condition  with 
constant  shallow-water  wave  celerity, 
i.e., 

(6) 

'frj’o  * 't'®o  =  0 

on  EO  (-)  and  CD  (+) .  The  initial 
conditions  are  chosen  such  that  there  is 
no  motion  at  time  t=0~: 

^'’-0.  r-0,  (7) 

for  all  x°  and  y®.  The  governing 
equations  (l)  and  (2)  will  be  solved 
subject  to  the  boundary  and  initial 
conditions  ( 4 ) - ( 7 ) . 

Since  we  will  use  a  numerical 
grid-generation  technique  to  map  the 
physical  plane  onto  a  regular  rectangular 
computational  plane  to  avoid 
interpolations  as  much  as  possible  in 
satisfying  the  body-boundary  condition, 
we  must  first  transform  the  gB  equations 
and  the  boundary  and  initial  conditions 
to  a  moving  coordinate  system  as  shown 
in  Fig.  3. 


(t)-^.  =  0  on  AO,  BC  and  DE.  (11) 

+  =  0  on  AB.  (12) 

(13) 

on  EO  (-)  and  CD  (+) ,  and 

^•rro,  at  t=0‘.  (14) 

Next,  we  nondlmensionallze  these 
ecjuations  in  the  moving  coordinates  by 
the  new  dimensionless  variables  given  by 


h' 


•I- 


(15) 


The  dimensionless  forms  of  the  continuity 
and  momentum  equations  then  become 

^,  +  V-[(l  +  ^)V^]  =  0.  (16) 


|(v^(ii,  +  t/v^(j),,).  (17) 

And  the  dimensionless  boundary  and 
initial  conditions  (11) -(14)  become 


2.2  Eaaatifns  in. moving  coordinatoa  on  ao,  BC  and  DE.  (18) 

The  equat  ions  of  last  section  will  be 

transformed  from  the  fixed  coordinate  yx^x'*'9yrty‘’0  on  AB.  (19) 
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equations  froa  a  physical  plane  to  a 
rectangular  coaputational  plane  with  a 
(20)  uniform  grid. 


on  EO  (-)  and  CD  (+) ,  and 

^»0,  ^  =  Ux,  at  t=  O’.  (21) 

Eqs.  (16) -(21)  will  be  solved  by  a 
finite-difference  method.  Because  we 
are  dealing  with  a  simply  connected 
region  which  has  a  non-rectangular 
boundary  in  the  plan  view  of  the  ship, 
it  is  preferable  to  use 
boundary-conforming  coordinates  in  the 
fluid  domain.  In  the  next  Section,  we 
will  describe  the  numerical  generation 
of  these  boundary-conforming  coordinates 
and  transform  the  governing  equations 
from  the  physical  moving-plane  onto  a 
rectangular  plane  where  a 
finite-difference  method  can  be  easily 
used  within  a  uniform  rectangular  grid. 

3..  -numerical  gridTaeneration 

When  there  are  irregular  boundaries 
in  a  fluid  domain,  one  can  use  several 
discretization  schemes  in  a 
finite-difference  method.  One  of  them 
is  the  "irregular-star"  technique  which 
has  been  used  for  some  time  in  ship-wave 
problems  (see  for  instance,  Ohring  and 
Telste  [22]),  and  another  is  the 
"staggercd-mesh"  system  used  by  Miyata 
et  al.  [21]  in  a  marker-and-cell  method. 
Yet,  another  method  suitable  for  the 
present  problem  is  the  numerical 
generation  of  boundary-conforming 
coordinates  (see  for  instance,  Thompson 
et  al.  [31]).  In  the  first  two  schemes 
mentioned  above,  the  difficulties  in 
dealing  with  an  irregular  boundary  are: 
the  use  of  unequal  grid  size  in  different 
regions  of  the  computational  domain  which 
brings  additional  complexities  and 
inaccuracies,  the  heavy  use  of  various 
interpolation  techniques  on  Irregular 
boundaries  for  the  evaluation  of  the 
higher-order  derivatives  of  a  function 
being  solved  for,  and  as  a  consequence, 
the  need  to  use  very  small  grid  size 
which  results  in  an  Increased 
computational  time,  and  finally,  serious 
questions  concerning  the  assumption  of 
the  existence  of  a  function  being 
extrapolated  outside  the  fluid  domain. 
The  last  difficulty  is  again  related  to 
Irregular  boundaries.  These 

difficulties  do  not  exist  if  one  uses  a 
numerically  generated  grid  along  with  a 
finite-difference  method.  However,  due 
to  the  addition  of  extra  terms  in  the 
governing  equations,  numerical 
calculations  become  more  complicated  and 
intensive  when  one  transforms  the 


Depending  on  the  boundary  conditions, 
one  can  use  several  different 
grid-generation  systems,  such  as  the 
elliptic,  parabolic,  hyperbolic  or 
algebraic  generation  systems.  An 
elliptic  generation  system  may  be  chosen 
in  our  case  since  Dirichlet  boundary 
conditions  are  specified  on  all  the 
boundaries  enclosing  the 
simply-connected  physical  region.  The 
Dirichlet  conditions  are  simply  the 
boundary  coordinates  given  in  the 
physical  problem. 

3.1  Elliptic  Generation  System 

Referring  to  Fig.  4,  a  uniform  grid 
in  the  transformed  plane  can  be  generated 
by  determining  the  coordinates  a:(^,ti)  and 
yC^.H)  t  for  A^  =  Ati=  1.0.  Because  of  the 
fact  that  the  extrema  of  solutions  of  an 
elliptic  system  cannot  occur  Inside  the 
boundaries,  one-to-one  correspondence 
between  points  of  the  respective  planes 
is  guaranteed.  This,  of  course,  also 
ensures  the  single-valuedness  of  the 
coordinate  functions .  Then  the  equations 
of  the  elliptic  generation  system  given 
by 

7*5-0.  v*n-o, 

can  be  replaced  by  a  set  of  nonlinear 
equations  in  terms  of  x  and  y  to  be  solved 
in  the  transformed  plane: 


ax„-2PXt„+Y^nn“0. 


ay«-2Pyt.,  +  Yynn"0- 


(22) 


where 

^  =  +  =  (23) 

The  above  equations  can  be  solved  by 
a  finite-difference  method  based  on 
second-order  central-difference 

formulas,  l.e.. 


•'■’/.i.i-i  ■*'  ) ■*■  Y(^/.i.i”  2jf /.(  +  /-i.i) -  0 ,  (24) 


and 

®(y/.(.l”2y;,,+  y;,,.|)-~(yy,i_,.|-yy.|_,.|- 

y/.i..-i  +  y/-i.,-i)+Y(y/.i.,-2y,,,  +  y,.,.,)”0.  (25) 
This  results  in  a  system  of  nonlinear 
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equations  which  we  solve  by  a  Successive 
Over  Relaxation  (SOR)  nethod.  The 
solution  is  accomplished  by  a  point 
iteration  in  which  the  initial  guess  is 
chosen  as  a  weighted  average  of  the 
boundary  points .  The  boundary  values  of 
X  and  y  in  the  physical  plane  are 
specified.  A  typical  result  for  a 
parabolic  strut  whose  dimensionless 
equation  is  given  by 

(26) 

where  Aw/2  is  the  half-width  of  the  strut 
and  L  is  the  length  of  the  strut,  is 
shown  in  Fig.  5.  In  this  Figure  Ay/a® 
0.3,  Ii=  8.0,  Sb=  7.5  %,  and  Ax -Ay  =  0.1. 
However,  only  every  fifth  grid  line  is 
plotted  for  clarity. 

The  accuracy  of  the  elliptic 
generation  system  used  here  has  been 
checked  against  a  simple  ideal  flow 
problem  (doublet  +  uniform  flow)  which 
has  an  exact  solution,  and  found  to  agree 
within  a  tolerance  of  1  x  10”®.  We  note 
that  X  =  constant  lines  and  ?  =  constant 
lines  coincide  in  their  respective 
planes,  and  as  a  result,  no  coordinate 
contraction  has  been  used.  The  purpose 
of  this  scheme  is  to  preserve  the  symmetry 
boundary  AO  and  BC.  If  we  had  allowed 
X  to  depend  upon  q  also,  then  we  would 
have  had  to  solve  the  problem  in  the 
entire  physical  region,  not  just  in  half 
of  it.  In  that  case,  the  boundary  points 
would  not  have  been  uniform. 


The  purpose  of  transforming  the 
equations  from  an  earth-bound  system  to 
a  moving  system  was  to  avoid  the 
generation  of  a  numerical  grid  at  each 
time  step,  thereby  not  allowing  the  time 
derivatives  to  produce  extra  terms.  If 
we  now  apply  the  differential  relations 
between  the  derivatives  of  a  function  in 
(x,y)  and  (?,q)  planes  (see,  Thompson  et 
al.  [31]),  the  continuity  eejuation  (16) 
becomes 


H — (^+ 

and  the  Jacobian,  J,  of  the 
transformation  is  J  ’'X^y^-x^y^.  Note 
that  even  though  the  general  formulas 
are  given  here,  x  depends  on  ^  alone 
since  y  -  constant  and  q  constant  are 
parallel  everywhere. 

Similarly,  the  momentum  equation  (17) 
becomes 

=  (28) 

where 

A- — —  B  -  — C“ — ^ 

2  3 

2U  2U 

Ci=|^(/Co-/oY).  D^^y^CL, 

^  =  -5^(2ynP+yt«). 

=  yn^«-2y5y,xt,  +  y^x,,-x,y,y„  + 

(^?yn-"^ny?)ytn"^«y?y-in- 
/lo  =  |(yn“ry«“n) 

=  x^yr,x^^-x^y^x^^*y\y^^-y^y^y^^, 


5o  =  ynPrysPn  =  ^nyn^«-^(^?yn“^<)y?)^'tn~ 

where  ynyu"yiyn-i- 


426 


Co  =  |(ynYt-y?Yn) 


And  the  dimensionless  boundary  and 
initial  conditions  (18)-(21)  become  as 
follows. 


if,  =  0  on  AO,  BC  and  DE 

(29) 

-P(fj  +  Yif„  =  0  on  AB. 

(30) 

1.2  • 

(31) 

where 

Pi.2  =  -(i/^i){7(yn*ryi<^n)-^/}. 

on  £0  (subscript  1)  and  CD  (subscript 

2), 


present  time  step,  indicated  by  the 

superscript  (2),  may  be  obtained  by 
modifying  the  values  obtained  in  the 
middle  step,  indicated  by  the  superscript 
(m) .  The  middle-step  values  are 
evaluated  by  modifying  the 

prevlous-tlme-step  values,  indicated  by 
the  superscript  (1) . 

With  these  preliminaries,  the 
continuity  equation  (27)  becomes 

+  (33) 

(34) 

where  At  is  the  time  Interval  and  H  was 
given  by  (27) .  Similarly  the  momentum 
equation  (28)  becomes 

+  +  <?""»),  (2-/' 

where  A,  B,  C  and  Q  were  defined  by  (28) . 


t;»0.  (j>  =  (/r(?),  at  t=0’.  (32) 

As  before,  the  subscripts  ?  and  n  denote 
the  derivatives  with  respect  to  these 
variables.  We  are  now  ready  to  solve 
equations  (27)  and  (28)  subject  to  the 
boundary  conditions  (29)-(32). 


In  this  Section,  we  present  the  method 
employed  to  solve  the  nonlinear  and 
unsteady  shallow-water  equations  as 
given  in  the  last  Section,  and  also,  give 
the  formulation  for  wave  resistance. 
Some  of  the  results  obtained  will  be 
presented  and  compared  directly  with  the 
available  experimental  data.  The 
accuracy  of  the  equations  and  the 
numerical  method  will  be  revealed  when 
we  discuss  the  speed,  amplitude  and  the 
period  of  generation  of  solitons,  and 
wave  resistance. 

4.1  Finite-difference  method 

Because  of  the  success  of  the  Modified 
Euler  Method  in  previous  applications, 
we  use  this  two-step  method  to  march  in 
time.  The  spatial  derivatives  are 
approximated  by  second-order 
central-difference  formulas.  The 
truncation  error  of  the  resulting 
equations  is  0(Ax*, Ay^.At^).  In  this 
method,  the  values  of  ^  and  41  at  the 


The  upstream  and  downstream 
open-boundary  conditions  become 

=  +  (37) 

^(2)  =  ^(»  +  |‘(Z|>_>2  +  zl'r2>).  (38) 

=  +  (39) 

=  (40) 


The  right-hand-side  terms  of  these 
equations  are  calculated  from  the 
previous  time  step,  and  then  considered 
as  known  variables  in  the  present  time 
step.  During  each  time  step,  ^  can  be 
directly  solved  from  (33)  for  the  middle 
step,  and  from  (34)  for  the  present  step. 
%  and  if  can  also  be  found  directly  on  the 
open  boundaries  from  (37)  and  (39)  for 
the  middle  step,  and  from  (38)  and  (40) 
for  the  present  step  as  the  solution  of 
the  initial-value  problem,  if  will  then 
be  determined  iteratively  from  (35)  for 
the  middle  step,  and  from  (36)  for  the 
present  step  as  the  solution  of  the 
boundary-value  problem. 

As  in  the  case  of  the  numerical  grid 
generation,  we  use  the  SOR  method  to 
solve  the  set  of  simultaneous  equations 
which  resulted  by  the  application  of  the 
Modified  Euler  Method.  A  five-point 
filtering  formula  (see  Shapiro  [27], 
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Haussling  [11],  and  Ertekin  et  al.  [5]) 
is  applied  to  reduce  the  effect  of  tho 
numerical  errors  which  ar*e  caused  by 
high-frequency  cross-channel  waves ^  ^ 
and  ())  are  filtered  in  the  5  and  q 
directions  in  the  transformed  plane  after 
each  time  step.  The  SOR  parameter  varied 
between  1 . 5  and  1 . 9  in  our  calculations . 

4.2  Wave  resistance 

The  wave  resistance,  R,  experienced 
by  the  vertical  strut  can  be  obtained  by 
evaluating  the  pressure,  pg,  on  the 
strut,  i.e. 

The  pressure  on  the  strut  can  be  obtained 
from  Euler's  integral  once  the  velocity 
potential  and  the  surface  elevation  are 
determined.  Following  Wu  [34]  and  Wang 
et  al.  [33],  we  obtain 

+  +  +  (42) 

in  the  moving  coordinates.  Equation  (42) 
is  obtained  by  expanding  the  pressure  in 
a  perturbation  series  where  the  error 
term  is  ,  and  6  is  the  dispersion 

parameter.  One  can  now  substitute  (42) 
into  (41)  and  obtain  the  wave  resistance 
as  a  function  of  time  after  transforming 
the  variables  from  the  (x,y)  system  to 
(^•n)  system. 

4.3  Discussion  on  the  numerical 
accuracy  and  results 

When  the  water  depth,  h,  is  constant, 
the  conservation  of  mass  statement  given 
by  (1)  is  exact.  Therefore,  this  ec[uation 
can  serve  as  a  check  on  the  numerical 
accuracy  of  the  results.  We  note  that 
the  same  argument  cannot  be  made  by  using 
the  conservation  of  linear  momentum 
statement  given  by  (2)  since  this 
equation  is  approximate.  The 

dimensionless  water  mass,  m/ph^  ,  given 
by 

dl,  (43) 

where 

5(?.il.O  =  ^(l+^)(yn'l'ry54’n)- 

and  it./s  represent  the  left  and  the 
right  open  boundaries,  respectively,  and 


denotes  the  surface  of  the 
computational  region,  remains  constant 
within  1%,  showing  that  numerical 
accuracy  is  very  high. 

The  gB  equations  are  solved  by  a 
computer  program  which  uses  thp  grid 
points  generated  by  another  computer 
program.  Two  sets  of  numerical  tests 
are  conducted  and  the  parameters  of  the 
problem  are  selected  to  approximately 
correspond  to  the  experiments  done  by 
Ertekin  [ 3 ] . 

In  the  first  set  of  the  numerical 
tests,  two  different  blockage 
coefficients,  7.5%  and  12.5%,  are 
selected.  The  grid  size  on  boundaries 
is  chosen  as  AA:  =  Ay“  0.1,  and  the  time 
Interval  is  chosen  as  At  “  0.05  even  though 
Von  Heumann's  stability  method  applied 
shows  that  At  can  be  the  same  as  Ax 
without  any  stability  problems.  Two 
different  speeds,  Fh°=tI=:0.S  and  1.0  ,  are 
used  so  that  precursor  solitons  can  be 
generated  quickly.  The  perspective  plots 
(see  Fig.  6  a,b)  as  well  as  the  contour 
plots  (see  Fig.  7  a,b)  are  shown  here 
for  Case  3.  For  other  results  see  Qian 
[25].  In  perspective  plots  the  strut 
below  the  lowest  wave  surface  could  not 
be  plotted  because  of  the  limitation  of 
the  graphics  software  that  we  used.  The 
period  between  the  first  and  second 
soliton  or  the  period  of  generation,  the 
amplitude  and  the  speed  of  the  first  and 
second  sol.itons  are  calculated  (see 
Tables  1-3 ) .  The  period  of  generation 
is  obtained  from  the  numerical 
moving-gauge  results  as  shown  in  Fig.  8 
(continuous  lines) .  In  Fig.  8  the 
location  of  the  numerical  gauges  are  at 
distances  of  0.625L  (Gauge  2)  andl<  (Gauge 
3)  ahead  of  the  strut  on  the  symmetry 
axis.  Note  thac  in  the  first  set  of 
numerical  tests  (Cases  1,2  and  3),  WM, 
L^a  and  Ik~Il  =64.  Comparisons  with  the 
experiments  (Ertekin  [3]  and  Ertekin  et 
al.  [4]  are  also  made  in  Tables  1-3. 

To  understand  the  effect  of  ship  length 
on  the  computational  results,  we 
conducted  another  numerical  test  by 
increasing  the  ship  length  to  15.2  but 
leaving  all  other  parameters  of  the 
problem  the  same.  This  test  is  referred 
to  as  Case  4.  Case  4  results  are  shown 
in  Figs.  6  c,d  and  7  c,d,  and  in  Fig.  8 
(dotted  lines) .  As  can  be  seen  from 
these  Figures,  shorter  strut  has 
considerably  more  wave  build-up  around 
the  bow  and  stern  than  the  longer  strut, 
and  also,  the  downstream  waves  are 
smaller  in  the  longer  strut  case.  From 
Fig.  8  we  see  that  it  takes  longer  to 
generate  the  first  soliton  in  the  longer 
strut  case  than  the  shorter  strut  case. 
Also  the  amplitude  of  the  first  soliton 
is  smaller,  and  the  amplitude  of  the 
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second  soliton  is  larger  in  Case  4 
compared  with  Case  3  (see  also,  Tables 
1-3) . 

In  the  second  set  of  nvunerical  tests, 
we  used  exactly  the  same  Sjj=l4.2,  W“6.l 
and  Ir=15.2  used  in  one  set  of  the 
experiments  of  Ertekin  [  3  ] .  In  the 
experiments,  h=10  cm,  d=7.5  cm  and  Fh=1.0 
were  used  (Test  No.  1936) .  The  location 
of  the  moving  gauges  were  given  in  Ertekin 
et  al.  [4] .  This  numerical  test  is  called 
Case  5.  In  Case  5,  Ax  =  Ay=  =0.15  and 
At  =0.08  are  used  since  the  computational 
region  is  larger  than  before.  Also  In  -  II 
=137.25  in  this  case.  The  perspective 
plots  of  Case  5  results  are  shown  in  Fig. 
9,  and  the  contour  plots  in  Fig.  10.  The 
numerical  wave-gauge  results  and  the  wave 
resistance  results  are  shown  in  Fig.  11 
The  corresponding  experimental  results 
are  shown  in  Fig.  12.  The  numerical 
results  in  Fig.  11  are  shifted  in  time 
so  that  the  moment  the  towing  carriage 
started  moving  in  Fig.  12  (see  the  sudden 
increase  in  resistance  at  t=2.5  s) 
corresponds  to  t^O  s  in  calculations. 
This  shift  in  time  in  experiments  is  due 
to  starting  data  acquisition  before  the 
carriage  is  put  into  motion.  The 
(quantitative  differences  between  the 
experiments  and  calculations  in  Case  5 
are  given  in  Tables  1-3.  The  agreement 
can  be  considered  (quite  good. 

The  average  total  resistance  measured 
during  the  experiments  was  9.3  newtons 
for  Case  5.  In  the  calculations  the 
average  wave  resistance  is  obtained  as 
9.6  newtons.  We  estimate  the  frictional 
resistance  as  1.4  newtons  from 
Schoenherr's  flat  plate  skin  friction 
formula.  Of  course,  the  eddy  or  form 
resistance  must  be  included  also.  Thus, 
one  can  conclude  that  the  total 
resistance  predicted  is  slightly  higher 
than  the  experimental  datum.  Some  other 
cases  which  are  not  presented  here  also 
support  this  conclusion. 

In  conjunction  with  the  numerical 
schemes  used  in  this  study,  we  mention 
that  the  surface  elevation  and  the 
velocity  potential  are  filtered  along 
both  the  5  and  ti  directions  at  each 
time  step.  The  average  number  of 
iterations  is  15  for  the  first-step 
solution  (for  a  tolerance  of  8  x  lO”"^) 
and  6  for  the  modified  or  second-step 
solution  (for  a  tolerance  of  5  x  10""^). 
The  computations,  which  were  performed 
on  the  X-MP/48  Cray  Computer  of  the  San 
Diego  Supercomputer  center,  took  about 
90  minutes  of  CPU  time  for  2200  time 
steps  in  Case  3.  Single  precision  is 
used  on  this  64  bit  machine.  Filtering 
was  absolutely  necessary  in  our 
calculations.  Removal  of  the  filtering 
scheme  caused  very  high  waves  at  the 


stern,  and  eventually,  the  computations 
could  not  be  continued.  The  unphyslcal 
waves  in  the  absence  of  filtering 
occurred  for  various  grid  sizes  and  time 
intervals. 

From  the  results  presented  here,  we 
see  that  general  appearance  of  the  waves 
agree  with  the  results  of  earlier 
research  (e.g.,  Huang  et  al.  [13], 
Ertekin  [3],  and  Ertekin  et  al.  [5]). 
For  each  soliton,  including  the  first 
and  the  second  one  in  all  cases,  the 
amplitude  Increases  rapidly  while  the 
speed  increases.  The  relation  between 
the  amplitude  and  speed  of  the  solitons 
(computed)  satisfies  approximately  the 
dispersion  relation  for  a  general  two 
dimensional  soliton  propagation,  such  as 
the  second-order  formula  proposed  by 
Laltone  [15],  and  a  formula  derived  by 
Schember  [26].  However,  solitons 
generated  by  ships  do  not  have  an  exact 
permanent  form.  The  amplitude  of  each 
soliton  gradually  increases  after 
generation.  This,  of  course,  may  be 
partially  due  to  the  governing  e(quations 
which  satisfy  the  free-surface 
conditions  only  approximately.  Also, 
the  rather  small  differences  between  the 
computations  and  experiments  may  be  also 
due  to  the  neglect  of  viscosity  (although 
this  effect  must  be  very  small) ,  and,  of 
course,  computational  as  well  as 
experimental  errors,  especially  in  the 
case  of  period  of  soliton-generation. 

The  soliton  generation  clearly  depends 
on  the  blockage  coefficient  and  speed  of 
the  moving  strut,  but  it  also  slightly 
depends  on  the  length  of  the  strut.  An 
increase  in  the  Froude  number,  or  the 
speed  of  the  ship,  can  delay  the 
generation  of  the  first  soliton,  and  thus 
increase  the  period  between  the  first 
and  second  solitons.  Soliton  amplitudes 
and  speeds  increase  correspondingly. 
Fast  movement  of  the  disturbance 
increases  the  period  of  soliton 
generation  and  larger  blockage 
coefficient  decj.eases  the  period  of 
soliton  generation.  The  second  soliton 
almost  always  comes  out  with  a  smaller 
amplitude  and  speed  than  the  first 
soliton.  As  can  be  seen  in  Table  2,  the 
agreement  between  the  experiments  and 
computations  for  the  amplitude  and  speed 
of  the  second  soliton  is  very  good. 

5.  Conclusions 

The  waves  generated  by  a  ship  in  a 
shallow-water  channel  can  be  modeled  by 
numerical  calculations  of  Bousslnesq 
e(quatlons,  and  two-dimensional  solitons 
may  be  generated  ahead  of  the  ship.  The 
shallow-water  e(quatlons  of  gB  type  can 
successfully  simulate  this  phenomenon. 
The  generation  of  a  boundary-fitted 
curvilinear  coordinate  system  is  very 
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effective  for  the  configuration 
containing  the  ship  boundary.  The 
physical  problem  is  solved  in  the 
transformed  plane  with  a  uniform  grid 
size.  The  boundary  conditions, 
especially  on  the  ship  boundary,  can  be 
satisfied  without  the  need  for  a  special 
treatment  of  the  boundary  values. 
However,  all  equations  become  more 
complicated  after  the  transformation, 
and  thus  computations  become  much  more 
intensive.  Since  the  grid  size  is  chosen 
to  be  uniform  on  the  physical  boundaries, 
equal  ^  lines  become  straight  and  are 
perpendicular  to  the  symmetry  boundary 
and  wall  boundary.  On  the  symmetry 
boundary  and  wall  boundary,  the  no-flux 
boundary  condition  can  be  simplified, 
and  also  the  symmetry  condition  can  be 
used  to  deal  with  the  third-order 
derivatives.  If  we  use  coordinate  system 
control  (attraction)  for  the  grid 
generation,  the  grid  lines  will  not  be 
generally  straight,  and  the  no-flux 
boundary  condition  will  become  more 
complicated  on  all  solid  boundaries,  and 
also,  no  symmetry  condition  can  be  used. 

The  constant  wave  celerity  used  on  the 
open  boundaries  work  out  perfectly. 
Therefore,  it  seems  that  one  cannot 
easily  justify  the  use  of  a  numerical 
scheme  in  which  the  phase  speed  is 
calculated  (see  for  Instance,  Orlanski 
[23]). 

More  efficient  methods  of  numerical 
grid  generation  can  be  investigated  and 
used  with  three-dimensional  ship 
surfaces  to  reduce  the  errors  introduced 
by  numerical  grid  generation. 
Coordinate-system  control  is  recommended 
in  order  that  the  coordinate  lines  can 
be  attracted  by  the  boundaries, 
especially  around  the  ship  boundary,  so 
that  the  boundary  effects  can  be 
considered  more  accurately.  This 
obviously  requires  vhat  we  can  deal 
successfully  with  the  higher-order 
derivatives  on  the  boundaries. 
Nevertheless,  the  symmetry  boundaries 
will  be  destroyed  in  this  case,  causing 
the  necessity  to  solve  the  problem  in 
the  entire  physical  domain. 
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Case 

No. 

U 

'[gh 

Sb 

(%) 

A, 

h. 

Jil. 

•fgh 

C 

E 

D 

(%) 

c 

E 

D 

(%) 

1 

0.8 

7.5 

0.18 

0.15 

20.0 

1.05 

1.07 

-1.9 

2 

1.0 

7.5 

0.54 

0.50 

8.0 

1.20 

1.22 

-1.6 

3 

0.8 

12.5 

0.29 

0.27 

1.12 

1.11 

0.9 

4 

0.8 

12.5 

0.25 

0.27 

ES 

1.12 

1.11 

0.9 

5 

1.0 

14.2 

0.70 

0.62 

12.9 

1.27 

1.23 

3.2 

Table  1.  Dimensionless  amplitude  and  speed  of  the  first  soliton. 


Case 

No. 

U 

'fgh- 

Sb 

{%) 

Aj 

T 

u. 

c 

E 

D 

(%) 

Bi 

E 

D 

(%) 

1 

0.8 

7.5 

0.11 

0.12 

-8.8 

1 . 02 

1.03 

mam 

2 

1.0 

7.5 

0.50 

0.49 

2.0 

1.20 

1.18 

mam 

3 

0.8 

12.5 

0.21 

0.23 

-8.7 

1.09 

1.09 

■JU; 

4 

0  8 

12.5 

0.24 

0.23 

msm 

1.09 

1.09 

0.0 

5 

1.0 

14.2 

0.69 

0.56 

23.2 

1.27 

1.23 

3.2 

Table  2.  Dimensionless  amplitude  and  speed  of  the  second  soliton. 


Notes  on  the  Tables; 

C  :  Present  computational  results, 

E  ;  Experimental  data  (Ertekin  [3]), 

D  ;  Difference  between  the  calcula¬ 
tions  and  experimental  data, 

8)^:  Blockage  coefficient, 
h  :  Depth  of  undisturbed  water, 
g  ;  Gravitational  acceleration, 

U  :  Speed  of  the  ship, 

Agi  Amplitude  of  the  first  or  second 
soliton, 

Ug:  Speed  of  the  first  or  second  soil- 
ton  in  earth-bound  coordinates, 
Tg;  Period  of  generation  of  solitons. 


Case 

No. 

U 

Sb 

(%) 

UT, 

h 

C 

E 

D 

(%) 

1 

0.8 

31 

34 

-8.8 

2 

■BI 

MB 

44 

47 

mm 

3 

0.8 

12.5 

21 

23 

-8.7 

4 

0.8 

12.5 

20 

23 

-13.1 

5 

DEI 

33 

432 


Table  3,  Dimensionless  period  between 
the  first  and  the  second  soliton  as 
observed  in  the  moving  coordinates. 


Figure  3.  Fixed  (x°,y°)  and  moving 
(x',y')  coordinate  systems. 
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Figure  8.  Computed  surface  elevation  as 
observed  by  numerical 

moving-wave-gauges .  ( - ) :  Case  3 , 

( - — ) :  Case  4. 
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Figure  10.  Contour  plots  of  computed 
surface  elevation,  Case  5. 


Figure  9.  Perspective  plots  of  computed 
surface  elevation,  Case  5. 


136 


DISCUSSION 
by  J.W.  Kim 

The  authors  should  be  congratulated  on 
their  successful  extension  of  Boussinesque 
type  equation  to  3-dimensional  free-surface 
flow  problems.  We  would  like  to  make  comments 
on  the  following  two  points. 

The  first  is  the  time  integration  method 
adopted  in  the  present  paper.  As  pointed  out 
in  your  earlier  paper(1984)  I  All  numerical 
solutions  of  the  gB  equation  for  a  disturbance 
moving  at  near  the  critical  speed  show  the 
gradual  increase  of  the  amplitude  of  upstream 
solitons  whereas  the  GN  equation  shows  nearly 
constant  amplitude.  We  have  also  reproduced 
this  numerical  calculation  based  on  the  4th 
order  Runge  Kutta  method  for  the  time 
integration  and  then  we  have  obtained  the 
constant  amplitude  for  both  equations.  The 
only  difference  between  ours  and  your  previous 
calculation  is  in  the  time  integration  method, 
where  you  used  the  Modified  Euler  Method 
(MEM).  In  the  present  paper  you  also  used  MEM 
for  the  time  integration.  From  our  experience 
in  both  time  integration  methods,  we  believe 
that  the  difficulties  you  experienced  in  your 
present  work  before  introducing  the  filtering 
process  in  mainly  due  to  the  inadequacy  of  MEM 
for  this  problem. 

The  second  point  I  would  like  to  discuss 
is  on  the  treatment  of  the  convection  term. 
Although  the  gB  equation  given  in  your  paper 
has  no  convection  term  explicitly,  the 
perturbed  velocity  potential  and  wave 
elevation  will  have  convection  effect  im¬ 
plicitly  since  the  basic  flow  is  uniform 
stream.  For  the  convection  operator  it  is 
well-known  that  the  central  difference  scheme 
in  spatial  discretization  has  a  considerable 
phase  error  on  short  waves  with  wave  length 
comparable  to  the  mesh  size.  We  have  also 
experienced  similar  difficulties  in  our 
calculation  by  the  finite  element  method.  As 
a  remedy  for  this  difficulty  we  used  the  par¬ 
tial  upwinding  scheme. 

From  the  above  two  points,  we  believe  that  the 
filtering  process  in  your  computation  scheme 
has  presumably  played  a  role  of  eliminating 
the  overall  combined  effect  of  the  two  dif¬ 


ficulties  due  to  MEM  and  convection. 

(All  Ertekin,  R.C.,  Webster,  W.C.  S  Wehausen, 
J.V.,  Ship-generated  Solitons,  Proc.  15th 
Symp.  Naval  Hydrodynamics,  Hamburg,  1984 
pp. 347-364. 

Author's  Reply 

We  would  like  to  thank  Mr.  Kim  for  a  very 
useful  and  timely  discussion. 

Your  comments  on  the  use  of  MEM  and  its 
effects  on  the  numerical  predictions  are 
agreeable.  It  is  clear  to  us  that  a  fourth- 
order  method  such  as  the  RK4  method  used  will 
produce  more  accurate  results.  However,  it  is 
not  very  clear  that  reducing  the  truncation 
errors  by  using  a  higher  order  scheme  will 
totally  eliminate  the  continuous  amplitude 
increases  observed  when  one  uses  the  gB 
equations.  One  must  keep  in  mind  that  the 
momentum  and,  therefore,  the  energy  is  not 
exactly  conserved  in  gB  equations  even  if  the 
sea  floor  is  flat.  When  the  disturbance  is 
small,  the  amplitude  increase  may  be  reduced, 
perhaps  to  a  minimum.  But  we  do  not  think 
that  it  can  be  eliminated  when  large 
disturbances  are  used.  The  same  is  not  true 
when  the  Green-Naghdi  equations  are  used  since 
these  equations  satisfy  the  conservation  of 
mass  and  energy  exactly,  even  if  the  sea  floor 
is  not  flat.  On  the  other  hand,  one  may 
justifiably  argue  that  if  the  disturbance  is 
large,  then  the  assumptions  behind  the 
derivation  of  the  gB  equations  are  violated, 
and  therefore  one  should  not  expect  that  the 
amplitude  does  not  grow.  We  agree  with  this 
agreement. 

It  is  true  that  the  MEM  causes  high 
frequency  waves  because  of  the  presence  of 
central  differencing.  That  is  why  we  used 
filtering.  Filtering  eliminates  high 
frequency  waves  which  occur  around  and  behind 
the  hull.  But,  obviously,  it  does  not  effect 
the  very  low-frequency  waves  ahead  of  the  hull 
in  the  upstream  region.  Since  these  waves  are 
the  primary  concern  to  us,  we  did  not  worry 
about  using  MEM  which  proved  to  be  a  very 
valuable  scheme  because  of  its  efficiency 
compared  to  a  higher-order  scheme. 
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Abstract 

The  wave  resistance  and  implied  squat  of  a 
slender  ship  advancing  near  the  critical  speed  in 
restricted  water  are  studied.  Employing  matched 
asymptotic  expansion  techniques,  it  is  shown  that 
the  response  can  be  described  by  the 

homogeneous  Kadomtsev  -  Petviashvili  (KP) 

equation  with  flux  conditions  on  boundaries, 
when  the  channel  is  wide  compared  to  the  ship 
len^h.  Numerical  results  show  the  generation  and 
radiation  of  straight-crested  solitons  in  a  periodic 
manner  ahead  of  the  ship,  when  it  moves  at 
transcritical  spe^  with  moderate  blockage. 

The  solitons  are  initially  three  dimensional,  which 
are  followed  by  a  depressed  region  and  a  train  of 
complicated  ship-bound  waves  in  the  wake. 
Hydrodynamic  forces  are  computed  by  using 

slender  body  approximation,  and  the  implied 
sinkage  and  trim  are  estimated  based  on 
hydrostatic  relations.  These  quantities  vary  with 
time  and  strongly  depend  on  the  ship’s  spe^  and 
blockage.  Near  the  critical  speed,  the  wave 
resistan^  and  the  trim  oscillate  around  mean 
values  in  phase  with  the  emission  of  solitons, 
while  the  sinkage  takes  place  out  of  phase.  The 
calculated  results  are  in  crude  agreement  with  the 
measurements. 


1.  Introduction 

A  couple  of  investigators  have  reported  the 
fascinating  phenomenon  observed  during  shallow 
tank  tests  that  a  ship  model  towed  near  the 
critical  speed  (s  =  acceleration  due  to  gravity, 
h  =  water  depth)  radiates  a  succession  of 
upstream-propagating  waves  in  an  almost 
periodic  manner  (Thews  &  Landweber  1935  ; 
Imbuchi  &  Nagasawa  1937  ;  Graff  1962  ;  Huang 
et  al.  1982).  As  a  result,  the  ship  experiences 


considerable  changes  in  resistance,  trim  and 
sintege,  or  better  known  as  squat.  One  of  most 
exciting  aspect  in  this  now  identified 
phenomenon  is  that  a  three-dimensional 
disturb^ce,  such  as  a  ship,  generates  2 
dimensional  waves  propagating  upstream  in  a  tank 
of  finite  width.  In  addition  to  it,  the 
propagation  speed  of  the  upstream  waves,  named 
solitons,  is  faster  than  the  constant  towing  speed 
so  that  a  steady  state  cannot  be  attained. 

Linear  theories  fail  to  predict  the  flow. 
Katsis  and  Akylas  (1987)  clarified  it  in  the  light 
of  the  linearize  dispersion  relation.  Among  all 
waves  radiated  from  a  disturbance  advancing  at  a 
speed  U,  those  which  may  remain  stationary  with 
the  disturbance  in  the  direction  y  must  have  the 
wave  number  k  such  that  Fkltcos.y  =  (w«  tanhjUi)“, 
where  F  is  the  depth  Froude  number  (=i//v^). 
It  means  that  at  a  transcritical  velocity, 
F  =  i  +  0{khf,  long  waves  must  be  in  nearly  the 
same  direction  as  the  moving  disturbance,  i.e. 
cosy  =  1  +  0{khf.  Furthermore  the  group  velocity 
tends  to  vanish  in  the  moving  frame. 
Cons^uently  the  long  waves  become  almost 
nondispersive  and  the  associated  wave  energy 
c^not  be  radiated.  It  implies,  in  order  to  deal 
wth  the  problem,  we  have  to  include  a  balanced 
interplay  by  the  nonlinear  and  dispersive  effects 
to  the  leading-order  wave  equation,  and  to  keep 
it  in  mind  that  transient  waves  evolve  slowly. 

Wu  and  Wu(1982)  were  the  first  who 
calculated  the  generation  and  propagation  of 
solitons  for  a  moving  disturbance  spanning 
uniformly  across  the  channel  by  using  the 
generalized  Boussinesq  equation.  Akylas 
(1984)  also  considered  a  two-dimensional 
pressure  band  travelling  on  the  free  surface  but 
focused  attention  to  the  immediate  neighborhood 
of  the  critical  speed.  He  showed  that  the  physics 


439 


can  simply  be  described  by  an  inhomogeneous 
Korteweg-de  Vries  (KdV)  equation.  In  a  joint 
theoretical  and  experimental  study,  Lee  et  al. 
(1989)  found  a  broad  agreement  between  the 
experiment  and  two  theoretical  models,  the 
generalized  Boussinesq  and  the  forced  KdV 
equations,  for  a  moving  two-dimensional  bottom 
topography  in  a  shallow  water  tank.  All  these 
works  are  concerning  with  2  dimensional 
disturbances  and  thus  one-dimensional  wave 
fields. 

For  a  rectangular  patch  of  surface  pressure 
whose  width  is  comparable  with  the  tank  width, 
Ertekin  et  al.  (1986)  solved  Green  -  Nagdhi’s 
directed  -  sheet  model  numerically.  Their 
calculations  have  yielded  two-dimensional  flow 
upstream  and  three-dimensional  flow  downstream, 
in  qualitative  agreement  with  the  measurements 
they  carried  out  systematically  (Ertekin,  1984  and 
Ertekin  et  al.,1984).  Wu  and  Wu  (1987) 

obtained  similar  results  using  the  generalized  two- 
dimensional  Boussinesq  equation.  Katsis  and 
Akylas(1987)  calculated  some  3  dimensional  long 
waves  bounded  by  side  walls  using  the 
Kadomtsev-Petviashvili  (KP)  equation.  Quite 
recently,  Lee  and  Grimshaw  (1989)  studied  the 
three-dimensional  slowly-varying  evolution  of 
wave  fields  ahead  of  a  bottom  topography  in  a 
horizontally  unbounded  fluid  domain  by  using  a 
forced  KP  equation.  Meanwhile,  Bai  et  al. 
(1989)  applied  finite  element  method  to  a 
vertical  strut  sliding  in  shallow  water. 

It  is,  however,  as  yet  unclear  how  these 
methods  with  pressure  distributions  can  be 
applied  to  three  dimensional  bodies  such  as  a  ship. 
In  this  respect,  Mei  and  Choi  (1987,  hereinafter 
referred  to  as  I)  extended  the  theory  of  Mel 
(1986)  to  treat  the  transient  forces  on  and 
responses  of  a  slender  ship.  They  found  that  the 

waves  in  the  far  field  can  be  described  by  one¬ 
dimensional  inhomogeneous  KdV  equation  for  a 
special  class  of  channel  width  (=2tv)  and  ship’s 
slenderness  parameter  (=8)  as  follows; 
w !  L  =  with  Os  ms  1/2  and  8=o(n.“), 

where  2l  stands  for  the  ship  length  and 
(1  = /i /i,  =  o(l)  for  the  dispersion.  It  correctly 
predicts  the  upstream  solitons,  and  the  estimated 
sinkage  and  trim  for  a  destroyer  favourably 
compare  with  the  time  -  averaged  experiment^ 
values  of  Graff  et  al.  (1964).  But  the  theory 
fails  to  render  three-dimensional  waves  in  the 
wake.  In  viewing  the  result  of  Katsis  and  Akyias 
(1987),  it  strongly  suggests  us  to  modify  our 
theory  in  their  direction.  In  fact,  it  was  already 
pointed  out  in  I  that  the  KdV  equation  is  to  be 
replaced  by  the  KP  equation,  when  the  canal  is 
much  wider,  i.e.  w  iL  =  We  have  done 

it  in  this  paper  by  following  the  same  scheme 
described  in  I,  but  for  a  wider  channel. 


2.  Formulation 


We  consider  a  ship  advancing  with  a  constant 
speed  in  a  shallow  channel.  For  simplicity,  the 
ship  is  assumed  to  posse.ss  the  lateral  symmetiy 
and  to  move  amid  the  channel  so  that  it  is 
enough  to  take  only  the  half  of  fluid  domain  into 
account.  A  rectangular  coordinate  sj'stem  is 
introduced,  which  is  fixed  on  the  waterplane  of 
the  ship.  The  x*-axi3  coincides  with  the 
longitudinal  axis  of  the  ship  and  the  centerline  of 
the  channel  (Fig.l).  Under  the  u-sual  assumptions 
of  potential  theory,  fluid  motions  are  described  in 
ter^  of  the  velocity  potential 
which  is  the  solution  of  the  following  initial  - 
boundary  value  problem.  The  Laplace  equation 
holds  in  the  fluid  region 

vV=o  (  -It  s  r*  s  {* ).  (1) 


The  kinematic  and  dynamic  boundary  conditions 
on  the  free  surface  at  2  =  are 

'!>,*•= i’*+(y+4>’*)5**+'l> (2) 


s!;*+({>*.+  [/(!>’.+ 1/2  (V(|)*f  =0.  (3) 

No  net  flux  condition  holds  on  the  channel 
bottom 


^;.=o  (2*=-/.),  (4) 

on  the  channel  wall 

4,*.=0  0-*=!'').  (5) 

and  also  on  the  ship’s  hull  r*=^*(;c*,0) 


where  r*  and  e  are  polar  coordinates  on  the 
(y*.  2*)  -  plane.  Under  the  assumption  of 
slender  body,the  normal  derivative  on  the  ship 
surface  has  been  approximated  by  that  on  the- 
transverse  plane  at  constant  x'  dong  the  ship. 
Before  the  initial  instant  r*=o,  there  was  no 
disturbance 

.{.•=0 ,  {*=0  (f*=0).  (7) 
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In  order  to  solve  the  problem  approximately, 
we  employ  perturbation  techniques  by  defining 
two  smallness  parameters 

e“A//i  ,  (JL  “•/!/£,,  (8) 

and  assume  without  loss  of  generality  which 
implies  that  the  nonlinearity  and  the  dispersion 
are  both  imjx)rtant  to  the  leading  order  solution 
of  the  problem.  In  eq.(8),  A  means  a  typical 
wave  amplitude.  Variables  are  normalized  as 
l)elow : 

(9) 

Herein  we  rather  focus  our  attention  to  the  flow 
near  the  critical  speed.  Thus  the  Froude  number  is 


expanded 

with  a=0(l).  (10) 

To  cope  with  the  slow  variation  of  flow,  we  have 

to  rescale  time 

(11) 

The  channel  is  assumed  wide  in  comparison  with 
the  sliip  length 

with  •n<,=o(i).  (12) 

As  pointed  out  by  Mei  (1986),  the  blockage 

coefficient  must  have  a  magnitude  of 

Sg^R^/2Wh=0(ii\  (13) 


where  denotes  the  characteristic  transverse 
radius  of  .ship  and  the  blockage  coefficient  is 
simply  the  area  ratio  of  the  midship  section  to  the 
channel  cross-section.  Consk[uently  the 
slenderness  parameter  must  be 

(14) 

It  implies  that  the  nonlinearity  arises  from  the 
slenderness  of  disturbance. 

Because  of  these  vastly  different  length 
scales  involved,  it  is  relevant  to  divide  the  channel 
cross-section  into  three  regions  as : 

(i)  the  far  field  ;  .  )’*=0(w)=o(z,/p.), 

z'=0(h)  =0(|xZ-),  (15) 


(ii)  the  intermediate  field  ;  x*=0(L), 

(y*.  !')‘‘0(,h)‘^o(\iX),  (16)  • 

(iii)  the  near  field  ;  x*=o(L) , 

(17) 

We  shall  first  analyze  each  field  separately  and 
then  conduct  matching  by  following  the  line 
reported  in  I.  Accordingly  most  parts  must  be 
very  similar  to  those  in  I  and  it  is  already  obvious 
that  modifications  which  will  appear  are  solely 
attributed  to  the  different  definition  on  the  length 
scale  of  W/L.  Neverthless  steps  are  explicitly 
given  here  in  order  to  keep  this  paper  self- 
contained. 


3.  The  Far  Field 

In  accordance  with  the  scheme  defined  by  eq. 
(15),  the  far  field  variables  are  made 
dimensionless 

x'^Lx  ,  >'*=«''>' ,  z*“/«.  (18) 

The  normalization  of  other  variables  holds 
effective  as  defined  in  eqs.(9)  -  (11).  In  this 
field,  the  banks  and  the  bottom  of  the  channel 
directly  affect  the  propagation  of  waves. 
However,  the  boundary  condition  qn  the  ship  hull 
is  of  no  meaning  and  the  forcing  agency  is  not 
known.  The  governing  equation  and  the 
bound^  conditions  are  rewritten  in  terms  of  the 
dimensionless  farfield  variables: 


(19) 

(20) 

(21) 

1 

II 

Ci 

o 

II 

»« 

-e- 

(22) 

■f>y=0  (y=l). 

(23) 
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Substituting  the  expansions 


(24) 

(25) 

into  eq.(19),  we  obtain 

(26a) 

(26b) 

4>o^=-(<i>®+'no'i>®)- 

(26c) 

With  help  of  no  flux  condition 
bottom,  the  general  solution 
yields  to 

on  the  channel 
strai^tforwardly 

(27a) 

X 

(27b) 

,y  ,t)  -  + 1)^(4'^^+ + 

+1(>+1)‘<,2..  (27c) 

4! 

where  are  unknown  functions  to  be  determined 
later  by  matching  with  the  intermediate  field 
potential.  The  free  surface  elevation  is  derived 
from  the  dynamic  condition,  eq.(21) 

(z=o),  (28a) 

(-0).  (28b) 

Utilizing  the  above  relations,  the  kinematic 
condition  of  o(n‘')  on  z=0  turns  out  to  be 

^(4)=5«+5(0)_2„5(o)_25(0)5(0)  (,=o).  (29) 

Combining  eqs.(27)  -  (29)  and  differentiating  with 
respect  to  x,  we  finally  get  the  leading  order  wave 
equation 

4  6 


(Z-O).  (30) 

It  is  the  homogeneous  KP  equation,  which  is  the 
three-dimensional  counterpart  of  the  KdV 
equation,  since  it  contains  the  transverse 
dispersion  as  well  as  the  longitudinal  dispersion.  If 
the  KdV  equation  is  recovered. 

An  observer  in  the  far  field  is  too  far  away 
from  the  ship  so  that  he  just  observes  waves 
without  knowing  the  details  of  wave  generation, 
which  can  only  be  found  through  matching  with 
the  intermediate  field.  For  this  purpose,  we 
need  the  inner  expansion  of  the  far  field  potential 
for  small  y 

-i(z+i)^.|7®)+0(^^).  (31) 


4.  The  Near  Field 

In  a  fluid  domain  close  to  the  ship,  the 
characteristic  length  is  R„  and  thus  let  us 
nondimensionalize  the  near  field  variables 

z*=RgZ, 


r'^Rjr  ,  R*=R^R,  (32) 

but  retain  the  rest  of  the  normalizations.  The 
Laplace  equation  is  now  transformed  for 

— »  <  z  s 

8^<l>xr+‘t’jy+4>y=0-  (33) 

On  the  free  surface  at  z=(|i.^/8)i;,  we  have 

<{),=  |J18  (1  -  2a  s,+ 

+  (J.^8ll);,{i.+  (|J.^/8)(|)y5y,  (34) 


(1  -2o|ji,^)(J+ (}>_,)+  n-Vr^TaJj? 4>.,+ 


On  the  ship  hull  r=^(A:,0),  the  condition  is 
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<).-=  (8/^i)^(l-2ajj.^+  ^,[1+ (^6  /  (36) 


As  already  discussed, the  slenderness  parameter  is 
a  samll  quantity  of  and  thus  we  suppose 
the  following  expansions : 

,  (37) 


determined 


2 

Q- 


(46) 


(38) 

Then  the  Laplace  equation  and  the 
conditions  are  readily  expressed  as  below 

boundary 

(-«<fs0,n=0,l,2), 

(39) 

(f=0,«=0,l,2), 

(40) 

(f=0), 

(41) 

5W=0  (r=F,/i  =  0,l), 

(42a) 

[l  +  (Fo /-R)^ 

(42b) 

where  is  referred  to  the  blockage  coefficient 
and  5(Ar)  to  the  lon^tudinal  distribution  of  the 
cross-section  area  of  the  ship.  It  is  reminded  that 
the  blockage  coefficient  has  a  magnitude  of  Ofn'') 
near  the  critical  speed,  i.e.  F  =  l  +  o((ji^).  For  the 
sake  of  matching  with  the  intermediate  field 
solution,  it  is  necessary  to  expand  eq.(44)  for  large 

r 

4>-'/\r,T)+|j.V®(jf,T)+—  ln(— r)]+  ■  •  ■  .  (47) 

IT  JJL 


5.  The  Intermediate  Field 

Here  the  proper  reference  length  for  y*  and  r* 
is  h,  hence  we  introduce  the  dimensionless 
intermediate  coordinates 


From  eqs.(39)  and  (40),  it  is  clear  that  5^'^  may  be 
absorbed  by  T^e  leading-order  problem  is  of 
homogeneous  Neumann  type,  of  which  solution 
formally  takes  the  form 

(43) 

The  next-order  solution  contains  a  particular  part 
owing  to  the  inhomogeneous  term  in  eq.  (42b) 

,t)+  ,y  ,r  ,t)  .  (44) 


/=/,y ,  /=hr,  (48) 

and  keep  all  other  normalized  variables 

defined  in  eqs,(9)-(ll)  and  (18).  TTie 

nondimensional  equations  are 

(-Isrsfi^C),  (49) 

4>j= |X^VT-2a(l?C,+  (i^(l-2oc  (1.^)5^+ 

+  =  (50) 


The  particular  solution  represents  the  disturbed 
flow  due  to  the  motion  of  the  ship,of  which  outer 
approxirnafion  for  large  r  will  prove  to  be  more 
meaningful  in  the  viewpoint  of  matched  asymptotic 
expansions.  For  large  r ,  the  ship  shrinks  to  a  line 
source  and  thus  4)^^Ms  expressed 

<7(x,t)  In  r  +c(x,r),  (45) 


where  q  stands  for  the  source  strength  and  c  may 
be  regarded  as  a  part  of/^\x,x). 

Applying  the  law  of  mass  conservation  to  the 
fluid  domain  surrounded  by  the  ship,  the  free 
surface  and  a  control  surface  located  far  away 
from  the  ship,  the  source  strength  is  readily 


(l-2an^)(C+<{>;,)+(iM-2a|J.‘‘(j)^+ 

+  +  (z  =  |A^O.  (51) 


4.,=o  (Z=-1),  (52) 


<J>^=(6/(ji)(l-2a^^+^\)F,  [l+(Fo/F)^] 

(r=-R).  (53) 

M- 

In  anticipation  of  matching  with  the  near  field, 
we  introduce  exptmsions  in  the  form  of  egs.(37) 
and  (38),  with  (|)  and  I  replao  J  by  <}>  and 
5,respectively,  it  then  follows 
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l(n) 

0  (-1  s  r  aO,  «  =  0,1), 

(54a) 

(54b) 

From  the  Taylor  expansions  of  the  conditions  on 
the  free  surface,  we  get 

,^W=o 

(r=0,  «=0,1), 

(55a) 

l(2)_f(0) 

‘Pi 

(z=0). 

(55b) 

It  is  immediate  to  have 

(56a) 


(56b) 

The  particular  solution  again  corresponds  to 

the  response  to  a  line  source  at  the  ship’s 
centerline,  hence  takes  the  following  form  for 
small  r 

—q(.x,r)  In  r= —  In  (— f).  (57) 

ir  n  H 

The  solution  has  the  inner  expansion 


+— ln(— r)]+ ■  •  • .  (58) 

tr  (I. 

Matching  with  the  outer  expansions  of  the  near 
field  results  in  the  relations 


4=9. 

(59) 

(60a) 

(60b) 

The  source  strength 

measured  in  the 

intermediate  field  is  indeed  idendical  with  that  in 
the  near  field.  From  mass  conservation,  the 
approximation  fo*"  must  be 


(61) 

so  that  the  outer  expansion  of  the  intermediate 
field  is,  in  terms  of  the  far  field  variables 

2%  2 

•■■(62) 

Matching  provides  useful  information  : 

,0  ,t)  ,t)  ,t)  , 

(63) 

.l,f(Ar.0,T)=^=-^5,,  P=^. 

(64) 

Differentiating  eq.(64)  with  respect  to  .r  and 
recalling  the  relation  of  eq.(28a),  we  finally  get  the 

boundary  condition  for  at  y=0 

jf(.r.o,T)=— 

•no 

(65) 

We  realize  that  the  result  thus  obtained  is 
basic^ly  the  same  as  those  Katsis  and  Akylas 
(1987)  derived. 

Once  is  calculated,  is  known. 

Since  the  leading-order  dynamic  prepire  is 
linearly  proportional  to  the  surface  elevation,  the 
forces  and  moment  acting  on  the  ship  can  easily  be 
evaluated  by  invoking  the  slender  body 
approximation.  The  implied  sinkage  and  trim 
may  be  estimated  from  the  hydrostatic  relations 
(Tuck,  1966),  which  are  given  in  I. 


''.44 


6.  Numerical  Results 


(|j:|  s  1). 


To  further  investigate  the  wave  field  and 
resulting  hydrodynamic  forces,  we  have  to  rely  on 
numerical  computations  for  the  homogeneous  KP 
equation  with  proper  boundary  conditions.  In 
contrast  to  the  KdV  equation,  only  a  few 
literatures  are  available,  in  which  numerical 
methods  for  the  KP  equation  have  been 
discussed.  Katsis  and  Akylas  (1987) 

applied  an  explicit  finite-difference  method  for  the 
standard  KP  equation  and  investigated  the  wave 
patterns  due  to  normally  distributed  pressures  in 
shallow  water  laterally  bounded  and  unbounded. 
We  adopted  their  scheme.  To  facilitate 
calculations,  it  is  convenient  to  integrate  eq.(30) 
with  respect  to  x 


z  o  z 


(66) 


where  use  has  been  made  that  and  its 
derivatives  must  vanish  far  upstream.  If  the 
integral  term  on  the  right  hand  side  of  the  above 
equation  is  neglected,  it  becomes  the  standard 
KdV  equation. 

In  the  discretization,  simple  forward 
differences  are  implemented  for  time  derivatives, 
and  central  differences  for  spatial  derivatives. 
But  at  the  wall  and  the  centerline  of  channel, 
one-sided  differences  are  used  instead  of  the 
central  difference,  and  the  boundary  conditions, 
eqs.(23)  and  (65),  have  been  incorporated. 
Integrals  are  evaluated  by  trapezoidal  rule.  From 
diverse  numerical  tests,  the  scheme  has  proven  to 
be  stable  for 


A.t=0.1  ,  Ay=0.1  ,  At=0.00002 


with  the  ship’s  length  as  2.0  spanning  from 
x=  -1.0  for  bow  to  x=  1.0  for  stem.  These  values 
have  been  used  for  all  computations  in  this  work. 
As  Katsis  and  Akylas  pointed  out,  reflected  waves 
from  the  numeric^  boundaries  far  upstream  and 
downstream  seriously  deteriorates  the  result. 
Several  devices  for  radiation  condition  have  been 
tried  without  success.  Thus  the  computation 
domain  is  taken  as  large  as  possible  and  the  portion 
is  discarded,  where  numerically  reflected  waves 
are  apparent.  To  save  computing  tune,  it  is 
advised  to  begin  with  a  small  domain  and  to 
enlarge  it  continuously  as  time  passes. 

Our  primary  concern  is  to  examine  the 
generation  and  propagation  of  solitons  by  a  ship. 
For  this  purpose,  let  us  consider  a  slender  ship 
whose  cross-sectional  area  varies  parabolically 


In  Fig.2,  the  evolution  of  the  wave  field  at  the 
critic^  speed  is  illustrated  with  time  interval 
At=o.2  up  to  T=  1.0.  The  parameters  are  chosen 
as  below : 


|1=/|/L=0.25,  WiL=\.Q  (■n<,=4.0), 


5fl=0.105  (0=25.6),  F=1.0  (a=0.0). 


The  blockage  coefficient  seems  somewhat  too 
large  for  our  theory  to  be  valid.  Neverthless  this 
case  is  taken  up,  because  it  is  possible  to 
compare  with  the  experimental  and  numerical 
results  of  Ertekin  et  al.  (1984  and  1986).  They 
calculated  Green-Nagdhi’s  model  for  a  rectangular 
pressure  patch,which  should  be  roughly  equivalent 
to  a  ship  with  blockage  coefficient,  5^=0.105,  in 

the  viewpoint  of  the  hydrostatically  displaced  free 
surface.  The  figures  are  exaggerated  vertically  by 
2.5  times.  It  is  to  note  that  1  t  corresponds  to 
their  nondimensional  time  yr//i=64.  During  this 
time  span,  the  ship  advances  a  distance  of  8  times 
the  ship’s  length. 

At  t=0.2,  three-dimensional  waves  emerge 
ahead  of  the  ship.  A  depressed  repon  is  built 
therebehind,  which  is  followed  by  a  train  of 
complicated  shijvbound  waves  in  the  wake  and 
also  reflected  transverse  waves  far  downstream. 
As  time  elapses,  the  upstream  waves  develop 
further  and  gradually  b^me  straight-crested  as 
they  are  reflected  from  the  wall.  The  first  soliton 
almost  completes  its  formation  and  becomes  two- 
dimensional  atT=0.4.  The  second  soliton  starts  to 
take  its  shape  at  t=0.6,  while  the  first  soliton 
steadily  propagates  upstream  and  the  depression  is 
being  elongated.  At  t=i.o,  the  second  soliton  is 
completed  and  the  third  one  begins  to  appear. 
Such  a  trend  can  also  be  recognized  in  Ertekm  et 
al.,  but  the  waves  downstream  here  look  more 
ship-bound. 

In  Table  1,  a  comparison  is  made  for  the 
amplitude,  propagation  speed  of  the  first  soliton 
and  the  period  of  first  two  solitons.  It  is  to  note 
that  the  amplitude  was  taken  at  t=i.o  (i/r/A=64), 
since  it  continuously  increases  during  the 
developing  phase.  Let  us  first  compare  present 
results  with  those  of  Ertekin.  The  propagation 
speed  agrees  excellently, but  significant  deviations 
exist  in  amplitude  and  period.  It  is  not  probable 
that  these  are  caused  simply  by  numerical 
round-off  errors.  It  was  concluded  in  the  works 
of  Ertekin  et  al.  that  the  amplitude  increase 
and  the  period  is  shorter  as  the  blockage  is 
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larger,  and  the  details  of  the  disturbance  is  less 
important.  The  blockage  coefficient  is  identical 
in  both  cases,  but  the  presumed  ship  of  Ertekin 
is  much  fuller  than  our  slender  ship.  It  might  act 
as  a  stronger  forcing  agency  and  result  in  higher 
amplitudes.  If  it  is  true,  then  the  present  period 
should  have  been  longer  in  order  not  to  contradict 
the  measurements.  But  it  is  not  the  case  and  let 
us  leave  it  as  open  question.  Now  we  turn  to  Bai 
et  al.(1989)  who  applied  finite  eleinent  method  to 
a  vertical  strut  sliding  in  a  shallow  channel. 
Their  result  is  closer  to  the  present  for  amplitude, 
but  to  Ertekin  for  period.  The  propagation  speed 
is  slower  than  both.  We  may  postulate  that  it  is 
attributed  to  the  different  mathematical  models. 
But  no  clear-cut  conclusion  can  be  drawn  at  this 
stage. 


Table  1  Soliton  amplitude,propagation  speed 
and  period  for  p=25.o  at  a=o.o 


1 

A  /  It 

c  /fsft 

UTg/h 

Bai 

0.553 

1.24 

30.0 

Ertekin 

0.6248 

1.280 

29.6 

Present 

0.5625 

1.281 

28.8 

Fig.3  shows  the  wave  profiles  along  the 
centerline  and  the  wall  of  the  channel  at  t=i.o. 
The  completed  first  soliton  assimilates  each  other 
closely.  But  there  is  a  slight  difference  on  the 
rear  side  of  the  second  soliton,  because  a  new 
soliton  is  just  about  to  burst.  A  train  of 
modulated  wave  packets  follows  a  depressed 
region,  which  is  directly  reponsible  for  the  sinkage 
and  trim  of  ships.  The  downstream  configurations 
are  in  general  quite  dissimilar. 

The  time  evolution  of  the  wave  resistance, 
sinkage  and  trim  is  depicted  in  Fig.4.  The  wave 
resistance  and  sinkage  are  normalized  by  the 
displacement  and  half  length  of  the  ship, 
respectively,  while  the  trim  is  in  degrees.  Positive 
values  indicate  resistance,  downward  sinkage  and 
trim  by  stem.  The  computed  sinkage  and  trim 

CUV  VX  V^UCUliUiiW  lilVCUtill^  Vliijy  V/WUUOV  ilO 

djmamic  effects  are  included.  Caution  should  be 
paid  on  three  differently-scaled  ordinates.  All 
these  quantities  rise  initially  from  zero  to  first 
maximum  and  then  oscillate  around  mean  values. 
The  oscillation  period  is  approximately  75= 0.45  in 
coincidence  with  that  of  soliton.  It  reflects  the 
fact  that  hydrodynamic  forces  and  their  effects  on 


the  ship  are  dominated  by  the  generation  and 
radiation  of  solitons.  The  wave  resistance  and  the 
trim  fluctuate  in  phase  with  the  periodic  soliton 
emission,  while  the  sinkage  takes  place  out  of 
ph^.  It  seems  unlikely  that  a  steady  state  will  be 
attained  in  time. 

To  assess  the  effect  of  ship’s  speed,  we 
consider  the  same  slender  ship  as  above  but  in  a 
sli^itly  deeper  channel 

(1=0.333,  -no=3.0  (W/Z,  =  1.0), 


p=5.0  (Sb=0.062) 

for  five  speeds  :  two  subcritical  speeds 
a=2.5  (F=o.667)  and  o=i.o  (F=o.882),  critical  speed 
a=o.o  (F=1.0),  two  supercritical  speeds 
o=-1.0  (F=1.106)  and  a=-2.5  (F=1.247).  The 
wave  resistance,sinkage  and  trim  are  plotted  in 
Fig.5,6  and  7  in  this  order.  At  transcritical 
speeds,  the  wave  resistance  indeed  oscillates.  The 
amplitude  of  oscillation  reaches  its  maximum  not 
at  the  critical  but  at  a  slightly  faster  speed,  and  the 
period  becomes  longer  as  speed  increases,  which 
supports  the  experimental  findings.  At  the  low 
subCTtical  speed,the  wave  resistance  increases 
upto  a  certain  threshhold  with  an  intermediate 
step,  and  it  arrives  at  a  near  -  steady  state.  At 
the  hi^  supercritical  speed,the  wave  resistance 
initially  reaches  a  maximum  and  then  diminishes 
with  time  to  a  small  steady  value. 

Similar  trends  are  to  be  observed  for  the 
sinkage  and  trim  in  Fig.6  and  7.  It  is  to  note 
that  the  sinkage  oscillates  around  zero  at  the 
critical  speed  and  it  becomes  negative  (lift  up)  at 
supercritical  speeds.  Generally  speal^g,  the 
overall  behaviour  of  the  wave  resistance,  sinkage 

and  trim  is  quite  similar  to  two-dimensional  cases 
described  in  I,  as  long  as  the  channel  width  is  not 
too  wide  and  thus  the  flow  around  a  ship  is  chiefly 
affected  by  upstream  solitons. 

'Ihe  variation  of  soliton  amplitude,  propagation 
speed  and  period  according  to  ship’s  sp^  is 
listed  in  Table  2.  Tlie  amplitude  given  here  is 
referred  to  the  computed  value  at  t=3.o  for  the 
first  soliton.  The  numbers  in  parentheses 
designate  the  experimental  counterparts.  The 
difference  in  emission  period  is  again  remarkable. 
However,  it  can  be  said  that  theory  provides  at 
least  crude  predictions. 
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Table  2  Variation  of  soliton  amplitude,  propagation 
speed  and  period  for  three  ship’s  speeds 


A  /  It 

n 

c //gii 

UTg/h 

a=-1.0 

0.64 

(0.60) 

131 

(1.26) 

50.8 

(53.7) 

j  a=  0.0 

0.45 

(0.49) 

1.21 

(1.20) 

40.5 

(493) 

1 

j  a=  1.0 

i 

\ 

0.29 

(0.26) 

1.13 

(1.12) 

31.0 

(41.6) 

extreme  corresponds  to  the  first  maximum  and 
the  second  extreme  to  the  first  local  minimum. 
The  extremes  and  their  deviations  take  greater 
values  as  the  channel  becomes  narrower.  For 
sinkage,  the  first  extreme  represents  lift  up  for 
W/L=0.5  and  1.0,  but  downward  sinkage  for 
H'/L=3.0.  The  ship  sinks  more  in  average  in  a 
wider  channel.  Tlie  time  intervals  between  two 
extremes  for  all  three  quantities  are  consistently 
0.4  and  1.7  for  W/Z.=0.5  and  1.0,  respectively. 
But  there  is  no  such  a  correlation  for  w  /L=3.o. 
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Next  we  examine  the  wall  effect  on  the 
response  at  the  critical  speed.  Three  channel 
widths  are  chosen  as  W/ 1=0.5,  l.o  and  3.0,  while 
the  channel  depth  and  the  ship  are  kept  unchanged 
(tJi--=0.333).  It  implies  that  the  corresponding 
blockage  coefficients  are  0.123,  0.062  and  0.021. 
Fig.8  a  -  c  show  the  wave  fields  at  t=i.o,  when 
the  ship  moved  a  distance  of  4.5  times  the  ship’s 
length.  The  vertical  scale  is  stretched  by  3.2 
times  in  comparison  with  those  on  the  horizontal 
plane.  Since  the  lateral  coordinate  is  normalized 
by  the  half  width  of  the  channel  in  all  cases,the 
banks  are  designated  by  -1.0  and  1.0.  For  a  wider 
channel,  it  is  necessaiy  to  reduce  for  a  better 
resolution.  For  IV/L=0.S,  there  is  an  indication 
that  the  second  upstream  wave  develops  on  the 
back  of  the  front  waves,  whose  crest  line  is  spear¬ 
headed.  The  depressed  region  is  relatively  long 
and  the  downstream  waves  are  pronounced.  For 

W/L=3.o,  there  is  no  sign  for  upstream- 
propagating  waves  and  diverging  waves  with  large 
run  angle  prevail.  The  downstream  waves  are 
hardly  two-dimensional.  Katsis  and  Akylas 
(1987)  suggested  that  the  maximum  canal  width 
for  which  the  downstream  waves  remain  to  a 
reasonable  approximation  two-dimensional 
depends  on  crudely  the  source  characteristics. 
They  found  that  the  maximum  channel  width  is 
about  20  h  for  an  elongated  pressure  distribution. 
Since  we  are  dealing  with  a  slender  ship,  it  may  be 
possible  that  the  downstream  waves  remain 
practic^ly  two  dimensional  upto  a  certain  range 
of  channel  width.  But  we  have  not  attempted  to 
confiriTi  it 

The  wave  resistance,  sinkage  and  trim  are 
summarized  in  Table  3.  Again  the  resistance  and 
sinkage  are  made  dimensionless  with  the 
displacement  and  the  half  length  of  the  ship.  Trim 
is  in  degrees.  First  two  extremes  are  given  with 
the  nondimensional  time  in  parenthesis  at  which 
they  occur.  For  resistance  and  trim,  the  first 
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Table  S  First  two  extreme  values  of  wave  resistance, 
sinkage  &  trim  for  a  slender  ship  in  channels 
with  different  vidth  ( a  =  0.0,  n  =  0.333) 


W/L 

0.5 

1.0 

3.0 

Rw 

0.140  (0.7) 
0.101  (1.0) 

0.105  (1.1) 
0.074(1.8) 

0.085  (2.1) 
0.08?  (2.8) 

s 

-0.008  (0.5) 
0.013  (0.9) 

-0.005  (0.8) 
0.014  (1.5) 

0.017  (0.5) 
0.011  (1.9) 

®T 

12.082  (0.6) 
8.334  (1.0) 

8.827  (1.0) 
6.456(1.7) 

7.900  (1.7) 
5.894  (3.9) 

y 


Fig.l  Definition  sketch  of  a  slender 
ship  advancing  in  a  channel 
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Rg.5  Evolution  of  wave  resistance  on  a  slender  ship 
for  five  different  speeds 
(  p  =  5.0,  -n,  =  3.0,  iJi  =  0.333) 
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DISCUSSION 
by  R.C.  Ertekin 

I  would  like  to  make  a  few  comments  before 
asking  some  questions  on  the  points  that  are 
not  clear  to  me. 

Precursor  soliton  generation  is  not 
restricted  to  the  critical  speed.  These  waves 
have  been  observed  and  reported  for  Froude 
numbers  as  low  as  0.2.  The  theory  you  used 
may  be  restricted  to  critical  speeds  but  the 
phenomenon  is  .lot. 

Soliton  speeds  are  not  necessarily  faster 
than  the  towing  speed  always.  As  Fr -*■  1.3 
solitons  form  a  bore  attached  to  the  bow. 
Around  critical  speed  if  the  soliton  amplitude 
IS  very  low  it  is  also  possible  that  the 
soliton  and  model  speeds  are  almost  the  same. 
For  all  subcritical  speeds  it  is  not  clear 
that  steady  state  cannot  be  reached,  since 
soliton  amplitudes  {if  2nd,  3rd,  etc. 
solitons)  decrease  as  the  ship  continues  to 
move  forward.  In  some  cases,  solitons  would 
not  have  been  generated  if  we  had  a  model  tank 
which  is  very  long. 

I  am  surprised  that  Somraerfeld's  condition 
did  not  work  in  your  case.  We  have  had  no 
problem  so  far  at  the  open  boundaries. 
Perhaps  something  went  wrong  in  the 
implementation  process. 

I  am  curious  why  you  have  not  compared 
your  resistance  results  with  the  experimental 
data.  Could  you  please  comment  on  this? 

Your  theory  seems  to  be  valid  at  Fr=l. 
However,  most  practical  ship  speeds  are  well 
below  that.  Can  you  extend  the  theory  for 
subcritical  speeds  which  may  be  low?  If  you 
can,  your  method  will  be  much  more  efficient 
than  a  numerical  method  which  is  valid  for  all 
Froude  numbers. 

Author's  Reply 

Prof.  Ertekin's  discussions  are  highly 
appreciated.  Since  we  have  no  experimental 
experience,  your  comments  on  the  phenomena 
observed  during  tank  tests  will  be  much 
helpful  for  our  further  research. 

It  is  not  to  mention  that  the  Boussinesq 
equations  are  effective  over  a  wide  range  of 
speed  in  shallow  water,  once  the  corresponding 
Ursell  numoer  is  close  to  unity.  It  is  also 
true  that  the  expressions  are  rather 
complicated  and  an  immense  computation  is 
required.  For  a  simplification,  we  need  an 


additional  assumption  that  the  depth  Froude 
number  is  expandable  near  the  critical  value. 
We  have  done  it  to  obtain  the  two-dimensional 
Kdv  equation  or  KP  equation.  Consequently  it 
is  obvious  that  our  theory  is  valid  for 
transcritical  speeds. 

In  reply  to  the  question  about  the 
comparison  of  wave  resistance  with 
experimental  data,  we  tried  to  calculate  for  a 
destroyer  model.  But  still  more  computations 
are  necessary  before  we  are  able  to  arrive  at 
a  conclusion. 


DISCUSSION 
by  T.  Inui 

This  morning's  Session  (Session  7) 
reminded  me  my  undergraduate  diploma  thesis 
(1943)  on  "Restricted  Water  Effect  on  Ship  is 
Wake"  (1943). 

We  measured  the  wake  at  two  lengthwise 
positions,  i.e.  at  midship  and  at  the 
propeller  position,  and  we  also  traversed  in 
bearawise  direction  at  midship.  For  the 
midship  wake,  which  is  approximately 
"potential"  wake,  we  found  an  unexpectedly 
good  agreement  between  our  measurements  and 
Kreitner's  simple  1-D  theory.  The  three 
different  flow  stages,  i.e.  subsonic,  tran¬ 
sonic,  and  supersonic,  were  clearly  obtained. 

Couple  years  later,  I  applied  linear  wave¬ 
making  theory  to  thrs  phenomena  (1946),  and 
found  that 

i)  For  purely  shallow  water  dR^^/dV  is 
discontinuous  at 

ii)  For  restricted  water  R^^  is  discontinuous 
at  F^=l. 

However,  naturally,  I  could  not  succeed  to  get 
theoretically  the  transonic  region.  Since 
then  it  was  my  dream  to  bridge  this  gap  by 
CFD,  because  it  is  essential  to  take  into 
account  the  bodily  sinkage  and  squat  for  the 
hull  boundary  condition. 

The  authors  already  obtained  the  first 
approximation  for  this.  Then  you  may  have  a 
sufficient  possibility  by  applying  iteration. 
The  authors'  comments  are  highly  appreciated. 

Author's  Reply 

We  thank  Professor  Inui  for  the  comments 
on  his  own  research.  In  response  to  it,  we 
would  like  to  emphasize  once  again  that  both 
the  nonlinearity  and  the  dispersion  are 
important  to  the  leading-order  solution  for 
the  flow  caused  by  a  moving  disturbance  near 
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the  critical  speed  in  shallow  water,  and  that 
a  steady  state  can  hardly  be  attained. 

To  the  question,  direct  approaches  such  as 
the  works  Prof.  Bai  and  Prof.  Ertekin 
presented  at  this  conference  may  give  a  better 
answer  by  taking  the  instantaneous  hull¬ 
boundary  condition  exactly  into  their 
numerical  schemes  at  the  expense  of  a  rapidly 
increased  amount  of  computing  time.  In  our 
slender-body  approximation,  it  can  be  done 
only  indirectly,  if  we  include  the  temporal 
variation  of  the  longitudinal  distribution  of 
ship's  cross  section  in  terms  of  source 
strength. 
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Some  Numerical  Computations  about  Free  Surface  Boundary  Layer 
and  Surface  Tension  Effects  on  Nonlinear  Waves 


B.  Cunp&na 
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Roma,  Italy 

F.  Lalli  and  U.  Bulgarelli 

Istituto  Naaionale  per  Studi  ed  Bipeiienxe  di  Architettura  Navale 
Roma,  Italy 


This  paper  is  a  first  approach  to 
the  development  of  a  full  nonlinear 
numerical  method  implementini  the 
exact  boundary  conditions,  taking  into 
account  viscosity  and  surface  tension 
effects  at  the  free  surface.  At  this 
step,  the  following  results  have  been 
obtained,  maintaining  the  simplicity  of 
the  collocation  method  proposed  by 
Dawson  r S] : 

1)  effective  fully  nonlinear 
numerical  procedure,  taking  into 
account  the  effects  of  viscosity  at  the 
free  surface  on  potential  flow; 

2)  simple  preliminary  results  for  the 
linear  gravity-capillarity  problem. 

All  the  obtained  numerical  results 
have  been  tested  with  analytical 
solutions  or  experimental  results. 


List  of  simbols 


Oxy  = 


= 

L  = 


<5  = 

1(U,0)  = 


frame  of  reference  fixed  with 
the  body  :  Ox  is  oriented  in 
the  opposit  direction  of  the 
body  velocity  V,  Oy  is 
vertical  upwards 
body  surface 

characteristic  body  length 
(chord) 

depth  of  the  body  center 
free  surface 

unit  vector  normal  to  and  S 
cartesian  equation  of  the 
free  surface 

curvature  of  the  free  surface 
curvilinear  abscissa  defined 
along  S 

free  surface  boundary  layer 
thickness 

body  velocity  vector 


£  =  fluid  velocity  vector 

j[  =  vorticity  vector 

9  =  density 

T  =  surface  tension 

k  =  wave  number 

V  =  group  velocity 

j)  =  kinematic  viscosity 

g  s  acceleration  of  gravity 

P  =  pressure 

Rw  =  wave  resistance 

f  =  velocity  potential 

f  -  perturbation  potential 

O'  =  simple  layer  density 

r  -  |p-q| 

r*  =  jp-q*) 

P  =  field  point 

q  =  source  point 

q*  =  image  source  point 


Ij.  lat£sd!>£ii&Q 

The  Rankine  source  method  has  been 
succesfully  adopted  in  recent  years  for 
the  numerical  solution  of  potential 
free  surface  flows. 

In  the  usual  approach  the  free 
surface  boundary  conditions  are 
linearized  and  applied  on  the 
undisturbed  free  surface.  Then,  using 
the  simple  layer  potential  function, 
the  boundary  value  problem  is  reduced 
to  an  integral  equation  which  can  be 
solved  numerically. 

With  this  approach,  in  1977  Dawson 
fsj  proposed  a  simple  and  effective 
procedure  for  computing  the  wave 
resistance  of  ships  in  the  steady-state 
case.  Such  procedure  was  based  on  the 
idea  of  writing  the  above  mentioned 
linearized  boundary  conditions  along 
the  zero  Froude  number  flow  streamlines 
on  the  undisturbed  free  surface. 

In  the  wake  of  Dawson's  paper 
several  studies  have  then  appeared  in 
literature;  some  Authors  deal  with  the 
linear  problem,  discussing  about  the 
consistency  of  different  kinds  of 
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linearizations  the  numerical 
implementation  of  the  radiation 
condition  [  10,12,143  or  the  numerical 
stability  t12]  . 

On  the  other  hand  some  Authors, 
maintaining  more  or  less  the  simplicity 
of  the  collocation  method,  and  the  use 
of  an  upstream  finite  differences 
scheme  [s]  for  the  radiation  condition, 
proposed  some  kinds  of  iterative 
procedures  to  solve  the  nonlinear 
problem  [6 , 1 1 , 1 5j . 

The  present  paper  is  a  first 
approach  to  our  future  aim  to  develope 
a  full  nonlinear  method,  implementing 
the  exact  boundary  conditions  taking 
into  account  viscosity  and  surface 
tension  effects  at  the  free  surface. 

This  combined  gravity-capillarity 
problem  is  interesting  because  can  give 
some  more  informations  on  nonlinear 
waves  behavior,  with  respect  to  the 
classical  model  which  neglects  surface 
tension.  As  a  matter  of  fact,  Longuet- 
Hlggins  [23  proppsed  a  model  for  the 
nonlinear  transfer  of  energy  from  steep 
gravity  waves  to  capillary  ripples, 
which  "ride"  on  the  forward  faces  of 
the  long  waves.  In  this  case  the 
surface  tension  can  be  locally 
important  and  play  a  significant  role 
in  the  generation  of  waves  by  wind. 
Furthermore  capillary  waves,  taking 
energy  from  gravity  waves  and  loosing 
it  by  viscosity , tend  to  delay  the  onset 
of  breaking. 

On  the  other  hand  ilaruo  and 
Ikehata,  in  an  experimental  work  C8}, 
pointed  out  the  importance  dt  surface 
tension  on  the  shape  of  the  wave 
pattern  around  the  model,  in  particular 
at  the  forebodyj  how  wave  resistance 
coefficient  depends  also  on  the  Weber 
number  is  furthermore  shown  in  [  8l. 

Among  the  free  surface  phenomena, 
the  presence  of  a  thin  boundary  layer 
can  also  be.  considered.  All  real  fluid 
motions  are  of  course  rotational;  even 
in  nearly  irrotational  flows  the 
relatively  small  amount  of  vorticity 
present  in  thin  layers,  can  be  crucial 
in  determining  the  main  flow 
characteristics,  as  it's  well  known. 
The  condition  of  vanishing  of  the 
tangential  stress  at  a  perturbed  free 
surface  cannot  be  satisfied  by  an 
Irrotational  motion.  Consequently  we 
regard  the  incompressible  flow  as  a 
combination  of  a  thin  rotational  free 
surface  layer  and  a  potential  flow 
region.  The  eXad  aiuOuiiL  of  Ihe 
vorticity  jump  generated  at  the  free 
surface  can  be  written  as  a  function  of 
its  curvature  and  of  the  potential 
velocity  [4] . 

So  we  obtain  a  nonlinear  dynamic 
boundary  condition  including  viscosity 
effect  at  S;  of  course  in  the  limiting 


case  of  Rc-r^oo  ,  the  usual  Bernpuilli 
condition  is  obtained. 

Numerical  results  have  been 
computed  for  the  full  nonlinear 
formulation  in  the  presence  of  a  free 
surface  boundary  layer,  while  simple 
linear  results  are  presented  for  the 
gravity-capillarity  inviscid  problem. 

In  order  to  validate  the 
capability  of  the  proposed  model, 
numerical  simulations  of  some  typical 
test  problems  are  described  and 
discus.sed . 


We  consider  the  following 
mathematical  formulation  for  a  2D 
steady  state  potential  flow,  due  to  the 
motion  of  a  submerged  non-lifting  body 
in  a  fluid  of  infinite  depth.  The 
extension  to  the  3D  case  can  be  easily 
obtained.  The  velocity 
body  is  directed  in  the  negative  x 
direction,  the  y  axis  is  positive 
upwards  and  the  undisturbed  free 
surface  level  is  given  by  y=0. 
Consequently  the  fluid  domain  is 

bounded  on  the  upper  part  by  a  free 
boundary  S,  and  it  is  unbounded  in  the 
other  directions.  We  assume  that  the 
fluid  velocity,  q=(u,v),  can  be  written 
as :  ■" 

(1) 

where 

(1') 

In  (1')  the  term  Ux  is  the  undisturbed 
flow  potential  and  the  term  f  (X/a)  takes 
into  account  the  interaction  between 
the  free  surface  and  the  body.  Let  be 
y=  dfl  (x)  the  cartesian  equation  of  the 
free*'  boundary  S,  and  1  a  curvilinear 
abscissa  defined  along  S. 

The  potential  $  (x,y)  satisfies 
Laplace's  equation  inside  ,  where 

^3  (8  W  'ft®  C  JR.*  is  the  body: 


(2)  -«0< 


The  following  boundary  conditions, 
which  include  the  effects  of  surface 
tension  T  ,  must  be  associated  to 
equation  (2)  : 


(3) 


on  S 


(4) 

X  on  S 

n 

(5) 

O 

II 

on 

m. 

(6) 

lim  (V^i  bounded 

|x|  — »  oo 

Therefore,  in  this  case,  the  linear 
model  describing  the  motion  of  a 
submerged  body  is  constituted  by  (2), 
(5),  (6'), (9)  and  (8)  or  (3').  It  is 
worth  to  notice  that,  for  this 
formulation,  theorems  for  solution 
existence  and  uniqueness  have  been 
given  in  VI- 


2.2  The  linear  formulation  with  ifO 


Here  K(l)  is  the  curvature  of  S, 
considered  negative  when  the  centre  of 
curvature  lies  on  the  fluid  side  of  the 
free  surface: 


(7)  K= 

From  now  on,  in  every  model  we 
will  present,  an  extra  boundary 
condition  must  be  imposed  at  the  botton 
of  ft  whenever  the  domain  is  supposed 
to  have  finite  depth. 

We  are  going  to  consider  different 
kinds  of  approximations  for  the  problem 
previously  described,  in  which  the 
boundary  conditions  given  on  S, 
obtained  from  (3)  and  (4),  are  suitable 
for  computational  purposes.  More 
precisely  four  models  are  delineated. 


2.1  The  linear  formulation  with  TsO 

Assuming  T=0  in  (4)  and  neglecting 
the  nonlinear  terms  both  in  (3)  and 
in(4),  we  get  the  linearized  free 
surface  conditions: 


<3') 

(8) 

and  the  well  known 
condition: 


on  y=0 


on  y=0 


Neumann-Kel vin 


(9)  IP  +  If  S!  0  on  y=0 

^  'XX 

niiCaC)  ^  yj  k  t»\.  I 

we  have  (see  2.6): 

(6')  lim  |v$l«  V 

X  —*  -  oo 


Without  neglecting  surface 
tension,  conditions  (9)  and  (8)  can  be 
written  as: 

on  v=0 

(11)<»)s-I^IP+!2I«  on  y=o 

L  J  txx 

Hence,  in  this  case  ,  the  linear  model 
is  given  by  (2),  (5),  (6),  (10)  and 
(11)  or  (3'). 


2.3  The  nonlinear  formulation  with  T^O 

In  the  nonlinear  case,  with  T=0, 
condition  (9)  becomes: 


while  the  nonlinear  Bernouilli  equation 
give: 

(13) 

Therefore  the  nonlinear  model, 
neglecting  surface  tension,  is  given 
by  equations  (2),  (5),  (6),  (12)  and 

(13)  or  (3) 


2.4  The  nonlinear  formulation  with  T#0 

Assuming  T:^0,  the  unified  free 
surface  condition  is  obtained  by 
eliminating  between  (3)  and  (4): 

(14)  $  &  ■*■0$  «  !n  $  K  on  S 

So  the  nonlinear  model  with  surface 
tension  is  given  by  equations  (2),  (4), 
(S),  (6),  (14).  It  is  worth  to  observe 
that  conditions  (8)  ,  (10)  ,  (12)  can 
be  easily  deduced  from  (14). 

In  the  sequel  we  confine  ourselves 
to  consider  the  models  given  in  2.3 
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and  2.2. 


(16") 


2.5  The  effect  of  viscosity  at  the 
free  surface 

Let  us  consider  the  model 
described  in  2.3,  in  which  we  will 
introduce,  in  the  hypothesis  of  large 
Reynolds  numbers,  the  modifying  effect 
of  viscosity. 

The  introduction  of  a  boundary 
layer  at  the  free  surface  can  be 
considered  as  a  first  step  of  a  zonal 
splitting  of  the  global  problem  into 
several  interacting  ones: 

-  the  irrotational  subdomain; 

-  the  boundary  layer  at  the  free 
surface ; 

-  the  boundary  layer  about  the  body 

-  the  wake; 

Furthermore  the  new  dynamic 
boundary  condition  improves  some 
convergence  properties  of  the  numerical 
procedure  ClS"]. 

To  deduce  the  above  mentioned 
condition  we  start  from  the 
consideration  that  the  irrotational 
motion  does  not  fulfil  the  condition  of 
zero  tangential  stresses  at  the  free 
surface  (if  the  free  boundary  has  a  non 
zero  curvature).  Consequently,  we 
introduce  into  the  model  given  in  2.3 
a  partition  of  the  flow  field  into  an 
inviscid  region,  free  from  vorticity, 
and  a  thin  viscous  layer  at  the  free 
boundary.  Across  the  second  region  a 
vorticity  jump,  connected  with  the 
curvature  of  S,  is  considered,  as  well 
as  the  consequent  velocity  jump,  due  to 
the  viscous  component  inside  the 
boundary  layer.  In  fact,  although  a 
rigid  boundary  is  the  commonest  source 
of  vorticity,  in  the  case  of  a  free 
boundary  the  vanishing  of  the 
tangential  stresses  generates  vorticity 
and  consequently  a  viscous  boundary 
layer.  Across  this  layer  the  above 
mentioned  finite  jumps  of  the  velocity 
and  of  the  vorticity  are  generated. 

To  include  the  effects  of  the 
vorticity  at  the  free  surface,  we 
start  from  the  steady  Nnvier-Stokes 
equa  t ion ; 


(15)  f 

where  ^  +  ^a»j  ,  ^  is  the 

dynamic  pressure,  jj*  is  the  atmospheiic 
pressure  and  y  is*^  the  fluid  density. 
By  using  the  following  identities: 

..16')  = 


Vg  =  -Vx% 


and,  for  y='>^(x)  : 
(17) 


Since  the  integral  on  the  left  hand 
side  of  (17)  is  path  independent,  we 
can  integrate  both  sides  of  (17)  along 
S,  which  in  the  steady  flow  is  a 
streamline.  Requiring  that: 

1 im  I  q  I  =  U 

1 — oo 

we  obtain: 


I 

(18)  -i.  q-o  \Vx5*dt’ 

since  =0. 

The  keTnel  of  the  curvilinear 
integral  can  be  trasformed  as  follows: 

(19)  (7x5  >a?'=  -  Jii' 

“  'dm. 

where  n  is  the  unit  vector  normal  to  S, 
oiiented  outwards. 

By  substituting  (19)  into  (18),  we  can 
easily  get: 


(20)  «tr)=  —  -  i.  q'9  +  H  C^oiC* 


The  normal  derivative  of  ^  ,  if 
the  viscous  layer  is  sufficiently  thin, 
can  be  expressed  as  the  ratio  between 
the  vorticity  jump  across  the  boundary 
layer  and  its  thickness^; 


(21 ) 


S 


Now  we  shall  use  Helmholtz 
decomposition  and  a  boundary  layer 
approximation  to  evaluate  the  above 
mentioned  vorticity  and  velocity  jumps, 
in  terms  of  the  velocity  potential 
gradient  and  of  the  geometrical 
curvature  of  the  free  surface.  The 
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expression  of  can  be  readly 

evaluated  C4]  as: 


obtained  from  (25)  in  the  limiting  case 
of  S  — ►  0  (i.e.  Re— ►oo). 


(21')  =  2K|V§| 


2.6  An  integrodif ferential  formulation 
for  the  gravity-capillarity  problem 


Moreover  an  extimation  of  the 
oscillatory  boundary  layer  thickness 
can  be  given  Ca]]  by: 

(22) 

Furthermore  we  observe  that  the 
velocity  distribution  in  the  fluid 
domain  can  be  decomposed  as: 

where  q  is  required  to  satisfy: 

In  particular  the  velocity  at  the  free 
boundary  can  be  thought  as  the  sum 
of  lV$l  and  the  jump  ^l3irl  of  the 
rotational  component  across  the 
boundary  layer.  This  jump  can  be 
estimated  [4]: 

(23)  4lq^|a!  5  AX 

hence,  we  have: 

(23')  lql=  +  + 

ir^AX  =:  l7§l+.^SK|V|l 


By  introducing  (21), (22), (23'^)  in  (20), 
neglecting  teims  of  order  S  we  get: 


(24)  'tjU)  =  JL  -  i 


The  unified  free  surface  boundary 
condition  is  obtained  from  (3),  f 24  ) : 


Let's  consider  now  the  linear 
problem  with  surface  tension  described 
in  2.2.  We  are  going  to  develope  some 
mathematical  calculations  in  order  to 
obtain  an  integrodif ferential  formula_ 
tion,  in  which  the  third  order  deriva_ 
tive  present  in  (10),  that  create  some 
difficulties  for  numerical  implementa_ 
tion,  does  not  appear.  Moreover,  we 
intend  to  explore  the  behavior  of  the 
solution . 

Solving  (11)  with  respect  to  /fl  , 
it  follows:  ^ 


If  = 

T 


that  is: 


(27)  =  e |a^  j ) 4 


o 

where  and  A«  are  arbitrary 

constants,  and  =  » 9g./T 
Since  /yj  is  bounded  for  |  x  j—*  oo,  we 
find:  ^ 

-CP 


and  hence: 


We  observe  that  the  usual  inviscid 
nonlinear  dynamical  condition  can  be 


;\t  this  point,  three  different 
formulations,  involving  respectively 
*f  ,  and  will  be  obtained. 

Substituting  the  expression  of  rcf:) 
and  integrating  by  parts  we  get: 
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(29)  Yx)= j  e 


G*^  J  IJ’Y 

-to 


From  (29),  deriving  with  respect  to  x 
and  applying  the  kinenatical  condition 
(3'): 


(30) 


f'f* 

X 

4)] 


The  formulation  involving  ‘f* 
follows  directly  from  (28),  deriving 
with  respect  to  x  'and  using  again 
condi t ion  ( 3 ' ) : 


(31) 


“  ALT 


Finally,  to  get  the  last  expression 
with  ,  we  integrate  by  parts 

(28):  '» 


¥ 


and  the  unified  condition  is  obtained 
as  above: 


%• 


The  relations  (’JO),  (31)  or  (3'1) 
can  be  used  instead  of  (10),  to  avoid 
the  calculation  of  the  third  order 
derivative  *^xy  Yiyy  * 

numerical  implementation. 

We  notice  that  from  (32)  we  obtain 
(fi)  when  T->  0  ,  that  is  -*  oo . 

In  order  to  study  some  properties 
of  the  solution,  we  consider  the  simple 
free  wave  problem,  given  by  (2),  (10), 
(11);  by  means  of  the  separation  of 


variables 

we  can 

write,  up 

arbitrary 

cons  tants 

t 

(34) 

=  R« 

r  kfw-^x)) 

r  ] 

where  k 

is  the 

separation 

constant 

dispersion  relation 
(35) 


le  +•  fl-s  o 
T  T 


.i.h,  V  gY-'-'/-'-  ^ J 


Hence,  if  g 
respectively: 

k=  A 


or 


0  we  obtain 


(pure  gravity  waves) 
(pure  capillary  waves) 


Since  we  consider  the  steady  case, 
the  phase  velocity  is  zero,  while  the 
group  velocity  is  given  by: 


(36) 


IT 


=  -  tW 

\V\  2- 


which  can  be  written: 


(37)  = 


4kr 


The  positive  sign  must  be  chosen  for 
gravity  waves,  and  the  negative  one  for 
capillary  waves:  it  is  easy  to 
recognize  that  the  group  velocity  is 
positive  for  the  formers,  and 
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negative  for  the  letters.  So  it  follows 
that  gravity  waves  and  capillary 
ripples  propagate  in  opposite 
d irections  Cl  ,2j,  as  it  is  well  known 
from  e.xper  imental  obso- r\ a  t  ion  . 


2.7  A  simplified  formulation  for  the 
linear  gravity-capillarity  problem 


Now  we  reconsider  the 
formulation  described  in  2.2. 
assume : 


(38) 


d  C 


1  inear 
Let  us 


where  the  superscripts  G  and  C  indicate 
the  terms  connected  respectively  to  the 
gravity  and  capillary  waves;  in  fact, 
as  it  has  been  shown  in  the  preceding 
section,  in  the  capillarity-gravity 
problem  two  wave  sistems  are  present: 
the  capillary  wave  preceding  the  body, 
and  the  gravity  one  following  it. 

So  we  can  write: 


lim  ^  =  lim  IV^P  I  =  0 

JToo  n— ^  00 


lira  '•J  =  lim  lV*f^l  =  0 

.X— ►  +00  X-*-  +0O 


Since  the  problem  is  linear,  we 
can  apply  the  superposition  of  the 
effects,  solving  two  splitted  problems: 


(39) 

(90) 

(9  1) 

(92) 

(93) 


(A4)  IVi^  I  -o 
>(-*■■*00 


These  formulations 
simplified  assuming; 


(95) 


lx= 


t 


'XX 
,c  _ 


Ck-lV 


can  be  strongly 


that  is,  the  free  surface  is 
sinusoidal.  Of  course,  hypothesis  (95) 
can  be  a  good  approximation  only  for 
the  far  field:  the  solution  available 
with  this  assumption  can  so  be 
considered  asymptotical.  We  have: 


(96) 


(97) 


and,  considering  (35),  we  get  finally: 


In  order  to  solve  problem  (98), 
(99)  condition  (91)  must  be  considered, 
as  well  as  condition  (99)  for  problem 
(50),  (51). 


Sjl  Numerical  orocedure  ajjH  ££suits 


The  numerical  solution  of  the 
mathematical  models  given  in  2.3,  2.5 
and  2.7  is  reached  by  means  of  a  simple 
layer  formulation: 
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(52)  + 

^(^  d 


go  to  step  4  ; 

4  -  external  loop  (index  ic)  :  calcu_ 

latlon  of  the  new  approximation 
of  S,  with 


in  which 


with  p  field  point,  , 

q^ t  ^  source  points,  being*  ^  the 
image  of  ®  with  respect  to  the  undi_ 
sturbed  free  surface. 

The  surface  06  and  a  local  portion 
of  S  are  discretized,  by  means  of  the 
classical  collocation  method  CSJ,  with 
segments  tangent  to  the  boundaries. 


3.1  The  nonlinear  gravity  problem 


In  the  numerical  procedure  the 
free  srrface  S  is  followed,  step  by 
step,  updating  its  discretization  and, 
of  course,  the  influence  matrices. 

The  iterative  scheme  consists  of 
two  cycles.  An  'internal'  one,  in  which 
the  nonlinear  problem  given  by  (2),  (5) 
and  (12)  is  solved  with  an  iterative 
procedure;  when  the  solution  of  this 
system  satisfies  the  required  accuracy, 
the  free  surface  is  updated  in  the 
'external'  cycle  by  means  of  (13).  At 
the  first  step,  to  inizialize  the 
procedure,  the  potential  flow  and  the 
free  surface  configuration  are  computed 
with  Dawson  method. 

The  computational  steps,  for  the 
double  iteration  scheme,  can  be 
summarized  as  in  the  following: 


1 


2 

3 


I 


II 


solve  the  linear  nioblera  (2)  , 
(5),  (6),  (8),  (9)  to  initialize 
the  numerical  procedure; 
external  loop  (index  m):  tf-  , 
'  are  known  on  each  boundary 
element  i; 

internal  loop  (index  j)  :  solve 
the  nonlinear  system 


in  which  the  quadratic  terms  are 
considered  explicitly,  and  the 
condition  II  is  imposed  on  the 
previous  appproximation  (ni)  of 


the  free  surf  a  c_e 
when  max 
lower  then 


i  surface  config 


pref i xed 


ura  t ion ; 

i  3 

to’l  lerance 


III 


A  /  7T*  \ 

% 

1 1 

when  max.  (  is  less 

then  a  required  tolerance,  the 
numerical  procedure  is  considered 
to  be  concluded. 


Near  the  downstream  boundary,  also 
if  the  damping  zone  suggested  in  is 
present,  an  oscillatory  behavior  has 
been  observed,  though  for  all  the  other 
grid  points  convergence  has  been 
reached;  this  phenomenon  becomes  more 
evident  as  the  Froude  number  increases, 
as  it  could  be  expected.  Moreover  we 
notice  that  convergence  is  reached 
more  rapidly  for  wave  resistance  than 
for  wave  height;  this  behavior,  rather 
obvious  since  the  former  is  an  average 
quantity,  can  be  useful  for  practical 
applic.itions  . 

The  same  numerical  strategy  has 
been  used  also  for  the  nonlinear 
formulation  (24),  (25),  which  includes 
the  effects  of  viscosity  at  the  free 
surface;  the  use  of  such  formulation 
instead  of  (12),  (13)  extends 

considerably  the  range  of  applicability 
of  the  method  15  ,  though  the  terms 
involving  viscosity  are  rather  jmall. 

We  remark  that  the  term 
in  (12)  or  in  (25)  is  discretized  with 
the  four  points  finite  differences 
scheme  proposed  by  Dawson;  the 
downstream  damping  zone,  in  which  a  two 
points  operator  is  used,  is  fixed  equal 
to  a  quarter  of  the  wave  length. 

To  validate  the  present  method, 
the  numerical  procedure  has  been 
applied  to  a  submerged  hydrofoil,  whose 
geometrical  characteristics  and 

location  in  the  fluid  dynamic  field  can 
be  found  in  fig.1;  several 

experimental  results  for  this  case  can 
b"  found  in  Til ■ 

In  all  the  examples  the  free 
boundary  has  been  discretized  by  250 
panels,  and  the  boundary  of  the  body  by 
40  elements.  The  number  of  panels  per 
wave  length  has  been  chosen  equal  to 
40,  and  about  80  flee  surface  elements 
have  beeen  placed  upstream  the  body 
leading  edge.  In  the  first  two  examples 
VP  .-omniitp  the  wave  pattern 
corresponding  to  two  different  Froude 
numbers  (.4406  and  .617),  with  the 
Froude  number  defined  as  U/Zgl,  (L  is 
the  cboiii  len.gtii).  The  wave  pattern, 
computed  by  the  iionl  inear  procedure 
described  ba*'ore,  by  means  of  (25),  is 
compared  with  the  experimental  data 
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obtained  in  [s]  and  with  the  iinear 
numerical  solution  computed  by  Dawson's 
method  [5] •  As  it's  shown  in  fig. 2  and 
3  the  full  nonlinear  formulation  gives 
a  numerical  solution  which  fits  the 
experimental  data  better  than  the 
linear  one.  We  notice  that  in  this 
range  of  Froude  number  the  inviscid 
nonlinear  formulation  gives  almost  the 
same  results  of  (25),  the  only 
difference  being  a  small  damping  in  the 
wave  amplitude  for  the  viscous 
formulation,  as  it  can  be  expected. 

This  behavior  is  shown  in  fig. 4 
(Fr=.704),  in  which  the  typical  steep 
wave  shape  can  bo  recognized:  the 
damping  appears  to  be  significant 
rather  fai  from  the  body;  at  a  distance 
about  10*L  a  4  per  cent  attenuation  is 
present . 

In  fig. 5  the  wave  resistance  as  a 
function  of  the  Fiude  number  is  plotted 
(for  this  figure,  FrsU/Vgxh) :  also  in 
this  case  the  nonlinear  method  behaves 
better  then  the  linear  one,  with 
respect  to  the  experimental  data. 

We  remark  that  the  inviscid 
formulation  gives  practically  the  same 
results  for  the  wave  resistance,  but 
its  range  of  applicability  is  narrower 
with  respfct  to  (25),  in  fact  for 
Fr>.57  the  numerical  procedure  diverges 
[1,5  ,  while  the  use  of  (25)  allows  one 
to  obtain  results  up  to  Fr=.65. 


dispersion  relation  (35);  in  this  case, 
30  panels  per  wave  length  have  been 
used . 


£2Q£lus.i&n§. 

Both  the  proposed  numerical  models 
seem  to  be  promising  and  suitable  to 
have  more  investigations.  At  the 
present  the  introduction  of  viscosity 
effects  is  rather  effective  in  order  to 
get  convergence  with  highly  nonlinear 
boundary  conditions.  The  model  with 
surface  tension  can  be  a  very  deep  tool 
for  describing  nonlinear  energy 
transfer  phenomena;  the  results 
obtained  with  the  simplified  linear 
model  are  preliminary  steps  for 
studying  a  radiation  condition  suitable 
also  for  the  nonlinear  model. 


Acknowledgements 

We  wish  to  acknowledge  Prof.  P. 
Bassanini,  Dept,  of  Mathematics,  Univ. 
'La  Sapienza'  of  Rome,  for  the  helpful 
suggestions  and  encouragements,  and 
Eng.  T.  Coppola,  who  implemented  the 
computational  codes. 


References 


3.2  The  linear  gravity-capillarity 
problem 

We  solve  numerically  both  the 
splitted  problems  (2),  (5),  (48),  (49), 
(41)  and  (2),  (5),  (50),  (51),  (44),  by 
means  of  Dawson's  method,  noticing  that 
for  the  capillarity  problem  the  second 
derivative  must  be  discretized  with 
downstream  finite  diffeiences  opeiator, 
in  Older  to  satisfy  the  radiation 
condi tion . 

In  fig.O  the  wave  pattern  obtained 
with  this  piocedure  is  shown:  the 

dashed  lines  indicate  the  splitted 
solution.^,  while  the  continuous  line 
indicate  the  superposition  of  them.  In 
this  case  the  body  is  a  circulai  cylin_ 
der  (diameter  d  =  0.01  m),  with  a  depth 
of  the  center  equal  to  the  diameter. 
Surface  tension  vaiue  is  .074  N/m;  for 
the  discretization,  20  panels  per 

capillary  w.we  length  have  been  chosen, 
with  a  total  number  of  300  panels  used. 

Fig.  7  shows  the  behavior  of  the 
wave  lengths  accuracy  with  respect  to 
the  d  i  sc  re 1 1 za >  i  on ,  in  comparison  with 
the  analytical  values. 

I’inaliy,  in  fig.  8  the  v.tlucs  of 
gravity  an<t  capiilar>  wave  lengths  as 
functions  of  the  vo  loti  tv  V  ,ire 

plotted,  in  comparison  with  the 
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Waves  generated  by  the  submerged  hydrofoil,  the  arrows  indicate  the 
position  of  the  trailing  edge. 
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Fig. 4:  U/Vpr  =  .704 
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Fig.  5:  Wave  resistance  versus  U/Vg*ir 
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Fig. 6:  Gravity-oapiilarity  steady  free  surface  flow  past  a  submerged 
circular  cylinder: 

-  gravity  and  capillary  waves 

- - - -  superposition 


Fig. 7:  Wave  lengths  versus  N  =  number  of  panels 

U  a  .234  m/s  per  wavelength; 
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DISCUSSION 
by  K.  Nakatake 

I  appreciate  your  results  about  capillary 
waves  in  front  of  the  hydrofoil.  I  would  like 
to  know  the  way  of  decay  of  that  kind  of  wave. 
And  how  large  is  the  effect  of  surface  tension 
on  the  wave  behind  the  hydrofoil? 

Author's  Reply 

I  thank  Prof.  Nakatake  for  his  kind 
appreciating  comment  about  our  work.  I  remark 
that  our  computations  about  gravity*capillary 
waves  have  been  performed  by  means  of  a 
simplified  linear  model  which,  for  its  nature, 
cannot  give  any  information  about  attenuation. 


In  the  linear  model,  in  fact,  the  capillary 
wave  amplitude  remain  constant,  as  well  as  for 
the  gravity  wave.  Anyway,  since  the 
attenuation  increases  with  the  curvature  of 
the  free  surface,  as  it  has  been  pointed  out 
dealing  with  viscosity  effects  at  the  free 
boundary,  the  damping  of  capillary  ripples 
must  be  much  stronger  with  respect  to  the 
gravity  waves. 

For  the  2nd  part  of  the  question,  the 
effect  of  surface  tension  on  the  wave  behind 
the  body  is  easily  evaluated.  In  fact,  if  the 
pure  gravity  wave  length  is  equal  to  2nFr  » 
in  the  presence  of  surface  tension  the  wave 
length  become  (i+/i_4/vf2p2)^p2 _ 
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Abstract 

The  possibility  to  generate  numerical  models  based 
on  a  boundary  integral  formulation  for  rotational  free 
surface  flows,  either  viscous  or  inviscid,  is  explored 
with  the  purpose  to  maintain  some  of  the  computa¬ 
tional  efficiency  proper  of  potential  flow  approaches. 
A  simple  method  for  the  simulation  of  the  unsteady 
nonlinear  behavior  of  the  free  surface  has  been  de¬ 
rived,  starting  from  a  mathematical  model  which  de¬ 
couples  the  kinematical  and  the  dynamical  aspects  of 
the  flow  field,  without  introducing  the  potential  ap¬ 
proximation.  The  strict  relationship  with  the  coupled 
models  based  on  the  integral  formulation  for  viscous 
and  inviscid  flows,  is  discussed  in  details  to  extend 
the  present  method  to  these  more  general  conditions. 
The  mathematical  and  numerical  aspects  of  the  re¬ 
lated  integral  equations  are  analyzed  and  an  efficient 
numerical  solution  is  proposed  for  the  solution  of  the 
flow  field  generated  by  a  moving  submerged  cylinder. 

1  Introduction 

Among  the  several  methodologies  adopted  for  the  anal¬ 
ysis  of  the  free  surface  flow  problems  —  usually  non¬ 
linear  and  unsteady  —  a  special  role  is  played  by  the 
potential  flow  approximation.  This  actually  leads  to 
a  very  appealing  model  consisting  of  a  linear  steady 
equation  for  the  field  and  a  nonlinear  unsteady  bound- 
arj'  coiidition  on  the  free  surface.  The  boundary  inte¬ 
gral  equation  method  is  particularly  appropriate  for 
the  nuro,erical  solution  of  such  problem  for  two  main 
reasons.  First,  when  applied  to  linear  equations  it 
reduces  by  one  the  sp^x:e  dimensions  of  the  computer 
tional  domain,  second  it  provides  a  description  of  the 
complicated  nonlinear  boundary  conditions  more  ac¬ 
curate  than  any  other  computational  approach.  This 
technique  has  been  recently  used  for  the  numerical 
simulation  of  the  wave  pattern  generated  by  the  mo¬ 


tion  of  a  submerged  cylinder  with  both  linear  and  non 
linear  free  surface  boundary  conditions  [6]  ,  yielding 
in  a  more  efficient  way  the  same  results  previously 
obtained  by  finite  difference  in  curvilinear  coodinates 
15). 

On  the  other  hand,  the  viscous  flow  field  about 
a  submerged  body  and  the  interaction  between  the 
viscous  phenomena  and  the  free  surface  wave  gener¬ 
ation  have  been  usually  investigated  by  finite  differ¬ 
ence  schemes  of  the  Navier-Stokes  equations  in  their 
differential  form.  The  proper  numerical  approxima¬ 
tion  of  the  boundary  conditions  of  the  free  surface, 
togheter  with  the  need  to  confine  the  computational 
domain  are  the  main  difficulties  connected  with  the 
use  of  this  technique.  In  spite  of  these  drawbacks, 
some  interesting  results  have  been  presented  recently 
for  the  unsteady  flow  about  a  submerged  body,  even 
in  the  case  of  breaking  wave  conditions  [4j. 

The  main  purpose  of  the  present  work  is  to  analyze 
the  possibility  to  generate  numerical  models  based  on 
a  boundary  integral  formulation  for  the  simulation  of 
rotational  free  surface  flows  either  viscous  or  inviscid, 
which  maintain  some  of  the  capabilities  briefly  dis¬ 
cussed  for  the  potential  approximation.  In  this  case 
the  field  equations  — either  Navier-Stokes  or  Euler  — 
are  both  non  linear  and  unsteady  thus  preventing 
the  explicit  confinement  of  the  related  terms  into  the 
free  surface  boundary  conditions,  as  for  the  potential 
flow.  In  the  past  few  years  we  investigated  the  in¬ 
tegral  equation  approach  for  large  Reynolds  number 
flows  about  streamlinead  bodies  [3| .  We  like  here  to 
extend  the  formulation  to  viscous  free  surfeice  flows 
for  the  applications  to  ship  hydrodynamics. 

Following  this  idea,  in  section  2,  the  Navier-Stokes 
equations  are  written  in  integral  form  by  using  the 
fundamental  solution  for  the  unsteady  Stokes  operator 
and  a  representation  formula  for  the  velocity  vector  in 
the  field  in  terms  of  the  velocities  and  tractions  at  the 
boundary  is  obtained.  The  numerical  solution  of  the 


relevant  integral  equation  presents  some  difBculties  at 
large  Reynolds  numbers,  mainly  related  to  the  ten- 
dential  singularity  of  the  kernel.  The  limiting  case  of 
zero  viscosity,  that  is  the  integral  formulation  for  the 
Euler  equation,  is  discussed  in  section  3  to  better  ob¬ 
serve  the  critical  behavior  of  these  equations  and  to 
device  the  proper  way  to  recover  simplified  models  for 
a  quite  general,  but  still  sufficiently  efficient,  compu¬ 
tational  procedure.  To  this  purpose  we  like  to  point 
out  that  the  great  advantage  of  the  potential  models 
in  the  framework  of  the  free  surface  flows,  is  not  as 
much  connected  to  the  introduction  of  the  potential 
itself  as  it  is  to  the  decoupling  between  the  kinematics 
(Laplace  Eq.)  and  the  dynamics  (Bernoulli  Eq.)  of 
the  problem.  The  Bernoulli  equation  which  is  non  lin¬ 
ear  and  unsteady  has  to  be  solved  at  the  free  surface 
(if  the  pressure  is  not  required)  to  give  the  so  called 
dynamical  boundary  condition.  A  further  kinematical 
equation  is  required  to  describe,  in  its  Lagrangian  or 
Eulerian  form,  the  motion  of  the  free  surface  in  time. 

A  brief  review  of  the  set  of  boundary  conditions 
to  be  applied  at  the  free  surface  for  different  approx¬ 
imations  of  the  flow  model,  starting  from  the  more 
general  interface  between  two  viscous  fluids,  is  car¬ 
ried  out  in  section  4  to  understand  the  role  of  each  of 
these  conditions  with  regard  especially  to  the  coupling 
or  decoupling  of  the  field  equations.  More  specifically, 
we  like  to  understand  how  the  free  surface  boundary 
conditions  reduce  for  flow  models  still  rotational,  but 
simplified  through  a  decoupling  procedure  analogous 
to  the  one  for  potential  flows.  We  analyze  this  subject 
in  section  5,  where  we  derive  directly  from  the  Euler 
representation  a  decoupled  model  which  recovers  for 
the  velocity  the  Poincar^  kinematical  formula.  The 
role  of  dynamics  in  deriving  the  proper  boundary  con¬ 
ditions  is  discussed  in  connection  with  this  point.  The 
proposed  model  resulting  from  the  above  procedure, 
is  consistent  and  well  equipped  to  treat  the  nonlinear 
free  surface  behavior.  It  has  a  value  in  itself,  as  the  nu¬ 
merical  results  shown  in  section  6  for  the  submerged 
cylinder  may  indicate.  Purtherly,  starting  from  this 
model,  for  which  we  have  studied  the  mathematical 
and  numerical  aspects  of  the  solution,  we  intend  to 
recover,  through  a  backward  procedure,  the  coupling 
aspects  and  the  diffusion  phenomena  neglected  at  this 
moment.  The  direct  connection  between  this  model 
and  the  more  general  representations  for  the  Euler 
and  the  Navler-Stokes  equations,  which  has  been  de¬ 
scribed  in  the  present  paper,  indicates  the  main  lines 


2  Integral  formulation  for  vis¬ 
cous  flows 

As  mentioned  before,  in  this  section  the  Navier  Stokes 


equations  are  recasted  into  an  integral  form.  It  is  well 
known  that  the  integral  formulations  for  the  Navier 
Stokes  equations  have  been  mostly  used  for  study¬ 
ing  the  matematical  aspects  of  viscous  flows.  A  typi¬ 
cal  example  is  the  theory  of  hydrodynamic  potentials 
which  provides  many  important  results  for  the  lin¬ 
earized  Navier  Stokes  equations.  A  detailed  descrip¬ 
tion  of  the  method,  introduced  by  Odqvist,  is  given 
in  [1],  where  the  direct  integral  representation  for  the 
steady  state  problem  is  also  presented.  The  aim  of 
Ladyzhenskaja’s  analysis,  is  devoted  to  the  existence 
and  uniqueness  of  solution  for  the  Navier  Stokes  equa¬ 
tions.  It  is  on  these  theoretical  topics  that  the  inte¬ 
gral  formulation  for  viscous  flow  has  found  their  best 
application,  due  to  the  simple  analysis  of  the  proper 
boundary  conditions. 

More  recently,  due  to  the  developments  of  the  bound¬ 
ary  element  methods,  integral  formulations  have  re¬ 
ceived  new  interest  for  the  numerical  simulation  of 
viscous  flows.  Although  these  methods  have  their  best 
application  in  linear  problems,  the  advantages  of  inte¬ 
gral  formulations  can  be  largely  recovered  in  the  nu¬ 
merical  simulation  of  viscous  flows  about  streamlined 
bodies  when  no  massive  separation  occurs  [3].  Actu¬ 
ally  in  this  case  the  nonlinear  source  term  related  to 
the  vorticity  in  the  field,  is  confined  to  a  small  region 
in  the  boundary  layer  and  the  wake,  thus  allowing  for 
an  efficient  discretization  procedure  in  terms  of  finite 
elements. 

In  this  section  the  formulation,  which  has  been 
previously  described  in  (2)  in  full  detmls,  will  be  briefly 
reviewed  in  order  to  present  an  extension  to  free  sur¬ 
face  problems.  In  order  to  introduce  the  integral  for¬ 
mulation,  for  the  sake  of  clarity,  the  Navier  Stokes 
equations  are  given  here: 

g  +  +  x  -  -^-f,/v»u-vn  (1) 

vt  p 

V-u  =  0 

In  equation  (1)  the  term  R  =  gz  m  the  poten¬ 
tial  energy  per  unit  mass  related  to  the  gravity  force. 
The  direct  integral  formulation  for  the  system  (1), 
as  obtained  in  [2],  gives  the  velocity  of  the  fluid  in 
tenuB  of  convolutions  of  the  proper  fundamental  solu¬ 
tions  which  will  be  denoted  in  the  following  by 
and  with  the  related  traction  given  by  ~ 


j^^pUffUjuf^dsdt + 

I  /,  XiV-f^dvdt  -  f  «y'4*)dt;|,„ 

Jto  ^0  •'W 
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In  deriving  the  integral  representation  formula  (2) 
from  the  Navier  Stokes  equations  in  differential  form, 

the  term  x  =  ~u  X  f  (f  =  V  X  u)  has  been  assumed  as 
a  known  forcing  term;  furthermore  the  traction  vector 

is  modified  in  the  form 

ti  =  (3) 

where: 

+  +  U  (4) 

P  2 

is  the  Bernoulli  group.  For  the  sake  of  clarity  it  is 
to  be  remarked  the  difference  between  the  traction 
vector  t;-  involved  in  the  boundary  conditions  and  the 
modified  traction  vector  ty  {i.-  —  fy  +  + 11}. 

As  shown  by  (2)  it  appears  that  the  solution  u  is 
given  in  terms  of  surface  as  well  as  volume  integrals. 
The  first  surface  integral  gives  the  effect  of  the  bound¬ 
ary  values  of  the  velocity  and  of  the  modified  traction. 
Nonlinear  terms  are  present  in  this  integral  through 
the  modified  tractions  ty. 

The  second  surface  integral  accounts  for  the  mo¬ 
tion  of  the  boundary,  which  moves  with  velocity  i/„ 
(normal  velocity  component  of  a  geometric  point  be¬ 
longing  to  the  boundary),  and  gives  the  effect  of  the 
momentum  flux  due  to  the  boundary  motion. 

This  integral  gives  a  nonlinear  contribution  in  free 
surface  flows  for  the  dependence  of  the  boundary  ve¬ 
locity  Ug  on  the  fluid  motion.  The  source  of  this  non¬ 
linearity  are  always  confined  to  the  boundary  as  the 
ones  acting  in  potential  flows. 

Different  is  the  case  of  the  first  volume  integral 
which  is  related  to  the  term  x  ®nd  accounts  for  the 
rotational  effects  in  the  fluid.  This  source  of  nonlin¬ 
earity,  which  directly  comes  from  the  field  equation, 
is  confined  to  the  rotational  flow  region.  In  the  gen¬ 
eral  case  it  would  require  a  large  computational  effort 
and  it  would  penalize  the  computational  procedure 
in  comparison  with  other  computational  approaches. 
However  for  the  flow  about  a  submerged  streamlined 
body,  either  attached  or  without  a  massive  separa¬ 
tion,  this  term  can  be  efficiently  treated  by  finite  ele¬ 
ments  tecniques  retaining  in  this  way  a  great  deal  of 
the  computational  efficiency  of  the  boundary  element 
method.  In  order  to  complete  the  description  of  (2) 
the  last  volume  integral  carries  the  information  on  the 
initial  conditions. 

The  integral  representation  gives  a  boundary  inte¬ 
gral  equation  for  the  collocation  point,  at  whicli  the 
velocity  is  evaluated,  approaching  the  boundary.  To 
account  for  the  jump  properties  of  the  double  layer 
kernel  a  factor  c  (=  |,  for  smooth  boundai-ies) 
appears  in  the  limit  at  the  left  hand  side  .  The  ob¬ 
tained  integral  equation  is  a  constraint  between  the 


values  assumed  by  the  velocity  and  the  traction  at 
the  boundary.  If  we  know  one  of  them,  for  a  given 
configuration  of  the  domain  representation  (2)  gives 
a  Fredholm  equation  for  the  remainmg  one  (either  a 
firsi,  kind  for  the  unknown  traction  or  a  second  kind 
for  the  unknown  velocity).  The  fundamental  solutions 
and  satisfy  the  equations: 


V-uW  =  0  (5) 

at 

which  must  to  be  considered  in  the  sense  of  distribu¬ 
tion  theory  with  d(x  —  x*)  and  d(t  —  f*)  Dirac  delta 
functions  in  space  and  time  respectively.  The  explicit 
solution  of  (5)  for  the  free  space  problem  in  two  di¬ 
mensions  gives 


where: 


= 


oW  = 


d^E 

dxjdxi 


(6) 


F  = 


E 

V^E 


=  F 


(7) 


where  Ei  is  the  exponential  integral. 

Looking  at  the  fundamental  solutions  it  appears 
that  all  the  terms  in  the  integral  representation  that 
contain  a  derivative  with  respect  to  xt  can  be  recasted 
in  the  form  of  a  gradient  (g|^  =  -jlj)  by  taking 
the  derivative  with  respect  to  zj  out  of  the  integrals. 
These  terms  give  an  irrotational  contribution  to  the 
velocity  field,  while  the  rotational  effect  is  related  to 
the  function  F,  wljich  is  not  reducible  to  a  gradient 
form.  The  function  F  Is  the  fundamental  solution  for 
the  heat  transfer  equation  and  it  becames  sheirper  and 
sharper  as  the  kinematical  viscosity  v  goes  to  zero. 

The  function  E  has  the  same  behaviour  as  it  ap¬ 
pears  from  the  last  equation  in  system  (7).  The  main 
difficulty  in  solving  these  equations  for  large  Reynolds 
number  flows  is  related  to  the  crucial  behaviour  of  the 
functions  F  and  E,  rather  than  to  the  evaluation  of 
the  volume  integrals. 

In  order  to  gain  a  better  insight  on  the  proper¬ 
ties  of  representation  (2)  in  the  case  of  large  Reynolds 
numbers,  we  sinalyze  the  limiting  case  of  Re  infin- 
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ity.  An  integral  formulation  related  to  the  differential 
model  for  inviscid  flows  (that  is  the  Euler  equations) 
is  obtained  in  the  next  section. 


Hjf  - 1)  I  d^G 
p  I  dxidxi 


with  the  corresponding  traction  vector  given  by: 


3  The  limiting  case  for  inviscid 
flows 

The  Euler  equations  for  an  incompressible  fluid  are 
obtained  from  the  Navier  Stokes  equations  for  the 
Reynolds  number  infinity.  Consequently  one  of  the 
boundary  conditions  for  viscous  flow  should  be  re¬ 
laxed,  due  to  the  lowering  of  the  order  of  the  partial 
differential  equation.  For  this  limiting  case  a  bound¬ 
ary  integral  formulation  is  directly  derived  from  the 
one  valid  for  Navier  Stokes  equations,  rather  than 
from  the  differential  model.  Some  introductory  con¬ 
siderations  on  the  proper  boundary  conditions  to  be 
applied  is  presented  while  the  general  discussion  on 
the  free  surface  boundsiry  conditions  for  both  viscous 
and  inviscid  models  is  given  in  the  next  section. 

As  a  first  step  we  obtain  the  limiting  expressions 
for  the  fundamental  solutions.  As  it  appears  from 

(6)  the  pressure  fundamental  solution  doesn’t  de¬ 
pend  on  the  kinematic  viscosity  u,  so  that  it  retains 
the  same  expression  as  for  the  viscous  case.  This  is 
not  surprising  since  the  pressure  fundamental  solution 
is  related  to  the  compressibility  effects  in  the  fluid, 
which  in  both  cases  is  assumed  of  constant  density. 
Looking  at  the  limiting  behavior  of  the  function  F  in 

(7)  the  following  relationship  holds; 


-Lr(f-f)/(x*) 

From  (8)  it  directly  follows  the  distributional  limit  for 
the  function  F  as: 


F  =  -ir(f-f)d(x-x*)  (9) 

The  limiting  value  for  the  function  E  (note  that  V*G  = 
d(x  —  X*)  is  given  by 

=  -fr(f-t)d(x-x*)  (10) 

Therefore  we  have: 

E  =  -H{V-t)G  (11) 

Finally  the  limiting  expressions  for  the  velocity  fun¬ 
damental  solutions  are 


The  direct  combination  of  (12)  and  of  (13)  into  the 
integral  representation  (2)  readily  gives  the  limiting 
formulation  which  is  given  below  in  vector  notations 
with  the  explicit  expressions  of  the  surface  integral 
while  the  remaining  volume  integrals  are  denoted  by 

h 


It  clearly  appears  from  (14)  that  the  kernels  in 
the  second  and  third  integrals  have  an  hypersyngular 
behaviour  when  the  collocation  point  approaches  the 
boundary.  The  formulation  (14)  does  not  present  a 
direct  computational  interest,  but  it  has  great  interest 
for  the  comparison  it  provides  with  the  viscous  case 
showing  in  particular  the  computational  difficulties  to 
be  expected  for  large  Reynolds  number.  In  this  case 
in  fact  the  fundamental  solutions  do  not  present  a  real 
hypersingular  behavior,  but  they  are  very  difficult  to 
be  numerically  evaluated  in  an  accurate  way  for  their 
close  relationship  with  the  hypersingular  ones. 

Moreover,  the  following  analitycal  manipulations 
to  set  eq.  (14)  in  a  better  form  from  the  compu¬ 
tational  point  of  view  will  give  some  usefull  sugges¬ 
tions  for  an  accurate  treatment  of  the  viscous  equar 
tions.  Following  the  procedure  suggested  for  potential 
flows  by  Hsiao  and  Nedelec,  eq.  (14)  can  be  rewritten 
through  some  known  vector  identities,  in  the  form 


u*  =  /  (u-n)VGds-b  (16) 

^n(c) 

r  f  (VP  X  n)  X  VGdsdt 
ho  Jen{t)  ' 

+V,  X  f  f  2i/(,  (V  X  u)  Gdsdt 
Jto  Jen{t) 

-V,  X  /  f  (u  X  VG)  dsdt  -1- 1„ 

Jto  Jsn{t) 

where  V,  =  etjfr.  In  the  present  form  the  hypersin¬ 
gular  kernel  doesn’t  appears  any  more  and  the  con¬ 
tribution  of  the  modified  pressure  P  is  closely  related 
to  that  of  a  vortex  layer  of  density  '1  =  VP  x  n.  Fur¬ 
ther  manipulations  may  be  performed  on  (15)  in  or¬ 
der  to  show  its  close  relationship  with  an  uncoupled 
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model  based  on  the  Poincar^  kinematic  formula  as  it 
is  shown  in  the  next  section.  At  the  present  stage  it  is 
of  some  interest  to  notice  that  eq.  (15)  could  be  used 
in  the  numerical  simulation  of  nonlinear  free  surface 
flows  with  no  difiiculty  other  than  the  computation  of 
the  volume  integrals.  It  is  also  worthwhile  to  notice 
that,  for  a  two  dimensional  case,  the  velocity  u  at  any 
point  in  the  fleld  is  given  in  terms  of  two  scalar  valued 
functions  at  the  boundary,  instead  of  the  two  vector 
valued  functions  appearing  in  (2).  This  fact  is  strictly 
related  to  the  lower  order  attained  by  the  differential 
model  for  the  limiting  case.  As  a  result  only  one  inte¬ 
gral  constraint  is  expected  among  the  two  scalars  as 
the  collocation  point  approaches  the  boundary.  Ac¬ 
tually  the  boundary  integral  equation  is  given  by  the 
normal  component  of  the  vector  formula  (15).  The 
other  component  gives,  even  on  the  boundary,  a  rep¬ 
resentation  for  the  tangential  velocity  component  in 
terms  of  given  normal  component  and  the  modified 
pressure. 

In  the  next  section  the  proper  boundary  condi¬ 
tions  for  the  free  surface  will  be  reviewed  for  both 
the  viscous  and  the  inviscid  model.  The  kinematical 
description  of  the  interface  will  also  be  presented. 

4  Free  surface  boundary  condi¬ 
tions  for  coupled  models 

In  both  the  integral  formulations  presented  in  the  pre¬ 
vious  sections  the  kinematical  and  dynamical  parts  of 
the  flow  problem  are  strictly  coupled.  The  proper 
boundary  conditions  for  the  free  surface  problem  in 
the  coupled  models  is  introduced  here  in  some  details 
in  order  to  show  the  differences  with  the  correspond¬ 
ing  treatment  in  decoupled  models  (splitting  of  kine¬ 
matics  and  dynamics)  to  be  introduced  in  the  next 
section. 

The  two  possible  kinematical  descriptions  of  the 
free  surface  (Lagrangian  and  Eulerian)  are  also  intro¬ 
duced  and  discussed  at  the  end  of  this  section.  The 
boundary  conditions  which  directly  follow  from  ’he  in¬ 
tegral  formulations  are  treated  first.  Let  us  consider 
the  general  case  of  an  interface  between  two  different 
fluids.  Two  different  cases  are  considered.  In  the  first 
one  both  fluids  are  assumed  to  be  viscous  while  in 
the  second  one  they  are  considered  both  inviscid.  For 
a  given  position  of  the  interfrice  the  boundary  condi¬ 
tions  are  given  by  the  dynamical  balance  of  the  free 
surface  and  by  the  no  slip  property  of  the  viscous  flu¬ 
ids.  Neglecting  surface  tension  effect,  the  boundary 
conditions  are 

u  =  Uu  (16) 


(17) 

where  the  subscript  u  stays  for  the  upper  fluid  and 
the  values  of  both  members  of  (16)  and  (17)  are  un¬ 
known.  Prom  the  integral  representation  (2)  it  follows 
that  the  boundary  conditions  are  appropriate  for  the 
interface  problem.  Collocating  the  integral  represen¬ 
tation  for  the  lower  fluid  at  a  point  belonging  to  the 
free  surface,  one  integral  constrmnt  between  u  and  t 
is  enforced.  Analogously  the  other  integral  equation 
is  obtained  for  and  t^.  In  this  way  at  each  point 
of  the  interface  we  have  four  vector  unknowns  and 
four  independent  vector  equations  that  is  two  bound¬ 
ary  integral  equations  and  two  boundary  conditions. 
In  the  case  of  no  motion  of  the  fluid  acting  upon  the 
interface  the  problem  is  more  simple  and  only  one 
boundary  condition,  the  dynamical  one,  has  to  be  im¬ 
posed,  in  the  form,  for  instance,  of  a  known  pressure 
distribution: 

t  =  -p.n  (18) 

In  this  case  we  have  one  unknown  (the  fluid  ve¬ 
locity  at  the  free  surface)  and  one  integral  equation 
where  the  value  specified  by  (18)  for  the  traction  vec¬ 
tor  is  introduced. 

A  similar  procedure  leads  to  the  boundary  condi¬ 
tions  to  be  used  for  the  formulation  (15)  for  the  second 
case.  Due  to  the  inviscid  character  of  the  fluids  it  is 
expected  to  get  a  discontinuity  in  the  tangential  ve¬ 
locity  component  across  the  interface  while  only  con¬ 
ditions  on  the  normal  velocity  component  and  on  the 
pressure  may  be  used 

«n  =  «u„  (19) 

P  =  Pu  (20) 

We  have  now  four  scalar  unknowns  and  four  scalar 
equations:  the  t”'o  boundary  conditions  and  the  two 
integral  equations  relating  the  normal  velocity  com¬ 
ponent  to  the  pressure.  As  in  the  viscous  case,  for  no 
motion  of  the  fluid  acting  upon  the  interface,  a  given 
pressure  distribution  is  assigned. 

In  order  to  complete  the  formulation,  the  kine¬ 
matical  description  of  the  interface  has  to  be  briefly 
recalled.  As  it  is  well  known,  for  the  geometrical  anal¬ 
ysis  of  a  moving  surface  two  possible  decription  are 
available.  The  Lagrangian  one,  gives  the  position  of 
the  geometrical  points  on  the  surface  as  a  frmction 
of  a  Lagrangian  parameter  Denoting  by  X/  this 
function,  once  the  velocity  of  the  point  labeled  by  ( 
were  known,  the  surface  geometry  may  be  determined 
solving  the  initial  value  problem: 
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dxf 

dt 

x(^,0) 


«/ 

xo($) 


(21) 


where  D(  is  the  set  of  values  of  the  Lagrangian  pa¬ 
rameter  ^  and  U/  is  assumed  to  coincide  with  the  lo¬ 
cal  fluid  velocity.  Some  problems  are  expected  in  the 
case  of  the  interface  between  two  inviscid  fluids  due  to 
the  discontinuity  of  the  velocity  across  the  interface. 
Some  intermediate  value  for  the  tangential  component 
should  then  be  assumed  to  move  the  free  surface. 


In  the  Eulerian  description  the  free  surface  config¬ 
uration  is  defined  by  the  implicit  function  /(x,t)  =0. 
In  the  restrictive  hypotesis  in  which  a  single  valued 
function  is  assumed  for  the  free  surface  configuration, 
the  geometric  description  is  given  in  the  more  usual 
form  z  =  In  this  case  the  only  normal  compo¬ 

nent  of  the  surface  velocity  {vg)  is  defined.  By  equat¬ 
ing  its  value  to  the  normal  fluid  velocity  the  proper 
equation  for  the  kinematic  evolution  of  the  free  sur¬ 
face  is  attained. 


The  tv/o  geometrical  formulations  are  equivalent. 
In  fact  the  Lagrangian  description  is  slightly  more 
general  than  the  Eulerian  one,  in  which  some  reg¬ 
ularity  assumptions  on  the  function  /  must  be  ac¬ 
cepted.  Moreover,  whenever  an  Eulerian  description 
exists,  the  two  formulations  are  equivalent.  Only  in 
the  computations  some  difference  appears.  Actually 
the  Eulerian  description  doesn’t  modify  significantly 
the  dimensions  of  the  boundary  elements,  while  the 
Lagrangian  one  concentrates  the  elements  near  the 
crest  of  the  waves  where  sharper  velocity  gradients  ap¬ 
pears  and  more  computational  accuracy  is  required. 
For  these  reasons  the  Lagrangian  description  is  pre¬ 
ferred  in  the  computational  model  for  the  nonlinear 
free  surface  problem  discussed  in  section  6. 


5  A  general  kinematical  repre¬ 
sentation  and  the  dynamical 
boundary  condition 

In  this  section  a  purely  kinematical  integral  represen¬ 
tation  will  be  recovered  as  a  semplified  version  of  the 
integral  formulation  for  inviscid  flows.  It  follows  a 
direct  similarity  between  the  two  representations,  in 
the  sense  that  boundary  integral  equations  with  sim¬ 
ilar  properties  are  attained  in  the  two  cases. 

The  procedure  which  leads  from  the  inviscid  inte¬ 
gral  formulation  (15)  to  the  present  one  is  based  on 
the  idea  of  a  back  substitution  of  the  Euler  equations 
in  differential  form  into  the  inviscid  integral  repre¬ 
sentation.  In  this  way  the  dynamical  variables  axe 
dropped  out  thus  reducing  (15)  to  a  purely  kinemat¬ 
ical  formula.  In  order  to  apply  in  a  simple  form  the 
above  procedure  a  quite  drastic  approximation  is  per¬ 
formed  by  considering  the  fluid  domain  C  to  be  fixed 
in  time.  A  more  rigorous  approach  should  reach  the 
same  conclusion  through  fairly  more  complex  calcu¬ 
lations  without  leading  to  a  deeper  understanding  of 
the  analogy  between  (15)  and  the  present  model.  Un¬ 
der  this  assumption  the  surface  integrals  containing 
the  boundary  velocity  u,  no  longer  appear  and  the 
representation  (15)  may  reduce  to  a  much  simpler  ex¬ 
pression.  Actually,  by  combining  the  Euler  equations 
and  the  vorticity  transport  equation 

l^  +  VP-bx  =  0  (22) 


^  +  Vxx  =  0  (23) 

the  following  representation  is  attained  from  eq.(l5) 
by  a  simple  integration  in  time 


Prom  the  previous  analysis  it  clearly  appears  the 
simple  use  of  the  boundary  conditions  for  free  surface 
problems  when  using  coupled  formulations  in  integral 
form.  Coupled  models  allow  to  impose  the  boundary 
conditions  directly  in  terms  of  boundary  velocity  and 
tractions.  The  integral  form  allows  for  a  simple  use 
of  the  boundary  conditions  also  in  the  discrete  form, 
with  DO  additional  difficulty  as  in  the  numerical  mod- 
wls  on  tliw  diffcrcntistl  c^nsitions. 

In  the  next  section  a  decoupled  model  is  intro¬ 
duced  as  a  semplified  version  of  the  inviscid  one.  In 
this  case  the  definition  of  the  boundary  conditions  is 
not  as  direct  as  for  the  coupled  models. 


u  =  /  (u-n)VC?ds-  (24) 

Jsn 

I  (u  X  n)  X  VGds  - 
Jia 

/  f  X  VGdv 
Jn 

Representation  (24)  is  the  well  known  Poincarfe 
formula  when  the  velocity  field  is  assumed  solenoidal. 
This  is  a  purely  kinematical  identity  which  can  be 
used  to  obtain  boundciry  integral  equations  for  the 
kinematics  of  the  flow.  When  the  collocation  point 
approaches  the  boundary  ,  two  equations  follow  from 
eq.  (24)  by  performing  the  tangential  and  normal 
projections. 
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;+[  u,^ds  =  -/t/  u„Gd«  +  /;(25) 
Jen  on*  Or*  Jen  t  '  ' 


where  If  stays  for  the  contribution  of  the  volume  inte¬ 
grals.  Equation  (25)  is  a  second  kind  Fredholm  equa¬ 
tion  for  the  unknown  u,  or  a  first  kind  equation  with 
Cauchy  kernel  for  the  unknown  u„.  Analogously  for 
eq.  (26).  The  properties  of  the  Fredholm  equation  are 
well  known  from  the  potential  theory  while  matching 
properties  can  be  found  to  hold  for  integro  differen¬ 
tial  one  (see  ([7]).  As  expected  the  equations  (25)  and 
(26)  are  not  independent,  in  the  meaning  that,  what¬ 
ever  is  the  unknown,  for  a  given  data  the  solution 
of  the  first  one  is  also  a  solution  of  the  second  one. 
When  the  boundary  is  a  solid  wall  the  value  of  Un  is 
assigned  and  u,  is  the  unknown.  Different  is  the  case 
of  a  free  boundary,  where  u„  is  the  unknown.  In  this 
case  to  determine  the  boundary  data  u,  the  dynamical 
part  of  the  model  should  be  used.  The  procedure  is 
strictly  similar  to  that  used  for  potential  flows  where 
the  values  of  the  potential  <j>  are  evaluated  by  means  of 
the  Bernoulli’s  equation.  In  the  present  case,  due  to 
the  vorticity  in  the  field,  which  has  been  retained,  no 
potential  function  exists.  The  Euler  equations  must 
be  used  to  obtain  the  relation  between  the  tangential 
velocity  component  u,  and  the  known  pressure  distri¬ 
bution.  In  order  to  write  the  required  equation  we 
shall  fix  a  point  on  the  free  surface,  labeled  by  the 
Lagrangian  variable  Due  to  the  boundary  motion, 
the  unit  tangent  vector  T(,  at  the  boundairy  point  ^ 
will  change  in  time.  By  projecting  the  Euler  equation 
on  this  tangent  vector  we  obtain 


Dur  drt  dP 


Dt 


dt 


dr 


(27) 


In  order  to  semplify  eq.  (27)  the  second  term  on  the 
left  hand  side  is  written  as; 


dTf  drt  dTf 


dt 


=  +  (28) 


Noting  that  •  ^  =  0  the  final  expression  is 


Duf  dr^  1  du*  dti 

Dt  ~  ‘  dt  ~  2  dT  “ 


(29) 


where  the  dynamic  boundary  condition  p  =:  const  has 
been  used.  This  nonlinear  evolution  equation  for  the 
tangential  velocity  component  gives  the  free  boundary 
condition  for  the  two  boundary  integral  equation  (26) 
and  (26). 


It  is  worthwhile  to  add  few  more  comments  on  the 
relationship  between  the  present  decoupled  model  and 
the  coupled  inviscid  one.  The  normal  component  eq. 
(15)  is  very  similar  to  (26).  In  the  case  of  the  coupled 
inviscid  formulation  the  role  of  u,  is  played  by  the 
tangential  derivative  of  the  dynamic  pressure.  A  part 
from  the  integration  in  time  the  kernels  are  identical, 
so  that  the  numerical  methods  for  the  two  equations 
are  expected  to  be  essentially  the  same.  The  mean 
difference  between  the  two  formulations  is  due  to  the 
fact  that  from  (15)  it  follows  only  one  integral  equa¬ 
tion,  while  in  the  kinematical  decoupled  model  any 
of  the  two  equations  (25)  and  (26)  may  be  selected. 
This  feature  of  the  kinematical  model  may  be  used  to 
avoid  the  solution  of  the  Cauchy  type  equation  which 
is  more  difficult  from  the  numerical  point  of  view. 

6  The  numerical  simulation  for 
a  submerged  body 

Some  numerical  results  obtained  by  the  formulation 
introduced  in  the  previous  section  are  presented  for 
the  unsteady  flow  about  a  submerged  body.  The  flow 
field  is  assumed  to  be  irrotational  and  the  nonlinear 
free  surface  configuration  is  followed  in  time  by  the 
Lagrangian  description.  The  evolution  of  the  wave 
pattern  generated  from  rest  by  a  moving  cylinder  is 
simulated  and  the  steady  state  configuration  is  reached 
in  the  case  in  which  no  breaking  wave  occurs. 

The  numerical  procedure  adopted  makes  use  of  the 
dynamical  equation  (29)  and  of  the  kinematical  equa^- 
tion  (21)  to  evalute  Ur  on  the  free  surface  and  the 
free  surface  configuration  respectively.  The  following 
notations  are  used:  Stts  and  60/  denote  the  body 
boundary  and  the  free  surface  respectively.  ffOoo  de¬ 
note  the  fictitious  boundary  used  to  cut  the  computa^ 
tional  domain  at  a.  finite  distance  from  the  submerged 
body.  When  treating  the  flow  in  a  channel,  the  fi¬ 
nite  depth  bottom  is  denoted  by  SOt  while  5noo  is 
given  by  an  inflow  part  (dfl,-)  and  an  outflow  part 
(dflo).  As  a  boundary  condition  to  be  used  in  the 
boundary  integral  equation,  the  normal  inflow  veloc¬ 
ity,  time  dependent  in  general,  is  be  assigned  on  dfi,-. 
The  zero  normal  velocity  condition  is  assigned  on  the 
bottom  boundary  for  both  the  channel  flow  or  the  infi¬ 
nite  depth  case.  At  the  outflow  boundary  the  normal 
velocity  component  is  also  given  or  a  suitable  radi¬ 
ation  condition  is  applied.  On  the  free  surface  the 
tangential  velocity  component  is  evaluated  by  the  dy¬ 
namic  equation  (29).  The  reference  frame  is  assumed 
connected  with  the  body,  which  is  moving  at  a  costant 
depth  beneath  the  indisturbed  free  surfetce.  The  dy¬ 
namic  equation  is  used  in  the  inertial  frame  connected 
to  the  indisturbed  fluid  and  the  proper  value  of  u, 
is  evaluated  by  changing  the  reference  frame  to  that 
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fixed  to  the  body. 

As  shown  in  the  previous  section  any  of  the  two 
boundary  integral  equation  either  (26)  or  (25)  can 
be  used  to  determine  the  unknown  velocity  compo¬ 
nent.  The  most  efficient  choice,  from  the  computa¬ 
tional  point  of  view,  is  the  use  of  the  second  kind  FVed- 
holm  equation,  in  order  to  avoid  the  variational  tec- 
niques  required  for  an  accurate  solution  of  the  Cauchy 
type  equation.  To  this  purpose  a  mixed  approach  is 
used  here  by  assuming  the  normal  component  (26) 
to  hold  on  the  free  surface  and  the  tangential  com¬ 
ponent  (25)  on  the  other  boundaries.  The  equation 
which  follows  from  this  mixed  formulation  does  not 
present  a  Cauchy  type  singularity  and  can  be  easily 
solved  by  nmnerical  methods.  In  the  case  of  multi- 
connected  regions,  some  attention  must  be  devoted 
to  the  eingenvalue  related  to  the  circulation  around 
the  body  which  in  the  present  numerical  study  will 
be  assumed  to  be  zero. 

In  the  computational  procedure  standard  finite  el¬ 
ements  tecniques  are  used  to  discretize  the  equation. 
In  more  details,  piecewise  linear  shape  functions  are 
used  to  describe  the  geometry  while  piecewise  con¬ 
stant  functions  are  used  for  the  unknown.  In  order  to 
assure  the  solution  uniqueness  the  condition  of  zero 
circulation  around  the  body  is  imposed.  The  com¬ 
putational  procedure  is  splitted  in  two  parts.  The 
boundary  unknowns  are  evaluated  first  by  solving  the 
boundary  integral  equation.  With  the  velocity  dis¬ 
tribution  on  the  free-  surface  completely  known  the 
configuration  of  the  domain  and  the  values  of  Ur  are 
updated.  The  second  order  accurate  Adams  Bash- 
forth  scheme  is  used  to  perform  this  calculation.  No 
redistribution  procedure  is  used  fov  the  free  surface 
panels  which  tends  to  concentrate  near  the  crest  of 
the  waves.  Due  to  the  mean  motion,  at  each  time 
step  a  new  panel  is  added  at  the  inflow  side  and  one 
is  canceled  at  the  outflow,  v/here  a  Sommerfeld  radi¬ 
ation  condition  is  used. 

By  the  described  numerical  tecnique  the  simular 
tion  of  the  transient  wave  system  due  to  the  motion 
of  a  circular  cylinder  has  been  performed.  The  ob¬ 
tained  results  are  compared  with  those  presented  by 
Hanssling  and  Coleman  [5]  and  with  those  of  Ligget 
and  Liu  [6)  for  the  potential  flow  equation.  Haussling 
and  Coleman  use  a  finite  difference  approach  in  gen¬ 
eralized  curvilinear  coordinates  and  Ligget  esid  Lin  a 
boundary  element  approach.  Both  use  an  Euleriac, 
description  for  the  free  surface.  Although  these  ap¬ 
proaches  are  completely  different  the  three  solutions 
show  a  good  agreement  (fig.  l).  It  could  be  noted  that 
the  present  solution  shows  clearly  the  effects  of  non¬ 
linearity  given  by  the  adopted  Lagtangian  description 
of  the  free  surface.  In  fact,  with  the  present  method 
a  steady  state  solution  couldn’t  be  reached  due  to  the 
steeping  of  the  wave  crest,  v/hich  cause  the  solution 


to  break  before  the  last  instant  showed  by  Ligget  find 
Liu,  In  the  case,  shewn  in  fig.  3,  although  the  ftonde 
number  is  higher  than  in  the  previous  one,  a  steady 
state  solution  has  been  attained  due  to  the  greater 
submergence  of  the  body.  Fig.  4  shows  the  time  Ids- 
tory  of  the  forces  acting  on  the  cylinder.  Although  the 
free  surface  configuration  appears  to  reach  the  steady 
state,  both  lift  and  drag  are  oscillating  around  the 
presumed  steady  value.  In  fig.  8  a  simulation  with 
a  smaller  channel  depth  shows  the  evolution  towards 
the  breaking  of  the  wave,  which  is  attained  by  an  over- 
tumig  of  the  front  face  of  the  first  crest  behind  the 
body. 

7  Concluding  remarks 

A  computational  method  for  unsteady  free  surface 
fiows  hos  been  derived  from  a  mathematical  model 
which  decouples  the  kinematical  and  the  dynamical 
aspect  of  the  flow  field.  The  method,  valid  in  gen¬ 
eral  for  rotational  flows,  has  been  shown  to  have  the 
same  computational  efficiency  of  the  potential  based 
approaches.  The  strict  relationship  v/ith  the  coupled 
models  based  on  the  integral  formulation  for  viscous 
and  inviscid  flows,  have  been  discussed.  While  the 
numerical  solution  of  the  Fredholm  integral  equation 
gives  very  satisfactory  results,  the  numerical  tecnique 
for  an  efficient  as  well  as  accurate  resolution  of  the 
Cauchy  type  equation  is  to  be  completed.  This  is  the 
crucial  poi.it  for  the  numerical  implementation  of  the 
limiting  coupled  formulation  for  inviscid  fiows.  The 
viscous  model,  should  be  treated  in  similar  way  by  re¬ 
casting  the  equation  in  terms  of  vortex  layers  as  shown 
for  the  inviscid  case. 
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Fig.  6.  Time  History  of  the  forces  on  the  cylinder. 
Same  case  as  in  Fig.  5  (forces  adimentionalized  by 
pV^D) 


Fig.  5.  Wave  elevation. 
Fr  =  .95 

Submergence  h  =  3. 

Dt  =  .25  t  =  85 


Fig.  8.  Wave  overturning.  2?  :=  1 
Fr  =  .95 

Submergence  h  =  3 
Channel  depth  H  =  A 
t  =  14.25 
Dt  =  .25 


Fig.  7.  Pressure  distribution  on  the  cylinder.  Same 
case  as  in  Fig.  5.  t  =  85 


Development  of  a  New  Velocity  Measurement  System  by  Using 
Computerized  Flow  Visualization  and  Numericd  Method 
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Abstract 

A  hybrid  method  is  developed  to 
measure  3-dimensionai  flows  where  the 
image  processing  method  and  numerical 
computational  method  are  complementari- 
ly  used;  the  3-dimensional  flow  field 
is  reproduced  by  the  numerical  calcu¬ 
lations  by  making  use  of  several  scan¬ 
ned  plane  flows  which  have  been  ob¬ 
tained  by  the  flow  visualizacion  and 
image  processing. 

The  combination  of  the  numerical 
computation  has  made  the  flow  visuali¬ 
zation  system  much  less  sophisticated. 
The  method  is  applied  to  measure  the 
flow  field  around  the  Wigley  model  to 
conclude  that  the  method  is  promising 
although  the  used  system  is  rather 
primitive. 


1 .  Introduction 

It  is  common  to  measure  velocity 
fields  by  traversing  an  anemometer  at 
one  position  after  another  even  in  a  3- 
dimensional  domain.  Needless  to  say, 
it  is  time-consuming  and  requires  much 
labor.  Even  more,  there  are  some 
cases  where  the  velocity  field  cannot 
be  measured  by  the  conventional  method 
due  to  reverse  flows,  abrupt  changes  of 

4>..  ,.4.  M  i. 

V  jL  wjf  xxwwS* 

The  flow  visualization  has  ever  been 
a  qualitative  method  which  is  useful 
to  understand  the  flow  field  globally. 
However,  owing  to  the  advent  of  a  new 
era  of  image  processing  techniques,  it 
can  be  e^'eu  quantitative. 


by  the  image  processing  techniques  t 1 ] 
(2].  Most  of  them  are  for  2-dimensional 
flows  but  some  are  intended  to  be  3- 
dimensional  flows  where  the  tracers  are 
tracked  3-dimensionally  by  making  use 
of  several  cameras  [3)  [4].  However, 
the  instruments  for  measurements  and 
the  algorithm  for  analysis  are  compli¬ 
cated. 

On  the  other  hand,  recent  develop¬ 
ments  in  computational  fluid  dynamics 
to  simulate  flow  fields  by  solving  the 
N-S  equations  are  remarkable.  However, 
there  are  still  limitations  in  the 
hardwares  of  computers  to  have  reliable 
results  even  by  modern  computers  of 
high-speed  and  large  memory  storage; 
the  computing  domain  and  the  grid  size 
can  not  be  taken  enough  for  required. 

The  present  method  is  a  kind  of 
hybrid  methods  of  the  image  processing 
and  the  computational  fluid  dynamics; 
a  3-dimensional  flow  is  reproduced  by 
numerical  computations  from  several 
scanned  plane  flows  obtained  by  the 
flow  visualization  and  image  pro¬ 
cessing.  It  consists  of  five  stages,  as 
the  block  diagram  shown  in  Fig.1;  1) 
flow  visualization,  2)  image  process¬ 
ing,  3)  image  analysis,  4)  numerical 
computation  and  5)  graphic  display. 
The  method  is  called  "Three-dimensional 
Anemometer  System  by  complementarily 
use  of  Computational  and  Optical 
Methods"  (TASCOM). 

Although  the  method  is  still  under 
development  and  the  instruments  used 
here  are  rather  primitive,  the  system 
may  be  much  improved  by  an  introduction 
of  more  sophisticated  machines  or 
higher-version  of  softwares. 


There  are  some  pioneering  researches 
where  the  velocity  field  is  determined 
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2.  Plane  Flow  Analysis 
2.1  Flow  visualization 

The  arrangement  for  the  mea  arements 
is  shown  in  Fig. 2.  A  laser  light 
sheet  is  used  to  scan  a  plane  flow 
field  which  is  traversed  in  z  direction 
whose  velocity  component  w  is  presumed 
the  smallest  among  the  three  compo¬ 
nents.  A  25  mW  He-Ne  laser  beam  and  a 
circular  cylindrical  lens  are  used  to 
realize  a  light  sheet  in  the  present 
experiment. 


The  electrode  is  made  of  platinum 
wires  which  are  formed  ladder-like  as 
shown  in  Figs. 2  and  10.  They  can  pro¬ 
duce  vertical  segments  of  bubbles 
which  cut  the  laser  light  sheet  without 
fail. 

In  general,  there  are  some  regions 
where  tracers  do  not  get  into;  we  call 
such  regions  "unmeasurable  region" 
here.  We  do  not  pay  special  attentions 
for  such  regions  and  we  expect  the 
velocity  there  will  be  supplied  by 
numerical  computations. 


Hydrogen  bubbles  are  used  as  tracers 
which  are  generated  by  the  electrolysis 
of  water.  The  reasons  for  the  use  of 
the  hydrogen  bubbles  are,  first,  that 
they  can  trace  flows  without  inertia 
and  both  their  size  and  brightness  can 
be  controlled.  Secondly,  but  essen¬ 
tially  important,  they  do  not  pollute 
the  water.  They  can  be  used  in  towing 
tanks  also.  Of  course,  they  do  not 
work  well  for  the  flows  whose  velocity 
is  so  small  that  the  buoyant  effect  is 
relatively  large. 


2.2  Method  of  image  processing 

The  process  of  the  present  image 
processing  is  shown  schematically  in 
Fig.1.  This  process  consists  of  the 
following  three  steps. 

1 )  freezing  images  of  tracers: 

The  path  lines  of  tracers  on  the 
scanned  plane  are  recorded  by  a  CCD 
camera  {384  x  491  pixels),  as  shown  in 


Fig.1  Block  diagram  of  the  present  Fig.2  Arrangement  of  the  system 

measuring  system,  TASCOM 
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Fig. 2.  The  acquired  analogue  image 
signals  are  converted  to  digital  data 
by  making  use  of  a  image  processing 
device  (256  x  256  pixels,  8  bit).  The 
device  can  freeze  successive  four 
frames  at  once  at  the  time  interval  of 
50  msec. 

2)  binary  processing: 

The  8-bit  valua  of  brightness  of 
each  pixel  are  binarized  based  on  dis¬ 
criminating  level.  It  is  important  how 
to  set  the  value  of  the  level,  for  the 
optimum  value  depends  much  on  experi¬ 
mental  conditions  such  as  brightness  of 
tracers,  velocity  and  so  on.  Here  it 
is  set  by  a  trial  and  error  method. 

3)  thinning  processing: 

In  order  to  have  more  reliable  data 
of  the  tracers  such  as  the  length  and 
the  positions  of  start  and  termination, 
the  thinning  process  is  essential.  As 
shown  in  Fig. 3,  the  thinned  line  Ci  is 
determined  as  the  canterline  of  the 
segment  Ai-Bi. 

2.3  Calculation  of  plane  velocity 

As  shown  in  Fig. 4,  the  plane  velo- 
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city  (u,v)  is  evaluated  from  the  two 
distances,  and  St.2,  between  the  three 
images  of  the  same  tracer  at  the  three 
sequential  times,  t^ ,  t2  and  t3.  The 
three  images  have  been  identified  to  be 
the  images  of  a  single  tracer.  The 
plane  flow  velocity  components  are 
determined  from  the  components  of  the 
distances  in  their  directions. 

1)  identification  of  tracers: 

The  algorithm  of  identification  of 
tracers  is  schematically  shown  in 
Fig. 5.  A  priority  is  given  to  the 
image  to  be  identified  when  it  lies 
within  a  certain  distance  and  fan 
angle;  the  image  A2  on  the  frame  at 
time  t2  is  identified  with  A^  because 
A2  lies  within  the  fan  angle  of  a-a" 
and  a-a'"  and  within  a  given  distance. 
At  the  next  time  step  t3,  A3  is  identi¬ 
fied.  Thus  all  the  images  are  identi¬ 
fied  as  8^-33-83,  C^-C2-C3,  and  so  on. 

Through  the  above  processes,  if  a 
tracer  could  not  be  identified,  the 
tracer  is  assumed  "stray"  and  is  neg¬ 
lected  in  the  following  analysis.  The 
distance  and  the  fan  angle  are  empiri¬ 
cally  given  here. 

2)  selection: 

There  are  still  some  possibilities 
to  identify  wrong  images.  If  the  two 
distances  between  the  three  identified 
images,  ^3  Fig. 4,  are  extremely 


Fig. 5  Identification  of  the  images  on 
three  different  frames 


Fig. 4  Calculation  of  the  velocity 


483 


different  each  other  or  their  average 
differs  much  from  the  surroundings,  the 
set  of  images  is  assumed  wrong  and 
removed  from  the  stored  data. 

3)  calculation  of  the  velocity  compo¬ 
nents: 

The  plane  velocity  component  (u^, 
is  calculated  from  the  distances 
between  the  identified  images  on  the 
three  sequential  frames  by  the  fol¬ 
lowing  equations; 


d  =  (3) 

n 

where  n  is  the  number  of  pixels  and  L 
is  the  actual  size  of  the  object  to  be 
pictured. 

In  the  present  system,  the  number  of 
pixels  is  256  x  256  and  the  size  of  the 
picture  is  about  100  mm  x  100  mm.  Then 
the  resolving  power  d  is  0.4  mm/pixel 
and  the  accuracy  of  positioning  may  be 
±0.2  mm/pixel. 


(1) 


The  minimum  velocity,  which  can  be 
resolved,  ^niin'  qiven  by 


where  At  is  the  interval  time  between 
the  frames  and  and  are  the  x- 
and  y-components  of  the  length 

4)  interpolation  of  the  velocity: 

It  is  necessary  to  have  the  velocity 
on  assigned  matrix  points,  which  can  be 
realized  by  the  weighed  interpolation 
of  the  original  data  at  arbitrary 
points.  The  velocity  vector  q(x,y)  at 
(x,y)  is  calculated  by 


c,(x.  y)  =  j 

{|^} 


where  r^^  is  the  distance  to  the  data 
interpolated,  and  N  is  the  number  of 
the  possible  data  for  interpolation. 
The  maximum  r^^  is  properly  chosen  and 
if  N  is  less  than  3,  the  velocity  at 
the  point  is  regarded  as  "not  mea¬ 
sured"  . 


3.  Accuracy  Analysis  of 
the  Measuring  System 

It  is  important  to  estimate  the 
jccuracy  of  the  measuring  system.  The 
nomiiial  accuracy  of  the  image  analysis 
is  given  in  terms  of  the  density  of  the 
pixe'S  of  CCD  camera  and  the  sampling 
interval  time. 


Unin 


d 

At 


(4) 


where  At  is  the  sampling  interval  time. 
In  the  present  system  10  frames  (pic¬ 
tures)  are  frozen  per  a  second  and  the 
accuracy  of  the  measured  velocity  is  ±2 
mm/sec.  The  optimum  sampling  interval 
time  should  be  determined  depending  on 
the  uniform  flow  velocity  and  the  den¬ 
sity  of  pixels. 

In  practice,  the  final  accuracy  must 
include  the  errors  which  arise  during 
the  image  processings  due  to  non¬ 
uniformity  of  image  brightness,  wrong 
identifications  and  so  on. 


The  resolving  power  of  the  image 
processing,  denoted  by  d,  is  given  by 


Fig. 6  Accuracy  analysis  of  the  image 
processing 
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4.  Reproductionof the  3- 
_ ^Dimensional  _Flow  fj.eld 

4.1  Invoked  equations  and  the  scheme 

The  reproduction  of  the  3-dimen¬ 
sional  flows  from  the  scanned  plane 
velocity  fields  is  achieved  numerically 
by  a  variational  method  to  satisfy  the 
continuity  equation  [5].  There  the 
measured  plane  flov/  velocities  (uq,  Vq) 
on  the  scanned  planes  are  used  as  ini¬ 
tial  values. 

The  reason  why  the  variational 
method  is  invoked  is  that  the  scheme 
must  be  robust  or  tough  enough  even  if 
the  initial  values,  provided  by  the 
scanned  plane  flows,  are  contaminated 
by  measurement  errors.  The  use  of  the 
variational  method  is  expected  to  cor¬ 
rect  the  given  boundary  values  to  sa¬ 
tisfy  the  continuity  equation. 


Fig. 7  Histogarm  of  the  measured  velo¬ 
city  for  the  uniform  flow 


The  functional,  F,  is  defined  as 


To  confirm  the  total  accuracy  of  the 
present  system,  two  measurements  are 
carried  out  in  advance.  One  is  to 
analyze  the  velocity  of  a  pin-hole 
light  which  moves  as  a  constant  speed; 
this  is  realized  by  fixing  the  light 
onto  the  towing  carriage.  The  other  is 
to  measure  the  uniform  flow  velocity  of 
water  circulating  channel. 

Fig. 6  shows  the  results  of  the  first 
experiment;  the  abscissa  gives  the 
carriage  speed  and  the  coordinate ,  the 
analyzed  velocity  by  the  present  meth¬ 
od.  The  mean  curve  seems  to  be  giving  a 
good  correlation  and  the  error  of  meas¬ 
urement  is  smaller  than  the  resolving 
power  of  the  image  processing. 


F (u,  V,  w.  A) 

=  f  (  otiMu  -Ud)  * 

■y 

+  at‘  (v-ve)  *  +ct}^  (w-wa)  * 


+  A 


£ii 


gw 

dz 


]} 


dV 


(5) 


where  A  is  the  Lagrangian  multiplier, 
and  Oi,  a2  and  Oj  are  weighing  con¬ 
stants.  The  problem  is  to  find  (u,v,w) 
to  minimize  F  in  the  computing  domain 

V. 


The  first  variation  of  F  is  given  by 
(u,  V.  w,  A) 


Fig. 7  is  the  results  of  the  second 
experiments;  the  measured  velocity  of 
the  uniform  flow  of  circulating  water 
channel.  367  measured  data  are  shown  in 
histogram.  The  nominal  velocity  of  the 
uniform  flow  by  the  indicator  is  300 
mm/sec  and  the  nominal  uniformity  of 
the  flow  is  about  96%.  The  total 
average  of  the  measured  data  is  307.1 
mm/sec.  64%  of  the  measured  data  lies 
within  300±25  mm/sec  of  the  uniform 
flow  velocity. 


=  |[{2«,Mu-ue)--|-H^“ 

V 

+  ( v-vo) - d  v 
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whei-e  6  is  the  first  variation, 

Hy,  n^)  are  the  components  of  the  nor¬ 
mal  on  S  which  is  the  computing  bound¬ 
ary  surface  of  V. 

The  condition  of  6F=0  yields  a  set 
of  following  equations; 


city  vectors  (u,v,w)  is  calculated  from 
(7), (8)  and  (9). 

Because  the  velocity  component  w, 
normal  to  the  scanned  plane,  is  impor¬ 
tant  in  the  present  calculation,  the 
ratio  of  and  02/0(3  should  be 
properly  chosen. 


U  =  Uo  t 


w  =  Wo  -t- 


f  £l' 
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1 _ 
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J  5  u  n  X  +  A  5  V  n  y  +  A  6'  n  z  J  d  S  =  0 
s  ^ 

(11) 


Substituting 
(10),  we  have 

(7). 

(8)  ana  (9)  into 

f_«ll  1 

oi’A  ,  a^x 

L  rtj  ^ 

I. 

'ay’  ~  az^ 

=  -2ai^ 

f_£y.a 
1  ax 

ay  az  j 

(12) 


The  boundary  conditi.jn  of  (11)  can 
be  satisfied  by  providing  a  suitable 
subsidiary  conditions  for  (6u,  6v, 

6w)=0  or  X=0  on  the  boundary  S. 

4.2  An  example  of  reproduction  of 
3-dimensioml  flow 

Tn  order  to  confirm  the  present 
sch  ‘me  to  reproduce  the  3-dimensional 
flow,  the  flow  behind  a  sphere  is  ana¬ 
lyzed. 

The  coordinates  and  the  analyzed 
region  is  shown  in  Fig. 8.  The  plane 
flows  are  provided  on  twenty  horizontal 
planes  by  the  potential  flow  calcula¬ 
tion.  The  computation  region  is  di¬ 
vided  into  20  X  20  X  20  cubic  cells. 
This  grid  size  may  not  be  sufficient 
for  enough  accuracy,  but  the  use  of 
too  fine  grids  does  not  always  meet  the 
experimental  condition  where  the  depar¬ 
tures  between  the  scanned  planes  can 
not  be  so  small  as  expected  in 
computation. 


(12)  is  the  Poisson  equation  by 
which  X  can  be  determined.  It  is 
solved  by  S.O.R.  method  under  the  boun¬ 
dary  condition  of  (11).  Then  the  velo¬ 


The  boundary  conditions  for  X  and 
6u,  6v  and  6w  are  given  as 
follows: 

on  x=0,  9X/3z=0, 


6u,  6v  and  6w=0, 
on  the  other  boundary  planes. 


The  boundary  condition  (13)  satis¬ 
fies  (11). 


The  weighing  constants  ,  a.2,  and 
Ui  are  assumed  as  fol-lows; 


—  X  =  0.0 

a.j ,  02  =  1  0.0, 

Boundary 

r  -• 

1  .1 

Cond i t 1 ons 

.....  =0.0 

03  =  0.1 

(14) 


The  Poisson  equation  (12)  is  solved 
by  S.U.R.,  'where  1.4  is  used  as  the 
relaxation  factor. 


Fig. 8  Computational  domain  for  3- 
dimensional  reproduction 


4S6 


.«  by  Analytical  Method 


by  Present  Method 


The  reproduced  y-z  plane  velocity 
vector  is  shown  in  Fig. 9  together  with 
the  results  calculated  analytically. 
It  is  seen  that  the  third  z-component 
of  the  velocity  is  well  reproduced, 
although  there  can  be  seen  some  discre¬ 
pancies  between  them  where  velocity 
gradients  are  large  just  behind  the 
sphere.  The  use  of  a  finer  grid  has 
improved  the  results. 

We  can  now  conclude  that  the  present 
variational  method  can  be  applicable  to 
our  analysis. 


5.  Measurement  of  the  Stern 
Flow  of  Wiqley  Model _ 


5.1  Arrangements  and  sampling 

To  study  the  applicability  of  the 
present  method,  a  measurement  of  the 
stern  flow  of  the  1.2m  Wigley  double 
hull  model  is  carried  out. 


Fig.9  Comparison  of  reproduced 
3-dimensional  velocity 
vectors  behind  a  sphere 
with  the  analytical 


The  arrangement  of  the  i, asurement 
is  shown  in  Fig. 10.  The  laser  light 
sheet  is  installed  parallelly  to  the 
uniform  flow;  the  x-y  plane  is  scanned. 
In  the  present  experiment,  the  model  is 
traversed  vertically  for  the  plane 
flows  to  be  scanned. 
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Arrangement  for  the  meas¬ 
urements  of  the  wake  of 
Wigley  model 


Fig. 11  Measuring  region  and  scanned 
planes  for  the  Wigley  model 


As  shown  in  Fig.11,  eight  planes  are 
scanned  at  0.02  intervals.  Although  the 
number  of  scanned  planes  may  not  be 
enough  for  the  following  calculation, 
the  hardware  of  our  system  can  not 
afford  any  more.  The  region  for  mea¬ 
surements,  i.e.,  the  scope  of  the 
camera,  is  determined  to  have  a  neces¬ 
sary  accuracy.  The  maximum  accuracy  of 
the  image  processing  unit  here  is  ±0.2 
mm/pixel. 

The  experiment  is  carried  out  in  the 
circulating  water  channel  whose  dimen¬ 
sions  of  the  measuring  section  is  as 
follows;  L  X  B  X  d  =  2.0m  x  1.4m  x 
0.9m.  The  uniform  flow  speed  is  100 
mm/sec  and  the  Reynolds  number  is  about 

1.2  X  10^. 

One  measuring  plane  has  60  pictures 
whose  sampling  time  is  100  msec.  This 
means  that  the  determined  velocity 
field  is  the  mean  velocity  for  6 
seconds. 

5.2  Results  of  the  plane  flows 

Fig. 12  shows  one  example  of  tracer 
images  on  z=0  plane,  the  reflecting 
plane;  (a)  is  the  original  binary  pic- 


Fig.12  Frozen  images  on  z  =  0  plane  (a) 
and  the  thinned  images  (b) 


ture  from  which  background  noises  are 
removed  by  smoothing,  while  (b)  is  the 
thinned  picture  of  (a). 

From  the  picture  (a),  we  can  judge 
that  the  present  technique  of  the  flow 
visualization  can  stand  for  the  quan¬ 
titative  analysis  of  the  velocity  and 
also  that  the  images  of  the  tracers  are 
well  frozen  for  the  following  proc¬ 
essings.  However,  the  pictures  of  the 
thinned  images,  (b),  suggest  that  we 
have  still  some  ill  images  when  thin¬ 
ned  due  to  noises  or  non-uniformity  of 
the  brightness  of  tracers.  The  wrong 
images  are  removed  by  estimating  their 
length. 

Fig. 13  shows  the  plane  velocity 
vectors  analyzed  by  the  procedure  men¬ 
tioned  in  2.3.  They  are  well  measured. 
Thus  we  have  8  plane  flow  vectors  where 
u  and  V  are  determined  but  w  is  assumed 
zero. 


5.3  Results  of  3 -dimensional  flow  cal¬ 
culations 

For  the  calculations  to  reproduce 
the  3-dimensional  flows,  22  plane  flows 
are  presumed  by  the  B-spline  interpo¬ 
lation  of  the  eight  scanned  plane  velo¬ 
city  fields.  This  is  because  the  de¬ 
parture  between  the  plane  flows  of  the 
present  measurements  is  not  small 
enough  for  the  numerical  calculations. 
More  plane  flows  are  expected  to  be 
scanned  to  have  more  accurate  results. 


Fig. 13  Plane  flow  vectors  on  z=0 


The  computing  domain  is  1.00  <  x  < 
1.10,  0.01  <  y  <  0.08  and  0.0  <  z  < 

0.1  4.  The  boundary  conditions  are  as 
follows; 

on  the  reflecting  plane  (x-y  plane, 
z=0.0  ); 

3X/3z  =  0 

on  the  other  planes; 

X  =  0  (13) 


The  3-dimensional  velocity  vectors 
at  the  section  of  A.P.  is  shown  in 
Fig.14  compared  with  those  measured  by 
a  5-hoie  pitot  tube.  The  calculation 
can  be  carried  out  on  the  same  compu¬ 
ters  as  real  time. 

Although  the  results  do  not  always 
agree  quantitatively  with  those  by 
conventional  method,  the  third  velocity 
components  are  well  reproduced.  The 
computation  was  stable  and  robust  as 
expected  even  if  the  measured  plane 
flows  contain  some  errors. 

We  can  say  through  the  present 
example  that  the  method  is  applicable 
to  3-dimensional  measurements.  It  can 
be  also  pointed  out  that  an  introduc¬ 
tion  of  more  qualified  hardwares  will 
guarantee  us  to  have  more  accurate 
results. 
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6.  Conclusion 

In  the  present  paper,  a  new  method 
to  measure  the  3-dimensional  flow  field 
by  a  complimentary  use  of  the  flow 
visualization  and  numerical  compu¬ 
tation,  TASCOM,  is  demonstrated  with 
some  pilot  examples.  The  attractive 
feature  of  the  present  method  are  the 
simplicity  of  the  experimental  appara¬ 
tus  and  technique.  The  method  is  po¬ 
tentially  applicable  to  the  measure¬ 
ments  in  the  towing  tank  also. 

Through  the  present  study  following 
findings  are  summarized; 

1)  The  use  of  the  hydrogen  bubble  with 
the  laser  light  sheet  is  practical 
and  efficient  for  the  image  ana¬ 
lysis.  The  vertical  segment  of  the 
bubble  always  cuts  the  light  sheet 
and  leaves  clear  images.  No  pollu¬ 
tion  remains  in  the  tank  after  the 
measurements. 

2)  The  present  algorithm  for  image 
processing,  although  primitive  and 
directive,  is  efficient  and  accu¬ 
rate  enough.  The  use  of  more  sophi¬ 
sticated  machines  will  assure  more 
efficiency  and  accuracy. 

3)  3-dimensional  flow  can  be  reproduced 
from  several  scanned  plane  flows  to 
satisfy  the  continuity  condition. 
The  variational  method  is  useful  for 
the  reproduction  calculation  where 
the  measured  plane  flow  components 
are  contaminated  by  errors.  This  is 
because  the  method  is  tough  enough 
through  relaxation. 
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DISCUSSION 
by  T.  Suzuki 

This  question  is  about  the  measurement 
principle.  Fig. 2.  The  laser  sheet  in  Fig. 2 
shows  us  a  cross  section,  x-y  plane,  of  the 
hydrogen  bubble  sheet,  so  that  you  can  get  the 
velocity  components  u  and  v  independently  on  w 
in  this  paper. 

However,  the  hydrogen  bubble  sheets  are 
inclining  their  vertical  plane,  even  if  the 
platinum  wire  is  kept  vertically,  after  the 
sheet  streams  down  along  the  streamlines  near 
the  ship  stern  (see  Fig.Al).  In  this  case, 
one  of  the  particles  in  the  sheet  should  go 
upward  (or  downward)  along  the  sheet  and 
additional  horizontal  movement  should  occur. 
I  think  that  this  movement  is  not  caught  in 
this  paper  and  it  gives  the  error  of  v 
components. 

Could  you  give  me  comments  on  this  error 
and  how  it  effects  the  w  component? 

Author's  Reply 

Thank  you  for  your  instructive  discussion. 
It  is  a  crucial  point  of  our  method.  As  you 
pointed  out,  if  the  hydrogen  bubble  segment 
have  an  inclination,  there  may  be  an  error  by 
Ay/  At  in  the  u-component.  This  error  can  be 
minimized  by  keeping  the  bubble  segment  as 
vertical  as  possible. 


In  the  present  measurement,  the  platinum 
wire  was  moved  parallelly  to  the  main  flow 
direction  by  every  50  mm  step.  In  this  case 
the  maximum  angle  of  inclination  can  be 
estimated  about  9  degrees  at  most,  then  the 
maximum  error  in  the  u-component  is  about  2% 
under  the  assumption  that  w  is  O.lu. 

Because  the  present  study  is  still  at  the 
beginning,  we  didn't  take  this  error  so 
serious,  but  it  can  be  corrected  iteratively. 


Fig.Al 
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Abstract 

Microscopic,  neutrally  buoyant  particles  containing 
fluorescing  compound  have  been  adapted  as  tracers  for 
velocity  measurements  of  large  scale  turbulent  flows.  This 
technique  consists  of  illuminating  a  thin  slice  of  the  flow 
field  with  a  laser  sheet,  which  is  pulsed  following  a  specific 
illumination  code.  The  multiple  exposure  image  is  recorded 
on  photographic  film  and  later  enhanced  while  being 
digitized.  Algorithms  have  been  developed  for  analyzing 
the  resulting  images.  They  rely  on  the  illumination  code  and 
the  particle  streak  morphology  in  order  to  identify  and 
compute  the  tracer  velocity  vectors.  A  one-inch  diameter  jet 
has  been  used  as  a  flow  field  for  prcliminaiy  tests. 

Introduction 

The  present  paper  focuses  on  the  development  of  a 
quantitative  flow  visualization  system  which  is  particularly 
suited  for  large  scale  towing  tank  experiments.  Until  recently, 
flow  visualization  has  been  utilized  for  providing  only 
qualitative  information,  while  quantitative  data,  namely 
the  velocity  field,  has  been  determined  by  single  point 
measurement  techniques  (hot  wire  anemometry,  laser  dopplor 
velocimetry,  etc.).  Due  to  their  nature,  as  well  as  cost,  these 
techniques  are  limited  to  simultaneous  sampling  at  a  few 
spatial  locations. 

Early  experiments  with  quantitative  flow  visualization 
have  twen  performed  by  Kobayashi  [1]  and  Marko  &  Rimai 

[2] .  They  have  all  used  long  exposure  photography  to  record 
both  the  position  and  mean  velocity  of  passive  tracers  within 
a  fluid.  High  speed  photography  has  also  been  adopted  to 
record  time  series  of  tracer  particle  positions  (Racca  &  Dewey 

[3] ).  A  further  refinement  has  been  to  identify  particles  in 
successive  frames,  and  reconstruct  the  velocity  with  a  time 
base  equal  to  the  framing  time  (Racca  &  Dewey  [3]).  Another 
approach  has  been  to  record  multiple  exposure  images  and 
measure  the  displacements  of  small  suspended  particles  to 
obtain  full-field  velocity  maps  (Adrian  [4]).  Gharib  & 

Willert  [5]  have  performed  a  similar  analysis.  However, 
they  have  used  a  single  extended  exposure  of  particle  streaks 
with  prescribed  variations  in  the  intensity  of  the  light 
<-mitted  from  each  particle.  The  variation  in  intensity  was 

a;  liicved  by  utilizing  fluorescing  particles  and  by  varying 
the  wavelength  of  the  illumination  light.  Finally,  one 
should  mention  the  work  of  Khalighi  [6]  who  utilized  digital 
image  processing  techniques  to  automatically  analyze 
partie'e  streak  images  and  produce  full-field  velocity  maps. 

The  primary  factors  affecting  the  capability  to  adapt 
particle  displS'-ement  velocimetry  to  large  scale  complex 


flows  are  the  ability  to  handle  large  amounts  of  data,  the 
required  processing  time,  variations  in  velocity  scales  in  the 
same  flow  field,  the  capability  to  record  and  identify  fine 
details  in  large  scale  images  as  well  as  the  availability  of 
the  appropriate  particle  tracers  in  large  quantities.  The 
approach  opted  for  utilizes  double  exposed  images  of  laser 
induced  fluorescent  particles  which  are  analyz^ 
automatically  by  digital  image  processing.  This  method 
enables  one  to  resolve  the  entire  velocity  field 
simultaneously,  thus  allowing  the  identification  of  large 
scale  flow  structures  as  well  as  provide  quantitative  details 
about  the  velocity,  circulation,  etc.  This  technique  is 
specifically  suited  for  the  study  of  large  scale  complex 
turbulent  flows.  Similar  to  the  techniques  of  Gharib  & 
Willert  [5]  and  Khalighi  16),  it  consists  of  recording  two 
exposures  on  a  single  frame.  This  approach  minimizes  the 
difficulty  of  identifying  particle  traces  on  successive  frames, 
and  still  allow  for  short  sampling  intervals.  Unlike  the 
others,  we  have  opted  to  identify  the  direction  of  flow  by 
keeping  one  of  the  exposures  longer  than  the  other.  The 
following  paper  focuses  on  this  method. 

An  important  assumption  in  ail  particle  tracking  techniques 
is  that  the  seed  particles  follow  the  flow  without  slipping 
and  do  not  alter  the  flow  dynamics.  This  requirement 
presCTibes  the  size,  concentration  and  specific  gravity  of 
particles  that  can  lx  used  as  tracers.  Most  of  the  past  studies 
(Adameyzk  and  Rimai  17],  Landeth,  Adrian  and  Yao  (8), 
Khalighi  [6]),  rely  on  the  light  reflected  from  the  particles. 
This  limitation  has  prohibited  the  use  of  very  small 
particles,  due  to  the  low  intensity  of  the  reflected  light.  By 
utilizing  tracers  containing  fluorescing  material  (Gharib  and 
Willert  [5]),  the  intensity  of  the  emitted  light  is  increased  by 
several  orders  of  magnitude,  so  that  even  microscopic 
particles  can  be  used.  The  generation  of  particles  with 
imbedded  fluorescing  material  has  been  one  of  the  critical 
problems,  particularly  when  they  are  needed  in  large 
quantities. 

Experimental  Frocediues 

During  the  past  two  years  we  have  constructed  a  large  scale 
flow  visualization  facility  with  multiple  light  sheets  in  the 
140  ft.  towing  basin  at  David  Taylor  Research  Center  (sketch 
is  provided  in  Figure  1).  While  developing  the  flow 
visualization  system  in  the  towing  tank,  we  have  used  water 
jets  as  the  flow  field  in  order  to  generate  data  for  the  imaging 
system.  As  a  result  the  images  provided  in  this  paper  have 
been  recorded  in  a  steady  flow  water  jet  facility  located  in  a 
transparent  test  section.  The  jet  was  1  inch  in  diameter.  Thin 
sections  (approximately  1  mm)  of  the  flow  field  were 
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itluminated  by  a  pulsed  300  mW  argon  ion  laser.  The  water 
was  seeded  with  microscopic  (5-10  microns  in  diameter), 
neutrally  buoyant  particles,  containing  imbedded  fluorescing 
dyes.  These  particles  were  invisible  in  most  of  the  flow  field, 
but  responded  with  intense  spontaneous  fluorescence  within 
the  illuminated  section.  The  production  of  these  particles 
will  be  discussed  later.  The  temporal  light  modulation 
followed  a  specific  illumination  code.  Figure  2  shows  the 
pattern  used  in  the  present  work.  The  signal  consisted  of  a 
long  exposure  (streak)  followed  by  a  shorter  pulse  (dot).  The 
magnitude  of  the  velocity  was  determined  from  the  distance 
between  the  two  traces  of  the  same  particle,  while  the  flow 
direction  could  be  determined  by  comparing  the  lengths  of  the 
two  particles.  As  will  be  discussed  later,  the  automatic 
image  analysis  algorithm  could  match  between  the  traces  as 
well  as  identify  and  remove  streak  patterns  which  did  not 
resemble  the  illumination  code. 

The  images  were  recorded  on  35  mm  film.  We  have  opted  for 
film  since  its  resolution  is  much  higher  titan  that  of  video. 

As  an  example.  Figure  3  contains  two  digitized  images,  both 
originated  ^m  the  same  negative.  However,  in  the  first  one 
the  entire  negative  was  translated  to  a  single  video  franrie 
and  then  a  portion  of  the  frame  was  magnified.  The  second, 
on  the  other  hand,  was  magnified  prior  to  translation  to 
video  and  as  a  result  is  dearer  and  sharper.  A  video  frame 
has  a  resolution  in  the  order  of  5(X)  x  5(X)  lines,  which  is  less 
than  the  resolution  of  1  mm^  of  emulsion.  Thus  the 
translation  to  video  should  be  performed  carefully  to  avoid 
loss  of  details.  Storing  the  original  image  in  the  form  of  a 
film  negative  allows  variation  in  magnification  while 
digitizing  the  image,  and  as  a  result  enables  us  to  control  the 
resolution.  While  analyzing  the  image,  one  can  focus  a  video 
camera  on  the  negative  and  select  the  magnification 
depending  on  the  desired  detail.  This  is  especially 
important  when  examining  turbulent  flows  where  wide  ranges 
of  velodties  are  present  For  example.  Figure  4  shows  a 
typical  image  of  the  flow  near  the  exit  of  a  1  inch  diameter 
nozzle.  Portions  of  the  flow  are  unresolvable  at  this 
magnification.  By  focusing  on  a  smaller  portion  of  the 
negative  (Figure  5),  the  magnification  and  hence  the 
resolution  i:e  increased  allowing  for  analysis  of  the 
originally  unresolvable  traces. 

Image  Aiulysis  and  Processing 

As  noted  before,  the  image  analysis  and  processing 
algorithms  were  developed  with  the  specific  objective  of 
examining  large  scale  real  turbulent  flows.  As  a  result,  the 
selected  technique  should  be  able  to  analyze  images  with  a 
large  numbers  of  particles  at  a  wide  range  of  velocities.  Thus, 
it  was  necessary  that  the  image  resolution  be  such  that  both 
very  small  (low  velocity)  traces  as  well  as  long  (high 
velocity)  streaks  could  be  clearly  identified  and  handled 
efficiently.  It  was  also  necessary  for  the  algorithms  to  be  as 
simple  as  possible  to  maximize  the  speed  of  the  analysis. 

The  images,  recorded  on  film,  were  digitized  by 
illuminating  the  negative  from  behind  and  by  focusing  a  RCA 
video  camera  with  a  miaoscope  objective  zoom  lens  on  a 
section  of  the  film.  The  camera  was  linked  to  a  high 
resolution  video  recorder  as  well  as  to  an  Imaging 
Technologies  Inc.  Series  100  Image  processor  and  frame 
grabber  which  were  installed  in  a  Sun  4/260  workstation. 

Each  video  frame  was  digitized  to  a  512x512  pixel,  8  bit 
array.  Each  pixel  was  assigned  an  intensity  value,  ranging 
from  0  to  255,  corresponding  to  its  relative  brightness.  The 
digitized  image  was  then  enhanced  by  color  filtering,  a 
smoothing  convolution  and  contrast  enhancement  to  reduce  the 
noise.  The  use  of  fluorescing  particles  has  the  added  benefit 
that  the  emitted  light  is  of  a  wavelength  which  is  higher 


(in  the  yellow  range)  than  the  green  light  reflected  from 
bubbles  and  contaminants.  This  feature  allows  significant 
enhancement  of  the  input  images  by  removing  much  of  the 
reflected  laser  light  through  color  filtering. 

The  filtered  image  was  then  sharpened  by  convolving  with 


the  following  kernel: 

-1 

-1  -1 

-1 

12  -1 

-1 

-1  -1 

Namely,  each  pixel  value  was  multiplied  by  12  and  its  eight 
nearest  neighboring  pixels  were  multiplied  by  -1.  Then,  the 
sum  of  these  values  was  added  to  the  original  pixel  intensify. 
Performing  this  process  on  the  entire  image  effectively 
sharpens  the  edges  of  the  traces  (Figure  6).  The  intage  was 
then  equalized,  namely  the  intensity  values  of  the  entire 
image  were  normalized  to  range  from  0  to  255,  to  improve 
contrast. 

The  next  step  was  to  "threshold"  the  image.  Pixel  values 
above  a  select^  intensify  level  were  set  to  255  and  values 
below  it  were  set  to  0.  lire  threshold  level  was  determined 
from  an  intensity  histogram  of  the  entire  image.  In  an 
optimal  situation  the  intensity  histogram  would  be  bimodal, 
with  well  separated  peaks.  That  is,  the  particle  traces 
would  be  easily  distinguishable  from  the  background  and 
their  edges  would  be  distinct  and  clear.  In  practice  this  was 
not  usually  the  case.  In  fact,  it  was  not  unconunon  that  the 
brightest  ^ckground  pixel  would  be  brighter  than  the 
faintest  pixel  of  a  particle.  This  phenomenon  occurred  when 
the  background  illumination  was  not  uniform.  Therefore 
construction  of  an  accurate  binary  image  using  threshold 
analysis  require  the  use  of  local  threshold  intensity  levels. 
Additional  techniques  could  be  utilized,  if  needed,  to  further 
aid  in  distinguishing  particles  from  the  background.  These 
techniques  include  the  use  of  gradient  and  Laplacian 
operators,  to  provide  edge  enhancement  (Rosenfeld  and  Kak 
[9])  and  exatnination  of  the  slope  of  the  thresholded  average 
intensity  vs.  threshold  curve  (Prasad  &  Sreenivasan  [10]). 

The  thresholded  image  was  then  reduced  to  a  binary  bit 
map  of  "O’s"  and  "Ts".  The  "O’s"  represented  the  background 
(pixels  of  value  »>  0)  and  the  "Ts"  (pixels  of  value  =  255)  were 
parts  of  particle  traces  (Figure  7).  This  step  reduced  the 
needed  computer  memory  space  and  processing  time  in  that 
the  image  was  now  represented  by  an  array  of  1-bit  integers. 
The  bit  map  was  then  searched  pixel  by  pixel,  row  by  row 
until  a  pixel  representing  part  of  a  particle  trace  was  found 
(a  "1”).  Then  the  total  size  of  the  trace,  as  well  as  its  length 
and  orientation,  were  determined  by  examining  connected 
pixels.  The  centroid  of  the  trace  was  also  found  at  this  time. 
The  program  assumed  that  the  trace  found  was  the  longer 
streak.  The  length  a.nd  orientation  of  this  trace,  coupled 
with  the  illumination  code,  was  then  used  to  determine  the 
probable  location  of  the  matching  trace.  In  the  photographs 
presented  in  Figures  3-6  the  illumination  code  was  such  that 
the  exposure  time  for  the  streak  and  the  delay  between 
exposures  were  4  and  5  times  the  exposure  time  of  the  dot, 
respectively  (Figure  2).  Once  the  search  distance  and 
orientation  of  the  streak  were  calculated,  the  matching  dot 
was  searched  for  only  in  a  limited  space.  It  was  necessary 
however,  to  examine  the  image  on  toth  sides  of  the  slot,  since 
the  flow  direction  was  not  known  a  priori.  If  a  second  trace 
was  identified  within  the  prescribed  area,  the  ratio  of  the 
slot  length  to  separation  distance  was  then  compared  to  the 
respective  time  ratios  in  order  to  insure  that  they  were  traces 
of  the  same  particle.  The  last  position  of  the  center  of  the 
particle  within  the  streak  was  then  estimated  by 
determining  the  width  of  the  trace  at  three  positions  along 
the  trace's  major  axis  (Figure  8).  The  variation  in  their  value 
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had  to  remain  within  a  specified  range  for  them  to  be 
accepted  as  the  actual  width  of  the  trace.  The  position  of  the 
center  of  mass  at  the  end  of  the  streak  was  then  determined  to 
be  at  a  half  width  from  the  edge  of  the  trace  and  centered 
along  its  major  axis  (Figure  8).  The  same  process  was  done  for 
the  shorter  trace.  The  velocity  was  calculated  from  the 
estimated  separation  distance,  center  of  mass  to  center  of  mass 
(Figure  8).  This  sequence  was  repeated  until  the  entire  image 
had  been  analyzed  and  a  map  of  the  entire  velocity  field 
(Figure  9)  was  produced. 

Since  both  sides  of  the  traces  were  searched  there  was  a 
small  possibility  that  dots  which  fulfill  the  above 
mentioned  criteria  would  be  found  on  both  sides  of  the  streak. 
If  this  situation  occurred  the  velocities  would  be  compared  to 
neighboring  values  to  determine  the  correct  direction.  If  the 
correct  direction  and  magnitude  could  not  be  inferred,  this 
data  point  was  not  used  for  the  final  velocity  map.  The 
computer  program  also  contains  additional  procedures  to 
handle  unmatched  traces,  variations  in  slopes,  flow  near  the 
core  of  a  vortex,  etc. 

The  digitization,  enhancement  and  processing  phases  were 
done  interactively  which  allowed  for  operator  control  of  the 
thresholding  and  scale  of  digitization.  The  analysis  of  the 
bit  maps  was  done  automatically  with  its  output  being  the 
velocity  vector  for  each  particle  trace  found.  A  512x512  pixel, 
8  bit  image  was  usually  completely  analyzed  in 
approximately  2  minutes  of  (TPU  time.  The  more  "trouble 
spots"  (unmatched  traces,  multiple  dots  for  one  slot,  noise, 
etc.)  there  were,  the  longer  it  took  for  the  computer  to 
complete  the  analysis.  The  entire  process  consisting  of: 
selection  of  an  image,  digitization,  enhancement, 
thresholding,  and  image  analysis  took  approximately  10 
minutes  per  image.  More  sophisticated  automatic  edge 
detection  techniques  as  well  as  automatic  thresholding  are 
being  implemented  at  the  present  time. 

Particle  Production 

For  the  technique  to  be  practical,  particularly  for  large 
scale  towing  tank  flows,  an  efficient  method  of  manufacturing 
microscopic  fluorescent  particles  was  needed.  A  substantial 
effort  has  been  invested  in  developing  a  reliable  and 
controllable  manufacturing  process.  The  particles  were 
composed  of  a  specific  mixture  of  acrylics  and  several 
fluorescing  dyes.  The  mixture  was  adjusted  to  produce  a 
neutrally  buoyant  substance.  They  were  manufactured  by 
dissolving  the  acrylics  and  then  mixing  the  solution  with  the 
dye.s.  The  mixture  was  atomized  and  the  resulting  "dust"  (5* 
10  microns  in  diameter)  was  then  collected  and  used  as 
velocity  tracers. 

Error  Estimation 

An  important  aspect  of  the  analysis  is  to  estimate  the  error 
of  the  measurement.  Geometric  distortion  due  to  the  lenses 
can  be  corrected  for  by  using  the  techniques  described  by  Green 
[11].  Other  errors  are  predominantly  due  to  the  digitization 
which  sets  the  accuracy  of  each  measurement  to  +  05  pixels. 
The  velocity  is  equal  to  the  separation  distance  divided  by 
the  time  lag  between  exposures.  The  separation  distance  is 
found  by  calculating  the  edge  to  edge  di:>MiiLe  between  traces 
plus  half  the  thickness  of  each  trace.  The  error  in  edge  to 
edge  distance  is  1  pixel  and  the  error  in  estimating  the  center 
of  the  particle  is  0.5  pixels,  so  the  total  error  is  1.5  pixels. 
This  is  a  rough  analysis  since  filtering  and  enhancement  may 
also  introduce  an  error.  As  a  result,  future  calibrations  will  be 
utilized  for  determining  the  error  more  accurately.  In  the 
future,  the  images  will  be  digitized  to  provide  generally  a 
separation  distance  of  15  pixels,  resulting  in  an  error  of 


separation  distance  of  15  pixels,  resulting  in  an  error  of 
approximately  10%.  The  error  can  be  further  reduced  by 
reducing  the  digitization  scale.  For  example,  if  the  image  is 
digitized  such  that  the  se(>aration  distance  is  increased  to  60 
pixels  the  error  decreases  to  2.5  %.  However,  the  processing 
time  increases  accordingly.  Thus,  a  judgement  of  what  is  the 
best  digitization  scale  must  be  made.  By  recording  the 
original  image  onto  film,  different  digitization  scales  can  be 
us^  for  different  portions  of  the  image.  This  method 
provides  the  capability  to  optimize  between  the  processing 
speed  and  the  error.  This  feature  is  especially  important  if 
gradients  of  the  velocity  are  desired,  i.e.  during  vorticity 
analysis.  Hesselink  [12]  estimated  the  maximum  acceptable 
relative  error  to  be  less  than  05%  to  insure  an  accurate 
vorticity  determination.  This  error  level  is  quite  impractical 
for  the  a  technique  presented  in  this  paper.  However,  errors 
on  the  order  of  1-10%  can  be  achieved,  depending  on  the 
length  of  the  analysis.  It  should  be  noted  here  that  to 
achieve  an  error  of  1%  the  traces  of  a  single  particle  should 
occupy  the  entire  512x512  frame. 

Summary  and  Future  Work 

A  particle  displacement  velocimetry  technique  utilizing 
digital  image  processing  has  been  developed  for  examining 
large  scale  complex  turbulent  flows.  The  technique  consists  of 
illuminating  a  section  of  the  flow  field  with  a  sheet  of  Argon 
ion  laser  while  seeding  the  water  with  miaoscopic 
fluorescing  neutrally  buoyant  particles.  These  tracers  are 
invisible  in  most  of  the  flow  field,  but  respond  with  intense 
fluorescence  within  the  illuminated  section.  By  pulsing  the 
laser  twice  while  recording  a  single  frame  each  particle 
leaves  two  traces  on  the  same  frame.  The  velocity  is 
determined  from  the  distance  between  the  traces,  and  the 
direction  of  the  flow  is  identified  by  keeping  one  of  the  pulses 
longer  than  the  other.  Each  recorded  film  negative  is 
analyzed  by  digitizing  a  portion  of  the  frame,  to  a  512x512 
pixel  array  which  is  then  enhance,  thresholded  and  then 
translated  to  a  bit  map.  The  analysis  of  the  bit  map  consists 
of  searching  the  array  for  traces.  Once  a  trace  is  found,  its 
position,  orientation,  width  and  length  are  determined.  From 
this  information ,  as  well  as  the  illumination  code  a  search 
distance  and  direction  of  the  matching  second  trace  are 
calculated.  If  the  second  trace  is  found  within  the 
predetermined  space  the  velocity  is  then  determined  from 
the  separation  distance.  This  procedure  is  rep)eated  until  the 
entire  image  is  analyzed. 

At  present,  the  system  is  installed  in  a  140  foot  towing  tank 
at  the  David  Taylor  Research  Center  and  is  being  utilized  in 
the  study  of  the  three  dimensional  separated  flows.  Further 
refinement  of  the  image  processing  and  analysis  procedures 
are  also  currently  underway.  In  the  future  the  image 
processing  and  analysis  will  be  fully  automated  and  expert 
systems  will  be  utilized  to  determine  proper  levels  of 
enhancement,  thresholding  and  accuracy  of  analysis. 
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Figure  1:  Sketch  of  the  large  scale  flow  visualization  facility  in  the 
140  ft.  towing  tank  at  the  David  Taylor  Research  Center, 
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Figure  2:  Incident  illumination 
modulation  code  with  a  t3rpical 
pair  of  traces  of  the  same  particle. 


C-  ^  -r  •  1  J  1.1  J  «  Figure  5:  Enlarged  section  of  Figure  4. 

Figure  4:  Typical  double  exposed  image  of  the  flow  ° 

near  a  1  inch  diameter  nozzle. 
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Figure  7:  Binary  bit  map  of  Figure  6. 


I)  Measure  trace  length. 
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2)  Determine  trace  width  and  center  of  particle. 
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3)  Search  for  the  partner  trace. 
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4)  Measure  particle  displacement. 
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Figttre  8:  General  sequence  of  image  analysis  steps. 

(1)  Determine  the  length  and  orientation  of  the  trace. 

(2)  Determine  the  width  and  the  position  of  the 
center  of  the  particle  at  the  end  of  the  trace. 

(3)  Search  a  small  area  at  the  calculated  search  distance. 

(4)  Measure  the  particle  displacement. 


Figrtre  9:  Map  of  the  velocity  field  of  the  flow  near 

a  1  inch  nozzle,  determined  through  analysis 
of  Figtue  7,  by  digital  image  processing. 
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Abstract 

A  rational  slender-ship  theory  is  presented 
for  predicting  the  side-wall  effects  on  the 
added-mass  and  damping  coefficients  of  a  ship, 
moving  with  forward  velocity  and  performing 
heave  and  pitch  motions  in  a  waterway  with 
vertical  and  parallel  side  walls.  Satisfaction 
of  the  side-wall  boundary  condition  in  the 
far-field  solution  is  acheived  by  the  method 
of  mirror  images,  with  a  closed-form  expres¬ 
sion  obtained  of  the  resultant  infinite  se¬ 
ries.  The  inner  expansion  of  the  far-field 
solution  dictates  the  asymptotic  behavior  of 
the  near-field  solution,  thereby  determining 
the  near-field  homogeneous  component.  This 
component  accounts  for  the  side-wall  inter¬ 
ference  in  the  inner  region  as  well  as  the 
hydrodynamic  interactions  along  the  ship's 
length. 

Computed  added-mass  and  damping  coeffici¬ 
ents  are  presented  for  a  half-immersed  prolate 
spheroid.  Validity  of  the  proposed  theory  is 
confirmed  by  the  comparison  with  the  3-D  panel 
method  for  the  special  case  of  zero  forward 
speed. 

1.  Introduction 

Hydrodynamic  forces  acting  on  a  ship  model 
with  forward  and  oscillatory  motions  are  in 
most  cases  measured  in  a  towing  tank  with 
limited  width.  When  the  forward  speed  and  os¬ 
cillation  frequency  of  a  ship  model  are  rela¬ 
tively  small,  reflection  waves  from  the  side 
walls  of  a  cowing  tank  affect  the  measured 
hydrodynamic  forces:  they  must  be  different 
from  what  we  expect  for  a  ship  model  in  open 
water. 

A  diagram  [1]  is  prepared  for  predicting 
whether  the  side-wall  effect  is  expected  or 
not,  which  gives  the  critical  value  of  para¬ 
meter  T=£/a)/g  (where  U  is  the  forward  speed,  o) 
the  oscillation  frequency,  and  g  the  gravi¬ 
tational  acceleration)  as  a  function  of  the 
ratio  of  tank  width  to  ship  length.  This  di¬ 
agram  is,  however,  derived  with  heuristic  ways 
and  thus  not  entirely  precise. 

There  have  been  a  few  theoretical  studies 
concerning  the  side-wall  effects  on  hydro¬ 


dynamic  forces  acting  on  a  ship  moving  at  a 
finite  forward  speed  in  waves.  The  pioneering 
work  of  Hanaoka  [2]  based  on  the  thin-ship 
theory  is  a  rational  theory  of  the  side-wall 
effects,  but  did  not  give  reliable  information 
on  the  effects.  Hosoda  [3,4]  and  Takaki  [5] 
are  based  on  the  strip-theory  approach  with  a 
number  of  approximations  in  the  mathematical 
evaluation  of  reflection  waves  from  the  side 
walls.  Accuracy  of  their  numerical  results 
are  therefore  questionable  despite  their  math¬ 
ematically  complicated  expressions. 

In  the  present  paper,  the  slender-ship  the¬ 
ory  is  applied  to  develop  a  rational  method 
which  is  able  to  predict  the  effects  of  side- 
wall  interference,  particularly  when  a  ship 
has  a  finite  forward  speed.  The  theory  desc¬ 
ribed  in  this  paper  may  be  regarded  as  an  ex¬ 
tension  of  Newman's  unified  theory  [6]  to  the 
case  of  side- wall  effects  present. 

In  the  inner  region  close  to  the  ship  hull, 
since  the  side  walls  and  the  radiation  condi¬ 
tion  are  absent,  the  inner  solution  can  be 
identified  with  that  in  the  unified  theory  for 
the  open-sea  problem.  Namely  it  can  be  const¬ 
ructed  by  the  superposition  of  the  particular 
solution  given  by  the  strip  theory  plus  a 
homogeneous  solution  giving  three-dimensional 
effects.  The  latter  component  plays  an  impor¬ 
tant  role  in  accounting  not  only  for  longitu¬ 
dinal  flow  interactions  along  the  ship  hull 
but  also  for  the  side-wall  interference  in  the 
inner  region. 

In  the  outer  region  far  from  the  ship,  the 
ship  may  be  seen  as  a  segment  on  the  longitu¬ 
dinal  axis,  but  the  side  walls  are  present. 
Thus  the  solution  is  represented  by  a  line 
distri-bution  of  3-D  wave  sources  with  unknown 
strength  along  the  ship's  length.  The  veloci¬ 
ty  potential  of  T-D  wave  source  satisfying  the 
side-wall  bound dry  condition  is  derived  by 
considering  an  infinite  number  of  image  singu¬ 
larities  and  a  closed-form  expression  of  the 
resultant  infinite  series. 

The  source  strength  in  the  outer  solution 
and  the  coefficient  of  a  homogeneous  component 
in  the  inner  solution  are  to  be  determined 
from  the  asymptotic  matching  procedure.  The 
implementation  of  the  asymptotic  matching  bet¬ 
ween  the  inner  and  outer  solutions  leads  to  an 
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integral  equation  for  the  strength  of  3-D  wave 
sources,  the  solution  of  which  then  settles 
the  coefficient  of  the  near-field  homogeneous 
solution;  thereby  completing  the  velocity  po¬ 
tential  liscessary  for  the  calculations  of 
added— las.-.  and  damping  coefficients. 

Sol\ing  the  integral  equation  obtained  re¬ 
quires  the  numerical  evaluation  of  Cauchy's 
principal -value  integrals  involved  in  the  ker¬ 
nel  function  representing  the  side-wall  ef¬ 
fects.  Numerical  implementation  of  these  in¬ 
tegrals  is  performed  by  firstly  subtracting 
the  singular  behavior  from  the  integrand,  sec¬ 
ondly  integrating  analytically  the  subtracted 
singular  part,  and  finally  integrating  numeri¬ 
cally  the  resultant  non-singular  part  by  means 
of  an  appropriate  numerical  technique.  Clen- 
shaw  &  Curtis  quadrature  is  employed  in  this 
paper  with  a  tolerance  of  absolute  error  less 
than  10”®. 

Computationa]  results  are  presented  of  the 
heave  and  pitch  added-mass  and  damping  coef¬ 
ficients,  for  a  half-immersed  prolate  spheroid 
of  length-beam  ratio  8.0  advancing  at  a  Froude 
number  0.1  in  the  waterway  of  width  twice  the 
spheroid's  length. 

The  .ippearance  of  side-wall  effects  is 
closely  related  to  the  wave  pattern  generated 
by  an  oscillating  and  translating  ship  and  to 
its  reflection  from  side  walls  of  the  water¬ 
way.  Starting  from  the  ring  wave  at  T=0,  the 
wave  pattern  changes  to  the  complicated  one 
dominated  by  the  diverging-wave  component,  as 
the  parameter  T  increases  across  the  critical 
value  1/4.  Corresponding  to  this  complicated 
variation  or  the  wave  pattern,  the  added-mass 
and  damp..ng  coefficients  including  the  side- 
wall  effects  show  complex  variations. 

In  order  to  check  the  validity  of  the 
theory,  numerical  results  for  the  special  case 
of  zero  forward  speed  are  compared  with  inde¬ 
pendent  "exact"  calculations  based  on  the  3-D 
panel  method,  for  example,  by  Kashiwagl  [7]. 
The  results  of  the  present  theory  agree  excel¬ 
lently  with  the  3-D  panel-method  predictions. 

The  present  paper  is  restricted  to  the 
radiation  problem  of  heave  and  pitch  oscilla¬ 
tions,  but  the  diffraction  problem  may  be 
analyzed  in  a  similar  manner  with  the  know¬ 
ledge  of  Sclavounos'  diffraction  theory  [11] 
for  the  case  of  open  tea,  which  is  left  for 
future  work. 

2.  Formulation  of  problem 

As  shown  in  Fig.l,  we  consider  a  ship  in  a 
waterway  with  vertical  and  parallel  side 
walls.  Let  L,  B,  and  d  denote  the  length, 
breadth,  and  draft  of  a  ship  respectively,  and 
Bf  the  breadth  of  a  waterway.  The  ship  is  as¬ 
sumed  to  move  at  constant  forward  velocity  U 
and  to  oscillate  sinusoidally  with  circular 
frequency  u)  in  heave  and  pitch;  the  depth  of 
waterway  is  assumed  deep  enough,  with  no  shal¬ 
low-water  effect  in  the  water-wave  phenomena. 

A  coordinate  system  used  is  shown  in  Fig.l. 
The  x-axis  is  coincident  with  the  centerline 
of  the  waterway  and  positive  in  the  direction 
of  the  ship's  forward  velocity,  the  y-axis  is 
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Fig.l  Coordinate  system  and  notations 

horizontal,  and  the  z-axis  is  vertical  and 
positive  downward,  with  the  origin  placed  at 
midships  and  on  the  undisturbed  free  surface. 
Assuming  the  flow  to  be  inviscid  with  ir rota¬ 
tional  motion,  the  flow  field  can  be  described 
in  terms  of  the  velocity  potential  'I’(x,y,z,t) 
satisfying  the  Laplace  equation  of  the  form 

[L]  +  ♦yy  +  'tgz  =  0  (1) 

in  the  fluid  domain  z>0,  ly|<Bj’/2.  In  order  to 
justify  the  linearization  of  the  problem,  the 
amplitudes  of  ship's  oscillatory  motions  are 
assumed  small.  Then  the  velocity  potential  can 
be  linearly  decomposed  as 

4>  =  y[-x+x(x,y,z)] 

+  i?e[  Z  ia)C,’4)j-(x,y,z)e^“*^]  (2) 
j=3,5 

where  x(^>y)Z)  is  the  steady  perturbation  po¬ 
tential  due  to  the  forward  motion  of  the  ship, 
and  the  second  line  represents  the  unsteady 
part  of  the  velocity  potential.  Mode  index  J 
is  used,  with  j=3  for  heave  and  j=5  for 
pitch,  and  Cj  denotes  the  amplitude  of  the 
j-th  mode  of  motion.  Re  means  the  real  part 
of  the  expression  to  be  taken  and  the  time 
dependence  e^“*^  will  be  hereafter  understood 
and  deleted  in  the  analysi.s. 

In  this  paper,  we  restrict  the  ship  hull  to 
be  slender  with  small  beam  and  draft  compared 
to  its  length,  and  thus  we  are  allowed  on  the 
free  surface  to  neglect  the  contributions  of 
steady  perturbation  potential.  With  this  taken 
into  account,  the  boundary  conditions  to  be 
satisfied  by  the  normalized  unsteady  velocity 
potential  <t>j'  can  be  summarized  as 
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(9) 


w 

<t)jz 

+  K^j  +  i2T(t>jx  ~  ■^'t’jxx 
-  iu(  %  +  iT<!>jx  )  =  0 

(3) 

where  K=hi^/g,  i=Utii/g,  KQ=g/U^ 

(4) 

IB] 

<t>JZ 

•>■0  as  z  -*■  « 

(5) 

^Jy 

=0  on  y  =  ±Bf/2 

(6) 

[W] 

'i’Jn 

=  nj  +  mj  on  ship  hull 

(7) 

Here  U  in  (3)  is  Rayleigh's  artificial  visco¬ 
sity  coefficient  to  ensure  the  appropriate 
radiation  condition  (/?]  being  satisfied.  The 
subscript  n  in  (7)  denotes  normal  differentia¬ 
tion,  with  the  unit  normal  vector  defined 
positive  when  pointing  into  the  fluid  domain 
(see  Fig.l),  and  nj  is  the  components  of  the 
normal  vector  parallel  to  the  Xj-axis  with 
extended  definition  of  n^=zni-xn2.  mj  is  the 
so-called  m-terms  representing  the  forward- 
speed  effect  due  to  the  oscillatory  motions  in 
the  steady  flow,  which  has  been  originally 
derived  in  Timman  and  Newman  [12]  and  can  be 
explicitly  written  as 


=  |^qj(?)G(x-5,y,z)dC 

Here  G(x,y,z)  denotes  the  Green  function  or 
the  potential  of  a  "translating-pulsating" 
source  with  unit  strength,  and  is  the 

strength  of  the  source  to  be  determined.  The 
Green  function  appropriate  to  the  present 
problem  can  be  derived  by  applying  Hanaoka's 
approach  [2],  in  which  the  method  of  mirror 
images  is  utilized. 

Considering  the  Fourier  transform  with 
respect  to  x  of  a  unit  source  located  at  the 
origin  and  its  mirror  images  with  respect  to 
both  of  the  side  walls  of  waterway,  the  Green 
function  satisfying  homogeneous  boundary  con¬ 
ditions  (3)-(6)  is  given  in  the  Fourier  space 
as  follows: 

C*(k;y,2)  =  f  G(x,y,z)e^^^^dx 

^ _1_  f”  ncos(nyz)-vsin(nyz)  n 

^  Jo  /n^+k^ 

“  ^-Kly-pBriya^^^ 

p=-a> 


(nij,  ni2,  mg)  =  -(n«7)7X 
((714,  m5,  mg)  =  -(n.V)(rx7X) 


(8) 


In  order  to  obtain  a  solution  of  the  above 
three-dimensional  boundary-value  problem,  we 
exploit  a  slender-ship  theory.  In  this  theory, 
the  flow  field  to  be  analyzed  will  be  divided 
into  the  inner  and  outer  regions,  and  in  each 
region  the  governing  equation  and  boundary 
conditions  may  be  simplified,  making  it  pos¬ 
sible  to  obtain  the  inner  and  outer  solutions 
respectively  with  relative  ease.  However,  both 
of  these  solutions  include  indeterminate  coef¬ 
ficients,  since  nothing  has  been  prescribed 
about  the  respective  asymptotic  behavior  far 
away  in  the  inner  problem  and  close  to  the 
ship  in  the  outer  problem.  These  indetermi¬ 
nate  coefficients  can  be  settled  by  requiring 
the  two  solutions  to  be  compatible  in  an  over¬ 
lap  region  between  the  inner  and  outer  fields. 


2.1  The  outer  problem 


In  the  outer  field  far  from  the  ship  hull, 
the  effects  of  three  dimensionality  and  of 
side  walls  of  the  waterway  must  be  accounted 
for,  Wlien  the  ship  is  seen  from  the  outer 
field,  it  may  be  viewed  as  a  segment  on  the 
x-axis,  and  thus  the  flow  field  is  insensitive 
to  the  details  of  ship's  hull  geometry.  There¬ 
fore  the  outer  problem  is  defined  by  the  3-D 
Laplace  equation  [L],  subject  to  the  free- 
surface  [F],  radiation  [Rj,  sea-bottom  [Bj, 
and  side-wall  [W]  boundary  conditions,  that 
is,  (3)-(6),  Since  these  boundary  conditions 
are  homogeneous,  the  outer  solution  can  be 
described  in  terms  of  the  3-D  Green  function 
with  unknown  wave  sources  distributed  on  the 
x-axis,  in  the  form 


+ 


-isgn(l+kT)  „-Kz 

•Z  e-isgn(  l+kT)K  |  y-pB^I  A-k^  /v^ 

pa:-CO 


1  -KZ  “  -K ly-pSyl  /fc*/v^-l 
where  v=(l+kT)*,  K=^^v=^^(l+kT)^ 


(10) 

(11) 


and  the  upper  and  lower  expressions  in  brack¬ 
ets  are  to  be  taken  according  as  lk|<v  and  |k| 
>v,  respectively. 

The  values  of  k  satisfying  |k|=v  give  the 
branch  points  of  the  square-root  function, 
which  are  written  in  the  nondimensional  form 
as 

2  =  -2/(1+2T7/I+^)  (12) 

kg  ^  =  2/(l-2T±/r^)  (13) 

Note  that  for  T<l/4,  k3  and  k/^  are  real  and 
positive,  but  complex-conjugate  for  t>1/4.  At 
zero  forward  speed  (T=0)  k2  and  k3  become  -1 
and  +1  respectively,  whereas  k^  and  k^  tend 
to  respectively  minus  and  plus  infinity. 

In  connection  with  the  infinite  series 
appearing  in  (10),  we  can  obtain  their  closed- 
form  expressions  under  the  condition  lyl<87’/2 
as  follows: 

”  ^-Kly-pBrlZ  ^  ^-KlylZ 

+cosh(£k'y)  [^-l+coth(^^^^)j  (14) 

2  ^tiKly-pBfiZ  _  ^tiKlylZ 

+cos(ZKy)  [■^'5(«',  -^)-l±icot(^)j  (15) 
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The  function  appearing  as  the  first  term  in 
brackets  on  the  right  side  of  (15)  denotes  the 
infinite  series  of  Dirac's  delta  function, 
defined  by 


loik)  » 

_^^5^(cosh-‘(^H«s8ii(H*T)) 


(21) 


and  therefore  contributes  only  when  i=2nm/KBf, 
If  we  consider  the  limit  of  By  ->•  “  in  (14) 
and  (15),  it  is  relatively  easy  to  confirm 
that  the  second  line  on  the  right-hand  side  of 
each  equation  vanishes  and  only  the  first  term 
remains.  Thus  the  side-wall  effects  are  repre¬ 
sented  by  the  second  line  in  (14)  and  (15); 
this  suggests  that  the  Green  function  can  be 
expressed  in  an  addition  form  of  the  open-sea 
Green  function  GQ(x,y,z)  plus  the  side-wall- 
effect  part  Gy(x,y,z).  The  final  expression 
of  the  Green  function  can  be  given  by  consi¬ 
dering  the  inverse  Fourier  transform  of  the 
above  expressions,  with  the  following  formula: 

G(x,y,z)  =  Go(^.y.2)  +  GT(^fy.z) 


In  (19)  and  (20),  two-dimensional  polar  co¬ 
ordinates  (r,0)  are  used  with  the  relation 
(y,^)  =  (rsin0,rcos9),  and  Y  is  Euler's  cons¬ 
tant  equal  to  0.5772* •*. 

The  expansion  of  the  side-wall-effect  part 
of  the  Green  function  can  be  obtained  with 
comparatively  simple  reduction,  in  the  form 


Gr(k;y,z)  (.'i.-Kz)fTW 


where 


+  0(^fr(l-v),^:^r*)  (22) 

fT’(^)  =  f  ""  2  {-l+coth(^/n^+Jc^)} 

Jo  2 


dn 


°w\  (12) 

In  the  outer  solution  given  by  (9),  the  3-D 
source  strength  Qji'-)  is  unknown  but  will  be 
determined  by  requiring  the  inner  expansion  of 
(9)  to  be  compatible  with  the  outer  expansion 
of  an  appropriate  inner  solution.  For  this 
matching  procedure,  the  inner  expansion  of  the 
Green  function  must  be  sought.  Following  the 
method  of  matched  asymptotic  expansions,  we 
seek  the  inner  expansion  with  the  following 
order  of  magnitude: 

Ky,  Kz=0(c),  k=0(l),  t<0(1)  (18) 


Considering  that  the  side-wall  effects  will  be 
expected  when  the  forward  velocity  and  oscil¬ 
lation  frequency  of  a  ship  are  relatively 
small,  the  assumption  on  the  order  of  para¬ 
meter  T  in  (18)  seems  reasonable.  It  should 
be  noted,  however,  that  this  assumption  does 
not  necessarily  mean  the  applicability  of  the 
present  theory  is  restricted  to  the  range 
under  the  critical  value  given  by  t=1/4.  The 
transitional  value  of  the  parameter  T  where 
the  theory  becomes  invalid  may  be  determined 
from  numerical  computations  and  comparison  of 
those  with  experiments. 

The  analysis  for  the  inner  expansion  of  the 
open-sea  Green  function  is  identical  to  that 
in  the  unified  theory  devised  by  Newman  [6], 
and  hence  with  the  present  notations  the 
desired  result  can  be  expressed  in  the  form 


Go(fc:y,z) 

where 


=  G2Z)(y,z)  +l(l-/rz)f*(k) 

+  0(,Kr(,l-v),K^r^)  (19) 


G2D(y.z)  =  Go(0;y,z) 

-X.  _±{(i_/'z)(iog^:r+Y) 

+  Jrr(cos0+0sin0)}-l(l-Jfz)  (20) 


-lsgn(  1+JcT  )cot(— ^/l-kVv^)} 


(23) 


As  in  (10),  the  upper  and  lower  expressions  in 
brackets  in  (21)  and  (23)  correspond  to  1Jc1<\> 
and  |k|>v,  respectively. 

The  final  result  of  the  inner  expansion  of 
the  Green  function  will  be  obtained  by  substi¬ 
tuting  (19)  and  (22)  into  (17)  and  performing 
the  inverse  Fourier  transform.  Regarding  the 
open-sea  Green  function  (19),  the  analysis  for 
the  inverse  Fourier  transform  shown  in  Newman 
and  Sclavounos  [9]  can  be  directly  applied. 
Therefore  we  have 


G(,(x,y,z)  -v  6(x)G2D(yiz)+-|-(l-J^z)s^J'o(^^) 

TT  ax  ^24) 

where 

Fi(,Kx)+F2(.Kx)  for  x<0 
Fo(.Kx)  =  ■  (25) 

°  F2(^^)  for  ^>0 


/l-kVv* 
+  Ei(i|ki/1)  +  Ei(l|/C2y|) 
■k 


.if" 


-ikX 


•<  -ikX 
e 


vV/v’-i 


■/1-kVv* 
-l\dk/k 


-l]dk/k 

(26) 

-l]dk/i!c 
(27) 


Function  Ei(z)  in  (26)  denotes  the  exponential 
integral  with  complex  argument.  The  expression 
(27)  is  applicable  for  t<1/4,  and  should  be 
understood  for  T>l/4  with  kg  =  ^4,  where  the 
wavenumbers  k-i  (J=l''4)  are  given  in  (12)  and 
(13). 
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The  inverse  Fourier  transform  of  the  side¬ 
wall-effect  part  (22)  can  be  expressed  as 

GT{>‘,y,z) '^^(l-Kz)^Fr(Kx)  (28) 

where 


.r_2L 

Jo  n^+v^ 


{ -l+coth(^^/n^+/c*  )}  -;=|S: 

2  /n^+i 


Since  we  got  the  desired  inner  expansion  of 
the  Green  function,  by  substituting  it  in  (9) 
we  have  readily  the  inner  expansion  of  the 
outer  solution  in  the  following  form: 

't>j(x,y,z)  -v  qj(x)G2D(y,z) 

-  1  a-Kz)\^qji0^lFoiK(,xO) 

+  FT{Ar(x-5)}](f5  (31) 


I  sgnCl+fct) 


2 

rk,  fk. 


k=k, 


pm 


-ikX _ L 


•  cot(-^/l-/c^/\)^)<ik/k 


X  ^  r  -ikX_y_ 

•  coth(-^//c^  /u^  -1  )dk/k 


and  £  0  t  ^t/  =  1  («i^0)  (30) 


The  first  term  on  the  right-hand  side  of  (29) 
represents  the  contribution  of  non-radiating 
local  waves.  The  second  term  is  obtained  from 
the  infinite  series  of  delta  function  in  (23) 
and  physically  the  contribution  of  the  out¬ 
going  waves  at  infinity.  In  this  second  term, 
kp^  denotes  the  values  satisfying 
=2Trm  (m=0,l,2, ••),  which  exist  at  most  four  in 
number  and  when  w=0  coincide  with  kj  (j=l'''4) 
given  in  (12)  and  (13). 

A  part  of  the  radiated  waves  are  reflected 
on  the  side  walls,  and  changed  in  phase  by  the 
factor  tt/2  and  represented  as  the  third  term 
in  (29).  In  other  words  from  the  standpoint 
of  hydrodynamic-force  calculation,  the  third 
term  is  originally  to  be  contributed  to  the 
damping  force,  as  is  the  same  as  the  second 
term,  but  by  the  phase  shift  of  tt/2  due  to  the 
side-wall  effects,  this  term  will  contribute 
to  the  inertia  force.  The  integrals  in  the 
third  term  must  be  treated  as  Cauchy's  princi¬ 
pal-value  integral  at  the  points  of  k  sat¬ 
isfying  sin(A’Bjv'v^-A^/2)=0,  namely  at  A=kpn, 
defined  in  the  second  term. 

The  fifth  and  sixth  terms  in  (29)  are 
independent  of  Bf  and  thus  to  be  cancelled  oat 
by  some  terms  given  in  the  open-sea  expres¬ 
sions  (25)-(27).  However  as  discussed  previ¬ 
ously  in  connection  with  the  infinite  series 
of  (14)  and  (15),  these  two  terms  play  a  role 
in  cancelling  out  respectively  the  third  and 
fourth  terms  of  (29)  in  the  limit  of  Bj>  «>. 
When  t>1/4,  the  expressions  from  third  to 
sixth  terms  should  be  understood  with  k^^kif. 


2.2  The  inner  problem 


Since  the  ship  hull  is  assumed  slender, 
changes  of  the  flow  in  the  x-direction  are 
small  in  the  region  close  to  the  ship  hull,  by 
comparison  to  changes  in  the  transverse  plane. 
Tlius  the  flow  in  the  inner  region  may  be 
described  by  the  2-D  I.aplace  equation  subject 
to  the  free  surface  condition  which  is  inde¬ 
pendent  of  forward  velocity  and  applicable  to 
the  2-D  problem  in  the  y-z  plane;  this  can  be 
mathematically  justified  by  the  coordinate 
stretching  argument  with  the  assumption  of 
x=0(l),  y=0(e),  and  z=0(e).  In  the  inner  prob¬ 
lem,  the  radiation  condition  and  the  side-wall 
boundary  condition  can  not  be  specified,  be¬ 
cause  the  side  walls  are  absent  in  the  inner 


region.  With  these  taken 
boundary-value  problem  can 

into  account, 
be  written  as 

the 

w 

^Jyy  ^*722  “  ® 

for  z>0 

(32) 

in 

9>Jz  +  %  -  0 

on  2=0 

(33) 

in 

hf/  =  ''i  +  il 

on  ship  hull 

(34) 

Here  we  note  that  the  subscript  N  in  (34)  de¬ 
notes  the  normal  differentiation  on  the  sec¬ 
tional  contour  in  the  2-D  transverse  plane, 
and  Nj  and  Mj  denote  the  slender-body  approxi¬ 
mation  of  the  3-D  quantities  in  (7)  and  (8), 
which  are  explicitly  given  as 


1^5  =  -•'^^3 

«3  = 

W5  =  Afj-xWj 


(35) 


The  inner  boundary-value  problem  defined 
from  (32)  to  (35)  is  the  same  as  the  conven¬ 
tional  2-D  formulation  except  that  the  radia¬ 
tion  condition  is  absent.  Thus  the  inner 
solution  can  be  identified  with  Newman's  uni- 
fied-theory  solution  [6],  composed  of  a  par¬ 
ticular  solution  commonly  used  in  the  strip 
theory  plus  a  homogeneous  solution  multiplied 
by  a  three-dimensional-effect  coefficient.  To 
be  more  specific. 


<fj(x;y,z)  =  ^j(.y,z)  + 

+  Cj(x)  ^j(y,z)  (36) 

=  ^j(yiz)- $)j(y.z)  (37) 

where  the  overbar^denotes  the  complex  conju¬ 
gate,  and  ^  and  are  the  particular  solu- 
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tions  determined  to  satisfy  the  following 
boundary  conditions  on  the  body  profile  at 
station  x: 

>  ^JN  =  (38) 

The  coefficient  of  the  homogeneous  solution 
Cj(x)  in  (36)  is  indeterminate  at  this  stage, 
but  may  be  settled  by  matching  the  outer 
expansion  of  (36)  with  the  inner  expansion  of 
the  outer  solution  already  given  by  (31). 

Far  from  the  ship  hull  in  the  inner  region, 
(36)  reduces  to 


forward  speed,  Kinoshita  and  Saijo  [8]  derived 
an  analogous  equation  to  (42)  in  the  study  on 
a  raulti-body-type  floating  breakwater,  consis¬ 
ting  of  an  infinite  array  of  slender  bodies. 

The  inner  solution  (36)  appears  formally  to 
be  invariable  regardless  of  whether  the  side 
walls  are  present  or  not.  However,  through 
the  3-D  source  strength  qj(x),  which  includes 
the  side-wall  effects  as  a  solution  of  (42), 
the  coefficient  of  homogeneous  solution  Cj(x) 
accomodates  not  only  the  3-D  interaction  ef¬ 
fects  between  transverse  cross-sections  but 
also  the  side-wall  effects  of  the  waterway. 


(pj{x-,y,z)  [Oj(x)+j^  aj(x) 

+  Cj(x){oj(x)-Oj(x)}  ]G2D(y.z) 

-  e"^*cos(Afy)21Cj(x)Oj(x)  (39) 


Here  Oy(x)  and  9j(x)  denote  the  2-D  effective 
source  strengths;  t))ese  can  be  given  by  sol¬ 
ving  the  (p^-  and  ^-problems  respectively. 
G2p(y,z)  is  the  2-D  Green  function  and  iden¬ 
tical  to  the  one  shown  in  (20)  or  (31). 

2.3  Matching 

In  the  analysis  described  above,  the  un¬ 
knowns  are  the  3-D  source  strength  qf(x)  in 
the  outer  solution  and  the  coefficient  Cj(x) 
of  a  homogeneous  component  in  the  inner  solu¬ 
tion.  These  will  be  determined  by  the  match¬ 
ing  of  the  inner  and  outer  solutions.  Compar¬ 
ing  (31)  with  (39)  and  equating  the  factors  of 
G2J),  the  following  relation  can  be  found: 

qj(x)  =  aj(x)+^.^Sj(x).K;j(x){0j(x)-5J(7)J^^^ 

Equating  the  remaining  terms  in  (31)  and  (39) 
gives 

i2TiCj(x)cjj-(x)  =  |^9j(C) 

•  [Fo{K(,x-0)+F'imx-g)}  ]d5  (41) 

with  the  error  of  order  O(K^r^). 

Eliminating  Cj(x)  from  (40)  and  (41),  we 
have  an  integral  equation  for  the  3-D  source 
strength  <jjM  of  the  form 

•  —[Fo{nx-K))+Fi{K(x-0)]dg 

Once  qjM  is  determined  by  solving  (42)  with 
an  appropriate  numerical  method,  the  coeffi- 
cjLeitL  Oj^x)  can  be  readily  determxncd  from 
(40),  and  thus  the  inner  solution  will  be 
completed. 

In  the  case  of  no  side-wall  effects,  i.e. 
Bp  the  function  FfiK^x-^)}  becomes  zero 

as  already  mentioned,  and  the  integral  equa¬ 
tion  (42)  reduces  to  the  corresponding  one  in 
Newman's  unified  slender-ship  theory  in  the 
open-sea  case  [6].  In  the  special  case  of  zexj 


3.  Added-mass  and  damping  coefficients 


Since  the  inner  solution  has  been  deter¬ 
mined,  we  proceed  to  the  calculation  of  hydro- 
dynamic  pressure  force  and  moment  acting  on  a 
ship  with  forced  heave  and  pitch  motions.  The 
linearized  hydrodynamic  pressure  is  given  from 
Bernoulli's  equation.  Then  the  hydrodynamic 
force  in  the  1-th  direction  due  to  the  jf-th 
mode  of  motion  can  be  provided  by  integrating 
the  pressure  over  the  mean  wetted  surface  of 
the  ship  hull,  and  can  be  expressed  in 
of  the  added-mass  (.Ajij)  and  damping 
coefficients,  in  the  form 

^1  ■=  -  ?  J(iw)*'*lj  + 

-  J^[ai^(x)+bij(x)/iw]£fx 
Bij+bij/iui  »  - 

+  iP^\^mr^i(p^)di  -  p(^y\jiS^jdi 
-  PCj(x)|^(Wl-^  «!)(  <Pj-  ^)da  (45) 


terms 

(Bij) 


(43) 

(44) 


Here  p  is  the  fluid  density,  and  in  deriving 
the  above,  Tuck's  theorem  [13]  has  been  used. 
a£j  and  defined  in  (44)  and  (45)  denote 
the  2-D  added-mass  and  damping  coefficients 
respectively,  involving  the  3-D  interaction 
effects  and  the  side-wall  effects,  and  c  to 
the  integral  sign  in  (45)  denotes  the  submer¬ 
ged  portion  of  the  contour  of  the  transverse 
section. 

In  order  to  perform  the  calculations  of 
(45),  the  term  Mg  defined  jjy  (35)  and  the 
related  velocity  potential  must  be  known, 
besides  the  velocity  potential  cpmmonly 
calculated  in  the  strip  theory.  If  and 

are  obtained,  the  remaining  velocity  poten¬ 
tials  for  pitch  (jf=5)  follow  from  (35) 


p  p 

^5  = 

Ap  p  Ap 

9»5  s  (p2  -x(f2 


(45) 


Sclavounos  [10]  studied  in  the  open-sea 
case  the  relative  importance  of  the  contribu¬ 
tions  frog!  the  Mg-term  and  related  velocity 
potential  by  comparing  the  numerical  re¬ 
sults  with  experiments.  His  results  reveal 
that  the  inclusion  of  the  Mg-term  leads  to  a 
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substancial  overprediction  of  the  damping  co¬ 
efficients.  This  overprediction  may  be  at¬ 
tributed  to  the  inaccuracy  of  the  m-terms  near 
the  ship  ends,  which  have  been  evaluated  with 
slender-body  approximation.  Therefore  the  m- 
terms  should  be  evaluated  from  the  3-D  precise 
calculation  for  the  steady  perturbation  poten¬ 
tial.  Fortunately,  according  to  his  numerical 
study,  a  better  agreement  with  experiments  is 
provided  by  simply  omitting  the  m-terms  in  the 
unified  theory.  Thus  in  the  numerical  calcu¬ 
lations  with  side-wall  effects  presented  here 
too,  if.  was  decided  to  neglect  the  W3;jterm 
and  consequently  the  velocity  potential  in 
(45). 

It  should  be  noted  that  the  last  term  in 
(45),  multiplied  by  the  coefficient  Cj(x), 
plays  an  important  role  in  accounting  for  the 
unified-theory  corrections  in  the  open-sea 
case  and  for  the  effects  of  side-wall  inter¬ 
ference  in  the  presence  of  waterway.  Without 
this  last  term,  the  remaining  expressions  in 
(45)  are  identical  to  those  in  the  strip 
theory. 

4.  Numerical  calculation  method 

An  improtant  task  in  the  present  theory  is 
to  solve  the  integral  equation  (42)  for  the 
3-D  source  strength  qj(x).  For  this  purpose, 
after  dividing  the  snip's  longitudinal  axis 
into  NX  segments  of  equal  length,  the  2-D 
boundary-value  problem  for  heave  (j=3)  in  each 
divided  transverse  plane  must  be  solved;  which 
gives  03(x)  necessary  in  calculating  the  right 
side  of  (42).  Since  we  neglect  the  contribu¬ 
tion  of  steady  perturbation  potential,  ^3(x) 
becomes  zero,  and  the  2-D  effective  source 
strength  for  pitch  (jf=5)  can  be  evaluated 
directly  from  O^ix),  with  the  result  of  05(x) 
=-x03(x)  and  35(x)=  a3(x). 

The  3-D  source  strength  qj(x),  which  is 
to  be  determined,  has  been  assumed  to  vary 
linearly  in  x  between  adjacent  nodal  points, 
with  the  value  of  q(x)  at  station  x=x;j  denoted 


by  Ofc, 

N 

<lM  = 

(47) 

where 

’(x-Vl)/(Xk-Xic-l) 

x^-l<x<x^ 

Ak(x)  =■ 

(x-x^^l)/(x^-x^^l) 

0 

elsewhere 

(48) 

With  this  approximation,  the  integral  on  the 
left-hand  side  of  (42)  is  analytically  evalu¬ 
ated  over  each  segment.  The  remaining  task 
after  this  procedure  is  the  numerical  evalua¬ 
tion  of  the  integrals  associated  with  the  two 
functions,  FpiKix-^)}  and  FjiKix-^)) .  In  re¬ 
lation  Lo  the  Lilli d  term  in  fy{A(X-C)}  given 
by  (29),  Cauchy's  principal-value  integral 
must  be  numerically  evaluated.  In  the  numeri¬ 
cal  Implementation  of  this  integral,  singular 
contributions  are  subtracted  from  the  integ¬ 
rand  and  analytically  integrated.  For  this 
manipulation  we  have  used  the  following  integ¬ 
ral  formula: 


du/dfe-k/v  ^  V  j,, 

sin(^/v^) 

“  ^losltan  /v*-k*  ]  (49) 

The  resultant  non-singular  integral  is  evalu¬ 
ated  using  Clenshaw  &  Curtis  quadrature  with 
an  absolute  convergence  requirement  of  10”* 
applied.  This  quadrature  is  known  to  give  an 
accurate  result  even  for  highly  oscillating 
functions  with  less  computing  time.  Other 
single  integrals,  appearing  in  (29)  and  in 
(27)  for  the  open-sea  kernel  function,  are 
evaluated  similarly  with  Clenshaw  &  Curtis 
quadrature,  with  appropriate  truncation  cor¬ 
rections  based  on  asymptotic  expansions  of  the 
integrand  for  large  values  of  valuable  k. 

The  double  integral  appearing  as  the  first 
term  in  (29)  is  well-behaved,  since  its  integ¬ 
rand  rapidly  reduces  to  zero  as  the  radial 
distance  in  the  n-k  plane  increases.  Thus  the 
evaluation  of  this  Integral  is  performed  also 
by  means  of  Clenshaw  &  Curtis  quadrature  for 
the  double  integral,  with  an  absolute  error 
less  than  10"®  required. 

After  all  these  procedures,  the  integral 
equation  (42)  is  transformed  into  a  linear 
system  of  simultaneous  equations  for  the  dis¬ 
cretized  values  of  q(x)  at  NX-1  nodal  points. 
(The  source  strengths  at  end  points  k=l  and  k<* 
NX-i-1  have  been  postulated  to  vanish  and  thus 
treated  as  known.)  The  simultaneous  equations 
obtained  are  solved  by  the  matrix  inversion 
with  Gauss'  elimination  method. 

Once  the  solution  of  the  3-D  source  streng¬ 
th  qj(.x)  is  obtained,  it  is  straightforward  to 
calculate  from  (40)  the  coefficient  Cj(x)  of 
the  near-field  homogeneous  solution  and  from 
(45)  the  2-D  added-mass  and  damping  coeffici¬ 
ents.  The  final  results  of  the  3-D  added-mass 
and  damping  coefficients  can  be  obtained  from 
(44),  using  the  strip-wise  integration  along 
the  x-axis. 

5.  Numerical  results  and  discussion 
5.1  Results  of  forward-speed  problem 

Numerical  computations  are  performed  for  a 
prolate  spheroid  of  length-beam  ratio  L/B=8, 
moving  at  the  Froude  number  Fn=0.1  and  oscil¬ 
lating  sinusoidally  with  -.ircular  frequency  u) 
in  the  waterway  of  width  16  times  the  ship's 
breadth,  i.e.  Bf/B=16.  These  ratios  of  ship 
and  waterway  dimensions  are  selected  to  cor¬ 
respond  to  a  typical  experiment  situation, 
where  a  ship  model  of  L=2  m  and  B=0.25  m  is 
towed  at  the  velocity  {/=0.443  m/s  in  a  towing 
tank  of  4  m  in  width. 

The  heave  added  maaa  (.*.33)  and  damping 
(B33)  coefficients  are  shown  respectively  in 
Fig. 2  and  Fig. 3,  in  the  nondimensional  form 
against  the  nondimensional  wavenumber  XL,  With 
a  similar  style  of  representation,  the  added- 
moment  of  inertia  (A55)  and  damping  (.*555) 
coefficients  in  pitch  are  presented  in  Fig. 4 
and  Fig. 5,  respectively.  The  nondimensional 
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form  of  these  coefficients  are  displayed  in 
the  ordinate  of  each  figure. 

In  all  of  these  figures,  thick  solid  lines 
indicate  the  numerical  results  in  the  presence 
of  side-wall  effects,  computed  by  the  slender- 
ship  theory  described  in  this  paper.  In  order 
to  show  the  magnitude  of  side-wall  effects, 
the  values  in  open  sea  are  shown  by  short- 
dashed  lines,  which  were  obtained  with  the 
side-wall-effect  part  of  the  kernel  function 
set  to  be  zero  in  the  integral 
equation  (42),  and  therefore  must  be  identical 
to  the  unified-theory  solutions  [9],  Also 
shown  in  the  open-sea  case  are  the  strip-the¬ 
ory  predictions,  which  are  indicated  by  dash- 
dotted  lines.  Comparing  the  predictions  of  the 
strip  theory  with  those  of  the  unified  slender 
ship  theory,  we  can  understand  that  the  ef¬ 
fects  of  three  dimensionality  are  prominent 
only  in  the  low  frequencies. 

Since  the  forward  velocity  is  present,  with 
the  inceasing  wavenumber  KL,  the  parameter 
■t=Uu)/g=Fn/KL  increases  and  takes  the  critical 
value  t=1/4  at  ^^^.=6.25.  The  position  of  this 
critical  wavenumber  is  shown  by  the  vertical 
thin  solid  line  with  a  downward  arrow.  In  the 
frequencies  less  than  T=l/4,  the  effects  of 
side  walls  are  considerable  not  only  in  heave 
but  also  in  pitch  modes.  In  particular,  A55 
and  B55  change  drastically  in  the  frequency 
range  slightly  less  than  the  critical  frequen¬ 
cy  t=1/4,  and  A55  takes  a  negative  value.  It 
should  be  noted,  however,  that  the  damping 
coefficients  B33  and  B55  predicted  by  the 
present  theory  are  definitely  positive,  al¬ 
though  they  vary  greatly  in  magnitude  and 
become  nearly  equal  to  zero  at  some  frequen¬ 
cies.  This  non-negative  damping  force  seems 
quite  reasonable,  judging  from  the  considera¬ 
tion  on  the  energy  flux  radiating  in  the 
longitudinal  direction  of  the  waterway.  In 
some  published  results  by  a  heuristic  method 
[5],  negative  damping-force  coefficients  are 
predicted  in  the  low  frequencies;  this  is  not 
the  case. 

It  is  known  in  the  case  of  zero  forward 
velocity  that  the  wavenumbers  corresponding  to 
the  tank-resonant  mode  in  the  transverse  di¬ 
rection  can  be  given  by  KBj=2T\m  (m=l,2,”)  and 
thus  in  the  present  case  by  KL=Ttai;  at  which 
the  ratio  of  wavelength  to  tank  width  is  equal 
to  the  inverse  of  an  integer.  When  the  forward 
velocity  is  present,  the  wavelength  of  the 
wave  component  radiating  in  the  transverse 
direction  is  diminished  in  comparison  to  the 
wavelength  at  U=0,  due  to  the  effects  of 
forward  speed.  With  this  knowledge,  we  can 
observe  particularly  in  the  range  of  t<1/4 
that  the  tank-resonant  frequency  is  shifted  to 
the  lower  frequency  than  the  zero-speed  tank- 
resonant,  frequency  given  by  KL^m. 

The  wave  pattern  generated  by  a  ship  with 
forward  and  oscillatory  motions  in  open  sea  is 
known  to  change  drastically,  dependent  on  the 
value  of  T  [14].  In  particular  for  t  close  to 
but  larger  than  1/4,  the  angle  of  the  sector 
in  which  no  radiating  waves  exist  increases 
rapidly  from  zero  to  more  than  90  degrees. 
This  leads  to  the  conjecture  that,  in  the 


range  of  T>l/4,  there  exist  the  short  waves 
which  originate  from  the  cusp  part  of  the  wave 
pattern  and  propagate  in  the  transverse  direc¬ 
tion  of  the  waterway.  These  waves  reflect  on 
the  side  walls  and  may  exert  a  complicated 
influence  on  hydrodynamic  forces  on  a  ship.  In 
the  numerical  results  of  the  added-mass  and 
damping  coefficients  shown  from  Fig. 2  to 
Fig. 5,  we  can  observe  fast  variations  in  the 
short  range  of  the  wavenumber  approximately 
between  KL=7 ,3  and  7.8.  The  parameter  t  cor¬ 
responding  to  these  wavenumbers  takes  the 
values  ranging  from  0.27  to  0.28.  Therefore 
the  fast  variations  in  the  added-mass  and 
damping  coefficients  might  be  attributed  phys¬ 
ically  to  a  contribution  of  short  waves  origi¬ 
nating  from  the  cusp  part  of  the  wave  pattern. 

As  the  motion  frequency  increases  across 
the  range  where  the  fast  variations  occure, 
the  effects  of  side  walls  gradually  decrease, 
and  the  added-mass  and  damping  coefficients 
reduce  to  the  corresponding  values  in  open 
sea  shown  by  short-dashed  lines  around  the 
nondimensional  wavenumber  Ari,=14.0.  In  this 
range,  i.e.  between  KL-8.0  and  14.0,  the  di- 
verging-wave  component  may  be  dominant  in  the 
side-wall  effects  on  hydrodynamic  forces  on  a 
ship. 

We  have  a  conventional  diagram  [1]  which 
can  be  used  to  judge  whether  the  side-wall 
effects  are  expected  or  not,  by  means  of  the 
parameter  x  and  the  ratio  of  tank  width  to 
ship  length  Bf/L.  In  the  present  calculations 
the  ratio  of  Bf/L  is  2,0  and  thus  the  critical 
angle  of  a  sector,  8(.,  is  given  as 

8(.  =  tan~^(Bf/L)  a  63.4  deg., 

where  the  critical  angle  is  determined 
geometrically  such  that  the  wave  emitted  from 
the  ship  bow  will  strike  the  afterbody  of  the 
ship  by  the  reflection  from  tank  walls.  This 
critical  sector  angle,  on  the  other  hand,  is 
estimated  from  the  calculations  of  the  wave 
pattern  generated  by  an  oscillating  and  trans¬ 
lating  source  [14],  and  is  depicted  in  the 
diagram  as  a  function  of  T.  Using  this  diag¬ 
ram  with  the  critical  angle  85.  as  the  input, 
we  get  t=0.365  as  the  predicted  critical  fre¬ 
quency,  In  the  frequency  range  lower  than  this 
point  the  side-wall  effects  will  be  expected. 
For  Fn=0,l,  the  value  T=  0.365  gives  the  crit¬ 
ical  wavenumber  of  KL=  13.3.  Looking  at  the 
computed  values  shown  in  Figs.  2-5,  this  crit¬ 
ical  wavenumber  turns  out  to  be  a  good  approx¬ 
imation. 

5.2  Accuracy  check  and  validation' 

The  items  to  be  checked  for  the  accuracy  of 
the  present  calculations  are  the  2-D  solution 
in  the  transverse  plane,  numerical  evaluation 
of  the  kernel  function  (25)-(27)  and  (29),  and 
the  solution  of  the  integral  equation  (42) , 
Since  the  2-D  boundary-value  problem  is  well 
posed,  no  discussion  is  needed.  Haraguchi  & 
Ohmatsu's  method  [15]  is  utilized  in  the 
present  work,  which  easily  get  rid  of  irregu¬ 
lar  frequencies  and  give  an  accurate  solution. 
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Numerical  integrations  in  (25)-(27)  and  (29) 
are,  as  described  earlier,  performed  using 
Clenshaw  &  Curtis  quadrature,  with  an  abso¬ 
lute  convergence  requirement  of  10"®  applied. 
Therefore  the  remaining  thing  to  be  checked  is 
the  accuracy  of  the  solution  of  integral  equa¬ 
tion  (42). 

Fig. 6  presents  the  added-mass  and  damping 
coefficients  when  the  number  of  divisions  in 
the  x-direction  NX  was  changed  from  10  to  70, 
under  the  same  computational  conditions  as  in 
Figs.  2-5.  Computed  results  are  plotted  with 
the  values  of  NX=70  set  to  1.0.  The  upper 
results  in  Fig. 6  are  for  KL=5.0  (t=0.224<1/4), 
and  the  lower  ones  are  for  KL=lQ.O  (t=0.316 
>1/4). 

For  T5-0.224,  all  computed  coefficients  ap¬ 
pear  to  converge  as  the  number  of  division 
increases,  although  the  coefficients  associ¬ 
ated  with  the  pitch  mode  dictate  a  finer  dis¬ 
cretization  relative  to  that  necessary  for  the 
heave-mode  calculations.  (Here  we  note  that 
the  relative  error  in  B55  might  be  noticeable 
but  its  absolute  error  is  not  so  large,  be¬ 
cause  the  value  itself  is  small  at  ff£,=5.0  as 
seen  in  Fig. 5.) 


Prolate  Spheroid  o£  L/BaS 
In  waterway  of 


Fig. 6  Number  of  division  in  the  x-direction 
(NX)  vs.  added-mass  and  damping  coef¬ 
ficients  of  a  prolate  spheroid,  at  KL= 
5.0  (upper)  and  KL==iO.O  (lower). 
Results  are  plotted  with  the  values  at 
NX=:70  set  to  1.0. 


For  t=0.316,  the  results  at  NX=60  are 
slightly  different  from  those  at  NXs5Q  or 
NX^70  with  relative  error  of  approximately 
1.0  %.  This  suggests  that  the  solution  of  the 
integral  equation  (42)  tends  to  be  unstable  as 
the  value  of  t  increases  beyond  1/4.  Sclavou- 
nos  [103  has  found  this  kind  of  instability 
occurs  in  the  unified  theory  for  large  values 
of  T,  and  proposed  an  alternative  scheme, 
using  the  Chebyshev-polynomial  expansion  for 
the  unknown  source  strength.  However  in  the 
range  of  T  calculated  here  the  instability 
seems  not  so  serious,  and  Fig. 6  reveals  that 
40  segments  along  the  ship's  length  are  suffi¬ 
cient  to  give  a  solution  with  relative  error 
less  than  2.0  %.  On  this  basis,  all  of  the 
computations  shown  in  this  paper  have  been 
carried  out  with  NX=40. 

In  the  special  case  of  zero  forward  veloci¬ 
ty,  3-D  "exact"  calculations  based  on  the 
integral-equation  method  may  be  available, 
with  the  Green  function  modified  to  satisfy 
the  side-wall  boundary  condition.  A  3-D  cal¬ 
culation  method  of  this  kind  has  been  develop¬ 
ed  by  Kashiwagi  [7],  in  which  almost  perfect 
agreement  is  shown  between  the  calculated  and 
experimental  values  for  a  hemisphere  and  a 
ship  model  with  fore-and-aft  symmetry.  If  we 
compare  the  zero-speed  results  computed  by  the 
present  theory  with  the  corresponding  ones  by 
the  3-D  integral-equation  method,  the  valida¬ 
tion  for  less  complicated  case  can  be  accomp¬ 
lished. 

Fig. 7  and  Fig. 8  present  respectively  the 
heave  added-mass  (A33)  and  damping  (B33) 
coefficients,  for  a  prolate  spheroid  of  L/B=8 
floating  at  zero  forward  speed  in  the  waterway 
of  Bf/B^16.  Similarly  Fig. 9  e.id  Fig.  10  show 
the  pitch  added-moraent  of  inertia  (A55)  and 
damping  (B55)  coefficients  under  the  same 
conditions.  In  these  four  figures,  the  same 
scale  of  the  ordinates  and  the  same  line  sym¬ 
bols  are  used  as  those  in  the  corresponding 
figure  for  the  forward-speed  case  shown  from 
Fig. 2  to  Fig. 5.  Also  included  in  Figs.  7-10 
are  the  results  of  3-D  integral-equation 
(panel)  method,  which  are  presented  by  plus 
symbols  for  the  case  of  open  sea  and  by  open 
circles  for  the  case  of  side-wall  effects 
present.  A  certain  amount  of  inaccuracy  should 
be  expected  in  the  results  of  3-D  panel  meth¬ 
od,  too.  However  numerical  accuracy  is  be¬ 
lieved  to  be  fairly  good,  because  the  hull 
surface  of  spheroid  and  the  normal  vector  on 
it  can  be  mathematically  given  and  some  ana¬ 
lytical  manipulations  are  thus  used  to  improve 
the  numerical  accuracy.  We  sea  that  very  good 
agreement  exists  between  the  results  of  the 
slendor-ship  theory  and  of  the  3-D  panel 
method,  showing  the  validity  of  the  present 
theory. 


6.  Concluding  remarks 

We  proposed  a  new  rational  theory  for 
predicting  the  hydrodynamic  forces  on  a  ship, 
moving  at  constant  forward  speed  and  oscilla¬ 
ting  in  heave  and  pitch  in  a  restricted  water- 
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A33/OV 


Fig. 7  Heave  added  mass  of  a  prolate  spheroid, 
the  same  as  Fig,  2  except  for  Fn=0.0, 
Comparison  with  the  3-D  panel-method 
predictions. 


Fig. 8  Heave  damping  coefficient  of  a  prolate 
spheroid,  the  same  as  Fig,  3  except  for 
Fn=0.0,  Comparison  with  the  3-D  panel- 
method  predictions. 


WPVL*  p,0,.,.Sph„o,<.L/a=8..u=0 


Fig. 9  Pitch  added  moment  of  inertia  of  a 

prolate  spheroid,  the  same  as  Fig.  A 
except  for  Fn=0.0.  Comparison  with  the 
3-D  panel-method  predictions. 


Fig. 10  Pitch  damping  coefficient  of  a  prolate 
spheroid,  the  same  as  Fig,  5  except 
for  FnaO.O.  Comparison  with  the  3-D 
panel-method  predictions. 


509 


way.  Only  the  slenderness  of  the  ship  hull  is 
assumed,  and  thus  the  proposed  theory  is  valid 
for  all  frequencies  and  forward  velocities  of 
practical  Interest  where  the  side-wall  effects 
are  prominent.  Furthermore  the  theory  is  cor¬ 
rect  even  for  the  case  of  a  narrow  waterway, 
because  the  side-wall  effects  are  taken  into 
account  not  only  on  outgoing  waves  but  also  on 
evanescent  local  waves. 

Validity  of  the  proposed  theory  is  confirm¬ 
ed  for  the  special  case  of  zero  forward  velo¬ 
city  by  comparison  with  the  numerical  results 
of  3-D  panel  method.  In  the  case  of  non-zero 
forward  velocity,  however,  the  present  theory 
may  be  the  first  one  which  is  able  to  give 
precise  predictions  of  the  side-wall  effects 
on  hydrodynamic  forces.  Tliereforo  with  this 
theory,  we  are  ready  to  make  quantitative 
discussions  on  the  effects  of  tank-wall  inter¬ 
ference  included  in  the  results  of  experiments 
for  a  sliip  model. 

Computations  were  performed  for  the  heave 
and  pitch  added-mass  and  damping  coefficients 
of  a  prolate  spheroid  of  length-beam  ratio 
8.0,  moving  at  the  Froude  number  0,1  in  the 
waterway  of  width  twice  the  spheroid's  length. 
The  computed  hydrodynamic  forces  show  complex 
vallations  as  the  frequency  Increases.  It  is 
noted  that  these  valiations  correspond  to  the 
appearance  of  complicated  wave  pattern,  which 
starts  from  the  pattern  dominated  by  the  ring 
wave  and  changes  to  the  markedly  different  one 
dominated  by  the  diverging  wave,  as  the  param¬ 
eter  Xt^dl/s  increases  across  the  critical  val¬ 
ue  1/4. 
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DISCUSSIOH 
by  C.M.  Lee 

I  think  that  it  is  che  first  paper  which 
presented  a  3*D  theory  for  an  oscillating 
ship,  including  the  side-wall  effects.  The 
authors  should  be  congratulated  for  their 
excellent  work. 

Similar  to  the  case  of  twin-hull  ships, 
this  paper  shows  negative  added  mass  at 
certain  frequencies.  This  kind  of  phenomenon 
does  not  occur  in  the  open-sea  case,  and, 
therefore,  induces  puxzlement  to  those  who 
cannot  accept  the  motion  of  "negative  added 
mass".  My  advice  to  those  people  has  been 
that  one  should  not  get  too  excited  by  just 
observing  unusual  hydrodynamic  coefficients 
alone  but  should  wait  until  the  computed 
results  of  ship  motion  in  waves  are  shown. 

My  prediction  is  that  although  the 
hydrodynamic  coefficients  may  look  quite 


different  from  those  of  the  open-sea  case,  the 
motion  results  may  not  show  significant 
differences,  particularly  for  the  tank  width 
being  twice  the  ship  length  as  chosen  in  the 
sample  calculations  in  this  paper.  I  would 
like  to  encourage  the  authors  to  compute  the 
ship  motion  to  check  if  my  prediction  is 
correct. 

Author’s  Reply 

Thank  you  for  your  comment.  We  are  now 
applying  the  proposed  theory  to  the 
diffraction  problem  with  side-wall  effects. 
If  the  calculations  of  wave-exciting  force  and 
moment  are  completed,  the  ship  motion  in  waves 
can  be  readily  computed  from  them,  using  the 
added-mass  and  damping  coefficients  predicted 
by  the  present  theory.  Therefore,  I  think 
that  the  computed  results  of  ship  motions  in 
waves  can  be  shown  in  the  foreseeable  near 
future. 


Sll 


Interaction  between  Current,  Waves  and  Marine  Structures 
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Trondheim,  Norway 


Abstract 

A  theoretical  method  to  analyse  current  wave 
interaction  on  large-volume  marine  structures 
is  presented.  It  is  shown  how  to  circumvent 
the  problems  associated  with  the  mj-terms. 
Numerical  results  for  mean  wave  forces  on 
floating  vertical  cylinders  are  discussed. 

The  results  are  based  on  using  both  direct 
pressure  integration  and  conservation  of 
momentum. 


Introduction 

Zhao  &  Faltinsen  [9]  have  presented  a  two- 
dimensional  theory  that  hydrodynamically  ana¬ 
lyses  the  combined  effect  of  waves  and 
current  on  two-dimensional  floating  struc¬ 
tures.  Zhao  et  a1.  [10]  generalized  the 
theory  to  three-dimensional  flow.  A 
hemisphere  was  analysed  and  satisfactory 
agreement  between  numerical  and  axperimental 
prediction  of  linear  and  mean  wave  forces  was 
documented. 

The  theory  is  based  on  matching  a  local  solu¬ 
tion  to  a  far-field  solution.  In  the  far- 
field  the  waves  "ride"  on  the  undisturbed 
current  velocity,  while  in  the  near-field  the 
waves  "ride"  on  the  local  steady  flow.  The 
theoretical  solution  for  the  velocity  poten¬ 
tial  is  expressed  as  a  series  expansion  in 
the  wave  amplitude  Ca  current  velo¬ 

city  U.  The  problem  is  solved  to  first  order 
in  Ca  first  order  in  U.  It  is  assumed 
that  the  wave  slopes  of  different  wave 
systems  and  the  Froude  number  are  9sym")- 
totically  small.  In  the  free  surface  con¬ 
dition  and  the  body  boundary  condition  the 
interactions  with  the  steady  motion  potential 
are  taken  care  of.  In  addition  a  radiation 
condition  is  specified.  In  the  numerical 
solution  a  boundary  element  method  based  on 
Green's  second  identity  is  incorporated.  The 
far-field  solution  is  represented  by  a  sum  of 
multipoles  (including  sources)  with  singu¬ 
larities  inside  the  body.  The  multipoles 
satisfy  the  radiation  condition  and  the  far- 


field  free  surface  condition.  For  a  general 
body  several  singularity  points  are  used  for 
the  multipoles  inside  the  body.  The  coef¬ 
ficients  in  the  multipole  expansion  are 
determined  by  matching  the  local-  and  far- 
field  solution. 

In  the  main  text  we  will  outline  the  theory 
in  more  detail.  We  will  focus  our  attention 
on  the  mj-terms  in  the  body  boundary  con¬ 
dition.  The  mj-terms  are  due  to  interaction 
between  the  current  and  the  oscillatory  fluid 
motion.  The  same  terms  occur  when  ship 
motions  at  forward  speed  are  analysed  (Newman 
[8].  Numerical  inaccuracies  and  unphysical 
effects  of  these  terms  can  cause  large  errors 
in  the  numerical  prediction,  in  particular 
for  a  body  surface  with  sharp  corners  or 
local  high  curvature.  It  is  shown  numerically 
and  analytically  how  problems  with  the  mj- 
terms  can  be  avoided. 

Numerical  results  for  horizontal  and  vertical 
mean  wave  forces  on  floating  vertical  cylin¬ 
ders  of  finite  length  are  presented.  Both  a 
direct  pressure  integration  method  and  a 
method  based  on  conservation  of  momentum  are 
used.  Convergence  of  the  results  are  docu¬ 
mented  as  a  function  of  number  of  panels 
approximating  the  body  surface,  the  free  sur¬ 
face  and  the  control  surface.  It  is 
demonstrated  that  special  care  has  to  be 
shown  in  modelling  the  cylinder  surface 
around  sharp  corners.  This  is  particularly 
true  when  the  direct  pressure  integration 
method  is  used. 

Theory 

Cmsider  a  structure  in  uniform  current  and 
regular  incident  waves  with  small  amplitude 
in  deep  water.  The  structure  is  restrained 
from  drifting,  but  is  free  to  oscillate  har¬ 
monically  in  six  degrees  of  freedom.  We 
choose  a  right-handed  coordinate  system 
(x,y,z)  fixed  in  space,  z  =  0  is  in  the  mean 
free  surface,  positive  z-axis  is  upwards  and 
goes  through  the  centre  of  gravity  of  the 
structure  when  the  body  is  at  rest  (see  Fig. 
1).  Surge  (rji),  sway  (j)2)  and  heave  in^)  are 
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Fl0>  1  Coordinttt  tystM  and  tlgn  convention  for  tranaUtory  and 
angular  diaplacaoanta. 

the  translatory  displacements  of  the  body  in 
the  X-,  y-  and  z-direction  referred  to  the 
origin  of  the  (x.y.z)  coordinate  system,  when 
the  body  is  at  rest.  Roll  (rj4),  pitch  {115) 
and  yaw  (ng)  denote  the  angular  displacements 
about  the  x-,y-  and  z-axis,  respectively. 

Consider  the  fluid  to  be  incompressible  and 
the  fluid  motion  irrotational  so  that  there 
exists  a  velocity  potential  41  which  satisfies 
Laplace  equation. 

724,  =  0  (1) 


In  reality  the  flow  is  always  rotational  in  a 
boundary  layer  close  to  the  body.  In  addition 
the  flow  may  separate  from  the  body  and  inva¬ 
lidate  a  potential  flow  description  also  in 
parts  of  the  flow  outside  the  boundary  layer. 
This  depends  for  instance  on  the  shape  of 
body,  the  Reynolds  number,  the  Keulegan- 
Carpenter  number  (KC),  a  non-dimensional ized 
frequency  of  oscillation,  the  roughness  ratio 
and  the  ratio  between  the  current  velocity  U 
and  the  maximum  horizontal  oscillatory 
ambient  fluid  velocity  in  the  current 
direction.  Obviously  the  flow  will  always 
separate  from  a  body  with  sharp  corners  in 
any  type  of  ambient  flow.  This  is  also  true 
for  the  flow  around  any  blunt-sharped  marine 
structures  in  current  without  waves.  However, 
when  the  free  stream  velocity  along  the 
current  changes  direction  with  time,  i.e. 

U/Ufi|  <  1,  the  flow  around  bodies  with  curved 
surfaces  will  not  separate  for  small  KC- 
numbers  (Zhao  et  al.  [TO]). 

The  potential  flow  solution  will  be  written 
as  a  series  expansion  in  the  wave  amplitude 
Ca  of  incident  waves.  It  is  assumed  thot  Ca> 
the  body  motion  and  the  steepness  of  the  dif¬ 
ferent  wave  systems  are  asymptotically  small. 
We  write 

•fr  =  i|>s  ♦l  +  4*2  .  (2) 

where  ipg  is  independent  of  ig,  411  is  linear 


wjth  respect  to  Ca*  +2  ■**  proportional  to 
Cj|.  Far  away  from  the  body 

^  ~  U(x  COSO  +  y  sino)  (3) 

Here  a  is  the  angle  between  the  current 
direction  and  the  x-axis.  We  assume  that  the 
current  velocity  U  is  small  and  solve  the 
problem  correctly  to  0(U).  A  consequence  of 
neglecting  terms  of  0(1)2)  is  that  we  disre¬ 
gard  the  effects  of  the  steady  wave  system 
generated  by  the  current  flow  past  the  body. 
In  practice  this  is  expected  to  be  a  good 
approximation.  On  the  free  surface,  ^ 
satisfies  the  rigid  free  surface  condition, 
i.e. 

^  «  0  on  z  s  0  (4) 

On  the  mean  position  of  the  body  surface  Sq, 
satisfies  a  zero-normal  velocity  con¬ 
dition,  i.e. 


34, 

ar“° 

In  general  a  numerical  method  has  to  be  used 
to  find  In  our  case  we  used  Hess  & 
Smith's  method  [2].  This  is  based  on  distri¬ 
buting  sources  over  Sg. 

Due  to  linearity  we  can  decompose  the  first- 
order  velocity  potential  separate 

components  due  to  the  rigid-body  motions  %, 
the  incident  waves  and  a  diffraction  poten¬ 
tial  ♦7e'*“^.  We  can  write 

"fr,  “  +  E  (6) 

10  7  it.i  I' 


The  incident  wave  potential  can  be  written  as 


(7) 

^^a  ^l(«t  -  kx  cosp  -  ky  sin|5)  +  kz 


Here  i  is  the  imaginary  unit,  t  the  time 
variable,  fi  the  angle  between  the  wave  propa¬ 
gation  direction  and  the  x-axis,  u  the  cir¬ 
cular  frequency  of  oscillation  and  k  the  wave 
number,  u  and  k  are  connected  through  the 
relations 


«  =  t'o  +  kU  cos(p-«) 

(8) 

k  =  «o/g 

(9) 

It  is  understood  that  the  real  part  is  to  be 
taken  in  expressions  involving  e’^^. 


By  using  the  dynamic  and  kinematic  free  sur¬ 
face  conditions,  it  follows  that  ♦k.  k  =  1.6 
satisfy  correctly  to  0(U) 


2  2 

ax  ax 

-  uX  +  2iuV*  •7*.  +  iu  i—f  +  -f-]  ♦. 

®  ax'^  ay^  '' 


®*k 

+  ggj-  =  0,  on  z  >=  0 


(10) 


U 


Also  (♦o+*7)e^"*  satisfies  equation  (10).  Far 
away  from  the  body  equation  (10)  becomes 


2  ®*k  ®*k 

-uX  *  (cos  a  ^  +  sin  a  ■^) 

®*k 

+  =  0,  on  2  =  0 


(11) 


Equation  (10)  expresses  the  fact  that  the 
waves  interact  with  the  local  steady  flow  (>s 
around  the  body.  Equation  (11)  resembles  the 
classical  free-surface  condition  with  forward 
speed,  which  for  0=0  can  be  written  as 


^  A  ,  ^  1 

"  ‘k  * 

£  1(|JU 

ax  *  “ 

ax^ 

9ar  = 

0  , 

on  z  =  0 

(12) 


The  difference  between  equation  (11)  and  (12) 
is  that  terms  of  0(u2)  are  neglected,  Zhao  & 
Faltinsen  [9]  found  for  two-dimensional  flow 
that  it  is  appropriate  to  use  equation  (11) 
when  T  *  wU/g  <  ~  0.15.  In  the  three-dimen¬ 
sional  flow  case  we  expect  a  similar  limita¬ 
tion.  An  example  on  calculations  of  the  real 
part  of  the  velocity  potential  due  to  a  har¬ 
monically  oscillating  source  satisfying 
either  free  surface  condition  (11)  or  (12) 
is  shown  in  Fig.  2.  The  curves  in  the  upper 
half  plane  correspond  to  calculations  with 
equation  (11).  The  T-value  is  0.1, 
u  /  I  Zg  ^1  /g  =  0,6773  where  Zg  is  the  z- 
coordinate  of  the  source  point.  The  calcula¬ 
tions  in  Fig.  2  are  for  points  on  the  mean  U 

free  si—face.  We  note  a  small  phase  dif-  — 

ference  between  the  wave  systems  when  con¬ 
dition  (11)  or  (12)  is  used.  This  is  more 
evident  on  the  upstream  side  of  the  source. 

The  amplitudes  are  in  good  agreement.  The 
consequence  of  neglecting  terms  of  0(0^)  in 
the  free  surface  condition  is  that  fewer  wave 
systems  occur  far  away  from  the  body. 

However,  the  consequence  of  this  is  of  no 
practical  importance  for  small  r-values  below 
0.15.  A  further  simplification  of  the  source 
potential  G  is  sometimes  used.  One  writes 


fig.  2  CAlcuUted  vftiue*  of  tho  roil  port  of  tho  Orton's  function  on  tho 
frtt  turftet.  In  tho  upptr  half  port  of  figurt  oguttion  (11) 
is  ustd.  In  tho  loMtr  htif  port  tht  cisssicsl  frtt  surfsct  con¬ 
dition  (12)  is  ustd  (T  •  0.1,  u1  xyl  7g  •  o.otts) 

(Tht  cticuittiens  in  tht  1o««tr  htif  pitnt  hts  boon  providtd  by 
J.  Hoff). 


This  simplification  can  lead  to  large  errors 
at  some  distance  from  the  source  point.  This 
is  illustrated  in  Fig.  3.  The  conditions  are 
the  same  as  in  Fig.  2.  The  curves  in  the 
upper  half  plane  correspond  to  that  equation 
(13)  has  been  used,  while  the  curves  in  the 
lower  half  plane  corresponds  to  that  the  free 
surface  conditions  (11)  has  been  used. 


U=0 


+  T 


30 

3t 


U=0 


(13) 


F*,.  3  Calculattd  valu..  of  th.  r.tl  part  of  tha  Oratn'a  function  on  th. 
fraa  aurfaca.  In  tba  upper  half  part  of  tht  figure  equation  (13) 
haa  been  uaad.  In  the  lower  half  part  frae  aurface  condition  (11) 
hat  been  uae  (t  •  0.1,  ta')  a,  |  /g  •  o.t773). 
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The  body  boundary  conditions  can  be  written 
as 


^■“"k  *  \ 


k  =  1,6 

(14) 

k  =  7 


Equation  (14)  applies  on  the  mean  wetted  body 
surface  Sg.  The  n^.-  and  m^-components  are 
defined  by 


=  W  (♦„  Is  I  -  1)  d,  (»,y,2)  (16) 


Where  R  =  /(x-x^)^  +  (y-yj,)^  +  (z-z-)^,  S 
is  a  vertical  cylindrical  control  surface;  Sp 
is  the  mean  free  surface  between  and  Sg, 

So  is  a  bottom  surface  inside  S^. 


n  —  ( n^ , n^ , n^ ) 

rxn  =  (n^,ng,ng)  (15) 

m  =  -  n  •  vii  =  (m^.mj.mj) 


We  separate  the  total  fluid  domain  into  two 
parts.  Part  I  is  the  fluid  domain  inside  the 
boundary  S  while  part  II  is  outside  S.  In  the 
outer  domain  (far-field)  the  free  surface 
condition  (11)  is  assumed  valid,  while  in  the 
inner  domain  (near-field)  the  complete  free 
surface  condition  expressed  by  equation  (10) 
is  used. 


-n  •V(rxW)  =  (m^,mg,mg) 

where  W  =  and  r  =  x7  +  yj  +  zic. 

Positive  normal  direction  is  into  the  fluid 
domain. 

The  m|(-terms  in  equation  (14)  arise  because 
the  steady  motion  potential  does  not  satisfy 
the  body  boundary  condition  on  the  instan¬ 
taneous  body  surface  correct  to  0(Ca)*  The 
derivation  is  based  on  a  Taylor  expansion, 
which  means  the  formulation  is  breaks  down 
at  sharp  corners.  This  will  lead  to  dif¬ 
ficulties  which  will  be  further  discussed 
later  in  the  text. 

It  is  also  necessary  to  specify  a  radiation 
condition.  When  the  free  surface  condition 
(11)  is  used,  it  means  that  the  waves  are 
propagating  away  from  the  body. 

A  solution  to  the  boundary  value  problems  for 
can  be  found  by  applying  Green's  second 
identity  to  the  functions  *1^  and  1/R,  in  a 
fluid  domain  enclosed  by  the  boundary  S 
defined  by  Sg  U  Sp  U  Sg  U  Sg  (see  Fig.  4). 
Then  we  obtain  the  following  expression 
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Pig.  4  Definition  of  surfeces  used  In  the  Integretlon  of  equetlon  (le). 


We  assume  that  the  velocity  potential  in 
the  outer  domain  can  be  represented  by  a  sum 
of  multipoles  (including  sources)  with  singu¬ 
larities  inside  the  body  (see  Fig.  4). 
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where  x^i  =  (X|n,yni>Z|n)  is  the  coordinate  of  a 
singularity  point.  The  Green's  function  G  and 
its  multipoles  satisfy  the  far-field  free 
surface  condition  (11)  and  the  radiation  con¬ 
dition. 


In  the  numerical  solution  Sg,  Sp,  Sg  and  Sg 
are  divided  into  plane  quadrilateral  ele¬ 
ments.  The  velocity  potential  is  assumed 
constant  over  each  element.  At  Sg  the  term 
a*|(/an  is  replaced  by  the  body  boundary  con¬ 
dition  (14).  At  Sp  the  term  a*}-/an  is 
replaced  by  the  free  surface  condition  (10) 
which  includes  the  velocity  potential  and  its 
first  order  derivatives  along  the  free  sur¬ 
face  as  unknowns.  The  first  order  derivatives 
of  *1^  are  numerically  approximated  by  a 
Taylor  expansion  which  are  only  function  of 
on  the  free__surface.  The  approximation  is 
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correct  to  O(A^),  where  A  is  a  characteristic 
length  of  the  elements.  At  and  Sq  the  term 
3*l^/an  is  replaced  by  equation  (17). 

By  letting  the  point  (XQ.yo.zo)  in  equation 
(16)  approach  the  mid-points  of  each  element 
on  the  boundary  surface  S,  we  obtain  a 
Fredholm  integral  equation  of  the  second 
kind.  This  results  in  M  number  of  equations. 
The  total  number  of  unknowns  is  N+Nji,  where 
Nil  i®  number  of  terms  used  in  the  multi¬ 
pole  expansion  (17).  The  Nn  additional 
equations  are  obtained  by  matching  the  inner 
snd  outer  solutions  at  the  control  surfaces 
.>c  and  Sq.  This  is  done  by  a  least  square 
condition.  It  means  we  require  the 

aiwlAJ)*”  ■  ”  "" 

where 

“c 

E  =  E  l[Re(*”  - 
r  i^l  K  K 

+  tlm(*j[^  -  ♦J)]^} 


Further  is  the  inner  domain  solution, 
and  are  defined  by  equation  (17)  and  N,. 
is  the  number  of  elements  on  SoUSq  which  is 
going  to  match  the  outer  solution.  This  leads 
to  the  following  condition 


r 

j=l 

+  i 


K  L  r,  "WT - 

[  t  I  A  g"(x.;X  )]  g"^(x.jX„.)} 
m=l  n=l  ™  J  MI 


(19) 
=  0 


where  G'’  is  defined  by  writing  equation  (17) 
as 
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and  G^^(x.;x„^)  is  the  conjugate  of 
NI  ^ 

G  (XjjXfiii).  In  the  following  equations  the 
sign  -  means  the  time  average. 


surface  condition  (11)  and  the  radiation  con¬ 
dition.  The  radiation  condition  is  taken  care 
of  by  introducing  a, Rayleigh  viscosity  p.  The 
Green's  function  Ge'’“'^  can  be  written  as 


G(x,y,z:XQ,yQ,Zg)  « 

[(X  -  Xq)^  +  (y  -  yjj)2  +  (z  -  Zjj)2]-’‘ 

(20) 


-  [(x-Xq)^  +  (y-yjj)2  +  (2«jj)2]'’‘ 

jj  ^  A(z+Zg+ircos(u-0+a)) 

+  i  /  du  /  dX  ^Y-2 - 

-It  0  A--(u  '«-2uUXcosu-2ip(<iH’UXcosu)) 


where  x  =  rcosO  and  y  =  rsine.  Expression 
(20)  can  be  simplified  similarly  as  Grekas 
[1]  did  by  using  the  residue  theorem  and 
introducing  exponentional  integrals.  The 
derivatives  of  the  Green's  function 
(Multipoles)  were  obtained  by  numerically 
evaluating  the  analytic  expressions  for  the 
derivatives. 

Having  found  the  velocity  potential  by  the 
method  described  in  the  previous  text,  the 
added  mass,  damping  and  first  order  excita¬ 
tion  forces  can  be  obtained  by  integrating 
the  fluid  pressure  over  the  mean  wetted  body 

surface  correctly  to  0({'a)  and  0(U).  When  we 
have  solved  the  equations  of  the  first  order 
motions,  we  can  find  the  mean  wave  forces  and 
moments  correctly  to  O(fa^)  and  0(U)  either 
by  directly  integrating  the  pressure  or  by 
using  the  equations  for  conservation  of 
momentum.  We  will  show  how  this  can  be  done 
if  the  equation  for  conservation  of  momentum 
is  used. 

We  start  with  expressions  given  by  Newman 
(7).  The  rate  of  change  of  momentum  M(t) 
in  the  fluid  volume  n  inside  S  =  SnUScUScUSn 
(see  Fig.  5)  is 

^  M  =  -  p  //[(E  +  gz)  K  +  i;  (V^-U^)]  ds  (21) 

Here  is  the  fluid  velocity  vector,  is 
the  normal  velocity  of  surface  S,  n  is  the 
normal  vector  to  S  (gositive  direction  out  of 
the  fluid)  and  Vf,  =  V»n.  The  total  fluid 
pressure  is  given  by 


Equation  (19) is  satisfied  for  NI  =  1,L  and  MI 
=  1,K.  This  means  a  total  of  Nn  =  LxK  number 
of  equations.  Number  of  multipolc  terms  have 
to  be  much  smaller  than  number  of  control 
surface  elements.  As  an  example  with  the 
results  presenting  in  Fig.  10,  Nii=10  and 
Nc=56. 


34, 

p  =  -pgz  -  P  ^  -  pV()>g*V4j 

-  f  I  -  P  3^  (22) 

-  pV(()s*V42  +  0({g)  +  O(U^) 


The  Green's  function  (source  function)  that 
we  need  should  satisfy  the  far-field  free 
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F49.  i  trtMnltioM  gttd  of  lurfocti  fn  «h«  colcuittton  of  Mon 
foretto 


By  time  averaging  equation  (21),  assuming 
that  Sq  is  a  horizontal  plane  at  great  depth 
and  using  boundary  condition  on  S  it  follows 
that  the  mean  wave  drift  forces  can  be  writ¬ 
ten 


,  ,  f*.  ’*!  ‘*1 

;  /  f  IT  rr  •  ST  s?'* 

S  mm 


(24) 


a*  a+,  ,  ai>, 

A  ni 

Cc 


g  at 


wi11  partly  cancel.  Scq  means  the  control 
surface  up  to  the  mean'^free  surface  and  Cc  is 
the  water  line  between  the  mean  free  surface 
and  the  control  surface  (see  Fig.  5).  For  m  « 
1,2  expression  (24)  is  zero.  For  m  »  3  it  is 

equal  to  pa<^s/an~^  4>^dl.  However,  this  will 
Cc 

be  cancelled  by  a  similar  term  in  the  last 
integral  in  equation  (23).  When  we  integrate 
over  Sg  in  equation  (23)  we  follow  a  similar 
procedure  as  outlined  by  Ogilvie  [6]  for 
zero  current  velocity.  The  final  expressions 
for  mean  wave  drift  forces  are 


-  f  2 

■  -  Is  f 


F  =  -p  //  (^  n  +  V  V  )  ds 
m  'p  m  m  n' 


,  m=l,2 


-~7  /  pgzn3  ds,  m=3 


V^F 


(23) 


The  integration  is  over  the  instantaneous 
surface  S.  We  have  to  be  careful  when  ana¬ 
lysing  the  problem  and  keep  all  contributions 

which  are  correctly  to  second  order  in  the 
incident  wave  amplitude  and  first  order  in 
the  current  velocity.  For  the  first  term  of 
the  first  integral  in  equation  (23),  we 
should  first  integrate  up  to  the  mean  free 
surface,  in  which  only  the  terms  -Ifp  |  V<)j|  ^ 

-  pV(J)s«V<|)2  in  equation  (22)  have  contribu¬ 
tions.  In  the  integration  from  the  mean  free 
surface  to  the  instantaneous  free  surface  q, 
the  first  three  terms  of  equation  (22)  have 
contributions.  In  the  second  term  of  the 
first  integral,  we  can  write  = 
3(,^g+4i]^'f(]>2)/3X|||  and  =  3(<>g+4ij+i))2)/3n.  In 
the  integration  up  to  the  mean  free  surface, 
the  terms  3<()s/3n»ai()2/3Xn,,  3ijij/3n»a^l/3Xn,  and 
3i)i2/3n*3<Jis/3Xm  have  contributions.  In  the 
integral  from  the  mean  free  surface  to  the 
instantaneous  free  surface  rj,  the  terms  which 
have  contributions  are  3i()s/3n"3((ii/3x,„  and 
34i5/3X|B"3ifri/3n. 

By  using  the  body  boundary  conditions  and 
Stokes  theorem  (Ogilvie  &  Tuck  [S])  it  can  be 
shown  that  the  following  terms 


*  I  /  ‘'s 


34>.  34>i 
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^  ^  3x  an 
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-  fj  pgzn  ds  + 

"b 


a*-. 


P  f  (j^  +  V+j*V<(i^)(i7  +  5  X  r)  *  n  dl 

,  m  =  3 


where  Spo  is  the  mean  free  surface.  Cg  is 
defined  in  Fig.  5.  Iri  the  integral  ever  Cg,  n 
is  the  normal  vector  to  Cg  in  the  horizontal 
plane  with  positWe  direction  out  of  the  body 
volume.  Further  q  »  (q.,q2,»)3)  and  a  =  (q., 
q  q  ).  The  derivations  is  based  on  the  body 
surface  is  wallsided  at  the  intersection  bet¬ 
ween  the  mean  free  surface  and  the  body  sur- 
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face.  We  note  that  the  second  order  potential 
does  not  contribute  in  equation  (25). 


The  mean  wave  forces  can  also  be  obtained 
by  using  direct  pressure  integration.  By 
following  a  similar  analysis  as  outlined  by 
Ogilvie  [6]  for  zero  current  velocity  we 
find  that 


=  -  P  /  /  I  I  ^  + 


....  3* 

(n  +  a  X  +  V<|>g*V«|ij)+V((>^*V<|>2]n^ 


.  .  3*1 
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(26) 


1  f  2 

-  2  P9  ♦  [n  -  2»J<»J3  +  yn^  -  XJjg))  n^^dl 


-  //  pgzn  ds,  m  =  1,2,3 
-  m 


where  Sg.  is  the  mean  wetted  body  surface. 
When  the^body  is  fixed  it  is  possible  to  show 
that  the  second  order  potential  does  not 
contribute. 

One  possible  source  of  large  inaccuracies  in 
the  procedure  outlined  above  as  well  in  other 
procedures  is  the  presence  of  the  mj-terms  in 
the  body  boundary  conditions  (see  equation 
(14)).  This  will  be  further  discussed  in  the 
following  section. 

Discussion  of  the  w^-terms 


We  will  illustrate  the  difficulties  with  the 
mj-terms  by  giving  same  simple  examples  with 
two-dimensional  bodies  in  infinite  fluid.  We 
will  start  with  studying  the  detail  of  the 
behaviour  of  the  first  and  second  order  deri¬ 
vatives  of  the  velocity  potential  at  the  body 
boundary.  This  will  be  done  by  a  similar 
panel  method  as  we  used  in  the  three- 
dimensional  flow  case.  We  write  the  velocity 
potential  as 


2^«^J.(x^,y^)  = 


(27) 


,  ®*s  a 

^  ■  *s  an  ‘ls(x,y) 


Ffg.  FiMd  circular  cylinder  in  infinite  fluid  and  in  ateady  incident 
flOM. 
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flow  orouod  0  thorp  cornor  Hith  on  Inttrtor  infli  6. 


Where  r  =  /(x-x.)^+(y-y  )^  and  Sg  is  the  body 
surface.  We  use^plane  panels  with  constant 
singularity  density  over  each  panel. 

We  will  choose  a  simple  case  with  uniform 
current  past  a  two-dimensional  circular 
cylinder  (^5  =  Ux+^sB  radius  1  and 
U  =  I  in  an  infinite  fluid  domain  (see  Fig. 
6a).  The  potential  due  to  the  body  t^^g  is 
cos0/r  and  the  normal  derivative  Bi^gg/an  is 
-cos0/r2  at  the  body  boundary.  We  can  then 
divide  the  boundary  into  line  elements  and 
for  each  element  assume  i^^g  and  9l^sg/an  are 
constant  with  values  which  are  equal  to  the 
correct  values  at  the  mid-point  of  the  ele¬ 
ment.  The  potential  and  its  derivatives  out¬ 
side  the  body  boundary  can  be  obtained  by  eq. 
(27)  and  derivatives  of  eq.  (27).  Fio.  7 
shows  the  result  of  ^^g,  aifrjg/an,  r"la4>sg/a0, 
®^*sB/3p^  as  a  function  of  the  distance 
along  the  normal  vector  to  the  body  boundary 
at  the  mid-point  of  the  element.  The  results 
are  for  0  «  45°  (see  Fig.  5).  The  effect  of 
different  number  of  elements  NB  is  investi¬ 
gated.  The  horizontal  axis  is  the  ratio  bet¬ 
ween  the  distance  A1  from  the  boundary  and 
the  length  As  of  the  elements.  The  results 
show  that  we  get  convergence  and  correct 
results  of  ^55  and  ai>sg/ar  at  the  boundary. 
However,  for  r"la(frsg/a0  and  a2(|)gg/3r2  we  can¬ 
not  obtain  correct  results  at  the  boundary. 
The  reason  is  that  we  are  not  integrating 
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(28) 
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with  correct  curvature  and  with  correct 
variation  of  i^sb  and  aifrsB/Sf'  over  the  ele¬ 
ments.  From  Fig. 7  we  can  see  that  r“l3<frsB/98/ 
a^ijisB/ar^  are  satisfactorily  estimated  at  a 
distance  of  0(As)  along  the  normal  vector  of 
the  element.  That  means  we  may  use  an  extra¬ 
polation  method  to  calculate  the  velocity 
along  the  body  and  the  second  order  derivati¬ 
ves  of  the  velocity  potential.  After  some 
tests  with  a  circular  cylinder  and  a  sphere 
and  an  ellipsoid  in  the  three-dimensional 
case  Vis  feund  that  the  velocity  along  the 
body,  the  second  order  derivatives  and  the 
mj-terms  are  in  good  agreement  with  the  ana¬ 
lytical  solutions.  The  other  way  to  integrate 
the  term  mjlogr(or  1/R)  over  the  body  boun¬ 
dary  is  to  apply  the  formula  given  by  Ogilvie 
&  Tuck  (1969). 


log  r(orl/R)ds  = 


-  //  V^gVlog  r(or  1/R)nj  ds 


This  formula  is  valid  for  a  body  without 
sharp  corners,  wall -sided  at  the  free  surface 
and  when  4>s  satisfies  the  rigid  free  surface 
condition.  From  a  numerical  point  of  view 
this  formula  is  more  simple  to  calculate 
because  it  only  includes  first  order  deriva¬ 
tives  of  the  steady  potential.  It  is  expected 
to  give  more  accurate  numerical  results  than 
by  direct  integration  of  the  mj-term. 

For  a  body  with  sharp  corners  the  mj-terms 
are  singular.  The  consequence  is  that  eqs. 

(27)  and  (28)  are  not  integrable.  For  example 
in  the  case  of  uniform  current  past  a  two 
dimensional  section  with  a  sharp  corner  the 
complex  potential  W(z)  in  the  vicinity  of  the 
edge  can  be  approximated  as  (see.  Fig.  6b). 

W(z)  =  Ciz^/^  ♦  C  (29) 

where  X  *  2  -  6/n  and  and  C  are  constants. 
For  a  rectangular  section  the  first  order  and 
second  order  derivatives  of  the  potential  are 
0(1  z  I  "1/3)  and  0(1  z  1  "</3).  in  the  vicinity 
of  the  corner  it  is  possible  to  show  mj  * 

Cj  R“^/3  for  X  *  0  and  m2  =  0  for  y  =  0, 
where  C2  is  a  real  constant  (see  Fig.  6b). 
This  means  eqs.  (27)  and  (28)  are  not 
integrable.  Actually,  this  is  true  for  all 
corners  with  internal  angles  less  tljan  n. 
However,  if  we  solve  the  wave-current-body 
interaction  problem  in  the  time  domain  by 
using  for  instance  Green's  second  identity 
and  satisfy  the  body  boundary  condition  on 
the  exact  body  boundary,  the  expressions  are 
integrable.  The  reasons  why  the  integrals  are 
not  integrable  when  the  body  boundary  con¬ 
dition  is  satisfied  on  the  mean  position  of 
the  body  boundary  is  that  the  formulation  of 
the  body  boundary  condition  is  wrong.  The  mj- 
-terms  have  been  derived  by  a  Taylor 
expression.  This  is  not  valid  at  a  corner.  We 
will  show  how  we  can  avoid  the  difficulty 
with  the  mj-terms.  We  divide  then  the  velo¬ 
city  potential  ♦)(  into  two  parts 


where 

aT  “  "k  '  afT  =  ‘‘“"k 


(30) 


(31) 


The  following  solutions  of  satisfy  the 
body  boundary  conditions  and^Laplace  equation 


% 

az 


520 


(32) 
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By  using  Green's  second  identity  we  obtain 
the  following  expression  for  and 

(see  Fig.  8).  k  K  k 


*”^*k  “  I  x=x^  = 


(33) 

^‘k  “  I;;  R»  -  “IT"^  J3ds(x.y,r) 


4n  C  = 

k  x»Xj 


^*k  an  R  "an  R^  <ls(x,y,z) 

®2 


(34) 


where  Xia(xi,yi,zi)  is  inside  SjoSgUSpUSoUSn, 
Csl  when  Xi  is  inside  S2*{Sf-Sf^)UScUSoUSti,c 
and  C  s  0  when  xj  is  outside  S2. 


The  integration  surface  is  closed.  Sp  is  part 
of  the  free  surface  and  does  not  need  to 
coincide  with  Sp.  By  subtracting  equation 
(34)  from  equations  (33)  we  find  that 

X-Xi  Sg 


4n  (e^  -  C*®) 


3n 


'•k  -  r1  »» 


•/  / 
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Sf+Sc+Sq 


/*  i_  1  “■'k  1,  . 

an  R  "an  R^ 


(35) 
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where  C=1  when  xj  is  outside  $2  and  C  =  0  Xi 
is  inside  83. 


The  last  integral  is  a  known  quantity.  The 
unknowns  are  on  the  body  and  *1^  on  Sp, 

Sc  and  Sq.  By  writing  the  integral  over  Ss 
like  it  is  shown  in  equation  (35)  the 
integrand  of  the  integral  over  Sg  is 
integrable.  The  solution  procedure  to  find 


F{q.  8  Otfinitlon  of  turfaett  ut*d  fn  tht  1nt*8i‘*tfon  of  oquttlon 
(33)  ond  (34). 

the  unknowns  can  be  done  similarly  as  in  the 
previous  section.  What  we  have  done  now  is  to 
analytically  isolate  the  difficulties  with 
the  mj-terms.  This  procedure  is  also  valid 
when  ship  motions  at  forward  speed  is  eva¬ 
luated.  The  same  procedure  can  also  be  used 
to  solve  the  second  order  potential  problem 
where  a  similar  difficulty  occur. 

We  also  have  to  be  careful  when  we  find  the 
added  mass  and  damping  coefficient.  We  will 
illustrate  this  by  a  simple  example.  Fig.  9 
presents  results  which  shows  the  effect  of 
bilge  radius  r  on  sway  added  mass  for  a  two- 
dimensional  body  in  infinite  fluid.  The  para¬ 
meters  of  the  body  is  given  in  the  figure. 
From  Fig.  9  we  can  see  how  the  added  mass  is 
dependent  on  the  bilge  radius  in  the  cases 
with  and  without  current.  The  added  mass  with 
current  is  going  to  infinity  when  the  bilge 
radius  r  -♦  0.  This  is  an  unphysical  result. 
The  reason  to  this  behaviour  can  be  found  by 
studying  the  dynamic  pressure  part  used  in 
finding  added  mass  and  damping.  Correct  to 
0{Ca)  0(1)2)  can  write 


eig.  »  Illustr.Hon  of  c.lcuUtfon  of  <Ho-illMnslont)  tddtil  us.  co«f- 
for  $  body  (n  •  current  e$n  t«id  to  unphy*(c«] 

The  cilcuUtfon*  ere  done  for  tnflnfto  flufd.  (A,*  -  two- 
diMentfont)  •d'ftd  aess  irv  snay).  ^ 
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r 

p  =  -  \  •  ''♦k^k 

+  I  (o  •  V  (V4.g)^),^ 


(36) 


where 


a  =  (tij  +  ZIJ5  -  yOg)!  + 

(hj  -  zn4  +  xng)j  ■>  (Jij  +  yn^  -  xrig)E 


(37) 


The  index  k  in  the  last  term  in  equation  (36) 
means  that  we  only  consider  displacement  in 
mode  k. 

Mhat  we  have  done  in  the  calculations  pre¬ 
sented  in  Fig.  9  is  to  use  the  two  first 
terms  in  equation  (36).  In  this  way  we  have 
included  singular  terms  of  0(1)3),  ^h^ch  are 
cancelled  by  the  last  term  in  equation  (36). 
Actually  we  can  write  equation  (36)  as 

P  '  -  P  V  ^♦s  •  K  V  <38) 

This  means  that  cancels  the  last 

term  in  equation  (36). ^If  we  use  equation 
(38)  we  will  find  that  the  results  for  added 
mass  at  U  A  0  is  the  same  as  for  U  =  0. 
However,  this  is  not  generally  true  when  a 
free  surface  is  present.  What  is  true  then  is 
that  the  singular  corner  behaviour  when  the 
radius  of  curvature  goes  to  zero  is  can¬ 
celled.  Since  our  theory  is  currect  to  0(U) 
we  can  also  write 


b 

P  =  -  P  <-aI  \  -  74.3- (v*J) 


u=o 


(39) 


This  discussion  illustrates  that  false 
effects  can  be  created  due  to  the  singular 
corner  behaviour  if  we  are  not  careful  in 
analysing  the  results. 

Numerical  results  for  mean  wave  loads 


Calculations  of  mean  wave  loads  require  in 
general  higher  accuracy  than  computations  of 
linear  wave  loads.  We  will  therefore  con¬ 
centrate  our  numerical  studies  on  mean  wave 

loads.  Both  a  direct  pressure  integration 
method  and  the  equations  for  conservation  of 
momentum  have  been  used.  When  the  current 
effect  is  incorporated,  the  procedure  is 
correct  to  0(U).  Calculations  have  been  per¬ 
formed  both  for  horizontal  and  vertical  mean 
wave  loads. 

The  first  case  we  will  discuss  is  incident 
regular  waves  on  a  fixed  vertical  cylinder 
that  is  penetrating  the  free  surface.  The 
draught  of  the  cylinder  is  0.25  R  where  R  is 
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the  cylinder  radius.  The  cylinder  bottom  is 
impermeable.  The  current  direction  coincides 
with  the  wave  propagation  direction. 

An  example  on  results  for  horzontal  mean  wave 
loads  are  presented  in  Fig.  10  as  a  function 
of  Wo^R/g  where  Uq  is  the  circular  frequency 
of  oscillation  of  the  waves  without  current 
present.  Both  for  zero  and  non-zero  current 
speed  we  note  an  important  difference  in  the 
calculations  based  on  direct  pressure 
integration  and  the  results  based  on  the 
equations  for  conservations  of  momentum  in 
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the  fluid.  The  panel  distribution  used  in  the 
calculations  can  be  illustrated  by  means  of 
Fig.  11.  By  referring  to  the  nomenclature  in 
the  figure,  NNl  =  16,  NN2  =  12,  NN3  =  14,  NN4 
=  4,  NN5  =  8,  R  =  1.0,  R1  =  3.0  and  H  =  1.2  X 
(X  =  incident  wave-length).  The  panel  dimen¬ 
sions  on  the  body  were  of  nearly  constant 
equal  length.  The  reason  to  the  differences 
in  the  results  is  that  the  direct  pressure 
integration  method  is  sensitive  to  the 
distribution  of  the  element  in  the  vicinity 
of  the  corner  at  the  bottom  of  the  cylinder. 
This  can  be  illustrated  by  Fig.  12  where  the 
calculations  are  presented  as  a  function  of 
R/AL  When  ug^R/g  =  0.8.  AL  means  the  length 
of  the  element  nearest  to  the  corner  on  the 
vertical  side  (see  Fig.  11).  NNl,  NN2  and  NN3 
were  the  same  as  used  in  the  calculations 
presented  in  Fig.  10  while  NN4  varied  from  4 
to  12  and  NN5  from  8-12.  This  means  that  the 
total  number  of  elements  were  quite  similar 
in  the  calculations  presented  in  Fig.  10.  It 
is  the  size  of  the  elements  that  differes 
significantly.  The  height  of  the  elements  on 
the  vertical  side  were  selected  so  that 
Ln+i/Ln  is  a  constant,  there  n  =  1  means  the 
element  closest  to  the  corner,  n  =  2  the  ele¬ 
ment  next  closest  and  so  furth.  The  constant 
ratio  was  always  below  1.5.  On  the  horizontal 
bottom  the  length  of  the  element  in  the 
radial  direction  was  selected  in  a  similar 
manner,  starting  with  an  element  closest  to 
the  corner.  The  length  of  the  element  on  the 
bottom  closest  to  the  corner  was  the  same 
order  of  magnitude  as  the  height  of  an  ele¬ 
ment  on  the  vertical  side  closest  to  the 
corner.  However,  the  most  important  parameter 
in  the  calculations  by  the  direct  pressure 
integration  method  was  the  distribution  of 
the  elements  on  the  vertical  side  close  to 
the  corner.  The  reason  was  associated  with 
the  contribution  from  the  velocity  square 
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term  in  Bernoulli's  equation,  which  is  singu¬ 
lar,  but  integrable  at  the  corner. 

In  Fig.  13  are  shown  numerical  results  for 
vertical  drift  forces  on  a  vertical  cylinder 
that  is  free  to  oscillate  in  surge  and  heave 
and  restrained  from  oscillating  in  pitch.  The 
incident  wave  propagation  direction  is  in  the 
positive  x-direction.  The  draught  h  of  the 
cylinder  is  equal  to  the  cylinder  radius.  The 
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Fig,  12  Nuatrical  results  of  horlsontal  drift  forets  Fj  Hith  direct 

pressure  Integration  Method  and  a  aethod  based  on  conservation  of 
Moaentun  and  energy.  Data  presented  as  a  function  of  R/At 
(At  defined  In  the  figure  11)  NNl  •  It,  NN2  -  12,  NN3  •  14,  NNl  • 
4-12,  NNS  -  a-12,  R  •  1.0,  R1  •  3.0,  H  *  1.2A  (tee  Fig.  11). 

High  density  of  eleaents  close  to  the  cylinder  corner.  The  body  is 
the  saae  as  used  In  Fig.  11. 


Fig.  14  Nuaerleel  resulta  of  vertical  eean  Hava  forcas  F3  Hith  direct 

pressure  Integration  aethod  end  e  aethod  based  on  conservation  of 
Hoaentua  and  energy.  Data  presented  es  •  function  of  R/AL  (AL 
defined  In  the  figure  11).  NNl  •  10,  NH2  •  10,  NN3  •  14,  NNl  •  0-12, 
NN5  •  0  -  12,  R  •  1.0,  R1  •  2.0,  H  •  1.2X  (see  Fig.  13).  High  den¬ 
sity  of  eleaents  close  to  the  cylinder  corner.  The  body  Is  the 
ssae  et  used  In  Fig.  13.  Zero  current  velocity. 
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current  velocity  is  zero.  The  panel  dimen¬ 
sions  of  the  body  were  of  nearly  equal 
length.  By  referring  to  the  nomenclature  in 
Fig,  11,  NNl  =  16,  NN2  =  10,  NN3  «  14,  NN4  = 
8,  NN5  =  3,  R  a  l.O,  R1  =  2.5,  H  =  1.2  X.  T.he 
large  differences  between  the  two  different 
methods  occur  in  the  vicinity  of  heave  reso¬ 
nance.  The  reason  to  the  differences  is  again 
that  the  direct  pressure  integration  method 
is  sensitive  to  distribution  of  the  elements 
in  the  vicinity  of  the  corner  between  the 
bottom  and  the  vertical  side  of  the  cylinder. 
This  can  be  illustrated  by  Fig.  1<  where  the 
calculations  are  presented  as  a  function  of 
R/AL  when  uo^R/g  =0.58  and  0.7.  AL  means  in 
this  case  the  length  in  radial  direction  of 
the  element  closest  to  the  corner  on  the 
horizontal  side  (see  Fig.  11).  The  distribu¬ 
tion  of  elements  were  selected  similarity  as 
in  the  previous  example.  Total  number  of  ele¬ 
ments  are  nearly  the  same  for  all  calcula¬ 
tions  presented.  When  the  direct  pressure 
integration  method  is  used  to  calculate  the 
vertical  mean  wave  force,  around  heave  reso¬ 
nance,  the  contribution  from  the  velocity 
square  term  in  equation  (26)  is  large  and  of 
opposite  sign  to  the  other  contributions  in 
the  integral  over  SgQ.  The  absolute  values 
of  these  terms  are  nearly  equal  to  the  velo¬ 
city  square  term.  This  means  a  high  accuracy 
is  needed  in  the  integration  over  Sbq. 

In  Figs.  IS  and  16  are  presented  numerical 
results  for  horisontal  drift  forces  on  a  ver¬ 
tical  cylinder  with  draught-radius  ratio  3.0. 

The  method  based  on  conservation  of  momentum 
was  used.  The  effect  of  using  higher  density 
of  elements  close  to  corner  between  the  bot¬ 
tom  and  the  vertical  side  of  the  cylinder  was 
investigated.  There  was  a  maximum  of  1%  dif¬ 
ference  in  drift  forces.  The  influence  of 
number  of  singular  points  inside  the  body 
(see  equation  (17))  was  investigated.  Also 
the  effect  of  number  of  multipoles  was 
studied  (see  equation  (17)).  In  the  calcula¬ 
tions  presented  in  Figs,  14  and  15  number  of 
singular  points  is  two  and  number  of  multipo¬ 
les  for  each  singular  point  is  10.  If  only 
one  singular  point  was  used  there  was  a  maxi¬ 
mum  of  1%  diffrence  in  drift  forces.  If 
number  of  multipoles  was  increased  to  16 
there  was  a  maximum  of  0.2%  differences  in 
driftforces.  The  effect  of  increasing  R1  (see 
Fig.  11)  from  3.0  to  5.0  was  studied.  The 
difference  in  results  were  less  than  2%. 

CONCLUSIONS 

A  theoretical  method  to  analyse  currsnt-wave- 
body  interactions  is  presented.  It  is  demon¬ 
strated  that  the  mj-terms  arising  in  the  body 
boundary  conditions  can  cause  large  errors  in 
the  numerical  result.  A  theoretical  way  to 
provide  stable  numerical  solutions  is  pre¬ 
sented. 

A  method  to  calculate  mean  wave  forces  based 
on  conservation  of  fluid  momentum  is  pre¬ 
sented.  It  is  demonstrated  that  a  direct 


pressure  integration  method  can  lead  to  large 
errors  in  prediction  of  mean  wave  forces  when 
the  body  has  sharp  earners. 
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DISCUSSION 
by  R.  Huijsmans 

1  first  like  to  congratulate  the  authors 
on  their  very  concise  treatment  of  the  low 
forward  speed  problem.  1  have  a  few  questions. 

1)  Can  the  authors  elaborate  on  how  to 
obtain  the  low  frequency  drift  forces  from 
their  "far  field"  expansion  of  the  drift 
force? 

2)  The  authors  identify  the  well  known 
problem  in  using  double  derivatives  of  the 
stationary  potential  on  the  body.  They  used  a 
kind  of  extrapolation  procedure  to  avoid  the 
problem.  Have  they  now  used  the  potential's 
on  B,  described  by  a  C^  function  by  using  some 
linear  variation?  (results  of  Fig. 7  of  their 
paper  for  AL/AS-vO) 

3)  The  authors  experienced  some  problems 
even  for  the  zero  speed  case  in  determining 
the  wave  drift  forces  based  on  the  pressure 
integration,  because  of  the  presence  of  sharp 
corners.  Have  they  some  experience  on  how 
"sharp"  these  corners  must  be  in  order  to  get 
into  troubles. 

4)  The  authors  did  not  mention  how  they 
actually  solved  the  systems  of  equations 
(directly?)  and  what  the  computational  burden 
of  their  method  is  with  respect  to  the  number 
of  panels.  How  much  more  expensive  is  the 
treatment  of  the  non-zero  speed  case  with 
respect  to  the  zero  speed  case? 

5)  And  the  final  question  is  regarding  the 
use  of  their  method  without  the  low  forward 
speed  restriction.  Can  the  authors  give  some 
idea  how  to  their  method  can  be  applied  for 
high  speeds. 

Author's  Reply 

We  thank  Huijsmans  for  his  comments.  The 
replies  are  as  follows: 

1)  Our  "far"  field  expression  is  based  on 
conservation  of  momentum  and  energy  which  can 
not  be  applied  to  calculate  low  frequency 
drift  forces.  When  we  study  low  frequency 
drift  forces  one  should  also  include  second 
order  potential.  A  discussion  about  this 
problem  is  given  by  Faltinsen  and  ZhaolAlJ, 

2)  We  have  not  applied  high  order  panel 
method  to  predict  the  second  order  derivatives 
of  stationary  potential  on  the  body.  V/e  think 
for  a  body  with  sharp  corners  one  will  also 
get  numeric.il  problems  even  we  use  high  order 


panel  method.  In  our  another  formulation  (see 
eq.(35))  we  can  avoid  to  calculate  the  second 
order  derivatives  on  the  body. 

3)  When  one  calculates  wave  drift  force 
based  on  pressure  integration,  it  is  difficult 
to  predict  the  contribution  from  u^-term, 
because  the  velocity  will  be  infinite  at 
sharp  corners.  We  did  not  investigate  how 
"sharp"  these  corners  must  be  to  get  into 
serious  problem.  But  from  our  experience  we 
think  the  most  important  thing  is  due  to 
cancellation  effect  of  the  contributions  from 
different  terms.  This  will  depend  on  the  whole 
body  configuration  the  incident  wave  system  as 
well  as  the  local  sharpness  of  the  corner.  In 
some  cases  only  a  few  percent  error  in 
predicting  the  contribution  from  u^-term  will 
give  100%  error  in  wave  drift  forces. 

4)  The  usual  direct  equation  solver  was 
used  to  solve  the  systems  of  equation.  The  CPU 
time  is  almost  the  same  for  the  case  with  or 
without  current  velocity. 

5)  Our  method  may  apply  to  high  speed 
problems.  In  that  case  one  should  obviously 
use  another  free  surface  condition  And  Greens 
function. 

(AIJ  Faltinsen,  0,  and  Zhao,  R.:  Slow-Drift 
Motion  of  a  Moored  Two-Dimensional  Body 
in  Irregular  Waves,  J.  of  Ship 
Research,  Vol.33,  No. 2,  June  1989, 
pp. 93-106. 

DISCUSSION 
by  A.  Hermans 

I  only  shall  make  some  remarks  about 
Figs. 2  and  3  and  the  text  just  before  those 
figures.  It  looks  like  the  authors  are  not 
aware  of  a  large  amount  of  literatures  about 
the  typical  nonuniform  behavior  of  that  show 
up  in  "both"  figures.  The  way  they  think  that 
(13)  has  been  applied  leads  to  nonuniformities 
at  the  distance  of  order  XR,  while  the 
application  of  (11)  leads  to  a  nonuniform 
behavior  at  the  distance  of  order  T  R. 
Already  in  1882  Lindstedt  noticed  and  remedied 
this  kind  of  nonuniform  behavior  in  the 
computation  of  the  trajectories  of  planets. 
In  1892  Poincare  in  his  book  on  "Mecanique 
Celeste"  proved  that  the  remedy  that  was  given 
is  correct.  In  1949  Lighthill  extended  their 
theory  to  problems  in  fluid  dynamics.  The 
approach  suggested  in  (13)  is  uniformised 
quite  easily  because  the  exact  phase  relation 
can  be  used,  while  the  approach  according  to 
(11)  always  will  have  a  phase  error  in  the  far 
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field.  The  uniform  version  of  (13)  and 
application  of  (11)  both  lead  to  a  correct 
approximation  of  the  amplitude. 

Author's  Reply 

We  would  like  to  thank  professor  Hermans 
for  his  comments.  We  think  one  has  to  have  in 
mind  what  one  should  calculate  when  we  compare 
the  two  different  approaches.  If  one  should 
calculate  the  wave  drift  damping  coefficient 
that  IS  proportional  to  the  slow  drift 
velocity,  the  two  approaches  should  be  equal. 
However  if  one  want  to  study  wave  current 
interaction  and  in  particular  the  wave 
elevations  around  the  structure,  the  two 
different  approaches  are  different.  The 
approach  that  we  are  using,  is  then  a  better 
approximation. 

DISCUSSION 
by  H.J.  Choi 

On  this  occasion,  I  would  like  to  ask  a 


question  which  I  have  had  for  a  long  time.  It 
is  a  well-known  fact  that  incident  waves 
deform  significantly  in  amplitude  and 
propagation  angle,  depending  on  the  magnitude 
and  incidence  angle  of  current.  As  a 
result,  a  considerable  amount  of  radiation 
stresses  is  to  be  built  up  in  water,  which 
might  contribute  to  the  second-order  forces  on 
marine  structures,  too.  My  question  is  if  we 
could  discard  the  effect.  If  it  is  not  the 
case,  how  can  you  incorporate  it  into  your 
method? 

Author's  Reply 

The  effect  of  radiation  stresses  is 
included  when  we  calculate  mean  wave  forces.  A 
discussion  of  this  is  given  by  Longuet- 
HigginslAl ) . 

1 A1 )  Longuet-Higgins,  M.S.:  The  Mean  Force 
Exerted  by  Waves  on  Floating  or 
Submerged  Bodies  with  Applications  to 
Sand  Bars  and  Power  Machines,  Proc. 
R.  Soc.  bond.  A. 352,  pp.463-480. 
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The  Numerical  Solution  of  the  Motions 
of  a  Ship  Advancing  in  Waves 

G.  X.  Wu  and  R.  Eatock  Taylor 
University  College  London 
London,  UK 


Abstract 

The  hydrodynamic  problem  of  a  surface 
ship  advancing  In  regular  waves  at 
constant  forward  speed  Is  analysed  using 
a  three  dimensional  theory  based  on  the 
linearized  velocity  potential.  The 
potential  Is  represented  by  a 
distribution  of  sources  over  the  surface 
of  the  ship  and  Its  waterline.  Various 
numerical  schemes  are  Introduced  to 
overcome  some  of  the  major  difficulties 
In  this  problem.  Calculation  is  made  for 
a  submerged  sphere.  Results  are  compared 
with  the  analytical  solution  and  very 
good  agreement  Is  found.  Some  preliminary 
calculations  have  also  been  made  for  a 
series  60  ship  with  block  coefficient 
0.7. 

1.  Introduction 

The  wave  Induced  motions  of  a  ship  have 
several  Implications  for  ship 
performance,  Increased  resistance,  deck 
wetting,  slamming,  vertical  acceleration 
and  propeller  emergence,  etc.  While  all 
of  these  aspects  are  Important  subjects 
In  ship  hydrodynamics,  the  fundamental 
problem  remains  that  of  estimating  the 
overall  motion  of  the  ship  In  waves. 

In  order  to  predict  ship  motions  In 
waves,  the  ship  Is  usually  regarded  as  a 
rigid  floating  body  having  six  degrees  of 
freedom,  and  the  fluid  loading  Is 
estimated  from  linearized  potential  flow 
theory.  This  theory  assumes  that  the 
fluid  Is  Invlscld  and  Imcompresslble,  the 
flow  is  ir rotational,  and  both  incoming 
wave  elevation  and  body  oscillation  are 
small.  The  velocity  potential  therefore 
satisfies  the  Laplace  equation,  and  the 
corresponding  boundary  condition  is 
Imposed  on  the  mean  position  of  the  fluid 
boundary. 

Even  after  such  drastic  assumptions 
have  been  Indroduced,  the  solution  of  the 
resulting  equation  is  still  not  easy  to 
obtain.  One  of  the  major  difficulties 


arises  from  the  complicated  free  surface 
condition.  Further  difficulty  is 
associated  with  the  fact  that  for  a 

practical  ship  Its  shape  Is  usually 
described  by  coordinates  of  discrete 
points  rather  than  by  a  simple 
mathematical  function.  As  a  result,  the 
solution  can  be  only  obtained 
numerically. 

Attempts  to  predict  ship  motions  In 
waves  can  be  traced  much  earlier,  but  a 
significant  breakthrough  was  the  work  by 
Korvln-Kroukovsky  end  Jacobs  (1957). 
Based  on  physical  intuition  rather  than 
rigorous  mathematics,  they  provided  the 
early  version  of  strip  theory.  Even 
though  their  theory  was  later  found  to  be 
mathematically  inconsistent,  (in 
particular  it  does  not  satisfy  the 
Tlmman-Newman  relstion(1962}} , 
experimental  data  have  shown  that  It 
nevertheless  provides  very  good  results 
In  many  cases.  A  number  of  modified 
versions  of  this  strip  theory  have  since 
been  developed,  of  which,  that  proposed 
by  Salvesen,  Tuck  and  Faltinsen  (1970)  is 
widely  used  in  ship  design.  Another  very 
significant  step  was  the  work  of  Newman 
(1978) .  He  overcame  the  limitation  of  the 
conventional  theory  to  the  region  of  high 
frequency,  and  proposed  a  "unified  strip 
theory"  which  is  valid  throughout  the 
whole  frequency  region.  In  particular 
this  theory  takes  some  account  of  wave 
interactions  between  different  cross 
sections  of  the  ship.  Numerical  results 
for  heave  and  pitch  (Sclavounos  1985)  in 
infinite  water  depth  have  shown  that  the 
unified  theory  Is  superior  to  the 
conventional  strip  theory  in  such  a  case. 

Even  thou^  the  strip  theory  can 
provide  satisfactory  results  in  many 
cases,  and  has  had  a  very  Important  role 
in  ship  design,  it  has  its  Inherent 
limitations.  It  requires  the  ship  to  be 
slender,  and  the  magnitudes  of  forward 
speed  and  encounter  frequency  to  be  in 
appropriate  ranges.  Furthermore,  while  it 
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may  provide  good  results  for  the  total 
force  on  the  ship,  it  usually  gives  a 
very  poor  prediction  for  the  detailed 
hydrodynamic  pressure  distribution  around 
the  hull.  Thus  attempts  to  remove  some  of 
the  limitations  of  strip  theory,  by  using 
a  three  dimensional  approach  have  been 
initiated  by  Chang  (1977)  and  others 
(Inglis  &  Price  1981,  Kobayashi  1981, 
Guevel  &  Bougis  1982).  These 
investigations  have  all  adopted  the 

constant  panel  method  (Hess  &  Smith 
1964):  the  ship  hull  i^  represented  by 
small  panels  on  which  the  sources  or 
dipoles  are  assumed  to  be  constant.  It 
has  been  found  that  these  frequency 
domain  three  dimensional  theories  in 
general  Improve  the  results  and  provide 
better  agreement  with  experimental  data. 
However,  it  has  been  observed  that  the 
numerical  solution  is  sensiti'''e  to  the 
size  of  the  panels,  and  high  accuracy  is 
not  easy  to  obtain.  This  was  also 
noticed  in  recent  work  by  King,  Beck  & 
Magee  (1988)  using  a  three  dimensional 
method  in  the  time  domain. 

The  present  work  is  part  of  an 
Investigation  which  alms  to  obtain  a 
stable  and  accurate  solution  of  the 
linearized  three  dimensional  problem, 
using  the  source  distribution  approach. 
Attention  is  focused  her'!  on  certain 
numerical  aspects.  Firstly,  we  use 
quadratic  Isoparametric  boundary  elements 
instead  of  plane  constant  panels.  As  the 
associated  wave  resistance  is  known  to  be 
sensitive  to  the  shape  of  the  ship,  it 
seems  likely  that  isoparametric  elements 
should  enable  us  to  model  the  ship  hull 
with  a  higher  degree  of  accuracy.  They 
also  provide  a  more  convenient  means  of 
calculating  the  velocity  of  the  fluid  on 
the  ship  surface.  Secondly,  we  Impose  the 
body  surface  condition  by  averaging  over 
the  body  surface  using  the  Galerkln 
method,  rather  than  at  discrete  nodes. 
Experience  has  shown  that  this  method 
usually  gives  more  accurate  results.  In 
this  particular  problem,  as  the  body 
surface  condition  on  the  waterline  is 
averaged  over  the  body  surface,  we  can 
avoid  the  difficulty  of  both  the  source 
and  field  points  being  on  the  free 
surface  when  solving  the  integral 
equation.  The  use  of  the  Galerkln  method 
also  avoids  another  serious  numerical 
difficulty:  the  second  order  derivatives 
of  the  steady  potential  due  to  forward 
speed  (which  appear  in  the  body  surface 
condition  on  the  unsteady  potential  due 
to  the  ship  oscillation)  can  be  reduced 
to  first  order  derivatives,  as  in  the 
coupled  finite  element  method  (Wu  & 
Eatock  Taylor  1987a) 

In  the  integral  equation,  we  express 
the  Green  function  in  terms  of  the 
exponential  integral  (Wu  &  Eatock  Taylor 


i987b) .  Extensive  tests  have  been  carried 
out  to  try  to  achieve  accurate  evaluation 
of  the  Green  function,  and  a  technique 
has  been  Introduced  to  remove  the 
singularity  in  its  Integrand.  We  use  a 
similar  technique  to  that  of  Noblesse 
(1983)  to  reduce  the  order  of  the  dipole 
singularity  1/r  (where  r  is  the  distance 
between  the  source  and  the  field  points) . 
We  do  not  however  need  to  evaluate  the 
constant  by  integrating  the  Green 
function  over  the  waterplane  of  the  ship. 
Finally,  to  remove  the  singularity  due  to 
the  source  1/r,  we  adopt  triangular 
polar  coordinates  when  calculating  the 
contribution  of  an  element  to  itself  (Li, 
Han  &  Mang  1985).  An  alternative  method 
for  achieving  this,  by  subdivision  of  the 
element,  has  also  been  investigated. 

These  numerical  procedures  are  found  to 
be  very  effective  for  a  submerged  sphere. 
Compared  with  the  analytical  solution  (Wu 
&  Eatock  Taylor  1988) ,  the  numerical 
method  provides  very  accurate  results 
when  12  elements  for  half  of  the  sphere 
are  used.  Calculation  are  also  made  for  a 
.series  60  hull  of  block  coefficient  0.7 
at  Froude  number  Fn-0.2. 

2.  Mathematical  Formulation 

We  define  the  right-handed  coordinate 
system  0-xyz  so  that  x  points  in  the 
direction  of  steady  forward  speed  U  of 
the  ship  and  z  upwards;  the  origin  of  the 
system  is  located  on  the  undisturbed  free 
surface  and  the  middle  section  of  the 
ship.  The  whole  system  is  moving  with  the 
ship  at  the  same  forward  speed.  For  a 
time -periodic  incoming  wave  at  a 
frequency  Wq,  the  total  potential  can  be 
written  as 
*  — Ux+U^(x,y,z) 

+Re[j|Q»7j^j(x,y,z)e^“’^]  (1) 

where  ^  is  the  steady  potential  due  to 

unit  forward  speed,  ji.  (j-1 . 6)  are 

radiation  potentials  corresponding  to  the 
six  degree  of  freedom  oscillations  of  the 
body  and  r7.(j-l, . . .  ,6)  are  corresponding 
motion  amplitudes;  fli-  and  are  the 
potentials  of  the  incident  and  diffracted 
waves  respectively;  and 
incoming  wave  amplitude.  The  encounter 
frequency  w  is  given  by 

«  -Uq  -  (uQ/g)U  cosp  (2) 

where  g  is  the  gravitational  acceleration 
and  p  is  the  incident  angle  of  the 
Incoming  wave  and  indicates  a 

following  sea. 

Based  on  the  assumptions  of  the 
linearized  theory,  we  have  for  the  steady 
potential 

-0  (3) 
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In  the  whole  fluid  domain  R; 

P^;.+ 

on  the  undisturbed  free  surface  S_,  where 

a^/an  -n^  (5) 

on  the  body  surface  S^,  where  n  is  the 
Inward  normal  of  the  oody  surface  and  n 
is  its  component  in  the  x  direction;  and’' 

a^/an  -0  (6) 

on  the  bottom  Sg  of  the  fluid  or  in 

the  present  case  of  infinite  water  depth. 
To  complete  the  boundary-value  problem, 
we  also  need  to  include  the  radiation 
condition  at  infinity:  it  is  usually 
assumed  that  there  is  no  wave  due  to  4 
far  in  front  of  the  ship  but  there  are 
waves  far  behind  the  ship. 

The  components  of  the  radiation  and 
diffraction  potentials  are  assumed  to 
satisfy  the  following  equations  (Newman 
1978) 

-0  in  R;  (7) 

^j^+(rV»')^j^jj-2ir^j^-i/^j-0  on  Sp  (8) 

2 

where  r-wU/g  and  v-u  /g;  and 


where  G  is  the  Green  function  for  a 
pulsating  translating  source,  which  is 
taken  in  the  form  derived  by  Wu  &  Eatock 
Taylor  (1987b).  From  the  above  equation, 
we  obtain 


•  r  Ji. 


on  S»,  where  a(P)  is  the  inner  subtended 
angle  of  the  ship  surface  at  point  P  and 
the  integration  excludes  the  point  Q-P. 
Substituting  equation  (9)  into  the  above 
equation,  we  can  obtain  the  corresponding 
boundary -integral  equation  for  the  source 
distribution. 


One  difficulty  in  dealing  with 
equation  (12)  is  caused  by  the  normal 
derivative  of  the  Green  function.  It 
contains  a  second  order  singularity  of 
the  dipole  when  Q^P.  To  avoid  that  we 
define 

F(P,Q)  -  I  +  ^  (“) 

where  r  is  the  distance  between  P  and  Q, 
and  r,  is  that  between  P  and  the  mirror 
image  ^of  Q  about  the  undisturbed  free 
surface.  Applying  Green's  second  Identity 
in  the  domain  enclosed  by  the  ship  and 
its  water  plane  where  aF/3n-0,  we  have 


3^j/3n  -lunj+Umj  (j-1 . 6) 

3^j/3n  —34^/311  j-7 

(9a) 

(9b) 

on  Sjj,  where 
(ni,n2."3)  “ 

(10a) 

(n^,nj,ng)  -  X  n 

(10b) 

U(mj^,m2,mj)  -  -(n.V)W 

(10c) 

U(m^,m5,mg)  -  -(n.V)(X  W) 

(lOd) 

W  -  UV(^-x)  . 

(lOe) 

X  is  the  position  vector  of  a  point  on 
relative  to  the  orlglii  of  the 
coordinates.  The  potentialo-  alsb 

satisfy  the  same  condition  on  the-^bottom 
of  the  fluid  as  4  •  The  radlatloiy 
condition  on  states  that  the  outgoing 
wave  with  its'^ group  velocity  larger  than 
forward  speed  travels  far  in  front  of  the 
body;  otherwise  the  waves  propagate 
behind. 

Following  the  derivation  of  Brard 
(1972) ,  the  unknown  potential  can  be 
represented  by  a  source  distribution  a 
over  the  body  surface  Sq  and  water  line 
L.  We  have 

-  In  [  |g^G(P,Q)<7(Q)dS 

-  G(P,Q)<7(Q)n^(Q)dy]  (11) 


a(P) 


3F(P.Q) 

an(Q) 


dS 


(14) 


By  substitution  of  equation  (14)  into 
(12),  the  latter  becomes 


34(V)  1  f  r 
3n(P)  AxJSqL 


3G(P,Q) 

an(P) 


■a(Q)+ 


3F(P,Q) 

an(Q) 


(P)]dS 


1_  U^r  3G(P,Q) 
4x  g  Jl  3n(P) 


<^(Q)nj^(Q)dy  (15) 


It  is  easy  to  confirm  that  the  order  of 
the  singularity  in  this  equation  has  been 
reduced. 


3.  Numerical  Discretisation 


We  now  discretise  equation  (15)  using 

(16) 


the  shape  function  N^ .  We  write 


"  "j-1  ‘'j^j 

where  n  is  the  number  of  nodes.  By  use  of 
the  Galerkin  method,  equation  (15)  can  be 
written  as 

(17) 

wllSSTS  (A]  Is  »Hc  SCJUSJT 
coefficients 


■ij 


(18a) 
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and  (BJ  contains  the  body  surface 
boundary  condition  and  has  the 
coefficients 

b  -  f 

To  obtain  an  accurate  solution  of 
above  equation,  careful  consideration 
must  be  given  to  several  factors  which 
have  most  significant  effects.  Firstly, 
the  Green  fucntlon  is  expressed  in  an 
iiitegral  form  with  a  complicated  and 
highly  oscillatory  integrand.  The 
numerical  evaluation  of  such  an  Integral 
requires  a  very  small  step  and  takes  most 
of  the  computer  time.  In  our  analysis,  we 
have  perfomed  certain  transformations  of 
variable  to  reduce  the  oscillation.  To 
deal  with  the  following  singularity  in 
the  Green  function  (Wu  &  Eatock  Taylor 
1987b) 


Q^P,  we  have  investigated  two  methods: 
that  proposed  by  Li,  Han  &  Mang  (19,85^ 
using  a  triangular  polar  local  coordinate 
system:  and  a  method  based  on  subdividing 
the  element  when  the  integration  is 
f^erformed.  We  have  found  that  both 
schemes  give  very  similar  results  and  the 
latter  has  been  chosen  in  the  main 
computer  program.  To  improve  efficiency, 
we  have  also  used  the  fact  that 
components  of  G(P,Q)  are  either  symmetric 

or  antisymmetric.  This  reduces  the 
computer  time  by  almost  a  half. 

Finally,  to  avoid  the  difficulty  of 
calculating  the  second  order  derivatives 
in  equations  (10c)  and  (lOd) ,  we  can 
perform  the  integration  in  equation  (18b) 
by  parts.  This  reduces  the  derivatives  to 
first  order  (Wu  &  Eatock  Taylor  1987a). 


I 


y(4rcostf-l) 


de 


at  J-7-acos(l/4f )  when  r>0.25. 

Introduce  the  following  scheme 


I 


—  r 

sln-y  Jo 

+  mi  i_ 

siny  2t 


slx\yf(S)-sit\6f(y) 

y(4rcostf-l) 

y(AT-l) 


da 


(19) 


we 


A  similar  scheme  is  adopted  in  the  range 
(7,x’/2)  and  is  found  to  be  effective. 


The  second  Important  factor  which 
significantly  affects  the  accuracy  is 
the  method  of  discretisation  of  the  ship. 
Initially,  a  coarse  mesh  can  be  refined 
by  using  more  of  the  coordinates  of  the 
ship  hull  provided  by  the  offsets;  but 
this  process  is  limited  by  the  number  of 
coordinates  available.  When  a  still  finer 
mesh  is  needed,  the  commonly  adopted 
procedure  is  to  Interpolate  using  the 
shape  functions.  Consequently  this  may 
refine  the  representation  of  the  source 
distribution  but  it  does  not  improve  the 
representation  of  the  ship  hull.  This 
leads  to  the  problem  that  different  shape 
functions  will  give  different  hulls.  It 
may  not  be  important  when  these  ship 
hulls  are  close  to  each  other;  but  a 
problem  can  arise  when  even  then  the 
results  do  not  converge.  Ultimately, 
different  shape  functions  may  lead  to 
different  converged  solutions  when  the 
above  subdivision  procedure  is  adopted. 
When  this  happens,  subdivision  of 
elements  must  be  based  on  measuring  the 
nodal  coordinates  on  the  lines  drawing  of 
the  ship. 


The  third  factor  is  the  Integration 
over  the  body  surface  in  equation  (18) , 
After  numerous  test.s  and  careful 
consideration  of  accuracy  and  efficiency, 
we  have  chosen  the  four  point  Gaussian 
scheme.  To  avoid  the  singularity  wheft 


After  the  solution  has  been  found,  the 
added  masses  p.,  and  damping  coefficients 
can  be  obtained  from  (Newman  1978) 

—  p  Jg  (iw  W.7^j)nj^dS 

L  (i<<)nj^-Umj^)^,dS+pu|^^j^^nj^dL(20) 


where  the  second  term  has  been 
transformed  using  the  relation  derived 
by  Ogilvie  and  Tuck  (1969).  In  general, 
the  second  form  of  this  equation  has  no 
apparent  advantage  over  the  first.  In 
fact  the  second  order  derivative  in  mj^ 
makes  the  calculation  even  more 
difficult.  However,  when  the  steady 
potential  ^  can  be  neglected,  such  as  for 
sufficiently  slender  ships,  the  latter 
form  has  the  advantage  of  not  requiring 
calculation  of  the  derivatives  of  the 
unsteady  potential.  Thus  for  a  slender 
ship  we  have 


-p  Jg^dwn^-  Um^)^  [  JsG(P,Q)<T(Q)dS 
2 

-  |-jLG(P.Q)a(Q)nx<Q>^y^‘*® 


4^  k-lVk 


(21) 


where  a  corresponds  to  and 
c^-|g  (iwn^-Um^)[  Jg^G(P,Q)N^(Q)dS 

Jj^G(P,Q)N^(Q)nj^(Q)dy]dS  (22) 

c  can  of  course  be  calculated  when 
matrix  [A]  is  assembled  rather  than  after 
the  solution  has  been  found;  otherwise 
the  computer  time  would  almost  be 
doubled. 
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A.  Numerical  Results 

In  the  following  calculated  examples, 
we  have  taken  ^-0.  This  Is  In  fadt 
consistent  with  the  linearized  free 
surface  condition  given  In  equation  (8). 
The  presence  of  the  steady  disturbance 
potential  in  the  body  surface  condition 
alone  does  not  appear  to  provide  a 
consistent  improvement  to  the  accuracy  of 
the  boundary-value  problem  for  a  surface 
piercing  body.  In  general,  when  ^  can  not 
be  regarded  as  a  small  quantity,  Its 
contribution  should  be  Included  In  the 
free  surface  condition  (Newman  1978)  as 
well  as  in  the  body  surface  condition.  If 
the  Incoming  wave  is  of  large  amplitude, 
a  fully  nonlinear  mathematical  model 
should  be  used. 

Tables  la  and  lb  give  the  added  mass 
and  damping  coefficients  for  a  sphere  of 
radius  a  undergoing  forced  oscillations. 
Table  2  gives  the  exciting  force  on  the 
sphere  In  an  Incoming  wave  with  Incident 
angle  /3-0.75)r.  The  sphere  Is  submerged  at 
h-2a  (h  being  distance  between  the  centre 
of  the  sphere  and  the  mean  free  surface) 
and  translates  at  a  Froude  number 
Fn-U/y(ga)-0.A.  The  hydrodynamic 
coefficients  are  nondlmenslonallzed  as 
fj^j/pfra  U!  and  the  exciting  forcees  as 


3 

Fi/Pg'®  In  the  tables,  v  and  w. 
cArrespond'^  to  the  values  of  S  and  w.  a8 
the  critical  point  r-0.25.  We  nave 
omitted  r..  from  table  1,  since  It  Is 
pbserved  '’that  the  Tlmman-Newman  (1962) 
relation  Is  very  well  satisfied  at  this 
forward  speed.  The  results  from  the 
numerical  method  (designated  N  In  the 
tables)  are  based  on  an  Idealisation 
using  only  12  elements  (AS  nodes)  on  one 
half  of  the  surface  of  the  sphere.  These 
are  seen  to  ogree  reasonably  with  results 
from  the  analytical  solution  (Wu  &  Eatock 
Taylor  1988),  designated  A  in  the  tables. 
It  should  be  noted,  however,  that  these 
results  are  not  the  same  as  those  In  Uu  & 
Eatock  Taylor  (1988),  since  the  latter 
Included  the  effect  of  the  steady 

disturbance  potential  on  the  body  surface 
boundary  condition.  We  have  observed  that 
excluding  this  term  has  one  marked 

effect:  namely  It  leads  to  a  non- zero 
rotational  moment  about  the  centre  of  the 
sphere.  This  should  not  occur,  and  It 
highlights  the  Importance  of  Including  A 
In  this  case.  Nevertheless,  the 
comparisons  shown  in  the  table  provide 
evidence  of  the  reliability  of  the 
numerical  procedures  adopted  to  solve  the 
boundary  value  problem  by  equations  (7) 
and  (9) . 


u& 

^1 

A 

N 

/«22 

A 

N 

^33 

A 

N 

1*13 

A  N 

0.1 

0.7009 

0.69A8 

0.6939 

0.6996 

0.7291 

0,7251 

■0.0028  -0.0029 

0.2 

0.7200 

0.71A1 

0.7055 

0.7116 

0.7607 

0.7577 

-0.0259  -0.026A 

0.3 

0.7128 

0.706A 

0.7075 

0.7137 

0.7529 

0.7501 

-0.0758  -0.0773 

O.A 

0.6077 

0.5987 

0.6936 

0.6996 

0.6259 

0.6153 

-0.0799  -0.0828 

0.5 

0.6290 

0.622A 

0.6722 

0.6779 

0.6315 

0.62AA 

-0.0198  -0.0211 

0.6 

0.637A 

0,S311 

0.6579 

0.6629 

0.6271 

0.6201 

-0.0007  -0.0011 

0.7 

0.6A20 

0.6356 

0.6A82 

0.6532 

0.6226 

0.6156 

0.0102  0.0103 

0.8 

0.6AA3 

0.6379 

0.6A16 

0.6A65 

0.6186 

0.6115 

0.0170  0.017A 

0.9 

0.6A52 

0.6387 

0.6371 

0.6A23 

0.6153 

0.6081 

0.0212  0.0215 

1.0 

0.6A52 

0.6388 

0.63A1 

0.6388 

0.6125 

0.6051 

0.0236  0.02A0 

Table  la. 

Comparison  of  added  mass 

coefficients  for 

a  submerged 

sphere 

(h-2a,  Fn-U/y(ga)-0.A,  i/^a-0.3906) 

\l 

^22 

^33 

^3 

va 

A 

N 

A 

N 

A 

N 

A  N 

0.1 

0.0035 

0.0035 

0.0025 

0.0023 

0.0062 

0.0063 

0.0181  0.018A 

0.2 

0.0275 

0.0279 

0.0155 

0.0153 

0.0A50 

0.0A60 

0.0360  0.0367 

0.3 

0.0722 

0.0781 

0.0376 

0.0380 

0.1205 

0.1237 

0.02A9  0.0253 

O.A 

0.0871 

0.088A 

0.0595 

0.0605 

0.1A5A 

0.1513 

-0.0891  -0.0937 

0.5 

0.0371 

0.0380 

0.0631 

0.06AA 

0.0975 

0.1013 

-0.0695  -0.0712 

0.6 

0.0275 

0.0280 

0.0599 

0.0609 

0.0850 

0.0879 

-0.0592  -0.060A 

0.7 

0.02A2 

0.02A5 

0.05A8 

0.0557 

0.0769 

0.0793 

-0.0502-0.0511 

0.8 

0.0230 

0.0233 

0.0A92 

0.5000 

0.0703 

0.0725 

-0.0A20  -0.0A28 

0.9 

0.0225 

0.0228 

0.0A38 

O.OAAA 

0.06A5 

0.0665 

-0.03A8  -0.0355 

1.0 

0.0222 

0.0225 

0.0388 

0.0393 

0.0593 

0.0612 

-0.0285  -0.0291 

Table  lb.  Comparison  of  damping  coefficients  for  a  submerged 
sphere  (h-2a,  Fn“U/y(ga)-0.A,i/^a-0.3906) 
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IFil 

IFjl 

IF3I 

l/oS 

A 

N 

A 

N 

A 

N 

0.1 

1.0669 

1.0633 

1.0789 

1.0859 

1.5441 

1.5411 

0.2 

0.8434 

0.8402 

0.8601 

0.8626 

1.2345 

1.2342 

0.3 

0.6957 

0.6950 

0.6828 

0.6846 

0.9640 

0.9610 

0.4 

0.5560 

0.5548 

0.5395 

0.5407 

0.7678 

0.7661 

0.5 

0.4449 

0.4437 

0.4299 

0.4306 

0.6119 

0.6107 

0.6 

0.3559 

0.3548 

0.3444 

0.3449 

0.4889 

0.4881 

0.7 

0.2851 

0.2840 

0.2768 

0.2772 

0.3916 

0.3911 

0.8 

0.2286 

0.2278 

0.2232 

0.2233 

0.3145 

0.3143 

0.9 

0.1837 

0.1828 

0.1801 

0.1802 

0.2530 

0.2530 

1.0 

0.1478 

0.1470 

0.1457 

0.1456 

0.2039 

0.2042 

Table  2.  Coaparlson  of  exciting  forces  on  a  submerged  sphere 
(h-2a ,  Fn-U/y(ga)-0 . 4  .i/j^a-0 . 2937 ,  )9-0 . 75)r) 


As  an  application  of  this  analysis  to  a 
surface  ship,  ve  have  calculated  results 
for  a  series  60  hull  with  block 
coefficient  0.7.  Ue  first  Investigated 
convergenece  by  assuming  a  rigid  free 
surface  condition, and  usln/,  two  meshes 
on  one  half  of  the  ship  hull:  with  168 
elements  and  567  nodes  and  with  280 
elements  and  935  nodes,  as  shown  In 
figure  1.  The  second  of  these  meshes  Is 
substantially  finer  than  those  used  by 
others  in  earlier  published  work.  We 
found  that  the  former  provides  results 
within  3.1%  and  5.3%  of  the  finer  mesh 
results  for  added  mass  in  heave  and  pitch 


respectively,  while  these  two  meshes  give 
virtually  Identical  area  and  volume  fqr 
the  ship.  Next  we  calculated  the 
hydrodynamic  coefficients  by  using  the 
translating  pulsating  source  Green's 
function  in  equation  (22) ,  with  the 
source  strength  in  equation  (21)  based  on 
the  rigid  free  surface  calculation.  This 
has  the  advantage  of  providing  a  much 
more  rapid  calculation  of  source 
strength,  and  Is  related  to  the 
approximate  method  used  by  Newman  (1961) 
for  a  submerged  ellipsoid.  The  results 
from  the  coarse  mesh  are  shown  in  figures 
2  and  3. 


(a)  Coarse  mesh  (567  nodes) 


(b)  Fine  mesh  (935  nodes) 


Figure  1.  Mesh  for  Series  60  hull 
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1  I  5  ;  5 


T 


o  ^'KgA.y 

(c)  heave/pitch 


tf 

(d)  pitch 


Figure  2.  The  added  masses  of  the  series  60  (C^'O.?)  at  Fn=0.2 


535 


Figure  3. 


The  damping  coefficients  of  the  series  60  (Ch“0.7)  at  Fn=0.2 


5.  Conclusions 

The  hydrodynamic  problem  of  a  surface 
ship  advancing  in  regular  waves  at 
constant  forward  speed  is  analysed  based 
on  the  linearized  velocity  potential 
theory  and  using  the  boundary  integral 
technique.  The  numerical  techniques 
introduced  have  been  found  to  be 
effective  in  overcoming  some  difficulties 
encountered  previously.  A  major  remaining 
difficulty  is  the  evaluation  of  the  Green 
function  when  both  source  and  field 
points  are  near  the  free  surface,  which 
appears  to  be  the  direction  towards 
which  further  work  in  this  area  should  be 
directed. 
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DISCUSSION 
by  R.  Huijstnans 

The  authors  are  to  be  congratulated  on 
their  treatment  of  the  full  forward  speed 
diffraction  problem.  We  at  MARIN  have  the 
experience  that  using  the  exact  Green's 
function  for  the  translating  oscillating 
source  as  was  studied  by  eg  Bougis,  Inglis 
needs  a  very  careful  treatment  of  the  panel 
sizes.  In  the  above  mentioned  studies  only 
very  coarse  grids  were  used.  In  recent 
calculations  at  our  Institute,  we  calculated 
added  mass  and  damping  of  a  series  60  ship 
with  the  number  of  panels  increasing  up  to 
856.  Apart  from  the  very  large  computational 
burden  the  results  for  the  added  mass  and 
damping  did  not  seem  to  converge  really  with 
increasing  panel  sizes.  This  was  especially 
the  case  when  the  pressure  distribution  was 
examined.  Our  opinion  is  that  there  is 
conflicting  requirement  regarding  the 
stationary  and  the  oscillating  part  of  the 
Green's  function  with  respect  to  the  panel 
sizes,  especially  when  the  forward  speed  is 
not  very  large. 

1)  Does  the  authors  have  the  some 
experience  regarding  the  statement  made  above? 

2)  Can  the  authors  give  some  indication  of 
the  type  of  computer  they  used  and  computer 
time  they  have  used  for  the  non-zero  speed 
case?  Especially  when  comparing  with  the  zero 
speed  case. 

3)  Does  the  authors  have  some 
idea/indication  how  the  local  hydrodynamic 
quantities,  like  pressure  and  velocities 
behave  when  increasing  the  number  of  panels? 

Author's  Reply 

We  thank  Dr.  Huijsmans  for  his  interesting 
comments.  From  our  experience  using  quadratic 
boundary  elements  for  the  problem,  we  are 
certainly  not  surprised  that  using  850  or  so 
constant  elements  to  represent  the  series  60 
hull  did  not  always  provide  satisfactory 
results.  Our  own  coarse  mesh  used  1085  nodes 
for  the  submerged  hull  (the  numbers  in  Fig.l 
referring  to  one  half  of  the  hull),  and  the 
finer  mesh  1789  nodes.  Like  Dr.  Huijsmans  we 
have  been  looking  at  various  ways  of 
overcoming  the  conflicting  requirements  at 
small  forward  speed,  and  some  of  our  thoughts 
on  this  are  to  be  published  elsewhere! A1 ). 

We  do  not  yet  have  an  efficient  algorithm 
for  the  Green  function,  and  the  computing  time 
therefore  still  quite  long.  For  the  series  60 


results  given  in  Figs. 2  and  3,  they  range  from 
about  2000  to  7000  seconds  per  frequency  on  a 
CRY  1,  with  the  longer  runs  corresponding  to 
results  at  higher  frequencies.  We  also  run 
these  programs  on  a  Microvax  II,  and  have  to 
wait  a  few  days  for  results  at  one  frequencyl 

We  have  not  evaluated  pressures  and  local 
kinematics  for  the  case  of  the  body  with 
forward  speed.  But  we  would  expect  to  draw 
similar  conclusions  to  those  given  in  Eatock 
Taylor  and  Sincock(A2]. 

(All  Wu,  G.X.  and  Eatock  Taylor,  R.:  The 

Hydrodynamic  Force  on  an  Oscillatory  ship 
with  Low  Forward  Speed,  J,  of  Fluid 
Mech.  to  appear  1990). 

(A2)  Eatock  Taylor,  R.  and  Sincock,  P.:  Wave 
Upwelling  Effects  in  TLP  andSemi- 
submersibleStructures, Ocean  Engineering 

16,  pp.281-306  (1989). 


DISCUSSION 
by  G.  Jensen 

Isoparametric  elements  are  associated  with 
numerical  integration.  Could  you  please  give 
some  more  details  about  the  computation  of  the 
velocities  and  may  be  higher  derivatives  on 
the  body? 

Author's  Reply 

The  first  order  derivatives  of  the 
velocity  potential  on  the  body  surface  (and 
hence  the  fluid  velocities  at  any  point  on  the 
surface)  can  be  obtained  from  the  nodal 
solutions,  using  the  shape  functions,  together 
with  the  known  normal  derivatives.  Thus  uses 
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to  solve  for  the  derivatives  of  ®  in  the  x,y 
and  z  directions. 

This  approach  can  not  be  used  directly  to 
obtain  the  higher  order  derivatives.  As 
discussed  in  the  paper,  however,  it  may  only 
be  the  integrated  tifect  of  such  derivatives 
that  is  required  on  the  body  surface,  and  in 
some  circumstances  this  can  be  obtained  by 
alternative  means. 
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On  the  Numerical  Solution  of  the  Turbulent  Flow-Field  past 
Double  Ship  Hulls  at  Low  and  High  Reynolds  Numbers 


G.  D.  Tzabiras  and  T.  A.  Loukakis 
National  Technical  University  of  Athens 
Athens,  Greece 


ABSTRACT 

Turbulent  flow  calculations  have  been  canned  out 
for  SSPA  TIQ  double  model  at  a  low  (SxlQO)  and  a 
high  (5xl0“)  Reynolds  number.  The  partially  parabolic 
algorithm  was  adopted  to  solve  the  complete 
momentum  equations  and  k-e  model  was  used  for  the 
Reynolds  stress  modelling.  At  the  low  Reynolds 
number,  results  for  a  whole  field  solution  are 
compared  to  those  obtained  by  experimental  input 
amidships.  Comparisons  are  also  made  tetween  low 
and  high  Reynolds  calculations  and  conclusions 
concerning  scaling  laws  are  derived 


1.  Introduction 


Advanced  numerical  methods,  developed  during  the 
last  few  years  [1]  have  been  applied  with  encouraging 
results  for  the  calculation  of  the  turbulent  flow-field 
past  the  stem  of  double  ship  models.  Most  of  them 
are  based  on  the  simultaneous  solution  of  the  velocity 
and  the  pressure  field  (the  latter  being  essential  at 
the  thick  boundary  layer  region)  and  use  zero,  one  or 
two-equation  turbulence  models.  Although  the  next 
step  seems  to  be  the  development  of  methods  which 
take  Into  account  the  free  surface  effect  and  the 
presence  of  a  propeller,  there  is  still  a  lot  of  useful 
numerical  Investigation  to  be  made  on  double  hulls. 
Two  of  the  most  Important  problems  in  this 
investigation  are  the  simultaneous  solution  of  the 
whole  flow-fleld  past  a  ship  hull  as  well  as  the 
behaviour  of  the  numerical  solution  at  high  Reynolds 
numbers,  which  is  the  case  wifli  real  practical  interest. 

In  the  present  work  both  of  the  above  problems 
have  been  worked  out  for  the  case  of  the  SSPA  720 
model,  for  which  extended  experlmentail  infoimation  Is 
available  [2],  [3]  .The  model  has  been  numerically 
tested  at  a  low  Reynolds  number  of  5x10°,  which 
corresponds  to  the  test  conditions  and  at  a  high 
Reynolds  number  of  5x10°,  which  corresponds  to  a 
full  size  ship.  At  the  low  Re  No  numeric^  results  at 
the  stem  region,  obtained  by  either  using  input 
conditions  ai^dships  from  experimental  data  or 
solving  the  complete  flow  field  around  the  ship  hull, 
have  been  compared  to  experimental  results. 
Moreover,  the  pressure  coefficients  at  the  bow  region 
predicted  by  the  viscous  solver  have  been  compared 
to  measurements  and  to  predictions  from  a  potential 


flow  solution.  The  purpose  of  these  exercises  Is  to 
provide  some  Insight  with  regard  to  the  applicability 
of  the  method  to  the  actual  problem  of  ship  design, 
for  which  no  experimental  input  data  is  available. 

The  high  Re  No  numerical  experiment  Is  obviously 
the  more  Important  from  the  practical  point  of  view. 
Although  experiments  at  such  higli  Re  Nos.  do  not 
exist,  comparisons  of  the  velocity  profiles,  skin 
friction  and  pressure  coefficients  to  those  predicted  at 
the  low  Reynolds  number  can  illustrate  the  trends  of 
the  differences  between  the  two  solutions.  In  this 
respect  it  is  Important  to  see  if  some  flow 
phenomena(such  as  the  strong  ctoss  flow  reversal  or 
the  rwld  dianges  In  the  velocity  profiles  around  a 
stem  frame)  which  occur  at  low  Reynolds  numbers 
are  substantially  lesslntense  at  a  high  Reynolds 
number.  Moreover  comparisons  can  be  made  between 
the  resistance  components  (viscous  pressure  and  skin 
friction)  in  order  to  test  various  assumptions 
concerning  the  scale  effect,  when  extrapolating  model 
test  data. 

The  method  applied  in  the  present  work  is 
basically  the  fully  elliptic  algorithm  reported  in  [4], 
whidi  solves  the  complete  Reynolds  equations  on  the 
physical  3-D  space  using  a  sequence  of  locally 
orthogonal  curvilinear  coordinate  systems.  The 
Reynolds  stresses  are  modelled  in  this  code  by  the 
standard  two-equation  k-e  turbulence  model. 


2.  The  Numerical  Method 
2.1  Governing  Equations 

For  the  numerical  solution  of  the  transport 
equations  around  the  ship  hull  the  computational 
domain  is  covered  by  a  sequence  of  2D  orthogonal 
curvilinear  grids  as  described  in  [5].  The  latter  are 
generated  on  transverse  sections  by  the  conformal 
mapping  method  [6]  taking  into  acount  the  local 
non-orthogonality  at  the  intenectlon  of  the  section 
contour  and  the  waterplane  [7].  Interpolated 
sections,  needed  for  grid  refinement  along  the  ship, 
can  be  easily  generated  by  cubic  Interpolation  between 
the  transformation  coefficients  of  adjacent  sections. 
Representative  2D  grids  used  In  the  present 
calculations  are  shown  in  Flg.l  for  some  sections 
along  the  model.  In  this  figure  the  origin  X=0  of  the 
longitudinal  axis  coincides  with  the  midship  section. 
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ax/L=-.8 


BX/L=.987 


R|«  5-10® 


**6. 


R=  5-10® 


Fig.  1  Orthogonsil  curvilinear  grids  at  various  sections 
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A  local  3D  orthogonal  curvilinear  coordinate 
system  corresponds  to  each  2D  grid  generated  as 

above,  whose  two  co-ordinate  lines  coincide  with  the 
grid  lines  and  the  third  one  is  normal  to  the  section 
plane.  In  a  general  orthogonal  drvUinear  system 
(xi,xj,xi)  with  metrics  (hiJtjJii),  where  the  indices  1,  j, 

1  are  in  cyclic  permutation,  the  complete  U| 

momentum  (Reynolds)  equation  is  written  as 


-UjUjKjj  +  (0||  -  Ojj)Kj|  +  (Ojj  OijlKn 

+  a,(2K„  +  K„)  +  o„(2K,  +  K,)  +  i^ 
h,  ax,  h,  ax,  ” 


where  C(ui)  shows  the  convection  terms  of  the  uj 
velocity  component,  that  Is 

1  ^Vm>, 

“  l'*  h.h.li. '  “'ST  *  Sr - * - ST - I 


'rj“i 


The  stress  tensor  components  appearing  on  the 
tight  hand  side  of  equation  (1)  are  d^ed  as 


cr„  =  Pe'  2ej=:p*-  2 


■j  au,  u,  3h,  u,  ah,' 
h,h,  ax,  h,h,  ax. 


(2) 


where  the  effective  viscosity  Pe  is  modelled  according 
to  the  isotropic  eddy  viscosity  concept,  l.e. 


Pe  =  11  +  IH  (3) 

where  p  is  the  fluid  viscosity  and  pt  the  eddy  (or 
turbulent)  viscosity. 


The  curvature  terms  K{j  are  expressed  as 


K 


dh 


h,hj  ax 


i 

J 


If  the  xi  axis  of  the  adopted  co-ordinate  system  is 
parallel  to  the  ship  symmetry  axis  (l.e.  normal  to  the 
ship  sections)  the  following  simplifcations  are  valid  : 

hi  =  1  ,  Ki2  =  K21  =  K31  =  Ki3  =  0  (4) 


As  already  mentioned,  in  the  present  investigation 
the  standard  k-e  turbulence  model  [8]  is  employed  for 
the  modelling  of  the  Reynolds  stresses,  that  is  the 
turbulent  viscosity  pi  is  calculated  as 

»,-PS  e 

where  k  is  the  turbulence  kinetic  energy,  e  its 
dissipation  rate  and  Cq  a  constant  equal  to  0.09. 
Two  more  differential  equations  have  to  be  solved  in 
order  to  determine  k  and  e.  These  equations  can  be 
cast  in  the  following  common  form  : 


dlv[  p<b?  -  ^gradO  ]  =  S .  (6) 

where  <I>  =  k  or  e,  oj;  =  1,  Oe  =  1.3,  =  G  -  pt, 

Sj  =  1.44  G|-1.92p^ 

and  the  generation  term  G  is  expressed  as 

G  =  2p,[e2  -HcJ  +  +  l/2(e5  -h  e* 

The  complete  equations  (1)  and  (6)  are  solved 
numerically  for  all  tranverse  sections  following  the 
finite  volume  approximation.  A  staggered  j^d  is 
employed  and  the  differential  transport  equations  are 
integrated  in  the  corresponding  control  volume  of  each 
variable  <hp,  resulting  in  an  algebraic  equation  of  the 
general  form 


A  <!>  =A  d>  -fA  <I>  +A  4>  -I- A  <I>  -f 
P  P  N  N  S  S  E  E  W  W 


+  A  <I>  -fA  4>  -fS 
D  D  U  U  ® 


(8) 


where  the  notation  P,  N,  S,  E,  W,  D,  U  corresponds 
to  grid  points  shown  in  Flg.2.  Co^dents  Ap,  Aiq.... 
take  into  account  the  combined  effect  of  convection 
and  diffusion  terms  modelled  according  to  the  hybrid 
scheme  of  Spalding  [9].  Equations  (8)  form  a  system 
of  algebraic  equations  whl(»  is  solved  by  succesive 
applications  of  the  trldlagonal  matrix  algorithm. 


Fig. 2  Specification  of  grid  points 
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The  calculation  domain  around  the  ship  can  be 
divided  In  two  sub>domalns  suiroundlnf;.  respectively, 
the  front  and  the  rear  part  as  shown  In  Fie.  3.  In 
the  front  part  domain  (1),  correspondins  to  the  thin 
boundary  layer  region,  relatively  coanc  gilds  can  be 
used  to  model  the  viscous  flow.  Besides,  high 
convergence  rates  of  the  numeilcal  solution  can  be 
adileved  due  to  the  strong  upstream  convective 
influence  and  the  existence  of  favorable  pressure 
gradients  over  the  major  part  of  the  body  surface. 
The  aft  part  calculation  domain  (U)  covers  the  thick 
boundary  layer  region  around  the  stem  of  the  ship 
and  extends  in  the  near  wake.  The  flow  there  is 
characterized  by  complex  phenomena  such  as  vortex 
formation,  interaction  between  the  boundary  layer  and 
the  wake  or  adverse  pressure  gradients  and  liner 
grids  must  be  applied  in  order  to  obtain  reUable 
numerical  results. 


Fig. 3  Definition  of  sub-domains 


following  conditions  are  valid; 
waterplane  : 

U3  =  0,|^  =  0,4.=  t.,u,,p,lr.e 


The  solution  of  the  elliptic-type  algebraic  equations 
(8)  requires  spedfleation  of  boundary  conditions  at 
each  boundary  of  the  two  sub-domains,  that  is  at  the 
inlet  planes  U,  the  external  boundaries  N,  the  exit 
planes  D,  the  solid  surface  S  and  the  symmetry 
planes  of  the  ship  (Fig.  3). 

The  input  boundary  values  for  the  velocity 
components  at  the  inlet  plane  Uj  of  the  front  part 
domain,  located  upstream  the  ship's  bow,  are 
calculated  from  the  potential  flow  solution.  The  latter 
is  obtained  by  the  application  of  the  classical  Hess 
and  Smith  method  [10]  around  the  actual  shape  of  the 
ship.  The  values  of  k  and  e  at  the  same  boundary 
are  assumed  to  be  equal  to  zero.  The  corresponding 
input  boundary  conditions  for  the  velocity  components 
and  turbulence  quantities  at  the  inlet  plane  Uu  of  the 
second  calculation  domain  are  determined  from  the 
front  part  flow  solution  by  linear  interpolation.  At 
the  same  plane,  input  conditions  can  also  be 
calculated  by  empirical  formulae,  whenever 
experimental  data  are  available. 

At  the  exit  planes  D  of  the  domains  the  flow  is 
assumed  to  be  fully  developed,  corresponding  to  the 
application  of  Neummann  conditions  for  each  variable, 
except  the  pressure.  The  latter  is  calculated  by  linear 
extrapolation  from  the  computed  values  at  the 
previous  sections. 

The  velocity  components  and  the  pressure  at  the 
external  boundaries  N  are  calculated  from  the 
potential  flow  solution,  whereas  for  k  and  e  the 
normal  to  the  boundary  derivatives  vanish 
(Neummann  condition). 

The  turbulent  flow  near  the  solid  boundary  is 
modelled  according  to  the  standard  wall  function 
method  [11]  assuming  that  the  velocity  in  the  adjacent 
to  the  wall  cells  follows  the  logaiitlunlc  law 

u+  =  1/x  In  (Ey+)  (9) 

where  x=0.42,  E=9.79,  y+  the  non-dimensional 

distance  from  the  wall  and  u'^  the  non-dimensional 
velocity  parallel  to  it.  Relation  (9)  is  implicitly 
introduced  in  the  momentum  and  k-r  equations 
leading  to  a  simplified  set  of  boundary  conditions  for 
the  corresponding  variables. 

Finally  at  the  two  flow  symmetry  plan,es  the 


ship  symmetry  plane; 


=  °  ■  a]^=0  .t=u,,u,,p,ke 


2J.  .TIie  Solution  Algorithm 

The  existence  of  a  dominant  flow  direction  along 
the  co-ordinate  axis  x},  whidi  is  parallel  to  the 
symmetry  axis  of  the  ship  allows  for  a  marching 
solution  of  the  governing  transport  equations,  known 
as  the  partially  parabolic  algorithm  [12].  The  method 
has  been  originally  developed  to  solve  the  parabolized 
Navier-Stokes  equations  [13]  but  it  can  also  be 
applied  to  the  solution  of  the  complete  form  of 
ei^atlons  (1)  and  (6). 

According  to  the  partially  parabolic  algorithm,  a 
local  numerical  solution  Is  peiformed  in  each 
transverse  section  of  the  calculation  domain.  Firstly 
the  U3,  U2  and  uj  momentum  equations  are  solved 
and  then  the  pressure  fleld  and  the  velocity 
components  are  corrected  to  satisfy  the  continuity 
equation.  Then  the  k-e  equations  are  solved  and  the 
eddy  viscosities  are  updated  using  relation  (S).  In  this 
local  solution  two-rnnensional  in-core  storage  is 
essentially  needed  for  various  geometrical  and  flow 
parameters,  permitting  the  use  of  flne  grids  even  with 
conventional  computers.  After  solution  for  every 
section  of  the  domain  is  performed,  a  sweep  is 
completed  and  calculations  start  again.  Several  sweeps 
are  needed  until  both  the  velocity  and  pressure  flelds 
converge. 

The  most  crucial  point  in  the  application  of  the 
partially  parabolic  method  is  the  treatment  of  the 
pressure  field.  In  the  present  work  the  SIMPLE  [14] 
algorithm  has  been  adopted  for  the  local  correction 
of  the  pressure  and  the  velocities.  Ihe  wplication  of 
this  algorithm  requires  underreiaxatfon  of  variables 
during  the  iterative  solution  procedure,  that  is  the 
updated  value  4>  of  a  variable  is  calculated  as  linear 
combination  of  its  previous  value  4>o  and  the  solution 
♦n  of  system  (8),  through  relation 

<I»  =  r  <hn  +  (1-r)  ■  Oq 

where  r  is  the  undeirelaxatlon  factor  which  is 
constant  for  every  grid  node  of  a  transverse  section. 


Although  SIMPLE  and  partially  paratrolic  algorithms 
form  the  basis  of  the  convergence  procedure,  it  has 
been  found  that  at  the  front  part  escalation  domain 
(Fig.3)  they  can  be  combined  in  a  different  way  than 
at  the  rear  part  domain.  While  at  the  stem  region 
several  iteration  SIMPLE  steps  are  needed  to  achieve 
local  convergence,  the  existence  of  a  thin  boundary 
layer  over  the  bow  and  the  middle  body  of  the  ship 
allow  a  single  step  local  solution  at  the  front  part 
domain.  Hie  latter  results  in  a  decrease  of  the 
computational  cost  by  a  factor  of  30. 

A  new  approach  has  also  been  applied  for  the 
numerical  solution  at  high  Reynolds  numbers.  The 
high  grid  densities,  required  to  model  the  turbulent 
flow  near  the  wall  at  the  above  numbers,  lead  to  the 
generation  of  computational  cells  having  their  normal 
to  the  wall  dimension  substantially  lower  that  the 
other  two  dimensions.  This  geometrical  property  is 
quite  unfavorable  for  the  pressure  correction  methods 
applied  in  this  case,  espKlally  at  the  stem  region 
where  steep  lon^tudinal  and  transverse  pressure 
gradUents  occur.  Moreover,  at  the  same  region,  it  is 
difficult  to  obtain  the  necessary  grid  clustering  near 
the  wall  by  global  grid  generation  methods. 

To  overcome  the  aforementioned  problems  a  special 
near  wall  treatment  has  been  developed,  as  shown  in 
Flg.4.  The  near  wall  computational  cells, 
corresponding  to  the  initial  mesh  generation,  can  be 
automatically  subdivided  to  any  desired  number  of 
sub-cells  and  a  second  computational  domain  is 
created.  Two  different  solutions  are  applied  in  the 
resulting  internal  and  external  domains.  For  the 
Internal  solution  the  pressure  values  within  the  normal 
to  the  wall  generated  cells  is  assumed  to  be  equal 
to  the  "external"  value  at  node  N.  This  assumption, 
valid  near  the  solid  boundary,  is  quite  beneficial  for 
the  solution  procedure  Mowed:  the  U3  and  uj 
momentum  and  k-e  equations  are  solved  in  the 
sub-domain  as  in  the  external  domain,  while  the  U2 
component  (normal  to  the  wall)  is  calculated  explicitly 
from  the  integrated  continuity  equation.  For  the 
external  solution  the  SIMPLE  procedure  is  followed. 
At  the  common  boundary  (B)  of  the  two  domains  the 
boundary  conditions  for  various  variables  are  updated 
according  to  the  adopted  finite  difference  formulation 
for  the  convection  and  diffusion  terms.  Convergence 
in  a  transverse  section  is  achieved  after  several 
successive  internal  and  external  solutions. 


Fig. 4  Near  wall  treatment 


3.  The  Numerical  Tests 

As  already  mentioned  in  the  introduction, 
calculations  with  the  described  methods  were  carried 
out  for  SSPA-720  double  model. 


3.1  Low  Reynolds  Number  Computations 

For  the  front  part  calculations,  a  32x20x61  grid  was 
used  where  32  is  the  number  of  grid  nodes  along  the 
^h,  20  the  number  of  nodes  along  the  normal 
direction  to  the  section  contour  and  61  the  number  of 
transverse  sections.  The  inlet  plane  of  the  calculation 
domain  was  placed  at  2X/L=-1.2  and  the  exit  plane 
at  2X/L=0.30.  Convergence  of  the  numerical  solution 
was  adileved  in  80  single-step  sweeps  of  the  domain 
and  constant  underrelaxation  factors  equal  to  0.4 
were  used  for  each  variable.  The  values  of  y+  in  the 
adjacent  to  the  wall  cells  ranged  between  30  and  SO, 
that  is  within  the  suggested  region  for  the  application 
of  wall  functions  (30i-150).  In  Fig.  6  results  for  the 
predicted  Cp  coefficient  are  compared  to  experiments 
as  well  as  to  potential  flow  calculations.  The  latter 
were  obtained  using  673  quadrilateral  elements  on  the 
model  surface. 

For  the  rear  part  calculation  domain  a  32x30x44  grid 
was  used  starting  at  2XyL=0.1  and  extending  up  to 
l.X/L=1.4.  Both  types  of  input  boundary  conditions 
were  tested,  the  first  one  corresponding  to  a  whole 
field  solution  and  the  second  to  an  experimental 
input.  In  the  second  case  the  velocities  within  the 
boundary  layer  were  calculated  according  to  the  1/n 
power  law  using  the  experimental  data  of  Larsson  [2], 
while  the  initial  values  for  k  and  e  were  estimated  by 
empirical  formulae  [5].  A  total  number  of  35  sweeps 
was  needed  to  obtain  convergence  in  either  case.  An 
initial  number  of  15  iterative  steps  was  required  for 
local  convergence  in  a  transverse  section,  which 
reduced  to  one  up  to  5  steps  during  the  last  sweeps. 
The  values  of  the  underrelaxation  factors  at  the  rear 
part  were  constant  and  equal  to  03  for  every 
veriable.  The  values  of  y+  ranged  between  30  and 
170. 

In  Flg.7  computational  results  for  the  streamwise 
(UAle)  ond  crosswise  (WAlc)  velocity  components  arc 
compared  to  experiments  for  points  11  to  17  of 
station  2X/L=0.9  shown  in  Flg.5.  In  this  Figure  the 
vertical  axis  refers  to  the  non-dlmensionallzed  normal 
distance  from  the  body  surface  with  respect  to  the 
experimental  [2]  boundary  thickness  0^  and  the 
horizontal  axis  to  the  non-dlmensionalized  velocities 
with  respect  to  the  velocity  at  the  edge  of  the 
boundary  layer.  A  special  output  program  has  been 
developed  to  compute  the  neccssa^  variables  along 
normal*  to  the  body  surface  by  linear  interpolation 
among  the  stored  values.  It  should  be  noted  here 
that  the  experimental  results  were  subject  to 
blockage  effects  while  no  such  effect  has  been 
accounted  for  in  the  calculations. 

In  Fig.  8  the  calculated,  non-dimensionalized  by  the 
free  stream  velceity,  Cp  coefficient  is  compared  to 
the  experimental  data  around  the  girth  of  the 
previous  section.  Results  for  the  pressure  distribution 
are  also  presented. 

3.2  Hiah  Reynolds  Number  Calculations 
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The  same  transverse  sections  and  '  jthwlse  points 
as  in  the  case  of  the  low  Reynolds  number 


calculations,  have  been  used  for  the  high  Reynolds 
number  tests.  The  grid  density  was  different  only 
along  the  normal  direction,  as  shown  in  Fig.  1.  A 
32x30x61  grid  was  employed  for  the  h:ont  part 
calculations  and  convergence  of  botli  the  velocity  and 
pressure  fields  was  obtained  in  ISO  sweeps.  Constant 
underrelaxation  factors  equal  to  0.3  were  used  for 
each  variable.  The  values  of  y+  ranged  between  100 
and  300. 

A  32x30x44  grid  was  used  for  the  stem  part 
calculations.  The  underrelaxation  factors  were  equal  to 
0.5  for  all  variables  and  convergence  was  achieved 
after  25  sweeps.  Two  grid  types  have  been  tested, 
that  is  a  coarse  near  the  wall  grid  with  y+  varying 
from  100  to  1400  and  a  flne  grid  according  to  the 
method  previously  described.  The  latter  was  created 
by  dividing  the  initial  near  wall  cells  in  10  sub-cells, 
that  is  a  total  of  40  grid  nodes  along  the  normal 
direction  was  used.  Starting  with  the  coarse  grid 
solution,  15  more  sweeps  were  needed  to  obtain 
convergence  with  the  flne  grid.  The  corresponding 
values  of  ranged  between  15  and  150. 
Comparisons  between  the  calculated  results  by  the 
two  grids  as  well  as  with  the  results  for  the  low 
Reynolds  number  are  presented  in  Figs.  9  to  12. 


Fig. 5  Distribution  of  calculation  points 
at  2X/L=0.9 


4.  Eiiscussion  of  the  Result'! 


jr - 


4-1  Low  Reynolds  Number 

Tne  caipued  pressures  along  the  girth  of  variou 
sectioiu  of  the  fron  part  of  the  ship  compare  weli 
with  the  experiment  values.  Figs.  6  a  to  6  d,  wher 
rorrect^  for  blockage  effects  as  proposed  by  Larssoi 
[15].  The  agreement  is  good  both  for  the  viscoiu 
and  the  potential  flow  pressure  calculations,  with  the 

stem  section  with 

2X/L=-0.93.  In  this  case  it  is  believed  that  the 
discrepmcy  is  due  to  the  Insufflent  accuracy  ol 
classical  Hess  and  Smith  method  near  the  extremetles 
of  the  body. 


2X/L=  0 


d 


GIRTH  % 
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Fig. 6  Comparisons  of  pressure  coefficients  at 
the  fron  part  for  Re=5x.l0® 
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Fig. 7  Compar'i  sons  o-F  velocity  p  not  i  1  es  .  2X/L-0  . 


Therefore  It  may  be  concluded  that  the  proposed 
viscous  flow  calculations  for  the  front  part  of  the  ship 
can  be  conveniently  used  in  conjuctlon  with  the  same 
calculation  method,  whidi  is  widely  used  for  the  aft 
end  of  the  ship.  The  advantages  of  such  calculations 
are  that  they  do  not  require  any  assumptions  with 
regard  to  the  upstream  input  boundary  conditions, 
while  they  automatically  generate  Input  conditions  for 
the  aft  part  solution.  Needless  to  say  that  the  method 
is  more  expensive  to  run  than  simpler  approaches. 

The  calculated  velocity  proflles,  ushig  both  the  whole 
field  solution  and  the  aft  part  solution  based  on 
experimental  input,  are  compared  to  measured  values 
along  the  girth  of  section  vrith  2X/L.=0.9,  Flg.7. 

The  calculated  results  agree  in  general  well  with  the 
measurement  for  both  velocity  components.  The 
results  based  on  experimental  input  are  somewhat 
better  but,  as  it  will  be  pointed  out  later,  the  overall 
difference  in  the  total  resistance  prediction  between 
the  two  methods  is  very  small.  The  overprediction  of 
the  streamwise  velodties  near  the  surface  at  points 
19  and  9  can  be  explained  by  observing  from  fig.7 
that  in  this  region  the  geometry  of  the  hull  surface  is 
rapidly  changing,  a  situation  for  which  the  k-e 
turbulence  model  is  known  to  overpredict  [1],  [16], 
[17].  It  should  be  noted  here  that  the  comparison 
between  measured  and  calculated  velocity  proflles  is 
somewhat  indirect  because  the  measured  results  are 
affected  by  blockage  effects.  However  numerical 
calculations  for  the  same  hull  [4],  taking  into  account 
blockage  effects,  have  shown  that  the  non-dimensional 
velaocity  proflles  remain  practically  the  same. 

The  predicted  by  both  aforementioned  methods 
values  for  Cp  along  the  girth  of  the  same  as  above 
section  are  compared  to  experimental  values  in  fig.8. 
The  agreement  is  particularly  good  for  both  methods. 
The  corresponding  values  for  Cp,  predicted  by  boath 
methods  shown  in  the  same  Figure,  are  in  close 
agreement.  No  experimental  pressure  values  exist  for 
this  section. 


Finally,  although  there  exist  no  measured  values  for 
the  total  resistance  of  the  ship  to  be  used  for 
comparison  purposes,  it  is  interesting  to  note  that 
the  predicted  by  the  whole  Held  solution  total 
resistance  is  2J5%  higher  than  the  one  predicted  using 
experimental  input  for  the  stem  part  solution. 


4.2  High  Reynolds  Number 

The  results  for  the  velocity  profiles  at  station 
2XyL=0.9  shown  in  Hg.  9,  allow  us  to  conclude  that 
the  local  grid  refinement  produces  no  notlcable  effect, 
although  it  requires  approximately  30%  more 
computer  time.  The  same  conclusion  is  reached  by 
observing  Fig.lO,  where  the  ^hwlse  results  for  Cp 
and  Cp  at  the  same  station  are  shown.  This  is  a 
remarkable  result  showing  that  at  high  Reynolds 
numbers  the  wall  function  method  is  valid  for  a  wide 
range  of  y+.  However  more  numerical  experiments 
should  be  made  for  various  hull  forms  to  establish 
this  behaviour. 

The  overall  difference  in  the  prediction  of  the  total 
ship  leslstance  using  both  methods  is  of  the  order  of 
1%. 


Fig.8  Comparisons  of  pressure  and  friction 
coefficients  at  2X/L=0.9 


4.3  Comparison  of  the  Low  and  Hleh  Reynolds 
Number  Cases 

The  profiles  of  the  streamwise  and  crosswise  velocity 
components  are  shown  in  Fig.  11  for  the  station  with 
2X/L=0.9.  All  calculations  were  performed  using  the 
whole  field  solution.  The  streamwise  component  is 
higher  for  the  high  Re.  No.,  as  expected,  with  larger 
differences  near  the  keel.  A  more  Interesting 
conclusion  is  reached  by  observing  the  crosswise 
velocity  proflles.  At  the  high  Re.No.  the  S  shape  of 
this  profile,  whidi  exist  at  the  low  Re.  No.,  is  lost  or 
is  reduced.  Consequently,  the  hull  form  is  less  prone 
to  vortex  formation  at  the  high  Re.  No.,  a  fact  which 
has  also  been  experimentally  verified. 

Finally  the  gitthwlse  distribution  of  the  Cp  and  Cp 
distribution  for  the  same  station  are  shown  in  Fig.  12 
for  both  Re.  Nos.  In  the  same  Figure  the  calculated 
values  for  pressure  using  potential  flow  are  plotted. 
As  expected  the  potential  flow  solution  yields  larger 
values  than  the  viscous  flow  solutions,  with  the 
differences  diminishing  with  increasing  Re.No. 

The  glrthwlse  values  of  Cp  are  more  constant  for 
the  high  Re.No.,  whereas  Cp  has  very  high  values 
near  the  keel  for  the  low  Re.No. 
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Fig.0  Compa.Y' i  sons  o'F  velocitiy  pno'files.  2X/t_ 


Fig. 10  Comparisons  of  pressure  and  friction 
coefficients  at  2X/L=0.9 


4.4  Scaling  Laws  for  Ship  Resistance  Prediction 

With  regard  to  the  Independency  of  the  numerical 
results  to  the  transverse  grid  parameters,  previous 
calculations  with  a  coarser  ^d  [4]  have  yielded  quite 
similar  results  for  the  low  Re  No  case.  Similarly  for 
the  high  Re  No.  case,  a  more  dense  grid  near  the 
body  surface  has  produced  effectively  the  same 
velocity  profiles.  Therefore  we  can  assume  that  the 
numerical  results  are  reliable  In  this  respect. 

However,  no  such  examination  was  performed  with 
respect  to  other  grid  parameters,  which  might  affect 
the  numerical  solution,  e.g.  the  number  of  the  hull 
CTOss  sections  used  for  the  calculations  especially  for 
the  low  Re.No.  case.  Nevertheless,  the  numerical 
results  seem  to  be  good  enough  to  tdlow  for  an 
attempt  to  demonstrate  their  impact  on  practical 
procedures  for  the  prediction  of  the  resistance  of  the 
ship.  In  this  endeavour  we  are  encouraged  from 
similar  trends  for  the  case  of  a  body  of  revolution 


(18],  for  which  grid  independancy  of  the  numerical 
solution  was  achieved. 

As  It  Is  well  known,  ship  resistance  predictions  are 
based  on  model  experiments,  on  a  flat  plate  friction 
line  and  on  appropriate  scaling  laws.  We  now 
consider  that  the  examined  low  Re.No  case  represents 
model  tests  with  results  shown  In  Table  1,  which  also 
contains  the  results  of  a  corresponding  full  scale 
experiment.  Since  the  free  surface  effect  has  been 
neglected,  this  pair  of  experiments  1$  thought  to  be 
conducted  at  a  Froude  No  equal  to,  say,  0.15. 

If  we  now  use  both  the  form  factor  (k)  method 
and  Froude’s  method,  each  in  combination  with  both 
the  I.T.T.C.  and  the  A.T.T.C.  friction  lines,  we  can 
derive  Table  2. 

Then,  it  can  be  concluded  that  none  of  the  above 
combinations  predicts  the  ship  resistance  adequatly  and 
that  the  form  factor  method  underpredicts,  but  it  is 
closer  to  the  calculated  ship  resistance  than  the 
Froude  method,  which  overpredicts. 

Needless  to  say  that  the  numerical  methods 
presented  herein  can  be  easily  used  for  the  direct 
prediction  of  the  ship  resistance,  a  fact  which 
necessitates  full  scale  experiments  to  validate  their 
accuracy. 


Finally,  it  should  be  mentioned  that  a  complete  set 
of  calculations  for  a  hull  form  require  approximately 
60  houn  of  computer  time  on  a  MlcroVAX  II 
machine,  ammount  which  can  be  reduced  to  about  2 
hours  on  a  modem  RISC  tedmology  workstation. 
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Table  1:  Calculated  resistance  coefficients 


Re  =  SxlO* 

Re  =  5xl0» 

^T 

4.754  xlO'® 

2.560  10‘® 

Cp 

1.024x10 

0.77x10-5 

3.73  >10-5 

1.79x10-5 

Table  2:  Calculation  of  ship  total  resistance  coefficient  by  the  forn  factor  and  Froude  method 


C.r„xl05 

Cp^xl05 

■ 

CpXl05 

— 

Cpsxl0  5 

CtsX10  5 

CtsX10  5 

computed 

%  Diff. 

form  factor 

plus 

ITTC 

friction  line 

4.754 

3.397 

0.399 

— 

1.671 

2.21 

2.56 

-13.6 

form  factor 
plus 

ATTC 

friction  line 

4.754 

3.294 

0.443 

1.671 

2.32 

2.56 

■ 

Froudeis 

nethod 

plus 

ITTC  f.l. 

4.754 

3.397 

— 

1.357 

1.671 

3.028 

2.56 

+  17 

Froude's 
nethod 
plus 
me  f.l 

4.754 

3.294 

— 

1.460 

1.671 

3.13 

2.56 

+  22 
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Abstract 

A  viscous-solution  method  Is  set  forth  for 
calculating  marine-propeller  flow  fields.  An 
overview  of  the  computational  method  Is  giv¬ 
en,  and  some  example  results  for  both  laminar 
and  turbulent  flow  are  presented  and  dis¬ 
cussed  with  regard  to  the  flow  physics,  for 
the  Idealized  geometry  of  a  propeller-shaft 
configuration  with  Infinite-pitch  rectangular 
blades.  It  is  shown  that  the  flow  exhibits 
many  of  the  distinctive  features  of  Interest, 
including  the  development  and  evolution  of 
the  shaft  and  blade  boundary  layers  and 
wakes,  and  tip,  passage,  and  hub  vortices. 
Comparisons  are  made  with  results  from  a 
lifting-surface  propeller-performance  pro¬ 
gram,  to  aid  in  evaluating  the  present 
method,  which  show  that  the  present  method 
accurately  predicts  the  blade  loading, 
including  viscous  effects,  and  clearly  dis¬ 
plays  the  ability  to  resolve  the  viscous 
regions  in  distinction  from  the  invlscld-flow 
approach. 

Introduction 

Propeller-type  flow  fields  are  encountered 
in  a  wide  variety  of  engineering  problems, 
e.g. ,  in  the  propulsion  of  marine  vehicles, 
airplanes,  and  helicopters,  in  turbomachine¬ 
ry,  and  in  inert  and  reacting  swirl-flow  sys¬ 
tems.  The  present  study  concerns  the  de¬ 
velopment  of  a  viscous-solution  method  for 
the  analysis  of  incompressible  propeller 
flows.  Of  particular  Interest  are  marine 
prop€ll6r9  *^hi  ch  srs  unlcjtsc  bccsusc  they 
operate  in  the  thick  stern  boundary  layer  and 
wake  such  that  the  flow  field  is  interactive, 
l.e. ,  the  propeller-induced  flow  is  dependent 
on  the  hull  flow  which  is  itself  altered  by 
the  presence  of  the  propeller.  More  specifi¬ 
cally,  here  we  are  primarily  concerned  with 
the  propeller-induced  flow;  however,  the  pre¬ 
sent  study  is  an  outgrowth  of  a  larger  pro¬ 
ject  concerning  propeller-hull  interaction 
and,  upon  extension,  is  expected  ultimately 
to  handle  entire  configurations. 


Presently,  only  potential-flow  methods  are 
available  for  calculating  practical  marine- 
propeller  flow  fields  (for  a  recent  review 
see  Kerwln  [1]).  Lifting-surface  methods  are 
available  for  both  steady  and  unsteady  flows 
(e.g.,  Kerwin  and  Lee  [2]).  Also,  surface- 
panel  methods  have  been  developed  for  steady 
flow  (e.g.,  Hess  and  Valarezo  [3]).  These 
methods  suffer  from  two  major  problems: 
first,  they  rely  on  the  incorrect  assumption 
that  the  propeller  operates  in  an  infinite 
ideal  fluid,  but  with  a  specified  spatially 
varying  inflow  which  represents  the  hull 
boundary  layer  and  wake;  and  second,  the 
results,  including  the  propeller  thrust  and 
torque,  are  very  sensitive  to  the  specifica¬ 
tion  of  the  geometry  of  the  tralling-vortex 
wake  sheet  which  requires  a  viscous-flow 
analysis  for  its  prediction.  Consistent  with 
the  first  problem,  the  agreement  with  exper¬ 
imental  thrust  and  torque  data  for  nonuniform 
Inflow  has  not  been  satisfactory.  Also,  the 
predicted  pressure  distributions,  even  for 
uniform  inflow,  do  not  show  overall  good 
agreement  with  experimental  data  (ITTC 
[4]).  A  complete  evaluation  of  the  theory 
has  been  hampered  by  the  lack  of  knowledge  of 
the  effective  Inflow  which  is  usually  assumed 
to  be  the  nominal  wake  of  the  bare  hull. 

Relatively  little  work  has  been  done  con¬ 
cerning  viscous  effects  for  rotating  propel¬ 
ler  blades.  Most  of  the  studies  pertain  to 
boundary-layer  development  and  are  restricted 
to  laminar  flow  and  idealized  geometries 
(Morris  [5]),  Only  one  study  has  considered 
practical  guometries  and  flow  conditions 
(Groves  and  Chang  [6]).  In  general,  these 
methods  suffer  due  to  the  inaccuracy  of  the 
pressure  distributions  predicted  by  invlscld- 
flow  methods  and  are  not  easily  extendable 
into  the  wake.  Similar  difficulties  with 
this  approach  have  been  encountered  in  turbo- 
machinery  applications.  Viscous  effects  have 
also  been  studied  with  regard  to  the  tip- 
vortex  generation  process  utilizing  the  par¬ 
abolized  Navier-Stokes  equations  (most 
recently,  de  Jong  et  al.  [7]). 
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Most  work  on  propeller-hull  Interaction 
assumes  that  the  Interaction  is  inviscid  in 
nature  and  has  focused  separately  on  either 
propeller  Influence  on  hull  resistance 
(thrust  deduction)  or  on  hull  boundary  layer 
and  wake  (effective  wake).  Recently,  Stern 
et  al.  18,9]  have  developed  a  comprehensive 
viscous-flow  approach  to  propeller-hull 
Interaction  in  which  a  viscous-flow  method 
for  calculating  ship  stern  flow  (Chen  and 
Patel  (101)  is  coupled  with  a  propeller- 
performance  program  in  an  interactive  and 
iterative  manner  to  predict  the  combined  flow 
field;  hereafter  referred  to  as  the  interac¬ 
tive  approach.  A  body-force  distribution  is 
used  to  represent  the  propeller  in  the  vis¬ 
cous-flow  method.  The  steady-flow  results 
show  good  agreement  with  experimental  data 
and  indicate  that  such  an  approach  can  accur¬ 
ately  simulate  the  steady  part  of  the  com¬ 
bined  propeller-hull  flow  field.  Although 
the  unsteady-flow  results  generally  follow 
the  trends  of  available  data,  these  indicate 
the  limitations  of  this  approach  for  simulat¬ 
ing  the  complex  blade-to-blade  flow.  The 
work  of  Stern  et  al.  (8,9]  is  precursory  to 
the  present  work. 


In  the  following,  propeller-flow  phenomena 
are  described  to  aid  in  understanding  the 
nature  of  the  flow  as  well  as  the  differences 
between  the  present  and  interactive 
approaches.  Also,  the  rationale  for  select¬ 
ing  the  present  geometry,  l.e.,  a  propeller- 
shaft  configuration  with  infinite-pitch  rec¬ 
tangular  blades  (figure  1)  is  discussed, 
including  its  advantages  and  shortcomings. 
Next,  an  overview  of  the  computational  method 
is  provided.  Then,  some  example  results  are 
presented  and  discussed  with  regard  to  the 
flow  physics,  including  the  computational 
grid  and  conditions  and  calculations  for  both 
laminar  and  turbulent  flow.  Subsequently, 
comparisons  are  made  with  results  from  a 
lifting-surface  propeller-performance  pro¬ 
gram,  to  aid  in  evaluating  the  present  me¬ 
thod.  Finally,  some  concluding  remarks  are 
made.  The  details  of  the  computational 
method  and  the  complete  results,  including 
additional  calculations  to  study  the  influ¬ 
ences  of  a  thick-inlet  boundary  layer,  the 
propeller  angular  velocity,  and  the  blade 
number,  as  well  as  comparisons  with  some 
additional  relevant  experimental  and  computa¬ 
tional  studies  are  provided  by  Kim  111]. 


Most  of  the  relevant  work  from  related  ap¬ 
plications  is  for  high-speed  flow  in  which 
shock  waves  have  a  dominating  influence; 
therefore,  the  focus  of  these  studies  is,  in 
general,  quite  different  from  that  of  the 
marine-propeller  application.  The  most 
closely  related  work  is  that  done  to  develop 
energy  efficient  turboprops  and  for  turbo- 
machinery  applications  (see  Kim  [11]  for  a 
more  complete  discussion.  Including  refer¬ 
ences).  Although  advanced  Inviscid-  and  vis¬ 
cous-flow  methods  are  under  development,  in 
most  cases,  incompressible-flow  calculations 
are  either  not  possible  without  major  modifi¬ 
cations  or  require  the  use  of  the  pseudo- 
compressibility  concept.  In  its  usual  form, 
the  latter  precludes  time-accurate  unsteady- 
flow  calculations,  although  some  recent  stud¬ 
ies  have  shown  promising  results  for  such 
extensions  through  the  use  of  subiter¬ 
ations.  Lastly,  concerning  related  applica¬ 
tions,  the  helicopter  and  swirl-flow  calcula¬ 
tions  are  helpful  with  regard  to  tip  vortices 
and  swirling  jets  and  wakes,  respectively; 
but,  here  again,  involve  large  differences  in 
both  flow  conditions  and  geometry. 

It  is  apparent  from  the  foregoing  that 
present  methods  for  calculating  marine-pro¬ 
peller  flow  fields  are  inadequate  for  analyz¬ 
ing  the  detailed  flow  structures  such  as  the 
development  and  evolution  of  the  unsteady 

blade  flow,  hub  and  tip  vortices,  and  overall 
propeller  wake.  Furthermore,  even  the  most 
advanced  computational  fluid  dynamics  methods 
from  related  applications  are  either  inap¬ 
plicable  or  require  major  modifications  to 
handle  marine  propellers.  This  overall  situ¬ 
ation  motivated  the  present  study. 


Propeller-Flow  Phenomena 


Figure  2  displays  sketches  of  both  the 
circumferential-average  and  blade-to-blade 
flow  for  the  relatively  simple  case  of  a  pro¬ 
peller-shaft  configuration.  The  circumferen¬ 
tial-average  flow  (figure  2a)  clearly  dis¬ 
plays  the  expected  features  based  on  physical 
considerations,  i.e.,  axial-velocity  U 
increase  (overshoot)  and  negative  radial- 
velocity  V  (contraction)  associated  with  the 
propeller  thrust,  and  propeller-induced  swirl 
W,  including  hub  vortex,  associated  with  the 
propeller  torque.  Also,  there  is  a  jump  in 
pressure  p  across  the  propeller  plane  and  a 
large  decrease  in  pressure  along  the  wake 
centerline  due  to  the  propeller  thrust  and 
-Induced  swirl,  respectively,  and  a  large 
Increase  in  turbulent  kinetic  energy  k, 
including  two  peaks,  one  near  the  wake  cen¬ 
terline  and  one  corresponding  to  the  tip  of 
the  propeller  blades.  As  discussed  above, 
the  interactive  approach  is  able  to  predict 
accurately  many  details  of  the  circumferen¬ 
tial-average  (steady)  flow;  however,  in  order 
to  predict  the  complex  blade-to-blade  flow  a 
more  detailed  representation  of  the  propeller 
than  the  body  force  is  required. 


In  comparison  with  the  situation  for  the 
circumferential-average  flow,  relatively  lit¬ 
tle  is  known  concerning  the  complex  blade-to¬ 


blcdc  flow  due,  no  doubt,  to  difficulties  in 


performing  such  experiments  and  calculations 
for  this  type  of  geometry.  Figure  2b  dis¬ 
plays  some  of  the  expected  flow  structures, 
including  the  leading-edge  horseshoe,  pas¬ 


sage,  tip,  and  hub  vortices  and  the  blade 
boundary  layers  and  wakes.  It  should  be 


emphasized  that  figure  2b  is  speculative.  It 


is  based  on  the  results  from  the  present 
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study  Co  be  discussed  later  as  well  as  on 
Information  from  other  studies  both  for  mar¬ 
ine  propellers  and  Curboprops  and  for  rele¬ 
vant  geometries  such  as  turbomachinery  and 
simple  tip  and  juncture  flows*  Here  it  is 
sufficient  to  point  out  that  there  are  numer¬ 
ous  fundamental  Issues  associated  with  these 
flow  structures  which  have  yet  to  be  expli¬ 
cated  (see  Kim  [11]  for  a  partial  list)* 
Although  some  of  these  Issues  are  in  common 
with  ocher  flows  and  applications,  some  are 
unique,  and,  therefore,  must  be  addressed 
within  the  context  of  the  marine-propeller 
problem. 

As  mentioned  earlier,  the  goal  of  the  pre¬ 
sent  work  is  to  develop  a  viscous-flow  method 
for  marine  propellers,  which  can  analyze  the 
detailed  flow  structures  described  above.  It 
is  appropriate  to  initiate  such  an  effort 
with  as  simplified  a  geometry  as  possible 
without  sacrificing  Che  essential  physics  of 
the  flow  under  consideration.  The  geometry 
chosen  for  this  purpose  is  a  propeller-shaft 
configuration  with  infinite-pitch  rectangular 
blades  (figure  1).  This  geometry  has  the 
following  important  advantages:  the  grid  gen¬ 
eration  is  relatively  simple  so  chat  the  fo¬ 
cus  of  attention  can  be  given  to  the  more 
basic  aspects  of  the  numerics,  which  is  im¬ 
portant  for  the  initial  development;  fine- 
grid  solutions  are  possible  with  the  avail¬ 
able  supercomputer  resources;  Che  laminar- 
and  turbulent-flow  solutions  exhibit  similar 
flow  patterns  such  chat  meaningful  compariso¬ 
ns  can  be  made  between  the  two  flows;  and  its 
simplicity  facilitates  Che  diagnosis  of  the 
important  features  of  the  blade-to-blade 
flow.  Also,  as  will  be  shown  below,  the  flow 
f-ield  exhibits  most  of  the  distinctive  fea¬ 
tures  of  interest.  However,  it  should  be 
recognized  that  this  geometry  also  has  short¬ 
comings,  such  as  the  lack  of  blade  section 
geometry  and,  most  importantly,  thrust. 
Issues  related  to  these  aspects  will  be  ad¬ 
dressed  in  future  extensions  for  practical 
geometries. 

Overview  of  the  Computational  Method 

Consider  the  viscous  flow  around  a  propel¬ 
ler-shaft  configuration  rotating  at  constant 
angular  velocity  to  in  an  infinite  uniform 
stream  with  velocity  (figure  1).  It  is 
assumed  that  the  Mach  and  cavitation  numbers 
are,  respectively,  sufficiently  small  and 
large  such  that  the  fluid  is  Incompressible 
and  noncavltatlng.  Under  these  conditions, 
the  flow  is  cyclic  in  both  space  and  time. 
Moreover,  the  flow  is  steady  and  spatially 
cyclic  at  blade-to-blade  inrori/gls  in  nonin- 
ertial  coordinates,  which  rotate  with  the 
propeller.  The  situation  is  similar  for 
propeller-driven  axlsymmetrlc  bodies;  how¬ 
ever,  for  the  more  general  circumstance  of 
propeller-driven  three-dimensional  bodies  the 
flow  is  unsteady,  even  in  nonlnertlal  coor¬ 
dinates.  For  straight-ahead  performance  it 
is  cyclic  with  angular  velocity  la,  whereas 
for  maneuvering, it  is  noncyclic. 


As  mentioned  earlier,  the  present  overall 
computational  method  is  based  on  that  used 
previously  for  calculating  propeller-hull 
interaction  (Stern  et  al.  [8,9])  in  which  a 
viscous-flow  method  for  calculating  ship- 
stern  flow  (Chen  and  Patel  [10])  is  coupled 
with  a  propeller-performance  program  in  an 
interactive  and  iterative  manner  to  predict 
the  combined  flow  field.  This  is  expected  to 
facilitate  future  extensions  for  entire  con¬ 
figurations. 


In  order  to  extend  this  approach  for  the 
present  purpose,  a  number  of  major  modifica¬ 
tions  were  required,  including  the  following: 
use  of  a  nonlnertlal  coordinate  system,  which 
rotates  with  the  propeller,  and  solution  of 
the  corresponding  equations;  implementation 
of  boundary  conditions,  including  periodic 
boundary  conditions  for  the  blade-to-blade 
region;  adoptatlon  of  an  ADI  scheme  at  each 
crossplane;  and  a  complete  restructuring  of 
the  program  for  propeller  geometries,  includ¬ 
ing  calculations  for  both  laminar  and  turbu¬ 
lent  flow.  Also,  during  the  time  period  that 
the  present  work  was  in  progress,  the  basic 
viscous-flow  method  of  Chen  and  Patel  [10] 
was  upgraded  for  fully-elllptic  calculations 
of  the  complete  Reynolds-averaged  Navler- 
Stokes  equations  (Patel  et  al.  [12]).  Sim¬ 
ilar  modifications  were  made  for  the  present 
work.  Lastly,  modifications  were  required  to 
execute  the  program  efficiently  on  o  super¬ 
computer. 

Below,  an  overview  of  the  computational 
method  is  given.  A  complete  description  is 
provided  by  Kim  [11].  Also,  further  details 
of  the  basic  viscous-flow  method  are  provided 
by  Chen  and  Patel  [10]  and  Patel  et  al.  [12]. 


Equations  and  Coordinate  System 


The  Reynolds-averaged  Navler-Stokes  equa¬ 
tions  are  written  in  the  physical  domain 
(figure  3a)  using  nonlnertlal  cylindrical 
coordinates  (x,r,0)  rotating  with  constant 
angular  velocity  0“  ((o,0,0)  as  follows: 
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t  Is  the  time;  U,  V,  W  are,  i-espectlvely,  the 
longitudinal,  radial,  and  circumferential 
components _ of  mean  velocity;  p  is  the  pres¬ 

sure;  uu,  uv,  etc.  are  the  Reynolds  streas- 
es;  f  ,  f^,  fg  are,  respectively,  the  longl- 
tudln^,  radial,  and  circumferential  com¬ 
ponents  of  the  body  force;  and  Re  "  U  L/v  is 
the  Reynolds  number  defined  in  terms  of  a 
characteristic  velocity  and  length  L, 

which  are  used  along  with  the  density  p  to 
nondimenslonallze  all  variables,  and  molecu¬ 
lar  kinematic  viscosity  v.  For  laminar  flow, 
equations  (1)  through  (4)  reduce  to  the 
Navier-Stokes  equations  by  simply  deleting 
the  Reynolds-stress  terms  and  Interpreting 
(U,V,W)  and  p  as  instantaneous  values. 

Closure  of  the  Reynolds  equations  is  at¬ 
tained  through  the  use  of  the  standard  k-c 
turbulence  model.  Each  Reynolds  stress  is 
related  to  the  corresponding  mean  rate  of 
strain  by  the  isotropic  eddy  viscosity  as 
follows: 

-  uv  -  (^  + 

—  /I  au  X  aw. 

-  uw  -  Vt  (7  -gg  +  •^) 
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V  is  defined  in  terras  of  the  turbulent  kine¬ 
tic  energy  k  and  its  rate  of  dissipation  c  by 

.2 
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where  C  is  a  model  constant  and  k  and  c  are 
governed  by  the  modeled  transport  equations 
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G  Is  the  turbulence  generation  term 
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The  effective  Reynolds  number  R  is  defined 
as  ^ 

f-  -  —  (10) 

R.  Re  0. 

9  9 

in  which  "  k  for  the  k-eauatlon  (7)  and 

^  •  e  for  the  c-equation  (8).  The  model 
constants  are: 

C  “  .09,  C  ,  “  1.44,  C  ,  «  1.92, 
y  cl  e2 

Og  -  0,,  -  -  I,  o^  -  1.3 

The  governing  equations  (1)  through  (10) 
are  transformed  into  nonorthogonal  curvilin¬ 
ear  coordinates  ouch  that  the  computational 
domain  (figure  3b)  forms  a  simple  rectangular 
parallelepiped  with  equal  grid  spacing.  The 
transformation  is  a  partial  one  since  it 
involves  the  coordinates  only  and  not  the 

velocity  components  (U,V,W).  The  transforma¬ 
tion  is  accomplished  through  the  use  of  the 
expression  for  the  divergence  and  "chain- 
rule"  definitions  of  the  gradient  and  Lapla- 
clan  operators,  which  relate  the  orthogonal 
curvilinear  coordinates  x^  «  (x,r,6)  to  ^the 
nonorthogonal  curvilinear  coordinates  £  • 
(C>h>4)«  In  this  manner,  the  governing 
equations  (1)  through  (10)  can  be  rewritten 
in  the  following  fora  of  the  continuity  and 
convective-transport  equations 

I5  (bju  +  bjv  +  bjw)  +  -1;  (bju  +  b^V  +  b^W) 

+  (bjU  +  b^y  +  bjW)  -  0  (11) 

22  3^.  33  3^6 

g  2  +  g  7  +  g  2 
35  3n  3C 

where  ^  “  (0,V,W,k,c). 

Discretization  and  Velocity-Pressure  Coupling 

The  convective  transport  equations  (12) 
are  reduced  to  algebraic  form  through  the  use 
of  a  revised  and  simplified  version  of  the 
finite-analytic  method  (Patel  et  al.  [12]). 
In  this  method,  equations  (12)  are  linearized 
in  each  local  rectangular  numerical  element 
d5  ■  An  “  A;  -  1,  by  evaluating  the  coef¬ 
ficients  and  source  functions  at  the  interior 
node  P  and  transformed  again  into  a  normal¬ 
ized  form  by  a  simple  coordinate  stretch¬ 
ing.  An  analytic  solv.tlon  is  derived  by 
decomposing  the  normalized  equation  into  one- 
artd  two— dimensional  partial— differential 
equations.  The  solution  to  the  former  is 
readily  obtained.  The  solution  to  the  latter 
is  obtained  by  the  method  of  separation  of 
variables  with  specified  boundary  func¬ 
tions.  As  a  result,  a  twelve-point  finite- 
analytic  formula  for  unsteady,  three- 
dimensional,  elliptic  equations  is  obtained 
in  the  form 
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1  +  CplCjj+  Cp+^1 

+  s^sv  ^dv  f 


(13) 


where  the  subscript  nb  denotes  neighboring 
nodes  (NE:northeast,  NW:northwest,  etc.}»  It 
Is  seen  that  ij.  depends  on  all  eight  neigh¬ 
boring  nodal  values  in  the  crossplane  as  well 
as  the  values  at  the  upstream  and  downstream 
nodes  and  an^  the  values  at  the  pre¬ 
vious  time  step  .  For  large  values  of 
the  cell  Reynolds*^ number,  equation  (13)  re¬ 
duces  to  the  partlally-parabollc  formulation 
used  previously  (Stern  et  al.  (8,9]).  Since 
equations  (13)  are  Implicit,  both  in  space 
and  time,  at  the  current  crossplane  of  calcu¬ 
lation,  their  assembly  for  all  elements  re¬ 
sults  in  a  set  of  simultaneous  algebraic 
equations.  If  the  pressure  field  is  known, 
these  equations  can  be  solved  by  the  method 
of  lines.  However,  since  the  pressure  field 
is  unknown,  it  must  be  determined  such  that 
the  continuity  equation  is  also  satisfied. 


The  coupling  of  the  velocity  and  pressure 
fields  is  accomplished  through  the  use  of  a 
two-step  iterative  procedure  Involving  the 
continuity  equation  based  on  the  SIMPLER 
algorithm.  In  the  first  step,  the  solution 
to  the  momentum  equations  for  a  guessed  pres¬ 
sure  field  is  corrected  at  each  crossplane 
such  Chat  continuity  is  satisfied.  However, 
in  general,  the  corrected  velocities  are  no 
longer  a  consistent  solution  to  Che  momentum 
equations  for  Che  guessed  p.  Thus,  the  pres¬ 
sure  field  must  also  be  corrected.  In  the 
second  step,  Che  pressure  field  is  updated 

again  through  the  use  of  the  continuity  equa¬ 
tion.  This  is  done  after  a  complete  solution 
to  the  velocity  field  has  been  obtained  for 
all  crossplanes.  Repeated  global  iterations 
are  thus  required  in  order  to  obtain  a  con¬ 
verged  solution.  The  procedure  is  facili¬ 
tated  through  the  use  of  a  staggered  grid. 

Both  the  pressure-correction  and  pressure 
equations  are  derived  in  a  similar  manner  by 
substituting  equation  (13)  for  (U,V,W)  into 
the  the  discretized  form  of  the  continuity 
equation  (11)  and  representing  the  pressure- 
gradient  terms  by  finite  differences. 

Solution  Domain  and  Boundary  Conditions 

The  physical  and  computational  solution 
domains  are  shown  in  figure  3.  It  is  seen 

chat  Che  solution  domain  is  bounded  by  the 

inlet  plane  S^;  the  shaft  surface  S^;  the 
suction  and  pressure  sides  of  the  blacTe  sur¬ 
face  S.^  and  Sjj  ,  respectively;  the  exit 
plane  S®;  the  periodic  symmetry  planes  S 
and  S  ;  the  symmetry  axis  L^;  and  the  outer 
boundary  S^. 

The  boundary  conditions  on  each  of  the 
aforementioned  boundaries  are  as  follows:  on 
Che  inlet  plane  S^,  the  initial  conditions 


for  are  specified  from  simple  flat-plate 
solutions,  initial  conditions  for  p  and  p* 
are  not  required;  on  the  shaft  and  blade 
surfaces  and  S.^  for  laminar  flow,  the 
solution  is  csrrleu  out  up  to  Che  actual 
surface  where  the  no-slip  condition  is  ap¬ 
plied,  for  turbulent  flow,  a  two-point  wall- 
function  approach  is  used;  on  the  exit  plane 
S^,  axial  diffusion  is  ne^iglbje  so  that  the 
exit  conditions  used  are  3  “  0,  a  zero- 

gradient  condition  is  used  for  p;  on  the 
periodic  symmetry  planes  S  and  S  ,  an 
explicit  periodicity  condlcfon  is  Ifi^osed, 
l.e.,  i)(5,n,c)  “  ♦(E.n,  c+  C  ).  p(E.  n,  c) 

“  p(E»n>5  +  C„)«  where  C  corresponds  to  the 

blade-co-blade,  interval;  iSn  the  symmetry  axis 
L  ,  the  conditions  Imposed  are  V  ■  W  ”  0, 
3(U,k, e,p)/3n  »  0;  on  the  outer  boundary  S^, 
the  uniform-flow  condition  is  applied,  l.e., 
U  -  1,  W  »  (ttrjg  ,  p  “  3(k,e)/3n“  0. 
o 

Grid  Ceneracion 


The  computational  grid  is  obtained  using 
the  technique  of  generating  body-fitted  coor¬ 
dinates  through  the  solution  of  elliptic 
partial  differential  equations,  l.e.,  Che 
nonorchogonal  coordinates  f  are  related  to 
the  orthogonal  coordinates  x^  by  the  set  of 
equations 


where 
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In  the  present  context,  f  are  called  control 
functions  since  their  specification  controls 
Che  concentration  of  coordinate  surfaces. 
For  specified  boundary  conditions  and  control 
functions,  equations  (14)  can  be  solved  nu¬ 
merically  to  obtain  the  coordinates  of  each 
grid  point  in  the  physical  domain. 


Because  of  the  simplicity  of  the  present 
propeller  geometry  (figure  1),  it  is  possible 
to  specify  the  transverse  and  longitudinal 
sections  of  the  computational  domain  as  sur¬ 
faces  of  constant  ^  and  respectively,  and 
moreover,  the  three-dimensional  grid  is  ob¬ 
tained  by  simply  rotating  the  two-dimensional 
grid  for  the  longitudinal  plane.  Under  these 
conditions,  equations  (14)  reduce  substanti¬ 
ally  and  can  be  readily  solved  once  the  con¬ 
trol  functions  are  specified.  The  control 
functions  f^  are  determined  by  the  specified 
grid  distributions  of  axial  stations,  radial 
distributions  at  the  inlet  and  exit,  and 
girthwise  distributions  at  the  inlet  and  on 
the  outer  boundary,  respectively.  These 
control  functions,  were  derived  under  the 
conditions  f^  -  f^(5),  f^  -  f'^fgjp),  and  f^ 
“  f  (5)  only,  which  are  of  sufficient  gener¬ 
ality  for  the  present  application. 
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Results 

In  Che  following,  first,  the  computational 
grid  and  conditions  are  described.  Then, 
some  example  results  for  laminar  flow  are 
discussed  to  point  out  the  essential  features 
of  Che  solutions.  These  are  followed  by  a 
brief  presentation  of  Che  results  for  turbu¬ 
lent  flow  to  highlight  Che  differences.  This 
order  and  emphasis  of  discussion  is  selected 
since  Che  former  represent  solutions  Co  Che 
exact  governing  equations,  whereas  the  latter 
are  dependent  on  the  choice  of  turbulence 
model. 

Computational  Grids  and  Conditions 

The  geometry  of  the  propeller-shaft  con¬ 
figuration  (figure  1;  see  Tables  1  and  2  of 
Kim  [111)  was  specified  based  on  a  config¬ 
uration  for  which  calculations  had  been  pre¬ 
viously  performed,  i.e. ,  P4660  (Stern  et  al. 
(91). 

Partial  views  of  the  grid  used  in  Che 

calculations  are  shown  in  figures  4a, b  for  a 
longitudinal  plane  and  a  typical  body  cross¬ 
plane,  respectively.  The  shaft  and  blade 
surface  grid  is  shown  in  figure  1.  Similar 
grids  are  used  for  both  the  laminar  and  tur¬ 
bulent  calculations,  but,  in  ch^  latter  case, 
the  near-wall  grid  lines  (y  <  30)  are 

deleted  in  order  to  implement  the  two-point 

wall-function  approach. 

The  inlet,  exit,  and  outer  boundaries  are 
located  at  x  “  (.54,6)  and  r  “  .9,  respec¬ 
tively;  for  laminar  flow,  the  first  grid 
points  off  the  body  and  blade  ^urf^ces  ac| 

located  at  .4  <  y  <8  and  1  <  x  ,  y  ,  or  z 

<  14,  respectively;  for  turbulent  flow,  the 
first  grid  points  off  the  b^dy  and  blade 
sur|^ace^  are  located  at  30  <  y  <  230  and  40 

<  X  ,  y  ,  or  z  <  190,  respectively;  62  axial 

grid  points  were  used,  with  18  over  the  up¬ 
stream  portion  of  the  shaft  up  to  the  blade 
leading  edge,  11  over  the  blade,  14  over  the 
remainder  of  the  shaft  from  the  blade  trail¬ 
ing  edge  Co  the  hub  apex,  and  19  over  the 

wake;  for  laminar  flow,  40  radial  grid  points 

were  used  with  22  over  the  blade  span  and  18 

from  Che  tip  to  the  outer  boundary;  for  tur¬ 
bulent  flow,  36  radial  grid  points  were  used 
with  19  over  Che  blade  span  and  17  from  the 
tip  to  the  outer  boundary;  30  and  26  angular 
grid  points  were  used  for  laminar  and  turbu¬ 
lent  flow,  respectively.  In  summary,  the 
total  number  of  grid  points  for  the  laminar 
and  turbulent  calculations  are  74,400  and 
58,032,  respectively. 

The  conditions  for  the  calculations  are  as 

follows:  characteristic  (shaft)  length  L  «  1; 

characteristic  (uniform-stream)  velocity  U  = 

1;  for  laminar  flow,  Rej^  »  2,02  x  10°  and  Re^ 

“  1  X  10  ,  where  Rej^  and  Re^  are  the  shaft- 

(=  U  L/v)  and  chord-length  (“  U^c/v)  Reynolds 

numbers,  respectively;  for  turbulent  flow, 

Re,  «  6.08  X  10°  and  Re  -Ox  10^;  the  pro- 
ij  c 


peller  angular  velocity  m  “  .3ti  (■  9  rpm) 
(the  blade  section  angle  of  attack  varies 
from  1.2  deg  at  Che  root  to  4  deg  at  the 
tip);  for  laminar  flow,  on  Che  inlet  plane, 
6/R.  "  .111  (where  6  is  the  boundary  layer 
thickness  and  Rj^  Che  hub  radius)  and  there  is 
no  Inviscld-flow  overshoot;  and  for  turbulent 
flow,  on  the  inlet  plane,  6/R.  “  .489,  U  « 
.04,  and  Che  inviscid-f low  overshoot  \s 
1.01.  The  6  values  are  based  on  simple  flat- 
plate  solutions  and  Che  selected  Re.  For 
laminar  flow,  Che  Re  value  was  selected  based 
on  Che  fact  chat  many  investigators  have 
performed  two-dimensional  flat-place  bound¬ 
ary-layer  and  wake  calculations  for  this  same 
value.  For  turbulent  flow,  a  reasonable 
value  of  Re  was  selected  for  which  fully  tur¬ 
bulent  flow  over  the  shaft  and  blades  is 
probable.  The  propeller  angular  velocity  was 
taken  to  be  sufficiently  low  such  that  no 
separation  occurs  over  the  blades. 

For  Che  nonrotating  condition,  the  calcu¬ 
lations  were  begun  with  a  zero-pressure  ini¬ 
tial  condition  for  the  pressure  field.  For 
the  rotating  condition,  the  complete  nonro- 
tating  solution  was  used  as  the  initial  con¬ 
dition.  The  values  of  the  time  and  pres¬ 
sure  a  underrelaxacion  factors  and  total 
number^ of  global  Iterations  used  in  obtaining 
the  solutions  are  .02-, 1,  .03-.!,  and  70-100, 
respectively.  The  calculations  were  per¬ 
formed  on  a  CRAY  X-MP/48  supercomputer.  The 
central  processor  unit  (CPU)  and  storage 
(words)  that  were  required  for  each  of  Che 
solutions  are  about  30mln.  and  1-1. 7M  words, 
respectively.  Note  that  Che  computer  codes 
were  23%  vectorized  and  optimized  to  achieve 
a  65%  reduction  in  CPU,  and  that  the  maximum 
normal  system  storage  limit  is  2M  words. 

Laminar  Flow 

The  laminar-flow  results  for  both  Che 
nonrotatlng  and  rotating  conditions  are  shown 
in  figures  5  through  13.  Figures  5,  6,  and  7 
show  the  variation  of  some  properties  in  the 
longitudinal  direction,  i.e. ,  the  shaft  and 
blade  surfaces  and  wake  pressure,  the  wall- 
shear  (magnitude  and  angle  for  inertial  coor¬ 
dinates),  and  the  wake  centerline  and  maximum 
swirl  velocities,  respectively.  Figures  8 
through  11  show  the  detailed  results  for  some 
representative  axial  stations  in  the  form  of 
velocity  and  pressure  profiles  (i.e.,  ^  vs.  Y 
“  •^he  propeller  radius), 

axial-velocity  contours,  crossplane-velocity 
vectors,  and  axlal-vorticity  w  contours, 
respectively.  Lastly,  figures  12  and  13  show 
close-up  views  of  the  tip’ vortex  and  the  tip- 
vortex  crajectory,  lespectlvely.  Note  that, 
in  figure  8,  the  ordinate  is  Y  such  that  the 
distance  from  the  plate  is  larger  near  the 
tip  than  near  the  root.  Also,  the  labeling 
of  each  of  the  curves  corresponds  to  the 
angular  grid  lines  shown  in  figure  4b. 

First,  consideration  is  given  to  the 
results  for  Che  nonrotatlng  condition.  The 
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shaft  and  blade  surfaces  and  wake  pressure 
variations  (figure  5)  for  the  raid-blade  plane 
indicate  a  ralnlmal  Influence  of  the  blades 
and  are  typical  of  trailing-edge  flow  in  the 
presence  of  a  thin  boundary  layer;  however, 
at  this  relatively  low  Re  (laminar  flow),  the 
adverse  axial-pressure  gradient  associated 
with  the  closing  of  the  body  is  sufficient  to 
cause  a  small  separation  region  in  the  vlcin- 
J’./  of  the  hub  apex,  .96  <  x  <  1.01.  Note 
the  rapid  rate  of  recovery  of  pressure  in  the 
radial  direction.  The  pressure  variations 
for  the  blade  plane  are  similar,  but  clearly 
show  the  effects  of  the  blade  leading  and 
trailing  edges  as  well  as  a  small  displace¬ 
ment  effect  of  the  blade  boundary  layer. 

The  wall-shear  velocity  magnitude  U  var¬ 
iations  (figure  6a)  are  consistent  witS  those 
just  described  for  the  pressure.  For  the 
blade  plane,  there  is  a  largs  reduction  of 
U  in  the  juncture  region  due  to  the  flow 
reEardation  and  also  in  conjunction  with  the 
relatively  large  boundary-layer  thickness 
there,  and  a  downstream  shift  of  the  region 
of  low  U  associated  with  the  flow  separ¬ 
ation  as^  compared  to  the  mid-blade  plane. 
The  latter  is  consistent  with  the  differences 
in  separation  patterns  for  the  blade  and  mid- 
blade  planes.  On  the  blade,  initially  is 
larger  at  the  raid-span  than  at  the  tip  in 
response  to  the  larger  leading-edge  pressure 
peak  at  mid-span  (i.e.,  more  favorable  pres¬ 
sure  gradient),  then  the  trend  reverses.  The 
wall-shear  velocity  vector  (figure  6c)  is 
generally  aligned  with  the  axial  direction 
except  near  the  blade  leading  edge  where  the 
blade  displacement  effects  are  evident  and  in 
the  separation  region  where  the  complex  topo¬ 
logical  nature  of  three-dimensional  separ¬ 
ation  is  displayed. 

The  wake  centerline  velocity  U^,  (figure 
7a)  displays  the  extent  of  the  separation 
region  and  the  recovery  of  the  wake.  The 
maximum  swirl  velocity  Wjjjgjj  is,  of  course, 
nearly  zero  for  the  nonrotating  condition  and 
not  shown  in  figure  7b.  The  asymptotic  forms 
(figure  not  shown)  display  the  details  of  the 
recovery  of  the  wake.  Although  the  exit 
plane  is  34  diameters  downstream  of  the  pro¬ 
peller  plane  (equivalently  5  shaft  lengths 
downstream  of  the  hub  apex),  the  slope  of  the 
velocity  defect  of  the  shaft  wake  has  not  yet 
reached  its  asymptotic  value.  This  is  con¬ 
sistent  with  our  previous  turbulent-flow 
calculations.  In  contrast,  the  slope  of  the 
blade  wake  velocity  defect  is  close  to  the 
asymptotic  value.  The  exit  plane  is  103 
chord  lengths  downstream  from  the  blade 
tralHng  edge. 

Lastly,  for  the  nonrotating  condition,  the 
detailed  results  are  discussed.  The  discus¬ 
sion  to  follow  is  based  on  the  complete 
results,  which  Include  the  solution  profiles 
at  all  the  • tations  designated  in  figure  4a; 
however,  fo-  brevity  of  presentation,  only 
the  near  blade  wake  station  is  shown  in  fig¬ 


ure  8.  At  the  near-inlet  station,  the  solu¬ 
tion  display  the  characteristics  of  the  inlet 
conditions,  i.e.,  an  axisymmetrlc,  thin, 
laminar  boundary  layer.  At  the  leading-edge 
and  mid-chord  stations,  the  solution  shows 
Che  initiation  of  the  blade  boundary  layer, 
including  leading-edge  (stagnation-point)  and 
displacement  effects.  Also,  the  juncture 
flow  indicates  a  weak  leading-edge  horseshoe 
vortex.  At  the  trailing-edge  station,  the 
cralllng-edge  effects  of  both  the  blade  and 
the  shaft  are  predominate,  including  a  rever¬ 
sal  of  the  juncture  flow.  At  the  near  blade 
wake  station  and  hub  apex,  the  solution  shows 
the  initial  development  of  the  blade  wake. 
Here  again,  the  effects  of  Che  shaft  trailing 
edge  are  quite  large.  Two  corner  vortices 
are  apparent  near  the  shaft  axis  which  are  an 
indication  of  the  nature  of  the  flow  within 
the  separation  region.  At  the  near,  interme¬ 
diate.  and  far  shaft-blade  wake  stations,  the 
solution  shows  the  recovery  of  shaft  and 
blade  wakes.  The  crossplane  flow  and  pres¬ 
sure  recover  more  rapidly  chan  the  axial 
velocity  component. 

Next,  consideration  is  given  to  the 
results  for  the  rotating  condition.  Referr¬ 
ing  to  figure  5,  in  the  vicinity  of  the  hub 
apex  and  in  the  near  wake  there  is  a  decrease 
in  pressure  due  to  Che  propeller-induced 
swirl.  The  lifting  effects  due  to  the  angle 
of  attack  of  the  blade  section  are  clearly 
evident.  Note  that  the  pressure  peak  is  at 
the  blade  leading  edge  such  that  just  up¬ 
stream  of  the  leading  edge  very  large  adverse 
and  favorable  pressure  gradients  occur  for 
Che  pressure  and  suction  sides  of  Che  blade, 
respectively,  whereas  just  downstream  of  the 
leading  edge  the  reverse  holds  true. 

The  wall-shear  velocity  magnitude  U  (fig¬ 
ure  6b)  shows  slightly  increased  valuers  over 
Che  spinning  portion  of  the  shaft  and  greater 
uniformity  between  the  blade  and  mid-blade 
planes  in  the  separation  region  as  compared 
to  the  nonrotating  condition.  For  the  pre¬ 
sent  conditions,  Che  rotation  parameter  R 
"  0)  Rj^/Op  is  quite  small,  i.e.,  R  “  .02, 

which  explains  the  only  slight  Increase  in 
U  as  compared  to  the  previous  calculations 
of^Stern  et  al.  [9].  On  the  blades,  U  is 
smaller  on  the  suction  chan  on  the  pressure 
side,  in  conjunction  with  the  relatively 
thicker  boundary  layer  on  the  suction  as 
compared  to  the  pressure  side.  Consistent 
with  the  results  for  the  nonrotating  condi¬ 
tion,  U  is  larger  at  the  tip  Chan  at  mid¬ 
span  except  near  the  leading  edge.  On  the 
rotating  section,  the  wall-shear  velocity 
vector  (figure  6d)  shows  large  effects  due  to 
rotation,  i.e.,  Che  flow  is  turned  towards 
Che  direction  of  rotation.  In  Che  blade 
region,  the  passage  vortex  is  evident, 
including  its  helical  nature.  In  the  sep¬ 
aration  region,  the  flow  is  completely  turned 
in  the  direction  of  rotation  which  results  in 
the  aforementioned  greater  uniformity  in  the 
separation  patterns  between  the  blade  and 
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mid-blade  planes.  Over  Che  blade,  the  wall- 
shear  velocity  vector  Is  In  the  axial  direc¬ 
tion,  except  near  Che  tip,  where  the  flow  Is 
outward,  especially  on  the  pressure  side. 

Figure  7a  shows  Chat  the  recovery  of  the 
wake  centerline  velocity  U  Is  slower  for  the 
rotating  than  the  nonrot&clng  condition. 
This  Is  due  to  the  adverse  axial-pressure 
gradient  Induced  by  Che  hub  vortex.  Also 
shown  is  the  decay  of  Che  maximum  swirl  ve¬ 
locity  In  Che  wake  (figure  7b),  which  Is 
associated  with  Che  Intensity  and  decay  rate 
of  the  hub  vortex.  Finally,  the  asymptotic 
forms  (figure  not  shown)  indicate  that  Che 
shaft  wake  Is  unaffected,  the  blade-wake 
slope  Is  Increased,  and  the  swirl  decay  is 
relatively  faster  than  chat  of  the  axial- 
velocity  defect. 

The  detailed  results  vividly  display  the 
complexity  of  Che  flow  for  Che  rotating  con¬ 
dition.  Here  again,  the  discussion  to  follow 
Is  based  on  the  complete  results,  although 
only  representative  stations  are  displayed  In 
figures  8  through  11.  At  the  near-inlet 
station,  Che  solution  Is  similar  to  that  for 
the  nonrotatlng  condition,  except  for  the  W 
velocity  component  which  shows  a  linear  in¬ 
crease  due  to  Che  use  of  nonlnerclal  coor¬ 
dinates.  Ac  the  leading  edge,  the  solution 
shows  Che  Initiation  of  Che  blade  boundary 
layer.  In  this  case,  with  significant  differ¬ 
ences  between  the  suction  and  pressure  sides 
of  Che  blade  due  to  the  Influences  of  Che 
aforementioned  abrupt  changes  in  Che  pressure 
gradients.  Interestingly,  the  boundary  lay¬ 
ers  on  both  sides  of  Che  blade  are  thicker 
for  Che  rotating  than  the  nonrotatlng  condi¬ 
tion.  The  tip-vortex  formation  Initiates 
with  flow  around  the  tip  from  the  pressure  to 
the  suction  side.  The  vortical  flow  is  asym¬ 
metric  such  chat  the  tangential  velocity 
component  Is  larger  on  Che  suction  than  the 
pressure  side,  whereas  the  situation  Is  re¬ 
versed  for  the  radial  velocity  component. 
The  passage-vortex  formation  also  initiates 
and  dominates  the  juncture  flow.  At  the  mid¬ 
chord  station  and  trailing  edge,  the  effects 
of  the  pressure  gradient  changes  are  clearly 
displayed,  l.e. ,  on  the  suction  and  pressure 
sides,  Che  flow  Is  decelerated  and  acceler¬ 
ated,  respectively.  On  the  suction  side,  Che 
boundary-layer  thickness  varies  considerably 
across  the  span.  The  dp  vortex  has  lifted 
off  Che  suctlon-slde  surface  such  that  the 
radial  velocity  component  Is  positive  on  both 
sides.  Braiding  of  the  fluid  from  both  the 
suction  and  pressure  sides  Is  apparent,  but 
particle  trajectories  were  not  traced  to 
display  this  phenomenon.  The  pressure  Is 
surprisingly  uniform  In  view  of  the  cross¬ 
plane  flow,  however,  very  low  values  are 
observed  in  the  tip-vortex  core.  The  passage 
vortex  increases  in  size  and  its  core  moves 
towards  the  suction  side.  The  axial-velocity 
and  -vorclcity  contours  are  hook  shaped  near 
the  tip  due  to  the  Influences  of  the  tip  vor¬ 
tex.  Ac  the  near  blade  wake  station  and  hub 


apex,  the  solution  shows  the  development  of 
the  blade  wakes,  which  Indicate  the  charac¬ 
teristics  of  Che  complex  mixing  of  Che  suc¬ 
tion  and  pressure  side  three-dimensional 
boundary  layers.  Including  significant  ef¬ 
fects  of  the  tip,  passage,  and  hub  vortices 
and  Che  hub-induced  pressure  gradients.  The 
minimum  velocity  In  Che  wake  migrates  towards 
Che  suction  side.  There  Is  a  rapid  recovery 
of  Che  pressure-side  wake  such  chat  Che  ve¬ 
locity-defect  region  is  mainly  behind  the 
shaft  and  off  Che  suction  side  of  the 
blade.  The  blade  wake  becomes  quite  thick  as 
It  merges  with  the  wake  of  Che  shaft  and  the 
tip  vortex.  There  Is  a  region  of  backward 
flow  near  the  wake  axis  associated  with  Che 
flow  separation.  The  tip  vortex  reduces  In 
Intensity  and  the  passage  vortex  merges  Into 
a  large  asymmetric  hub  vortex.  Finally,  at 
the  near,  intermediate,  and  far  shaft-blade 
wake  stations,  Che  nature  of  Che  recovery  of 
Che  wake  is  displayed.  It  is  clear  Chat  the 
circumferential  mixing  Is  faster  for  the 
rotating  than  the  nonrotatlng  condition  which 
is  also  Che  case  for  swirling  jets. 

The  close-up  views  of  the  tip  vortex  shown 
In  figure  12  clearly  display  Its  Initiation 
at  Che  blade  leading  edge,  subsequent  migra¬ 
tion  off  Che  surface  along  Che  blade  chord, 
and  decay  as  it  Is  convecced  and  diffuses 
into  the  wake.  Also,  they  reveal  the  mechan¬ 
ism  of  the  tip-vortex  formation.  At  the 
leading  edge,  nearly  all  of  the  fluid  forming 
the  tip  vortex  originates  from  the  pressure 
side,  whereas  further  downstream  the  suction 
side  fluid  Is  "pumped"  into  Che  tip  vortex. 
This  Indicates  a  "braiding"  process,  which  Is 
often  referred  to  as  the  tip-vortex  roll¬ 
up.  The  tip-vortex  trajectory  is  shown  in 
figure  13. 

Turbulent  Flow 

Some  limited  turbulent-flow  results  are 
shown  in  figures  14  and  15.  The  turbulent- 
flow  results  are  consistent  with  and  very 
similar  to  Chose  for  laminar  flow.  In  gen¬ 
eral,  the  differences  are  as  expected  based 
on  physical  reasoning,  l.e.,  viscous  effects 
are  confined  to  narrower  regions  and  the 
three-dimensionality  of  the  flow  Is  consider¬ 
ably  reduced  for  turbulent  as  compared  to 
laminar  flow.  Also,  quite  apparent  for  tur¬ 
bulent  flow  is  Che  reduced  resolution  near 
solid  surfaces  and  the  wake  centerplane  due 
to  Che  present  wall-function  approach. 

The  overall  trends  described  above  with 
regard  to  Che  shaft  and  blade  surfaces  and 
wake  pressure,  wall-shear  velocity,  and  wake 
centerline  and  maximum  swirl  velocities  are 
quite  similar;  however,  Che  pressure  peak  at 
the  hub  apex  Is  considerably  larger  and  there 
are  some  differences  in  the  wall-shear  veloc¬ 
ity  behavior  due  to  the  absence  of  separ¬ 
ation.  The  detailed  results  are  also  quite 
similar.  However,  for  the  nonrotatlng  condi¬ 
tion  the  juncture  effects  are  minimal  and  the 
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crossplane  flow  and  pressure  varlaclons  are 
reduced,  whereas,  for  the  rotating  condition, 
the  tip  and  passage  vortices  are  larger  and 
persist  longer,  the  latter  merges  Into  a 
larger  hub  vortex,  lower  pressures  are 
observed  In  Che  tlp-vortex  core,  and  Che 
recovery  of  the  wake  Is  considerably 
faster.  The  turbulent  kinetic-energy  pro¬ 
files  show  two  peaks,  one  near  the  wake  cen¬ 
terline  and  one  corresponding  Co  the  tips  of 
Che  blades. 

Comparison  With  Results  from  a  hlftlng- 
Surface  Propeller-Performance  Program 

Unfortunately,  no  experimental  Information 
Is  available  for  the  present  geometry. 
Therefore,  to  aid  In  evaluating  the  present 
work,  comparisons  have  been  made  with  some 
relevant  experimental  and  computational  stud¬ 
ies,  Including  the  following  topics:  Juncture 
flow  which  Is  related  to  the  present  flow  In 
the  blade-hub  juncture  region  for  the  nonro¬ 
tating  condition;  tip  flow  which  Is  related 
to  the  present  flow  In  the  tip  region  for  the 
rotating  condition;  turbomachinery  flow  which 
Is  related  to  the  present  blade  boundary- 
layer  and  wake  development  and  blade-to-blade 
flow;  and  propeller  flow  which  Is,  of  course, 
the  topic  and  goal  of  the  present  study. 
Although  In  most  cases,  the  comparisons  are 
only  qualitative  due  to  the  large  differences 
between  the  topic  and  present  geometries, 
they  support  the  present  results  In  that  the 
predicted  flow  structures  are  similar  and 
consistent  with  the  results  from  these  stud¬ 
ies.  The  complete  comparisons  are  lengthy 
and  beyond  the  scope  of  the  present  paper 
(see  Kim  (111).  Herein,  only  the  direct 
comparisons  between  the  present  turbulent- 
flow  results  and  those  from  a  lifting-surface 
propeller-performance  program,  l.e.,  PUF-2 
(Kerwln  and  Lee  [2])  will  be  presented. 

Special  modifications  of  PUF-2  for  the 
present  Idealized  geometry  were  not  deemed 
necessary,  and,  therefore,  not  done.  A  con¬ 
stant  pitch  ratio  P/D^  “  10^  was  used  to 
represent  the  Infinite*^  pitch  of  the  present 
geometry.  All  other  geometry  Input  data  was 
given  the  same  values  as  those  for  the  pre¬ 
sent  turbulent-flow  calculations.  Also,  the 
open-water  condition  value  was  used  for  the 
advance  coefficient  J  “  44.44,  l.e.,  the 
effective  wake  due  to  the  Interaction  between 
the  propeller  and  the  shaft  boundary  layer 
was  neglected.  For  the  wake-model  param¬ 
eters,  the  standard  values  for  the  wake  pitch 
and  zero  contraction  were  used.  A  value  of 
.005  was  used  for  the  section-drag  coeffici¬ 
ent  which  Is  based  on  Lhe  present  calcula¬ 
tions. 

Figures  16a, b  show  a  comparison  of  the 
chordwlse  and  spanwlse  distributions  of  the 
blade  loading  In  terms  of  the  pressure  Jump 
(figure  16a)  and  sectlon-llft  coefficient 
(figure  16b),  respectively.  A  large  differ¬ 
ence  In  the  pressure  Jump  Is  observed  near 


the  leading  edge.  Differences  are  also  seen 
In  the  sectlon-llft  coefficient.  The  viscous 
results  show  considerably  larger  values  near 
the  root  and  the  tip,  but  smaller  values  for 
the  mid-span  region.  The  higher  root  loading 
for  the  viscous  flow  Is,  no  doubt,  a  result 
of  the  Increased  effective  angle  of  attack 
due  to  the  oncoming  shaft  boundary  layer. 
However,  a  part  of  the  difference  may  be  due 
to  the  lack  of  hub  effects  In  PUF-2.  The 
lower  mid-span  loading  Is  consistent  with  the 
aforementioned  differences  In  chordwlse  load¬ 
ing  near  the  leading  edge.  The  higher  tip 
loading  may  be  due  to  the  reduced  pressure  on 
the  suction  side  due  to  the  tip  vortex. 
Interestingly,  In  spite  of  these  differences 
In  the  loading  distributions,  the  total  for¬ 
ces  and  moments  show  remarkably  close  agree¬ 
ment. 

Figures  16c, d  show  a  comparison  of  the 
propeller-induced  velocities  Just  upstream 
and  downstream  of  the  propeller  at  the  mid¬ 
span  radius.  For  the  viscous-flow  solution, 
the  propeller-induced  velocity  (u,v,w)  Is 
defined  as  the  total  velocity,  (U,V,W)  minus 
the  freestream  (U^,0,0)  value.  Results  are 
shown  using  the  blade  angle  coordinate 
6  ^  bit  as  the  abscissa  for  the  entire  blade- 
to-blade  region  from  the  suction  ( 8  “  0  deg) 
to  the  pressure  side  ( 6  >  90  deg). 

The  velocity  components  Just  upstream  of 
the  propeller  (figure  16c)  clearly  show  the 
effects  of  the  leading-edge  stagnation 
point.  The  u  velocity  components  show  sim¬ 
ilar  trends,  l.e.,  the  point  of  the  minimum 
velocity  shifts  to  the  pressure  side  which 
suggests  that  the  stagnation  point  also 
shifts  to  the  pressure  side.  The  Increased 
magnitude  for  the  viscous  solution  may  be  due 
to  the  prescribed  overshoot  for  the  oncoming 
shaft  boundary  layer.  The  v  velocity  compon¬ 
ent  Is  nearly  zero  for  both  results.  The  w 
velocity  components  also  show  similar  trends; 
however,  the  invlscld  solution  Indicates  a 
stronger  local  effect  of  the  leading-edge 
stagnation  point  than  the  viscous  solution 
such  that  the  circumferential-average  Is  zero 
for  the  Invlscld  but  not  the  viscous  solu¬ 
tion,  l.e.,  the  viscous  solution  Indicates 
small  negative  preswlrl. 

The  velocity  components  Just  downstream  of 
the  propeller  (figure  16d)  highlight  the 
differences  between  the  viscous  and  Invlscld 
solutions.  The  Invlscld  u  velocity  component 
shows  very  small  positive  values  from  the 
suction  to  the  pressure  side,  whereas  the 
viscous  u  velocity  component  shows  a  large 
change  from  the  suction  to  the  pressure  side, 
l.e.,  the  viscous  blade  wake  appears  as  a 
sharp  drop  on  both  the  suction  and  pressure 
sides  and  the  effects  of  the  retarded  suc¬ 
tion-  and  accelerated  pressure-side  boundary 
layers  are  clearly  evident.  The  v  velocity 
components  show  similar  trends,  but  with 
somewhat  larger  variations  for  the  viscous 
solution.  The  w  velocity  components  also 
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show  similar  trends,  but  with  larger  swirl 
for  the  viscous  solution  in  spite  of  the 
smaller  loading. 

Concluding  Remarks 

The  present  work  was  motivated  by  the 
limitations  of  the  interactive  approach  for 
simulating  the  complex  blade-to-blade  flow. 
This  has  certainly  been  accomplished  by  the 
present  viscous-solution  method,  albeit  for 
an  idealized  geometry.  In  fact,  the  present 
work  provides,  for  the  first  time,  a  very 
detailed  documentation  of  the  viscous  flow 
around  a  propeller  for  both  laminar  and  tur¬ 
bulent  flow.  It  is  concluded  that  the  pre¬ 
sent  approach  is  capable  of  simulating 
marine-propeller  flow  fields,  including  both 
the  propeller  loading  and  the  complex  blade- 
to-blade  flow,  and  should  be  extended  for 
practical  geometries.  It  is  also  concluded, 
based  on  the  comparison  of  the  laminar  and 
turbulent  results,  that,  although  most 
aspects  of  the  flow  are  governed  by  pressure- 
gradient  effects,  Improvements  in  turbulence- 
modeling  procedures,  especially  near-wall 
treatment,  are  Important  to  resolve  certain 
flow  features,  including  transition,  separ¬ 
ation,  and  small-scale  vortical  structures 
such  as  leading-edge  horseshoe  and  secondary 
vortices. 

Of  course,  much  more  work  needs  to  be  done 
to  extend  the  method  to  realistic  propeller 
and  body  geometries.  Some  of  the  Issues  that 
need  to  be  addressed  are  as  follows.  Optimum 
coordinates,  including  investigations  of 
inertial  and  helical  systems.  Optimum  grid- 
generation  techniques  for  complex,  three- 
dimensional,  propeller-driven  bodies,  includ¬ 
ing  investigations  of  moving,  adaptive,  and 
multi-block  grids.  As  already  mentioned, 
improved  turbulence-modeling  procedures  are 
essential  and  possibly  a  pacesetting  issue. 
Also,  further  development  of  solution  algor¬ 
ithms  is  a  necessity  in  order  to  perform  the 
required  large-scale  computations  even  on  the 
most  advanced  available  supercomputers.  It 
should  be  recognized,  that  none  of  these 
Issues  are  trivial,  on  the  contrary,  all 
require  substantial  effort  so  that  it  is 
expected  that  the  present  problem  will  remain 
a  challenge  for  many  years  to  come. 
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DISCUSSION 
by  K.  Mori 

Although  an  explicit  description  about  a 
systematic  accuracy  analysis  is  requested  by 
the  paper  committee,  no  descriptions  are  found 
in  the  paper.  Because  the  accuracy  analysis  is 
primarily  important  for  the  computational 
fluid  dynamics,  it  should  have  been  mentioned, 
although  the  procedures  are  not  definite  yet. 

DISCUSSION 
by  S.  Kinnas 

I  would  like  to  congratulate  the  authors 
lor  their  interesting  paper.  I  have  however 
two  questions  to  raise. 

1)  Concerning  the  circulation  distribution 
that  they  show  in  Fig.l6(b)  as  predicted  by 
the  presented  method:  is  it  a  convergent 
result  with  respect  the  chordwise  and  spanwise 
grid  discretization  on  the  propeller  blade? 

2)  In  the  case  of  a  realistic  propeller, 
with  blade  thickness  included,  what  would  they 
expect  to  be  a  reasonable  grid  on  the 
propeller  in  order  to  capture  the  detailed 
flow  at  the  propeller  leading  edge  and  tip? 

Author's  Reply 

We  thank  both  the  oral  and  written 
discussers  of  our  paper  for  their  pertinent 
remarks . 

With  regard  to  Prof.  Mori's  comments,  we 
apologize  for  not  including  an  explicit 
statement  of  accuracy  in  the  paper,  and,  at 
this  time,  offer  the  following.  As  stated  in 
the  paper,  the  present  overall  computational 
method  is  based  on  that  used  previously  for 
calculating  propeller-hull  interaction  (8,9J 
in  which  a  viscous-flow  method  for  calculating 
ship-stern  flow  [10,12]  is  coupled  with  a 
pr ope 1 1 er -per f or mance  program  in  an 
interactive  and  iterative  manner  to  predict 
the  combined  flow  field.  References  [8,9]  and 
[10,12]  provide  numerous  applications  for 
propeller-hull  interaction  and  bare  bodies. 


respectively,  including  validation  studies 
through  grid-dependency  and  convergence  check 
as  well  as  comparisons  with  experimental  data 
and  other  analytic  and  numerical  solutions. 
Some  limited  grid  dependency  and  convergence 
check  were  also  done  for  the  present 
application  to  test  the  extensions  and 
modifications  for  calculating  marine-propeller 
flow  fields.  That  is,  some  preliminary 
turbulent-flow  calculations  were  performed 
using  a  coarse  grid,  i.e.  36x22x16  (16,672). 
The  coarse-grid  solutions  converged  more 
rapidly  (i.e.  in  about  40  global  iterations) 
than  the  fine-grid  solutions.  Qualitatively 
the  coarse-grid  solutions  were  very  similar  to 
the  fine-grid  solutions,  but  with  considerably 
reduced  resolution.  Also,  as  stated  in  the 
paper,  unfortunately,  no  experimental 
information  is  available  for  the  present 
geometry;  therefore,  to  aid  in  evaluating  the 
present  work,  comparisons  were  made  with  some 
relevant  experimental  and  computational 
studies,  including  the  direct  comparisons 
between  the  present  turbulent-flow  results  and 
those  from  a  lifting-surface  propeller- 
performance  program  which  are  provided  in 
Fig. 16  (see  [11]  for  the  complete 
comparisons ) . 

With  regard  to  Dr.  Kinnas's  comments,  the 
solutions  presented  are  fully  converged  for 
the  present  grid.  As  discussed  in  the 
Concluding  Remarks,  grid-generation  for 
complex  geometries  is  an  important  issue  which 
must  be  considered  in  extending  the  present 
method  to  realistic  propeller  and  body 
geometries.  Presently,  calculations  are  in 
progress  for  the  SR-7  turboprop  using  a 
single-block,  H-grid  of  somewhat  higher 
density  than  the  present  one  (i.e. 
64x46x36=105,984), but  with  x^=x^(  )  in 

order  to  have  the  grid  conform  to  the  three- 
dimensional  curved  boundaries  of  the  skewed 
and  twisted  blades  and  the  nacelle.  The 
results  are  very  encouraging:  however,  it  is 
anticipated  that  in  order  to  completely 
resolve  all  the  details  of  the  flow  field, 
especially  for  marine  propellers,  multi-block 
grids  will  be  necessary,  including  H-,  C,  and 
0-types. 
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Abstract 

A  heavily-loaded  actuator  disk  with  a  large  hub  in  an 
open  rotational  inviscid  flow  is  considered.  With  an 
assumption  of  axisymmetry  for  the  flow,  the  governing 
equation  is  the  well  known  Helmholtz  equation  for  the 
stream  function.  Similar  problems  have  been  dealt  with 
by  many  authors,  but  with  no  hub  or  for  an  annulus 
with  constant  hub  and  tip  radii.  The  additional  freedom 
in  the  boundary  geometry  makes  the  problem  much  more 
difficult  but  is  required  to  allow  extensive  applications  to 
ship  propulsor  hydrodynamics. 

For  the  general  solution,  a  nonlinear  integral  equation 
for  the  stream  function  is  formulated  by  use  of  the 
Green  function.  The  boundary  conditions  require  both 
the  stream  function  and  its  normal  derivative  on  the 
boundary.  However,  although  the  former  is  known,  the 
latter  has  to  be  derived  at  each  iteration.  The  solution  is 
obtained  by  successive  iterative  approximations 
substituting  the  First  approximation  into  the  nonlinear 
integral  equation  at  each  mesh  point  of  the  flow  field. 
Convergence  of  the  solution  has  been  shown  but  the 
computation  is  quite  slow.  Therefore  the  computational 
method  can  only  be  applied  using  high  speed  computer 
of  large  memory. 

For  the  solution  at  distances  far  down  stream  of  the 
propulsor,  the  Helmholtz  equation  can  be  approximated 
by  an  ordinary  differential  equation,  and  the  numerical 
solution  can  be  obtained  without  too  much  difficulty. 

The  velocity  components  and  the  pressure  are  obtained 
far  downstream  of  an  actuator  disk  with  a  given  set  of 
circulation  and  shear  swirl  distributions. 

The  flow  near  the  disk  is  computed  by  an  iteration 
method.  Any  physical  quantities  can  be  obtained  from 
the  stream  functions.  As  an  example  of  the  applications 
of  this  program,  the  effects  of  shear  swirl  flow  oehind  a 
heavily-loaded  actuator  disk,  where  the  external  forces 
act  on  the  flow,  are  computed. 

Introduction 

Both  design  and  performance  prediction  procedures 
for  propellers  [1]  have  made  continuous  progress.  Lifting 
line  theory  is  now  only  used  in  preliminary  design,  and 
lifting  surface  theory  is  used  for  the  final  design  and 


performance  prediction  of  propellers.  The  theory  of  hull- 
propeller  interaction  has  also  made  progress  as  in  the 
consideration  of  effective  wake  in  predicting  propeller 
performance.  However,  present  practice  still  employs 
rather  crude  approximations  in  some  areas  of  propeller 
theory.  In  particular,  the  hub  effect  on  propeller  blade 
design  in  a  shear  flow  has  not  been  fully  considered.  The 
load  distribution  of  a  propeller  blade  produces  bound 
and  trailing  vortices.  Trailing  vorticity  in  a  shear  flow  is 
different  from  that  in  uniform  flow,  producing 
additional  trailing  vorticity  which  can  be  called  the 
secondary  vorticity.  The  effect  of  the  secondary  vorticity 
field  on  blade  design  and  propeller  performance  is  not 
well  understood.  In  particular  the  effect  of  onset  shear 
and  swirl  flow  on  the  hub  vortex  has  not  been  fully 
investigated.  For  some  designs,  when  the  propeller  shaft 
is  of  small  diameter  and  the  inflow  is  fairly  uniform, 
there  is  less  necessity  to  handle  such  things.  But  in  the 
case  of  a  controllable  pitch  propeller  where  the  shaft  is 
of  relatively  large  diameter,  or  a  submarine  propeller 
where  the  hub  is  part  of  the  stern,  hub  effects  can  be 
very  important. 

Since  the  boundary  layer  thickness  of  a  ship  at  the 
station  where  a  propeller  is  located  is  sometimes  the 
same  order  of  mgnitude  as  the  propeller  radius,  several 
types  of  interactions  have  received  serious  attention  by 
previous  investigators  [2,3].  In  the  design  of  wake 
adapted  propellers,  the  effective  wake  is  used  for 
estimating  the  thrust  and  torque  of  propellers.  To 
estimate  the  effective  wake  from  the  nominal  wake 
velocities  measured  in  the  propeller  plane  in  absence  of 
the  propeller,  several  methods  have  been  used.  It  was 
either  estimated  empirically  by  multiplying  the  measured 
circumferential  mean  nominal  wake  by  a  constant  factor 
or  determined  theoretically.  One  of  the  theoretical 
effective  wake  computations  for  a  propeller  in  an 
axisymmetric  flow  Held  was  provided  by  Huang  and 
Groves  [2].  Here,  the  computed  propeller-induced 
velocities  had  to  be  used  in  solving  the  vorticity 
equations.  The  propeller-induced  velocities  were 
computed  from  potential  flow  theory  using  conventional 
loading  and  thickness  singularities.  Also  a  combination 
of  this  program  with  the  conventional  lifting  surface 
theory  was  considered.  Experiments  showed  that  the  total 
velocity  profiles  calculated  by  Huang  &  Groves  theory 
immediately  upstream  of  the  propeller  were  in  good 
agreement  with  measured  values.  However,  Huang  and 
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Groves  only  considered  the  region  upstream  of  the 
propeller  assuming  that  the  energy  was  not  influenced  in 
that  region  by  the  propeller.  They  do  not  consider  the 
flow  downstream  of  the  leading  edge  of  the  propeller, 
where  e.xternal  forces  act  on  the  fluid.  Several 
axisymmetric  approximations  [4,5]  draw  attention  to  the 
importance  of  the  shear  flow  effect  on  the  propeller 
when  treated  as  an  actuator  disk.  Full  investigation  of 
the  shear  swiri  flow  interaction  with  the  blade-induced 
velocity  field  and  the  secondary  flow  has  not  been 
undertaken  so  far  in  propeller  theory.  In  the  present 
paper,  the  shear  swirl  flow  coming  into  the  heavily- 
loaded  propeller  with  a  large  hub  is  treated  as  a  single 
problem  rather  than  as  the  combination  of  separate 
problems.  To  make  this  manageable,  we  consider  it  as 
axisymmetric  and  the  propeller  as  an  actuator  disk.  In 
addition  the  behavior  of  swirl  ir  the  wake  of  a  propeller 
in  shear  flow  as  a  function  of  hub  shape  is  investigated 
here  in  an  axisymmetric  flow  analysis.  For  turbomachine 
design,  similar  problems  have  been  considered  extensively 
[6].  Thus  the  governing  equation  is  well  known  and  even 
exact  solutions  for  special  cases  have  been  found. 
However,  the  equation  with  a  general  boundary 
condition  has  only  been  dealt  with  numerically  for  the 
purpose  of  turbomachinery  design.  For  an  open  propeller 
without  duct,  the  boundary  conditions  are  different  than 
for  turbo-machines.  Wu  [7]  considered  a  similar 
formulation  of  the  problem  for  an  actuator  disk  but  no 
one  seems  to  have  considered  the  wake  flow  field. 


The  problem  is  how  these  vortex  lines  will  be  rearranged 
or  roll  up  amongst  each  other  while  they  are  transported 
downstream  where  the  propeller  hub  tapers  to  a  point 
and  disappears. 

In  experiments,  the  vortices  around  the  hub  roll  up 
and  vortex  cavities  are  often  formed  in  the  hub  wake.  To 
understand  this  phenomenon,  a  simple  model  of 
axisymmetric  swirl  flow  may  be  useful.  In  general,  the 
common  dynamic  equation  of  incompressible  inviscid 
steady  vortex  flow  can  be  [6]  represented  by 

qxT  =  VH  (1) 

where 

H  =  -iq2  +  i  (2) 

2  Q 

is  the  total  head  in  the  assumed  axisymmetric  flow  with 
cylindrical  polar  coordinates  (x,r,6)  and  the 
corresponding  velocit^components  q  (u,v,w),  and 
vorticity  components  4  (4x.ir.fe)- 

Considering  the  stream  function  H*  (x,r),  the 
governing  equation  for  V  is 

a2tp  a2qi  1  aqi  dH  dC 

3x2  ar2  “  r  ar  “  d*!*  "  ^  dl*  ^  ) 


A  simpler  method  of  computation  of  the  swirl  flow  is 
first  studied  here  and  computations  are  performed  for  an 
example  of  a  useful  general  boundary  condition  which 
can  be  used  in  propeller  design,  especially  for  the  hub 
vortex  cavity  analysis. 

Then  a  full  axisymmetric  nonlinear  numerical 
problem  is  tackled  using  an  iteration  method.  Even 
though  this  problem  is  for  an  axisymmetric  actuator 
disk,  this  is  in  the  shear  swiri  flow  with  a  large  hub  of 
an  arbitrary  shape  and  heavy  loading.  With  an 
application  of  the  Green  theorem  and  the  Green  function 
a  full  treatment  of  the  boundary  conditions  is  attempted. 
Both  the  boundary  condition  on  the  hub  and  the 
discontinuity  of  the  velocity  in  the  slipstream  behind  the 
propeller  are  properly  treated.  This  analysis  is  a 
continuation  of  a  previous  investigation  [8]  with 
considerable  improvements  in  accuracy  and  completeness. 

Shear  Swirl  Flow  Analysis 


where 

C(V)  =  rw  (4) 

is  the  circulation  distribution  in  the  wake.  H  is  constant 
along  a  streamline  with  V  constant  and  H  =  HfP).  The 
nominal  wake  is  assumed  to  be  known,  i.e.  the  flow  field 
without  propeller  is  known.  Accordingly,  H  without  the 
propeller  is  known  and  designated  by  H,,.  Using  an 
axisymmetric  approximation,  H  can  be  written  as  [7] 

H  Ho  +  QCi  (5) 

where  Q  is  the  angular  speed  of  the  propeller  located  at 
x  =  0  and  the  circulation  C)  is  proportional  to  the  blade 
number  times  the  blade  load  distribution  except  for 
secondary  vorticity.  If  there  is  no  preswirl  upstream  of 
the  propeller,  the  total  circulation  C  will  be  equal  to  C]. 
Now  both  H  and  C  immediately  behind  the  propeller  are 
both  known  functions  of  r  and  V.  Thus, 


Although  there  have  been  many  investigations  of 
propeller  performance  and  propeller  design,  very  little  is 
known  of  the  flow  in  the  propeller  wake.  The  swirl  that 
is  closely  related  to  hub  vortex  cavitation  should  be 
considered  in  the  wake  of  a  propeller  whose  hub  length 

if 

illlliV. 


dH 

d4' 

_  dH 
dr 

/d4' 

/  dr 

(6) 

dC 

dC 

/dV 

V) 

d4' 

dr  /  dr 

The  image  vortices  inside  an  infinite  hub  are  well 
known.  These  image  vortices  cannot  be  placed  on  the 
outside  surface  of  the  hub,  or  in  the  flow.  This  is 
because  the  trailing  vortices  and  the  secondary  vortices 
formed  near  the  propeller  blades  would  not  disappear 
behind  the  propeller  unless  viscosity  were  co.isidered,  and 
no  other  vortex  can  be  considered  in  addition  to  them. 


The  boundary  conditions  at  downstream  infinity  may  be 
written  as  follows 


u 


1  34'  av 

- “*■  Uoo,  -X— 

r  3r  3x 


0  as  r  -*■  “ 


(8) 
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1  dw 

v= - T— "*0  asx-*«>  (9) 

r  9x 

On  the  hub, 

r  =  h(x),  V  =  0  (10) 

On  the  outer  edge  of  the  propeller  and  on  the  slip  stream 

V(r,x)  = 't'd.O)  (11) 

Many  problems  with  similar  governing  equations  have 
been  solved  for  special  cases,  mostly  for  turbomachinery. 
For  a  propeller,  there  are  some  investigations  for  a 
simple  case  (6).  No  investigation  seems  to  exist  for  a 
propeller  wake  with  shear  swirl  in  the  presence  of  a  finite 
hub.  We  use  non-dimensional  quantities 

r'  =r/R,  X'  =x/R,  q'  =ci/U,  C  =C/(UR) 

V'  =W(UR2),  H'  =H/U2  and  A  =  U/(QR) 


where. 


f(V,r)  =  r2 


dV 


C 


— 

dV 


with  a  given  boundary  condition  at  the  slip  stream  edge 
r=r,(x) 

M'fr*)  =  V(ru)  (14) 


p  =  o  where  rj(o)  =  ry 
From  Equations  (S)  and  (12) 

®  =rsU  =  r5l2{Ho(ru):+y  C(ru)-C2(ru)/rs2}l>/2  (15) 
Because  we  assumed  C(ru)  =  0, 

=  rs 


where  U  is  the  speed  at  upstream  infinity,  R  is  the  propeller 
radius.  After  this  substitution  the  prime  wiil  be  omitted 
as  understood.  Then  we  obtain  the  nondimensional 
governing  Equation  (3). 


However,  since  r,  is  not  known,  these  equations  may  be 
solved  fur  a  range  of  r,  values  and  the  final  value 
selected  such  that 


Although  the  problem  could  be  solved  numerically,  it 
would  be  very  complicated  in  the  present  form  to  obtain 
an  accurate  solution.  At  first,  for  the  purpose  of 
investigating  hub  vortex  cavitation,  the  solution  far 
downstream  of  the  hub  may  be  very  useful.  Since 


ax 


-»  0 


as  X  -•  <» 


q>(r=0)  =  0  (16) 

either  graphically  or  by  an  iteration  method.  Note  here 
that  dH/dV,  dC/dV,  V,  dWdr  at  x=0  are  all  known  as 
functions  of  r(x=0).  Thus,  at  each  step  of  the  solution 
of  the  above  simultaneous  equations,  from  the  known 
value  of  V  at  r(x-*<»),  r(x.=’0)  can  be  calculated  to 
determine  both  dH/dV  and  dC/dV  at  r(x=0)  and 
therefore,  at  r(x-*»). 


4*  may  be  considered  as  a  function  of  r  only  in  Equation 
(3),  and  the  governing  equation  becomes  an  ordinary 
differential  equation.  For  special  functional  forms  of  H 
and  C,  a  closed  form  solution  is  possible.  With  the 
general  funaional  form  of  H  and  C,  if  H'fa)  and 
dWdr(a)  are  known  the  solution  can  be  obtained  as  an 
initial  value  problem  by  a  method  such  as  the  Runge 
Kutta  Technique.  When  V  is  obtained,  u  and  C  will  be 
known  and  the  pressure  can  be  obtained  by 


Such  solutions  are  exact  at  x-*<»,  under  the  assumed 
conditions.  However,  the  solution  with  V(r=h)=0  can 
also  be  considered  to  be  an  approximate  solution  at  any 
appropriate  strip  of  a  slender  hub,  i.e.,  the  hub  slope  is 
small  with  respect  to  x. 

In  the  present  study,  a  sample  calculation  of  H*  and 
pressure  are  made  with  the  following  form  of  the 
boundary  conditions.  At  x=0,  for  Hg 


or  by 


j_  ^  ^  £2 
Q  dr  r2 


(12) 


u  =  (r-h)l/'’/D  at  r  <  ro 


D=  (ro-h)i/n 
u  =  1  at  r  >  ro 


Here  we  consider  C(r)  =  0  outside  the  slipstream.  Since 
outside  the  slipstream  at  x-*<»  the  flow  is  uniform  and 
the  pressure  should  be  continuous,  the  location  of  the 
slipstream  and  the  pressure  distribution  can  be  uniquely 

HAfArmmA/l  'TKa  /nT  #V«a  <1«f^AwAn#« a1 

•IkllkVMt  4  ll'v  ^4/4«441\/14  4S(V>  MS  1  4  VJ  V>  t  / 

with  conditions  (8)  through  (12)  is  obtained  by  solving 
two  simultaneous  ordinary  differential  equations 


^  —  F,  -t-  f(V,r) 

dr  r 


— 

dr 


Fi 


(13) 


V  =  0  in  ry  <  r  <  1  (17) 


and 


C  =  an  -I-  a.r  +  a.,r2 

VI  A 

with  constant  coefficients  ag,  a2  and  n.  Using  the 
above  representations,  the  incoming  velocity  profile  is 
similar  to  the  flow  in  a  turbulent  boundary  layer,  and 
the  circulation  distribution  has  a  radially  parabolic  shape 
which  can  take  on  zero  vaiues  at  the  blade  hub  and  tip. 
Then,  at  x=0 
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1  r(r-h)'/n  +  2  h(r-h)'/>'+‘'l'^ 


1/n+l 


r  =  rH 


TH 

at  th  <  r  <  fq 

m  =  VCro)  +  y  -  Y  at  r  >  ro 


dV  I 

Y  =  "d  {(r-h)'^"+'  +  h(r-h)'/"}  at  fh  <  r  <  Fq 


dV  1 

■^  =  Y  atF>Fo 

Also  assumed  at  x  =  0,  ftom  Equation  (12) 


(18) 


or 


^  =  _^{(r_h)>/n±(F-h)>/n->} 


wheFe 
-g  == 


^  cdc  .  _  ^  1  ^  ay 

dH*  F  dV  ’  3x2  ^  F  3f  3f2 


On  the  hub  V  is  constant,  say  0.  Then 


+ 


ao  +  aiF  +  a2F2 
- ^ - 


(a,+2a2F) 


i»  =  — —  on  the  hub. 
2 


at  fh  <  F  <  Fq 


(19) 


ao+aiF  +  a2F2 


(a,  +  2a2F) 


at  F  ^  Fq 


The  pFessuFe  distFibution  induced  by  the  paFticulaF  sheaF 
swiFl  flow  consideFed  heFe  thFOUgh  Equation  (17)  is  given 
in  Figute  1.  Even  if  the  ciFculation  neat  the  hub  is  zcfo, 
the  pFessuFC  Fapidly  decteases  neat  the  axis  at  x-*<».  If 
the  pFessuFe  is  loweF  than  the  vapoF  ptessuFe  Py,  a  cavity 
may  be  fotn.  I  and  will  behave  like  a  solid  boundaty.  If 
a  stFeamline  has  *1’  =  0  and  p  =  Pv,  this  will  be  a  cavity 
boundaty.  In  Figute  1,  the  axial  and  the  tangential 
velocity  components,  u,  w  and  the  ptessute  p/p  ate  given 
at  each  tadial  position  foF  thtee  assumed  slip  stFeam 
Fadii  at  x-*<»,  rs  =  0.98,  Fj  =  0.95  and  Fs  =  0.915.  ¥=0  at 
F  =  0  is  achieved  only  in  one  case  Fs  =  0.915.  In  the  othet 
two  cases,  H'=0  foF  f>0  when  the  hub  is  infinitely  long. 
Even  when  the  tadius  of  an  infinitely  long  hub  decteases, 
the  quantities  u,  w  and  -  p/g  inctease  neat  the  hub. 
These  quantities  downstteam  of  the  actuatOF  disk  neat 
F  =  0  incFease  vety  Fapidly  to  «>.  The  boundaty  values  of 
u  and  w  at  x  =  0  ate  shown  as  btoken  lines. 

Full  AxisymmetFic  Solution 


Now  we  tFy  to  solve  Equation  (3)  in  its  full 
axisymmetFic  foFm.  We  consideF 

=  Y  f2  +  FV  (20) 


At  the  upstFeam  station  x  =  xl,  v  is  assumed  to  be 
known.  At  x  =  Xj.^  at  fat  downstteam  \p  will  be  obtained 
as  a  solution  but  will  be  safely  consideted  to  be  zeFo. 
At  F-*“>,  is  consideted  to  be  the  stFeam  function  for 
uniform  flow  and  ip  and  known.  At  r  =  0  behind 
the  hub  tp  and  ip„  are  both  zero.  Then  this  is  mixed 
boundary  value  problem  for  a  nonlinear  elliptic  equation. 

V2y,  =  f(x,r,i*>)  (22) 

The  existence  and  the  uniqueness  of  the  Dirichlet 
problem  for  this  equation  has  been  considered  by 
Courant  [9).  However,  he  contends  that  the  uniqueness  is 
guaranteed  only  in  a  suficiently  small  domain  or  if 
df/dtp^O.  In  the  present  boundary  value  problem  ip  is 
known  on  x  =  Xl  and  at  x-*«»,  ip^  is  known.  Thus  the 
application  of  Green’s  theorem  may  be  most  appropriate. 
Therefore,  at  x  =  Xl  and  ipj,  cannot  be  given 

arbitrarily.  Besides, 

ip  _  ip  dH  C  dC 
=  7r~8---^  +  r—  , 

where  H  and  C  are  both  given  functions  at  the  boundary 
and 


!L-J_  ,  d^H  d  l^dC\^^ 

'dip  "  r2  ^  dfZ  dV  rdf  /  ^ 


(23) 


!Ti2y  be  snother  condition  to  gusrnntcc  s  unit^uc  solution. 
Application  of  the  Green  Function 


in  Equation  (3).  Then  it  changes  to 


V^ip 


g 


We  consider  the  Green  Function  G(r,x;c.l)  that  is 
related  to  two  points  P(r,x)  and  Q(c.|)  and  that  has  the 
following  properties: 
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V2G-G/r2  =  -<I(r  -c)(x-4)/r 


(24) 


where  6  is  the  delta  function 


From  Equation  (21) 


G(r,x:  C.I)  =  G(e,|;  r.x) 
and 

G(r,x:  e.l)  -♦  0  as  PQ  -*  00 

Gp(r,x;  e,|)  -*  0  as  PQ  -*  00 

Such  a  function  has  been  obtained  by  Wu  [7]  and  is 
represented  by  the  2nd  order  Legendre  function  which 
has  a  logarithmic  singularity  at  PQ-*0.  From  Equations 
(21)  and  (24) 

GV^ip-tpV^G  =  -  Gg  +  ip<S(r-e)(x-4)/r 

Integrating  this  equation  in  the  space  bounded  by  the 
hub  boundary  and  planes  at  x  =  xl  and  x^  we  obtain 


(GV^ip-ipV^G)  Qdqdl 


Using  the  Green  theorem 


Ggeded4+4)(r,x) 


'P(r.x)  =  “  J(^  '1')  +  JjGg(c.4)cded4 

«  D 

r  dV 

-jGV-qdq  (25 


where  £  is  along  the  contour  at  x  =  xi^  and  Xt^  and  the  hub 
boundary,  n  is  the  inward  normal  to  the  fluid,  £,  is  along 
the  slip  stream  where  0M'/dn  is  discontinuous  as  much  as 
A  av/9n  while  \f>  and  3G/3n  are  continuous.  Along  the 
contour  £,  the  boundary  conditions  are  given  as 

S'  =  0  on  the  hub  r  = 


-J 


The  normal  velocity  on  the  hub  is  zero,  or 


3?  =  ® 


where  t  is  the  unit  vector  along  the  tangent  to  the  hub. 
That  is, 

3>V  3V3r  .  3V£x  „ 
'3r~'^'3t’^3x'Ft~" 


However, 


^  _  dV  dj_  d'V  3x 
3n  3r  3n  ^  3x  3n 


3n  r  3n  2  3n 
’^rom  Equations  (26)  and  (27) 


on  r  =  Th 


1  31'’ 

3r 

3x  3r 

/3x\ 

1  3r 

TJr‘ 

,  3n 

3n  3t  / 

at  j 

"  T  ~dn 

where  4^/4^  is  the  slope  of  the  hub  with  respect  to  x  and 
dtl  3t 


4^  d£  =  dx, 
3n 


d£=  -dr 


Besides,  at  4  =  Xl 

V  =  (-^V-4)  (30) 

where 

'fn  =  f-f 

Ve  /4=xl 

When  we  insert  Equations  (28)-(30)  into  Equation  (25) 
we  obtain 

D  £ 

-Jga|^  |l+(  d4-jG<v;cd(?  +  f(r,x)  (31) 

£5  Xf^ 

where 

C  =  rH  C  =  rH 


Since  yj(-*0  as  4‘*‘®.  the  line  integral  at  4"*“  disappears. 
Note  the  effect  of  slipstream  is  first  included  here  among 
solutions  solved  by  the  similar  technique.  Although  4*  is 
continuous  throughout  the  flow  including  the  slipstream, 
we  know  that  the  velocity  or  the  derivatives  of  V  may 
not  be  continuous  across  the  slipstream  especially  when 
the  circulation  distribution  is  not  continuous.  This  may 
cause  the  line  integral  along  the  slipstream  to  be  non- 
negligible.  Numerically  this  gives  a  considerable 
complexity  because  neither  the  shape  of  the  slipstream 
nor  the  velocity  discontinuity  is  known  a  priori. 

However,  in  each  iteration  this  could  be  known 
approximately.  Equation  (31)  is  a  complicated  nonlinear 
integro-differential  equation  for  tp  because  g  is  a 
complicated  nonlinear  function  of  ip,  and  is  not 
kr  .//n  on  the  boundary.  Wu  formulated  the  problem  for 
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a  simple  case  of  no  shear  and  no  hub  without  slipstream, 
only  with  the  heavily-loaded  actuator  disk.  He  obtained 
the  Green  function  and  suggested  solving  the  nonlinear 
integral  equation  by  an  iteration  technique,  showing  as 
an  e-^ample  the  case  with  a  given  load  distribution  on  the 
propeller  disk  but  did  not  obtain  numerical  results.  Later 
Greenberg  [10]  performed  the  numerical  computations 
for  the  same  problem  in  a  somewhat  different  manner 
with  a  uniform  loading  and  a  nonuniform  loading,  and 
demonstrated  the  convergence  of  the  iteration  with  the 
same  Green  function  obtained  by  V/u  [7]. 

The  present  problem  includes  a  large  hub  and 
incoming  shear  flow  with  pre-swirl  in  addition  to  the 
heavily-loaded  propeller  disk.  Because  of  this  complexity, 
there  exists  a  line  integral  term,  in  addition  to  the  area 
integral  that  was  handled  by  Wu  and  Greenberg  el  al. 
The  line  integral  includes  the  normal  derivative  of  the 
unknown  which  changes  the  integral  equation  to  an 
integro-differential  equation. 


is  first  calculated  at  each  vertical  line  by  Simpson’s  rule. 
The  logarithmic  singularity  of  G  in  the  numerical 
integration  of  Equation  (35)  and  in  the  slipstream  line 
integral  is  treated  as  follows: 


when  x  =  i,  and  Q-*r(^0) 


Q  r\j  -  -L  —  log 

4n  r 


r2 


Though  the  integration  of  the  log  function  does  not 
produce  any  singular  behavior,  the  numerical  treatment 
requires  care. 


f 

j  Ggedc  = 
‘‘h 


Gge  +  log  |r-c| 


} 


de 


+  I{rH-r){log|rH-r|-l}-(ru-r){log|ru-r|-l}] 


When  an  approximate  solution  ip  is  assumed 
everywhere,  aV/Sn  on  the  boundary  Will  be  known 
accordingly,  and  H,  C  and  their  derivatives  along  the 
streamlines  can  also  be  determined.  Therefore  when  these 
quanitities  are  inserted  in  Equations  (31)  and  (32)  the 
iterated  solution  can  be  obtained,  if  the  continuation  of 
this  process  converges  to  a  solution,  it  will  be  the  desired 
one  if  the  solution  exists. 

Computation  of  H* 

The  first  order  solution  may  be  considered  with  a 
straight  slipstream  through  the  blade  tip  (r  =  l).  As  a  first 
approximation  the  streamlines  are  assumed  to  be 
constant  along 

r  =  {fT  -  rH(x)}  m  =  l,  2,  ...  mg  (33) 
nio 

The  stream  functions  at  x  =  Xl  is  given  as  'l’(r)  from 
which  we  obtain  the  shear  distribution 

1  a'l' 

- r-  .  or  vice  versa. 

r  ar 

At  x  =  XL,  g  can  be  calculated  from  the  given  V,  H 
and  C  at  x  =  Xl.  Then  along  each  streamline  V,  H,  C, 
dH/dl*  and  dC/d'P  are  constant.  Therefore  when  V  is 
known  at  any  field  point  H,  C,  dH/dV,  and  dC/dV  will 
be  known  automatically.  Thus  g  will  be  known  and  we 
can  evaluate  the  area  integial  of  Equation  (31).  The 
mesh  is  created  with  lines  (33)  and  the  vertical  lines 

X  =  ±  nAx  (34) 

with  Ax  intervals. 

At  each  mesh  point,  the  value  of  G  is  precalculated 
by  a  good  approximation  [10].  Then 

J  Ggede  (35) 

•■h 


where  go  is  the  value  of  gQ  at  c  =  r,  the  singular  point. 
Then  the  values  of  Equation  (35)  at  4=  ±nAx  are 
integrated  by  Simpson’s  rule  to  produce  the  area  integral. 

Since  V  on  the  boundary  is  given  from  the  boundary 
condition,  the  function  f(r,x)  in  Equation  (32)  is 
determined  and  it  does  not  change  by  iteration.  However 
9f/0e  on  the  hub  r  =  rH,  dWd^  on  x  =  Xl  and  ip  at 
x=xn  are  not  known  a  priori.  The  line  integral  terms 
have  to  be  iterated  by  calculating  dWdQ  and  dWd^ 
from  the  first  approximated  V  distribution. 

When  the  mesh  (33)  is  set  from  the  beginning,  the 
iterated  solution  V  will  change  at  the  given  mesh  points 
at  each  iteration  and  will  converge  to  a  solution  if  the 
solution  exists.  There,  H,  C  and  the  derivatives  which 
are  only  functions  of  V  have  to  be  interpolated 
numerically  at  each  point  from  the  given  values  of  H(*l'). 
0(40,  etc.  at  x=xl.  Since  the  values  of  V  on  the 
boundary  are  already  known  from  the  boundary 
conditions,  they  do  not  have  to  be  calculated  on  the 
boundary.  This  fact  is  very  convenient  because  the 
boundary  integral/the  line  integral  is  more  singular  than 
the  area  integral.  However  the  values  of  the  line  integral 
at  the  points  other  than  at  the  boundary  have  to  be 
calculated  and  need  special  care. 

Iteration  and  Convergence 

Iteration  techniques  for  nonlinear  equations  are 
familiar  to  those  who  use  high  speed  computers. 

However,  since  the  present  problem  may  be  considered 
to  involve  simultaneous  equations  with  an  extremely  large 
number  of  variables,  it  is  rather  impractical  to  use  the 
ccnvcntional  Newton  Raphson  method.  Because  it  niigliC 
be  rather  simpler  and  more  economic  to  consider  a  naive 
first  order  iteration  without  modification  of  values,  this 
approach  was  tested  first.  However  in  this  case 
sometimes  the  solution  seemed  to  oscillate  after  a  certain 
course  of  convergence,  so  that  a  simple  modified  quasi 
Newton  Raphson  method  was  considered  [8]. 
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The  convergence  using  the  simple  modified  quasi 
Newton  Raphson  method  was  found  to  be  very  sensitive 


to  the  computational  error.  Whenever  any  error  exists  in 
the  computation  the  solution  does  not  converge.  This  has 
been  studied  in  detail  in  a  previous  paper  [8].  However, 
even  though  it  just  converges  it  is  not  necessarily  the 
right  solution.  Besides  the  question  of  uniqueness,  the 
solution  has  to  satisfy  all  of  the  boundary  conditions.  In 
fact  it  converged  without  line  integrals  along  the  lines 
X  =  and  the  slipstream,  giving  a  wrong  solution.  It 
also  converged  to  an  unreasonable  solution  when 
unreasonable  values  were  given  as  the  boundary 
condition.  Therefore  not  only  the  convergence  but  also 
satisfaction  of  boundary  conditions  must  be  checked. 

Propeller  Characteristics 

Now  the  axisymmetric  stream  function  is  obtained 
everywhere,  all  the  physical  quantities  can  be  computed. 
These  are  used  for  the  characteristics  of  an  infinite 
bladed  propeller. 

Well  known  formulae  for  propeller  characteristics  are 
given  as  follows:  The  thrust  coefficient 

where  2W|r  equals  the  circulation  distribution  fa, 
corresponding  to  the  propeller  blade  circulation  f  with  a 
Z  bladed  propeller  such  that 

lim  Zr  =  r„/K  =  2wir 
Z-*<» 

where  K  is  the  Goldstein  factor  and  W2  is  the  6 
component  of  the  velocity  at  the  actuator  disk.  The 
torque  coefficient 

Cq  =  J  “(f-O)  wi(r,0)  r^dr 

•■h 

The  efficiency 

>j  =  A  Ct/Cq 

The  pitch  angle 

^  =  cot"'  (rqc(r)/A) 

where  rj(.(r)  is  the  radial  distribution  of  the  propeller 
efficiency 

>?c(r)  =  I'  “  y  W2(r,0+)|yu(r,0) 

Tiie  other  cuiiventionai  thrust  coefficients  Cfs  = 

T/(e/2  U^R^)  has  the  relation  with  Cj,  Cj  =  0.52^0 jj. 

Numerical  Examples  and  Discussions 

For  checking  the  numerical  accuracy  and  solution 
behavior  for  parameter  changes,  two  examples  were 
numerically  tested.  One  example  uses  the  boundary 
conditions  ^iven  in  Equation  (17)  and  the  other  uses  a 


set  of  data  obtained  in  a  water  tunnel  experiment.  The 
first  example  has  already  been  used  for  an  approximate 
analysis  as  shown  in  Figure  1.  The  full  axisymmetric 
analysis  with  the  boundary  conditions  given  in  Equation 
(17)  are  now  tested  for  the  hub  geometry  shown  in 
Figure  2.  The  efficiency  changes  corresponding  to  the 
inflow  velocity  distributions  shown  in  Figure  3  are  shown 
in  Figure  4.  These  changes  are  compared  with  the  results 
calculated  by  simple  momentum  theory  without 
considering  the  thrust  deduction.  It  is  obvious  Trom  the 
Cq  equation  that  Cq  will  decrease  when  u  deceases,  thus 
increasing  the  efficiency.  However,  the  reduction  in  u 
may  be  as  the  result  of  increment  in  the  friction  and/or 
form  drag  of  the  ship.  The  second  example  corresponds 
to  one  of  the  sets  of  test  data  of  Huang  and  Groves  as 
shown  in  Table  1  with  the  hub  geometry  shown  in  Figure 
5.  The  velocity  distribution  is  taken  from  the  measured 
longitudinal  velocity  component  at  the  station 
x=Xl=  -0.482  as  shown  in  Figure  6. 


The  head  distribution  from  Equations  (2)  and  (5)  is 
approximated  from  the  nominal  wake  values  because  not 
enough  information  is  available  for  the  head.  The  blade 
circulation  given  in  the  Table  is  converted  by  the  relation 

zr  ~  r,o  =  2W]r 

taking  the  Goldstein  factor  K  =  1  because  for  the 
7-bladed  propeller  k  is  very  close  to  1.  With  this 
approximation,  the  thrust  coefficient  Cxj,  using  the  F 
values  of  Table  1,  is  very  close  to  the  measured  value 
and  the  value  from  the  lifting  surface  computation. 

The  velocity  components  at  the  propeller  plane  (x  =  0) 
and  a  little  downstream  of  the  plane  (x  =  0.192)  are 
shown  in  Figure  6.  These  values  are  taken  at  the  iteration 
where  the  average  relative  error  is  less  than  0.005%  with 
20  iterations.  A  simple  approximation  assuming  that 
u  =  nominal  wake  +  r«,/(2rtan<^)  from  actuator  disk 
theory  is  also  plotted  in  Figure  6.  The  three  crlculated 
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Fig.  4.  Efficiency-thrust  coefficient  relation. 


Table  1.  Tested  propeller  data. 
C-rs  =  0.356,  nk  =  1.268 


r/R 

Nominal 

Wake 

r 

0.211 

0.387 

0.0000 

0.250 

0.417 

0.0023 

0.300 

0.454 

0.0051 

0.400 

0.520 

0.0107 

0.500 

0.579 

0.0150 

0.600 

0.631 

0.0172 

0.700 

0.677 

0.0169 

0.800 

0.720 

0.0140 

0.900 

0.763 

0.0089 

0.950 

0.785 

0.0055 

1.000 

0.806 

0.0000 

1.050 

0.826 

0.0000 

1.100 

0.845 

0.0000 

1.200 

0.880 

0.0000 

Fig.  6.  Axial  velocity  components  near  the  propeller  disk. 


curves  are  very  close  to  each  other.  The  efficiency 
computed  with  the  boundary  condition  given  by  the 
measured  longitudinal  velocity  at  x=  -0.480  is  1.15 
which  is  close  to  the  value  1.17  from  actuator  disk 
theory. 

If  uniform  inflow  is  assumed,  the  propeller  efficiency 
with  the  same  value  of  To,  in  open  water  is  0.82  this 
means  the  approximate  corresponding  wake  fraction  Wf  is 
0.287  from  1.15  (1  -Wf)=0.82.  It  is  well  known  that  the 
overall  propulsive  efficiency  also  depends  upon  the  thrust 
deduction  which  reduces  the  efficiency.  The  numerical 
results  show  that  when  Too  ==0  at  the  blade  tip,  the  effect 
of  the  slipstream  line  integral  is  negligible.  This  is 
reasonable  because  it  has  been  analytically  proven  [11] 
that  both  u  and  w  are  proportional  to  Too  on  the 
propeller  plane  when  hub  is  absent. 
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Since  the  governing  equation  (31)  holds  in  a  shear 
swirl  flow  and  no  explicit  vortex  distribution  is  used  for 
the  solution,  it  is  not  clear  here  how  the  conventional 
bound  and  trailing  vortices  plus  secondary  vortices  [12] 
are  involved.  However,  this  could  be  interpreted  using 
the  vortex  ring  method  (13]. 

The  numerical  program  with  iterations  adopted  in  the 
present  paper  is  mainly  for  the  purpose  of  checking  the 
feasibility  of  the  application  of  the  iteration  method  to  a 
nonlinear  problem  with  the  reasonable  convergent  results. 
The  convergence  is  quite  stable  with  the  change  of  mesh 
size  and  the  degree  of  interpolation  (when  a  Lagrangian 
interpolation  is  used). 

Because  the  present  problem  neglects  viscosity,  the 
effect  of  viscosity  on  the  shear  flow  cannot  be  computed. 
The  effect  of  shear  on  the  propeller  can  be  computed 
from  the  measured  velocities  or  the  computed  velocities 
by  the  method  of  reference  [2].  Therefore  the  present 
program  could  be  most  effectively  used  to  find  the 
propeller  shear  interference  at  or  behind  the  propeller 
plane  with  the  measured  upstream  velocities  or  the 
effective  wake  computed  by  the  Huang  and  Groves 
method.  Since  experiments  show  that  the  propeller  does 
not  affect  the  flow  beyond  about  two  propeller  diameters 
upstream  [2]  of  the  propeller  the  nominal  wake  at  a 
station  two  propeller  diameters  upstream  of  the  propeller 
plane  may  be  effectively  used  to  compute  total  flow 
using  Equations  (2),  (5)  and  (3).  If  there  is  no  shear  or 
swirl  upstream  of  the  propeller,  the  problem  becomes 
much  simpler  because  the  area  integral  outside  the 
domain  bounded  by  the  slipstream,  the  propeller  plane, 
and  the  hub  disappears.  However,  the  line  integrals  along 
the  hub  and  the  slipstream  (when  fa,  (tip)  #0)  are  needed 
in  addition  to  the  area  integral. 

The  present  program  may  be  further  extended  to 
evaluate  ducted  propellers  and  multistage  propellers  such 
as  contra-rotating  propellers  in  the  shear  swirl  flow,  in 
fact  for  the  problem  of  contra-rotating  propellers  in 
shear  swirl  flow,  the  present  computer  program  can  be 
applied  without  too  much  change. 
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Abstract 

A  practical  computational  method  for  3D 
transom  stern  flows  is  presented.  The  theory  and 
numerics  of  computing  transom  stern  flows  are 
described  in  detail.  The  special  treatment  of  the 
linearized  free  surface  boundary  condition  is 
included.  In  particular,  the  boundary  condition  for 
a  dry  transom  is  derived  within  the  framework  of  a 
free  surface  potential  flow.  The  transom  is  treated 
as  an  inflow  boundary  and  the  transom  boundary 
condition  is  then  used  to  specify  the  starting  values 
of  a  linearized  free  surface  calculation.  This 
computational  method  has  been  Incorporated  into  a 
Rankinc  source  panel  method,  the  XYZ  Free 
Surface  (XYZPS)  program  version  2.0.  The 
XYZFS  program  has  been  used  to  predict  the  wave 
resistance  for  a  large  number  of  transom  stern 
ships.  The  computed  wave  resistance  has  compared 
favorably  with  measured  wave  pattern  resistance, 
correctly  predicting  the  relative  merit  of  competing 
hulls.  The  agreement  with  experimental 
measurements  is  remarkably  good  for  Froude 
numbers  between  0.35  and  0.50,  corresponding  to 
the  normal  speed  range  of  high-speed  transom 
stern  ships. 

1.  Introduction 

A  practical  computational  method  for 
transom  stern  flows  is  of  special  interest  to  ship 
hydrodynamicists.  Such  interest  is  intensified  by 
the  peculiar  property  of  the  flow  pattern.  If  the 
ship  speed  is  high  enough,  the  transom  clears  the 
surrounding  water  and  the  entire  tran.som  area  is 
exposed  to  the  air.  The  transom  flow  detaches 
smoothly  from  the  underside  of  the  transom,  and  a 
depression  is  created  on  the  free  surface  behind  the 
transom.  Saunders  [1]  described  this  flow  pattern 
in  his  book  on  hydrodynamics  and  his  description 
of  a  dr  -  transom  is  reproduced  in  Fig.  1.  This  flow 
pattern  has  been  credited  with  the  reduced  wave 
resistance  for  high-speed  transom  stern  ships,  as 
compared  to  their  cruiser  stern  equivalents. 


Early  numerical  studies  encountered 
problems  in  modeling  transom  stern  flows. 
Rankine  source  and  Havelock  source  methods  were 
hampered  by  the  difficulty  of  treating  the 
Intersection  curve  between  the  transom  and  the 
free  surface.  Many  investigators  replaced  the  fluid 
domain  behind  the  transom  with  solid  surfaces. 
For  example,  Gadd  [2]  and  Chang  (3)  simulated 
the  surface  depression  by  adding  a  tapering 
extension  to  close  the  body  behind  the  stern. 
Realistic  flow  patterns  cannot  be  obtained  in  this 
way  and  more  accurate  computations  of  transom 
stern  flows  are  needed. 

This  paper  describes  an  improved  method 
for  computing  transom  stern  flows.  The  theory  and 
numerical  method  for  computing  3D  transom  stern 
flows  are  presented  step  by  step.  The  special 
treatment  of  the  linearized  free  surface  boundary 
condition  is  given  in  detail.  The  boundary 
condition  for  a  dry  transom  is  derived  within  the 
framework  of  a  free  surface  potential  flow.  The 
physical  constraints  imposed  by  this  transom 
boundary  condition  require  that  the  static. pressure 
be  atmospheric  and  that  the  flow  leave  tangentially 
at  the  transom.  This  computational  technique  has 
been  successfully  incorporated  into  a  Rankine 
source  panel  method  originally  developed  by 
Dawson  [4,5]  and  further  developed  as  the  XYZ 
Free  Surface  (XYZFS)  program  Version  2.0. 

The  XYZFS  program  has  been  'used  to 
analyze  the  uave  resistance  and  local  flowfield  for  a 
large  number  of  transoir.  stern  shins.  Comparisons 
of  wave  resistance  prediction  and  experimental 
measurements  tiave  been  made  and  have  shown 
general  agreement.  Cheng  et  al.  [6]  described  the 
hydrodynamic  analyses  of  DTRC  Model  5403  and 
Model  Ga04,  which  represent  typical  transom  stern 
ships  with  bo;/  domes.  A  parametric  study  on 
stern  wedges,  as  an  example,  of  transom  stern 
variations,  was  described  by  Cheng  et  al.  [7].  An 
FFG-7  hull  v/ith  a  15-degree  stern  wedge  was 
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WATER  SURFACE 


Fig.  1.  Flow  pattern  behind  a  transom  stern 
(sketch  from  Saunders  (l)). 


TRANSOM 


Fig.  2.  Schematic  of  transom  stern  flow  for  the 
centerplane  shown  in  asideview. 

influence  of  gravity.  Such  ascending  and 
descending  motion  is  repeated  further  downstream. 
The  wave  motion  described  here  can  be  seen  in  the 
wave  pattern  computed  by  Coleman  [13]  using  a 
finite  difference  method. 


analyzed  by  Hoyle  et  al.  (8].  Cheng  et  al.  [9] 
presented  a  comparison  of  the  computed  propeller 
inflow  with  the  corresponding  data  from  wake 
survey  experiments  for  a  variant  of  the  research 
vessel,  R/V  Athena  hull. 

Transom  stern  studies  prior  to  1983  were 
summarized  by  Cheng  et  al.  (6)  Subsequently, 
Wilson  and  Thomason  (10)  published  a  parametric 
study  on  transom  sterns.  The  effects  of  transom 
depth  and  transom  width  variations  were  identified 
using  a  combined  numerical  and  experimental 
approach.  More  recent  studies  on  transom  sterns 
included  residual  resistance  computations  for  Series 
64  by  Tulin  and  Hsu  (11).  These  computations  used 
a  strip  theory  which  is  applicable  in  the  limit  of  an 
infinite  Froudc  number. 

In  this  paper,  the  computed  flow  pattern 
behind  the  transom  is  presented  and  compared  with 
experimental  measurements  by  Jenkins  (12)  for  the 
R/V  Athena  hull.  In  addition,  a  comparison  of 
wave  resistance  prediction  and  experimental 
measurements  is  presented  for  DTRC  Model  5416. 

2.  Physical  problem 

Consider  a  steady  flow  directed  from  bow  to 
stern  of  a  ship.  Attention  is  focused  on  the  region 
just  forward  and  aft  of  the  stern  as  shown  in  Fig.  1. 
Figure  2  is  a  schematic  diagram  representing  a 
sideview  of  a  transom  stern  flow  in  a  centerplane. 
The  keel  line  typically  slopes  upward  relative  to  the 
mean  water  level,  which  is  designated  by  a 
horizontal  dashed  line  in  Fig.  2.  The  wavy  solid 
line  represents  a  streamline  which  passes  under  the 
transom,  detaches  from  the  stern,  and  forms  part 
of  the  free  surface.  Immediately  downstream  of 
the  transom,  the  water  rises  rapidly  toward  the 
mean  water  level,  overshoots,  and  then  reaches  a 
maximum  elevation  before  descending  under  the 


з.  Numerical  method 

3.1  Panel  method  for  cruiser  stem  flows 

Before  the  computational  method  for  3D 
transom  stern  flows  is  introduced,  a  panel  method 
for  cruiser  stern  flows  is  described.  The  usual 
treatment  of  cruiser  sterns  is  presented  since  the 
special  treatment  for  transom  sterns  is  similar  and 
is  an  extension  of  the  cruiser  stern  method. 

In  the  Rankine  source  panel  method,  a  hull 
surface  is  mathematically  subdivided  into  hundreds 
of  small  source  panels.  Each  panel  is  characterized 
by  its  centroid,  normal  unit  vector,  and  area.  The 
velocity  at  the  control  point  (i.e.,  centroid)  of  a 
given  panel  i  induced  by  another  panel  j  is  a 
function  of  the  geometry  of  panel  j  and  of  the 
distance  between  panel  i  and  panel  j  .  For 
example,  the  x-component  of  the  velocity  induced 
by  panel  j  on  panel  i  is  equal  to  the  induced 
velocity  (per  unit  source  strength),  denoted  as  the 
influence  coefficient  CXi.j ,  multiplied  by  the  source 
strength  Sj  ,  which  is  a  constant  for  each  panel. 
The  sum  of  the  free  stream  velocity  U„  and  the 
velocity  induced  by  all  other  panels  j  gives  the 
velocity  at  panel  i : 

и.  =U„+  E  CXi.jS,  .  (1) 

i-i 

Ip  Fq.  1,  the  summation  is  cari'ied  out  for  ail  the 
panels  on  the  hull  surface,  and  the  quantity  N 
denotes  the  total  number  of  j)anels.  The  unknowns 
on  each  panel  are  the  source  strength  to  be 
determined  from  a  solution  of  the  boundary  value 
'  (blem  subject  to  the  Neumann  boundary 
jndition  on  the  hull  surface.  This  panel  method 
scheme  was  developed  by  Hess  and  Smith  (14)  for 
the  flow  of  an  infinite  fluid  past  a  ship-like  body. 
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Another  way  of  modeling  a  ship  is  to 
combine  the  submerged  ship  hull  with  its  mirror 
image  above  a  plane  of  symmetry  at  the  mean 
water  level.  This  combination  is  referred  to  as  the 
double  model  in  the  literature.  The  flow  past  a 
double  model  is  obtained  by  a  numerical  solution 
of  the  boundary  value  problem  subject  to  the 
Neumann  boundary  condition  on  the  double  model 
hull.  This  double  model  solution  is  the 
approximate  solution  to  the  free  surface  problem  in 
the  limiting  case  of  zero  Froude  number  when  the 
free  surface  is  approximated  by  a  rigid  wall. 

After  the  double  model  solution  is  obtained, 
the  double  model  streamlines  are  traced  on  the 
mean  water  level.  These  streamlines  will  not 
penetrate  the  hull  surface  and  are  used  to  set  up  a 
free  surface  grid.  Constant  source  panels  are  placed 
on  this  free  surface  grid.  Then,  the  free  surface 
boundary  condition  is  linearized  using  the  double 
model  solution  as  the  basic  solution  in  the  sense 
that  the  deviation  from  the  double  model  flow  is 
considered  small: 

^  =  4>  +  ,  (2) 

where  4>  denotes  the  velocity  potential  for  the  free 
surface  flow,  4>  the  velocity  potential  for  the 
double  model,  and  <!>'  the  perturbation  velocity 
potential.  Dawson  (4)  gave  the  resulting  free 
surface  boundary  condition  with  the  double  model 
linearization  as 

(V0/)i  +  =  2  V4>i(  (3) 

at  the  mean  water  level  z  =  0  .  The  free  surface 
boundary  condition  involves  the  gradient  of  the 
velocity  potential  along  a  streamwise  direction 
designated  by  /  ,  and  differentiation  is  carried  out 
along  the  corresponding  double  model  streamlines. 
For  example,  the  streamwise  velocity  on  the  free 
surface  is  computed  by 


finite  differencing  scheme  is  used  to  eliminate 
upstream  propagating  disturbances  as  recommended 
by  Dawson  [4].  For  the  foremost  upstream  point, 
a  two-point  upstream  finite  difference  operator  is 
used.  The  starting  values  are  specified  by  a  uniform 
flow  and  a  corresponding  wave  elevation  of  zero. 

In  the  panel  method  for  free  surface  flows, 
the  source  strength  distribution  must  satisfy 
simultaneously  the  linearized  free  surface  boundary 
condition  and  the  Neumann  boundary  condition  on 
the  hull.  For  a  case  with  N  panels  representing 
the  total  number  of  the  hull  panels  and  free  surface 
panels  combined,  the  resulting  system  of  N  by  N 
equations  is  full,  nonsymmetrical,  and  not 
diagonally  dominant.  A  Gaussian  elimination 
scheme  is  used  to  solve  this  system  of  equations. 

For  the  case  of  a  transom  stern,  the  main 
section  of  the  free  surface  (as  shown  in  Fig.  3)  can 
be  handled  in  the  same  way  as  for  cruiser  sterns. 
The  double  model  linearization  and  the  upstream 
finite  difference  operator  are  also  used.  However, 
the  flow  domain  behind  the  transom  presents  a  new 
problem  and  needs  special  treatment.  In  particular, 
a  new  section  of  free  surface  panels  is  introduced, 
the  transom  is  treated  as  an  inflow  boundary,  and 
the  starting  values  of  a  free  surface  calculation 
must  be  specified  at  the  transom.  This  problem  is 
addressed  in  the  remainder  of  this  paper. 


Fig.  3.  An  aerial  view  of  the  free  surface  paneling 
for  a  transom  stern  hull. 


+  <I>y* 


+ 


(4) 


Note  that  this  differentiation  scheme  approximates 
the  free  surface  flow  direction  by  the  double  model 
flow  direction.  This  approximation  is  a  crucial  step 
to  be  used  later  in  the  derivation  of  the  transom 
boundary  condition. 

In  the  numerical  calculation  of  the 
convective  term,  finite  differencing  is  used  to 
calculate  derivriives  between  adjacent  panels  along 
a  double  mod-  i  streamline.  A  four-point  upstream 


3.2  TTieory  of  the  transom  boundary  condition 

As  for  a  cruiser  stern  case,  a  transom  stern 
solution  begins  with  a  double  model  computation. 
The  geometric  model  for  a  transom  stern  hull  is 
shown  in  Fig.  4.  Note  that  the  transom  is 
intentionally  left  open  and  there  are  no  panels  on 
the  transom.  The  hull  surface  for  the  double 
model  serves  as  a  stream  surface  separating  the 
external  flow  about  the  hull  from  a  fictitious 
internal  flow.  The  double  model  flow  computed  in 
this  way  is  appropriate  for  a  dey  transom  with  the 
exit  flow  detaching  at  the  transom  tangential  to  the 
hull  surface. 
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energy  and  potential  energy  : 


Fig.  4.  Perspective  view  for  the  numerical  model 
of  a  transom  stern  hull.  Note  the  open  transom. 


For  the  free  surface  solution,  the  free 
surface  boundary  conditions  must  be  adapted  to  the 
transom  stern  geometry.  To  simplify  the  analysis 
of  transom  flows  in  practical  applications,  several 
assumptions  are  made  in  the  theory  for  transom 
stern  flows.  It  is  assumed  that  the  transom  is  left 
open  as  in  the  double  model  flow  computations  and 
that  the  potential  flow  detaches  from  the  transom  at 
well  defined  locations.  These  locations  are  identified 
as  the  points  on  a  curve  which  has  the  same  shape 
as  the  transom  bottom.  The  shape  of  the  transom 
bottom  may  be  described  by  specifying  the  transom 
depth  zt  as  a  function  of  the  transverse  coordinate 

y  : 


Zt  =  f  (  y )  at  X  =  XT  ,  (5) 


where  {  ,  <l>y  >  't>t)  denotes  the  gradient  of  the 

velocity  potential  in  (  x  ,  y  ,  z  )  directions.  Eq.  7 
may  be  rearranged  as 


+ 

^oo 


(8) 


Tnus,  the  kinetic  energy  for  the  water  at  the 
transom  can  be  determined  by  the  right  hand  side 
of  Eq.  8,  where  zt  lies  below  the  mean  water  level 
and  takes  on  a  negative  value.  This  equation  is  the 
first  constraint  for  transom  stern  flows. 

Since  a  flow  cannot  penetrate  an 
impermeable  surface,  another  constraint  to  be 
satisfied  at  the  transom  is  that  the  exit  flow  must  be 
tangential  to  the  hull  surface.  The  magnitude  of 
the  velocity  at  this  point  is  given  by  the  square  root 
of  the  right  hand  side  in  Eq.  8.  The  flow  direction 
is  part  of  the  free  surface  solution  and  is 
determined  by  the  transom  geometry,  which  can  be 
specified  by  a  (local)  tangential  unit  vector: 


+  4’.^ 


\/4>x  +  4y  +  4‘i 


s/i'x  +  4>y  + 


(9) 

(10) 

(11) 


where  the  subscript  T  denotes  the  transom  and 
xt  the  longitudinal  coordinate  of  the  transom. 
Along  the  intersection  curve  between  the  transom 
and  the  free  surface,  the  static  pressure  is  equated 
to  the  atmospheric  pressure  p„  since  the  transom 
clears  the  surrounding  water  and  is  exposed  to  the 
air: 

Pr  =  Poo  a,  X  =  Xt  and  z  =  zt  for  a  given  y  (6) 

In  Eq.  6,  the  effect  of  an  air  wake  behind  the 
transom  is  neglected  and  the  atmospheric  pressure 
is  considered  a  global  constant.  With  the 
dependence  on  pressure  removed,  Bernoulli’s 
equation  describes  a  steady-state  balance  of  kinetic 


A  first  approximation  of  the  tangential  unit 
vector  is  obtained  by  replacing  the  potential  in  Eqs. 
9  through  11  by  the  double  model  potential  to  give 
the  tangential  unit  vector  in  the  direction  of  the 
double  model  flow  : 


Tx  = 


T.  = 


4- 

+  3’y*  + 


(12) 


(13) 


(14) 
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FREE  SURFACE 


Fig.  5.  Description  of  boundary  conditions  for 
transom,  free  surface,  and  hull. 


where  the  vector  ('!>,,  4>y  ,<!>, )  represents  the 
velocity  of  the  double  model  flow  for  a  hull  panel 
whose  centroid  lies  just  forward  of  the  sharp  corner 
at  the  transom.  This  hull  panel  has  the  same  y  - 
value  as  the  transom  and  is  denoted  by  the  index 
NQ  as  shown  in  Fig.  5.  The  approximation  of  the 
free  surface  flow  direction  by  the  double  model 
flow  direction  is  consistent  with  applying  the  free 
surface  boundary  condition  along  double  model 
streamlines  on  the  main  section  of  the  free  surface, 
as  specified  by  Eq.  4.  The  validity  of  this 
approximation  has  been  verified  by  comparing 
computed  and  measured  wave  profiles  behind  the 
transom . 

When  the  velocity  magnitude  from  Eq.  8  is 
combined  with  the  flow  direction  from  Eqs.  12 
through  14,  the  three  velocity  components  at  the 
transom  are  approximated  by  ; 


where  the  vector  (ut.vt.wx)  has  been 
nondimensionalized  by  |  U„|  and  denotes  the 
velocity  at  the  transom  in  the  (  x,  y,  z  ) 
directions,  respectively.  The  sign  of  the  vector 
(  ut.vt.wt)  is  deiermined  by  the  tangential  unit 

vector.  The  quantity  — ^  represents  the  square  of 
g^T 

the  Froude  number  based  on  the  transom  depth. 
In  usual  numerical  calculations,  it  is  more  common 
to  use  the  Froude  number  based  on  the  waterline 
length  L  .  This  convention  is  achieved  by  scaling 


(  X,  y,  z  )  by  1/2  L  .  Equations  15  through  17 
can  then  be  rewritten  as  follows: 


where  Fn“=U^/gL  and  Zt=2zt/1-.  Equations 
18,  19,  and  20  are  applied  as  th;  transom  boundary 
conditions  for  the  free  surface  calculations  in  the 
case  of  a  dry  transom.  In  so  doing,  the  stadc 
pressure  is  forced  to  be  atmospheric  and  the  free 
surface  flow  is  forced  to  leave  the  transom 
tangentially  in  a  direction  specified  by  the  double 
model  flow.  The  transom  boundary  conditions 
show  that  the  velocity  at  the  transom  is  directly 
related  to  transom  depth  and  the  Fioude  number 
and  is  indirectly  related  to  other  transom 
characteristics  (i.e.,  the  buttock  angle,  the  deadrise 
angle,  and  the  run  angle)  through  the  direction  of 
the  double  model  flow. 

3.3  Implementation  of  the  free  surface  boundary 
condition 

In  this  section,  the  special  treatment  for  the 
free  surface  boundary  condition  behind  a  transom 
stern  is  described.  The  free  surface  boundary 
condition  in  this  region  uses  the  conventional 
iincarization  about  a  uniform  flow: 

2Fn®  u,  +  w  =  0  ,  (21) 

where  the  length  is  nondimensionalized  by  1/2  L 
and  the  vector  (  u,  v,  w  )  represents  the 
perturbation  velocity  in  a  dimensionless  form.  The 
free  surface  boundary  condition  is  applied  at  the 
mean  water  level,  on  which  flat  panels  are  placed. 
Computations  are  performed  for  the  centroid  of  a 
panel,  as  indicated  by  “bullets”  in  Fig.  5.  In  the 
discretization  of  the  convective  term  in  Eq.  21,  an 
upstream  finite  difference  operator  is  used  to 
eliminate  upstream  propagating  waves.  In 
particular,  a  two-point  upstream  finite  difference 
operator  must  be  used  to  start  the  computations  for 
transom  stern  flows: 

u,  ,i  =  CAi  Mi  +  CBi  u,  ,  (22) 

where  CB,  =  — ^ -  =  -  CAi  ■  (23) 
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In  Eqs.  22  and  23,  the  index  i  denotes  the 
foremost  point  behind  the  transom  and  the  index 
t  the  upstream  point  at  the  transom.  The  quantity 
u,  is  an  unknown  to  be  determined  and  u, ,  the 
velocity  at  the  upstream  point,  must  be  specified. 
The  value  u,  is  taken  from  the  transom  boundary 
condition  Eq.  18.  However,  a  minor  modification  is 
required  here  since  ut  represents  the  total  velocity 
and  u,  represents  the  perturbation  velocity 
superimposed  on  the  uniform  flow.  Thus 

U,  =  1  +  Uj  . 

Substituting  Eqs.  22  and  24  into  Eq.  21  and 
rearranging  gives, 

2Fn“CA.  u,  +  Wi  =-  2Fn^  CB,  [  1  +  ut]  •  (25) 

This  equation  is  the  discretized  form  of  the  free 
surface  boundary  condition  at  a  particular  y  -value 
for  ti  e  foremost  free  surface  panel  with  index  i 
next  to  the  transom.  The  unknowns  reside  on  the 
left  hand  side  and  the  knowns  on  the  right  hand 
side.  For  the  the  downstream  panel  at  the  same 
y  -value  with  index  i  +  1  ,  the  following  equation 
is  used: 

2Fn^  J  CAj+i  Uj+i  +  CBj+i  uj  j  +  w,+i  =  0  ,  (26^ 
where  CBj+i  =  - ^ -  =  -  CA,+i  .  (27) 

Xi  -  X|+| 

Equations  26  and  27  are  applied  to  succeeding 
panels  with  indices  i+ 2  ,  i+3.  etc.  until  the 
downstream  boundary  is  reached.  Equations  22 
through  27  are  applied  for  other  y -values  to' cover 
the  special  section  of  free  surface  (Fig.  3) 
downstream  from  the  transom. 

The  resulting  system  of  difference  equations 
is  then  solved  using  the  Rankine  source  panel 
method.  Substituting  Eq.  1  into  Eqs.  25  and  26 
gives 

N  p  ^ 

2Fn^  2  CAiCXi,,S,  -  2;rSi  =  -  2Fn*  CB.  [  I  +  UtJ 

(28) 


2Fn’'2  [  CA.„CX.„,  CB..+,  0%,)  ISj  -  2;rS.„  =0  . 

j-1  L  J 

(20) 


The  index  N  denotes  the  total  number  of  panels 
for  the  hull  surface,  the  main  section  of  free 
surface,  and  the  special  section  behind  the  tiansom. 
The  influence  coefficient  CXj,  denotes  the  x- 
component  of  velocity  induced  on  panel  i  by  panel 
j  per  unit  source  strength.  In  the  computations  of 
influence  coefficient  for  each  hull  panel,  the 
contribution  from  its  mirror  image  must  be  added. 
The  source  strengths  Si  are  the  unknowns  to  be 
detei  mined  through  the  solution  of  a  boundary 
value  problem,  and  a  Gaussian  elimination  scheme 
is  used  in  the  numerical  solution.  The  distribution 
of  source  strength  must  satisfy  simultaneously  the 
free  surface  boundary  condition  and  the  Neumann 
boundary  condition  on  the  hull,  as  represented  in 
Fig.  5. 

A  two-point  upstream  finite  difference 
operator  has  been  used  in  the  special  section 
behind  the  transom  for  wave  resistance 
computations.  These  calculations  are  applied  to  a 
short  computational  domain  covering  one  half  of  a 
ship  length  downstream  from  the  transom.  The 
four-point  operator  will  be  introduced  for  future 
calculations,  which  extend  farther  downstream,  to 
improve  the  numerical  accuracy  of  transom  stern 
computations. 

4.  Compai'iscn  with  experiments 

This  section  presents  a  comparison  of 
numerical  predictions  with  the  corresponding 
experimental  measurements  for  high-speed  transom 
stern  ships.  Such  a  comparison  shows  the  extent  to 
which  the  numerical  model  of  transom  stern  flows 
can  predict  the  hydrodynamics  of  the  physical 
model.  Another  objective  is  to  identify 
opportunities  for  future  research  in  transom  stern 
flows.  Two  examples  are  presented  here:  the  local 
flow  field  around  a  ship  and  the  force  on  a  ship. 
The  local  flow  field  is  represented  by  the  wave 
pattern  behind  the  transom  for  R/V  Athena.  The 
force  on  a  ship  is  represented  by  the  wave 
resistance  for  DTRC  Model  5416. 

4.1  Wave  profiles 

Figure  6  gives  a  sideview  of  the  computed 
wave  profile  behind  the  transom  for  R/V  Athena. 
The  vertical  and  horizontal  axes  are 
nondimensionalized  by  1/2  L  and  are  plotted  to 
the  same  scale.  The  numerical  model  of  the 
t.ran<?oTi(^  !?  shown  ths  right.  Ths  dsshed 

line  represents  the  mean  water  level  and  the  solid 
wavy  line  .-epresents  the  free  surface  computed  on 
panels  close.st  to  the  centerplaue.  The 
computations  were  performed  ror  aFroude  number 
of  0.48.  The  free  surface  h?s  a  small  slope,  which 
is  appropriate  for  this  Froude  number,  and  the- flow 
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COMPUTED  WAVE  PROFILE'S^ 

2>A. 
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Fig.  6.  Computed  wave  profile  in  the  centerplane 
behind  the  transom  for  R/V  Athena 
at  a  Froude  number  of  0.48. 

angle  can  be  measured  graphically.  Notice  the 
ascending  motion  followed  by  the  descending 
motion  as  expected.  A  gap  is  left  between  the 
transom  and  the  computed  free  surface  to  indicate 
the  centroid  location  of  the  foremost  panel,  where 
the  free  surface  calculations  are  started.  An 
upstream  extrapolation  of  the  free  surface  shows 
that  the  free  surface  intersects  the  transom  at  the 
transom  depth  Zx . 

Figure  7  gives  a  close-up  view  of  Fig.  6  near 
the  transom.  Again  the  dashed  line  and  solid  wavy 
line  represent  the  mean  water  line  and  the 
computed  free  surface  closest  to  the  centerplane, 
respectively.  The  corresponding  wave  profile 
measured  by  Jenkins  (12)  is  represented  by  isolated 
points  and  the  rearmost  point  indicates  the  extent 
of  experimental  data.  Thus,  the  experiment 
indicates  that  the  transom  clears  the  water,  and  the 
assumption  of  a  dry  transom  is  valid  for  a  Froude 
number  of  0.48.  The  numerical  prediction  and 
experimental  measurements  of  wave  profiles 
behind  the  transom  show  close  agreement, 
especially  just  downstream  of  the  transom.  The 
double  model  approximation  of  the  How  direction 
seems  justified  in  this  case. 

4.2  Wave  resistance  ■ 

DTRC  Model  5416  represent®  a  typical 
high-speed  transom  stern  ship  without  a  bulbous 
bow.  Dr.  Michael  V/ilson  of  DIRC  designed  this 
hull  form  as  a  candidate  for  a  low  rrsistanre  ship. 
The  computations  for  Model  5416  were  performed 
at  least  one  year  prior  to  model  construction  and 
tank  testing  at  DTRC.  The  model  tests  involved  a 
longitudinal  wave  cut  experiment  using  capacitance 
wave  probes  to  measure  wave  profiles.  A  wave 
spectrum  analysis  of  the  measured  wave  profiles 
gave  the  measured  wave  pattern  resistance.  The 
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Fig.  7.  Comparison  of  the  computed  and 
measured  wave  profiles  for  R/V  Athena 
at  a  Froude  number  of  0.48. 

measured  wave  pattern  resistance  was  then 
compared  to  the  wave  resistance  predicted  by 
integrating  the  pressure  on  the  hull  using  the 
XYZFS  program  version  2.0. 


Fig.  8.  Comparison  between  calculated  wave 
resistance  and  measured  wave  pattern  resistance 
versus  Froude  number  for  Model  5416. 

This  comparison  of  computed  wave 
resistance  and  measured  wave  pattern  resistaime  is 
presented  in  Fig.  8.  The  computations  were 
performed  for  Froude  numbers  from  0.25  to  0.50  at 
increments  of  0.05.  The  hull  form  was  held  fixed 
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at  the  even  keel  pooition  for  these  computations 
and  for  the  experiments.  The  calculated  wave 
resistance  and  measured  wave  pattern  resistance 
show  general  agreement.  The  agreement  is 
remarkably  good  for  Froude  numbers  from  0.35  to 
0.50,  corresponding  to  the  operating  speeds  of 
high-speed  transom  stern  ships  and  corresponding 
to  the  case  of  a  dry  transom.  For  Froude  numbers 
below  0.35,  the  slope  of  the  wave  resistance  curves 
is  in  agreement.  However,  computations  predict  a 
hump  around  a  Froude  number  of  0.3,  which  is 
absent  from  the  measured  wave  pattein  resistance. 
This  discrepancy  is  partially  attributed  to  the 
breakdown  of  the  dry  transom  assumption  at  lower 
Froude  numbers.  Transom  stern  flow  at  lower 
Froude  numbers  is  the  subject  of  a  future  study, 
and  further  numerical  a,;d  experimental  research  is 
needed. 


S.  Conclusion 

A  practical  computational  method  for  3D 
transom  stern  flows  has  been  developed.  A  dry 
transrm  boundary  condition  has  been  derived  for 
linearized  free  surface  potential  flows.  The  physical 
constraints  imposed  by  the  transom  boundary 
condition  require  that  the  static  pressure  be 
atmospheric  and  that  the  flow  leave  tangentially  at 
the  transom.  The  pressure  constraint  has  been 
applied  to  Bernoulli’s  equation  to  determine  the 
magnitude  of  the  velocity  at  the  transom  as  a 
function  of  transom  depth  and  Froude  number. 
The  velocity  tangency  constraint  has  been  enforced 
by  requiring  the  free  surface  flow  to  leave  the 
transom  tangentially  in  a  direction  specified  by  the 
double  model  flow.  The  numerical  implementation 
of  the  free  surface  boundary  condition  involves  the 
use  of  an  upstream  finite  difference  operator  to 
eliminate  upstream  waves.  The  transom  boundary 
condition  has  been  used  to  specify  the  starting 
values  for  the  free  surface  calculations  in  a  special 
section  behind  the  transom.  This  computational 
method  has  been  incorporated  into  a  Rankine 
source  panel  method,  the  XYZFS  program  version 
2.0. 

The  computed  flow  pattern  behind  the 
transom  has  been  presented  and  compared  with 
experimental  measurements  for  the  R/V  Athena 
hull.  Comparison  of  wave  resistance  prediction  and 
experimental  measurements  have  been  presented 
for  DTRC  Model  5416.  The  results  show  that  the 
wave  resistance  predictions  are  remarkably  good  for 
Froude  numbers  between  0.35  and  0.50, 
corresponding  to  the  normal  ."peed  range  of  high¬ 
speed  transom  stern  ships. 
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DISCUSSION 
by  K.  Nakatake 

I  appreciate  your  paper  treating  the 
transom  stern  flow.  Fig. 8  shows  a  good 
agreement  of  calculated  and  measured  Cw.  But, 
in  this  high  Fn  range,  the  effects  of  trim  and 
sinkage  become  important.  Did  your  calculation 
include  such  effect?  If  possible,  please  show 
the  wave  height  contour  around  the  model. 

Author's  Reply 

Dr. Nakatake  asked  about  the  effects  of 
sinkage  and  trim  in  the  computations.  The 
results  presented  in  Fig. 8  of  my  paper 
correspond  to  the  fixed  case  for  both  the 
computations  and  experiments.  To  include 
sinkage  and  trim  effect,  we  can  reposition  the 
hull  according  to  sinkage  and  trim  predictions 
from  fixed  case  calculations.  We  did  not 
analyze  and  plot  wave  height  contours  for  a 
sunk  and  trimmed  case  and  is  presented  in 
Fig.Al.  The  corresponding  wave  pattern 
resistance  curve,  as  measured  by  Dr.  Michael 
Wilson  of  DTRC,  is  presented  for  comparison. 
The  computed  results  could  be  further  improved 
by  using  the  experimentally  measured  sinkage 
and  trim  to  reposition  the  hull. 


DISCUSSION 
by  J.  Ando' 

I'd  like  to  congratulate  for  your  good 
results  for  3D  transom  stern  flow,  and  I'd 
like  to  discuss  on  the  radiation  condition. 
When  we  try  to  satisfy  the  radiation 
condition,  if  we  use  finite  difference 
operator,  we  have  some  troubles.  In  my 
experience,  point-to-point  oscillation  of  the 
source  strength  occurred  near  the  downstream 
boundary.  Somet,imes,  the  source  strength 
oscillates  so  large  that  the  wave  pattern  is 
affected.  And  the  results  change  due  to  the 
kind  of  finite  difference  operator  which  uses 
number  of  points.  Did  you  have  such 
experience? 

So  I'd  like  to  present  a  method  which  does 
not  use  any  finite  difference  operator  in 
order  to  satisfy  the  radiation  condition.  In 
this  method,  the  radiation  condition  is 
satisfied  automatically  by  shifting  the  source 
panel  in  the  downstream  direction  by  one  panel 
length.  We  call  it  Kyushu  University  method 
which  is  abbreviated  as  KU  method. 

Next,  I  show  some  results  for  Wigley  hull, 
Fiq.A2  shows  panel  arrangement  on  the  still 
water  surface.  By  KU  method,  we  don't  use  any 
finite  difference  operator  along  the  stream 
line  of  the  double  model  flow.  Fig. A3  shows 
comparison  of  wave  patterns.  This  pattern  by 
KU  method  looks  like  the  experimental  result. 
Dawson's  method  gives  wider  propagation  of 
free  waves. 


Fig.A2  Comparison  of  panel  arrangement 


Fig.Al  Comparison  between  calculated  wave 
resistance  and  measured  wave  pattern 
resistance  versus  Froude  number  for 
Model  5416  (sunk  and  trimmed  case) 


590 


Dawson's  Method 

Fig. A3  Comparison  of  wave  pattern 


Author's  Reply 

1  would  like  to  thank  Mr.  Ando  for  his 
interest  in  my  paper.  It  is  true  that  the  XYZ 
Free  Surface  problem  uses  upstream  finite 
difference  operators  to  eliminate  upstream 
propagating  waves,  thus  satisfying  the 
radiation  condition  numerically.  However,  we 
have  not  experienced  the  point-to-point 
oscillations  of  the  source  strength  near  the 
down  stream  boundary  as  referred  to  by  Mr. 
Ando.  The  reason  is  that  we  handle  the 
downstream  boundary  in  the  following  manner. 
As  the  downstream  boundary  is  approached,  a 
four-point  operator  is  switched  to  a  three- 
point  operator  and  then  to  a  two-point 
operator  for  the  rearmost  panel.  The  two-point 
operator  gives  considerable  numerical  damping 
when  the  rearmost  panel  is  relatively  large. 
Mr.Ando's  "Dawson  method"  calculation  seems  to 
include  a  reflection  from  the  side  boundary. 
Such  a  reflection  can  be  avoided  by  extending 
the  side  boundary  of  the  computational  domain 
to  one  ship  length,  measured  from  the  ship's 
centerline. 

The  Kyushu  University  (KU)  method  for 
satisfying  the  radiation  condition  sounds 
interesting  and  seems  to  be  similar  to  the 
method  by  Jensen [Al).  It  would  be  helpful  for 
the  research  community  to  know  more  about  the 
KU  method  than  has  been  presented  in  Mr. 
Ando's  discussion.  The  results  of  the  Wigley 
hull  look  promising  and  I  encourage  Mr.  Ando 
to  continue  his  studies  on  the  radiation 
condition. 

(Al)  Jensen,  P.S,:  On  the  Numerical  Radiation 
Condition  in  the  Steady  State  Ship  Wave 
Problem,  J,  of  Ship  Research,  1988. 
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Abstract 

A  method  for  the  numerical  determination  of  the  po¬ 
tential  flow  around  a  ship  moving  steadily  at  the  free 
surface  of  an  ideal  fluid  solves  iteratively  for  the  non¬ 
linear  boundary  condition  at  the  free  surface,  the  body 
boundary  conditions  and  the  equilibrium  floating  posi¬ 
tion.  The  method  can  also  be  applied  to  shallow  water 
and  hulls  with  transom  stern.  The  radiation  condi¬ 
tion  and  the  open  boundary  condition  are  enforced  by 
a  special  arrangement  of  the  collocation  points  at  the 
discretisation  boundaries.  This  paper  also  describes  a 
new  simple  and  flexible  panel  method  for  satisfying  the 
body  boundary  condition;  the  method  could  be  used 
for  other  potential  flow  problems  as  well. 


1.  Symbols 


B 

breadth  of  the  hull 

D 

draught 

Do 

draught  at  rest 

Cp 

frictional  resistance  coefficient 

wave  resistance  coefficient 

ez 

unit  vector  pointing  in  the  direction  of  the  tow¬ 

ing  force 

F 

pressure  force  on  the  body 

f 

prmel  area 

Fa 

additional  force  on  the  body 

Fn 

=  V^ly/gtpp,  Proude  number 

9 

acceleration  of  gravity 

G 

weight 

G 

=  (0,0,G) 

G(p,9) 

potential  at  point  q  due  to  unit  source  at  p 

H  water  depth 

k  point  on  tangential  sphere 

Lpp  ship  length  between  perpendiculars 

M  source  strength 

n  unit  normal  pointing  into  body 

p  point 

P  projection  of  a  point  on  the  body  surface  onto 
the  tangential  sphere 
p  pressure 

?  point 

r  ratio  between  the  area  of  the  projection  and 
that  of  the  original  surface  element 
R  radius  of  tangential  sphere 

iZu  wave  resistance 

S  wetted  or  panelized  body  surface 

So  wetted  surface  at  rest 

s,  t  vectors  tangential  to  the  body  surface 

T  moment  due  to  pressure  on  body 

Ta  additional  moment  on  body 

U  free  stream  velocity 

Vn  velocity  component  normal  to  body  surface 

v„  Vt  components  of  velocity  tangential  to  body  sur¬ 
face 

X  point  on  free  surface 

a:,  y,  z  right-handed  coordinate  system;  the  x  and  y 
axes  are  on  the  undisturbed  free  surface,  x 
points  upstream,  z  vertically  downward 
xz  point  of  action  of  towing  force 

xa  center  of  gravity  of  ship’s  mass 

Z  towing  force 

5  submergence  of  dipole 

p  moment  of  dipole 

6  trim  angle  (bow  down  trim  is  positive) 

Oo  trim  angle  at  rest 

^  velocity  potential 

#  approximation  of  ^ 

Ip  =  (j>—Ux 

(p  correction  of  $ 

p  density  of  water 

<7  nondimensional  sinkage  at  midship  section;  see 

(26) 
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T  nondimensional  trim;  see  (26) 

^  «-coordinate  of  free  surface 

Z  approximation  of  ( 

suffices: 

1,2,3  vector  component  in  direction  of  the  x-,  y-  or 
«-axis  resp. 

F  refers  to  point  or  source  at  the  free  surface 
k  refers  to  point  k 

K  refers  to  point  or  source  on  the  body  surface 
n  component  in  direction  of  the  normal  n 
p  refers  to  point  p 

q  refers  to  point  q 

x,y,z  partial  derivatives 


2.  Introduction 

For  the  design  of  a  ship  hull  and  its  power  require¬ 
ment  it  is  of  great  practical  interest  to  know  the  flow 
and  the  resulting  forces  due  to  the  steady  motion  at  the 
surface  of  a  calm  ocean.  Experimental  techniques  try 
to  separate  viscous  from  potential-flow  forces  to  scale 
measured  force  coefficients  from  a  model  to  the  full- 
scale  ship.  Due  to  the  difficulty  of  computing  viscous 
flow  forces  for  high  Reynolds  numbers,  the  same  sepa¬ 
ration  is  used  in  numerical  predictions  as  well.  Serious 
efforts  to  compute  the  potential  flow  and  the  accompa¬ 
nied  wave  resistance  of  a  ship  started  with  the  pioneer¬ 
ing  work  of  Michell  [1]  in  1898.  In  spite  of  the  great 
emphasis  placed  on  this  problem,  numerical  solutions 
are  only  now  at  the  threshold  of  practical  applicabil¬ 
ity.  They  neglect  breaking  waves,  spray,  bow  vortices 
and  other  details  of  the  flow,  which  may  then  be  de¬ 
scribed  by  a  potential  satisfying  Laplace’s  equation  and 
boundary  conditions  at  all  fluid  boundaries. 

The  major  difficulty  in  this  problem  is  the  nonlin¬ 
ear  boundary  condition  at  the  unknown  location  of  the 
free  surface.  To  circumvent  this  difficulty,  most  known 
methods  use,  apart  from  the  physical  simplifications 
stated  above,  additional  matkemaiical  simplifications: 
Almost  exclusively  a  linearized  fret-surface  boundary 
condition  is  implied  at  the  location  of  the  undisturbed 
free  surface,  and  in  most  ceises  the  solution  is  described 
by  a  superposition  of  complicated  singularities  that 
meet  this  linearized  free-surface  condition  identically. 
All  linear  methods  show  good  agreement  with  mea.- 
surements  only  for  special  hull  forms  or  high  FVoude 
numbers  Fn  =  l\/gLpp,  where  U  is  ship  speed,  g 
acceleration  of  gravity,  and  Lpp  the  ship  length  be¬ 
tween  perpendiculars. 


In  1978  Dawson  [2]  published  a  method  using  a  dis¬ 
tribution  of  Rankine  sources  (potential  =  1 /distance) 
on  the  body  surface  and  on  a  local  part  of  the  free 
surface  around  the  body.  The  flow  is  imagined  to  be 
superimposed  from  the  double-body  flow,  i.e.  the  flow 
which  would  result  in  case  of  a  rigid  free  surface,  and 
a  correction  (p.  The  source  strength  distribution  is  de¬ 
termined  from  the  body  boundary  condition  and  a  so- 
called  double-body  lineeirizatlon  of  the  free-surface  con¬ 
dition.  This  linearization  neglects  nonlinear  terms  in 
ip  and  is  applied  at  the  plane,  undisturbed  water  sur¬ 
face.  The  radiation  condition  which  states  that  waves 
may  occur  only  behind  the  ship  is  enforced  by  a  one¬ 
sided  finite-difference  operator  for  the  second  deriva.- 
tive  of  the  potential  in  the  direction  of  the  double-body 
streamlines  appearing  in  Dawson’s  free-surface  bound¬ 
ary  condition.  This  numerical  method  of  satisfying  the 
radiation  condition  has  the  disadvantage  that  the  sur¬ 
face  waves  are  damped  a  little  and  are  slightly  shorter 
than  they  should  be. 

Several  authors  have  tried  to  extend  Dawson’s 
method  to  an  iterative  solution  of  the  exact,  nonlin¬ 
ear  problem,  but  it  was  only  quite  recently  that  Ni  [3] 
and  Jensen  [4]  succeeded.  Both  methods  show  good 
agreement  with  resistance  force  measurements  for  the 
few  cases  compared  so  far. 

Ni’s  method  uses  source-panels  on  the  wetted  part 
of  the  body  surface  and  on  a  local  part  of  the  free 
surface  as  computed  in  the  previous  iteration  step. 
In  each  step  the  body  boundary  condition  and  lin¬ 
earized  dynamic  and  kinematic  free-surface  conditions 
are  used  to  derive  a  system  of  linear  equations  for 
the  unknown  source  strengths  and  surface  elevations 
at  control  points.  After  solving  this  system  the  body 
is  repanelized  automatically  up  to  the  computed  wa¬ 
terline.  The  radiation  condition  is  enforced  by  means 
of  a  one-sided  finite-difference  operator  as  in  Dawson’s 
method. 

Our  method,  on  the  other  hand,  employs  Rankine 
point  sources  in  a  layer  above  the  water  surface,  and 
in  each  iteration  step  it  uses  the  same  panelization  of 
the  body  and  a  mirror  image  of  it  above  the  water 
surface.  A  linearized  free-surface  boundary  condition 
for  the  flow  potential  is  used  in  each  step  of  the  itera¬ 
tion  together  with  the  body  boundary  condition.  After 
solving  the  resulting  system  of  linear  equations  for  the 
source  strengths,  the  shape  of  the  free  surface  is  deter¬ 
mined  from  the  dynamic  free-surface  condition.  The 
radiation  condition  and  the  open  boundary  condition 
are  enforced  by  adding  an  extra  row  of  control  points 
at  the  upstream  end  of  the  free  surface  mesh,  and  an 
extra  row  of  source  points  at  the  downstream  end.  The 
effectiveness  of  this  simple  method  was  shown  already 
in  [4,5].  For  the  body  boundary  condition  a  new,  flexi- 
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ble  panel  method  with  simple  numerical  integration  of 
the  influence  function  is  used. 


3.  Problem 


We  want  to  compute  the  stationary  flow  of  an  incom¬ 
pressible,  irrotational  fluid  around  a  laterally  symmet¬ 
ric  body  at  or  near  the  free  surface  of  an  otherwise 
unbounded  fluid.  Far  upstream  the  fluid  has  the  uni¬ 
form  velocity  U  opposite  to  the  direction  of  the  x-axis 
of  our  Cartesian  x,y,  z  coordinate  system  with  z  point¬ 
ing  downward. 


The  velocity  potential  ^  meets  Laplace’s  equation; 


A^  =  0  (1) 

at  points  below  the  free-surface  height  C  and  outside 
of  the  body  and,  in  case  of  limited  water  depth,  above 
the  bottom. 

The  velocity  potential  is  subject  to  the  following 
boundary  conditions: 

No  flow  across  the  body  surface  with  normal  direction 
n; 

nV<f>  =  0  on  the  wetted  body  surface.  (2) 

In  case  of  a  ship  with  transom  stern  we  eissume  that 
the  transom  is  dry.  We  require:  At  the  edge  of  the 
transom  stern  the  pressure  in  the  flow  is  equal  to  the 
pressure  at  the  free  surface. 

The  pressure  on  the  free  surface  is  constant.  If  p  is 
the  pressur';  difference  with  respect  to  the  free-surface 
pressure,  we  t/btain  from  Bernoulli’s  equation 

(  {Vi?  U^\ 

p=p[--r-+^^-^T) 


the  dynamic  free-surface  condition;  for  z  =  ^  outside, 
the  body: 

(4) 

No  flow  across  the  free  surface;  for  z  =  ^  outside  the 
body: 

^iVC  =  i.  (5) 

(For  simplification  we  write  ({x,y,z)  with  C,  =  0.) 

Far  from  the  body  the  flow  field  tends  to  a  uniform 
flow: 

lim  V^  =  (-17,0,0).  (6) 

In  some  distance  from  the  body  waves  appear  only 
within  a  sector  downstream  (radiation  condition). 

In  case  of  shallow  water  there  is  no  flow  across  the 
(plane)  bottom;  for  z  =  H: 

iz  =  0  (7) 

The  pressure  force  F  acting  on  the  body  is  determined 
by  integrating  the  pressure  difference  p  over  the  wetted 
part  S  of  the  hull: 

F  =  f  pndS.  (8) 

Js 

The  moment  due  to  the  fluid  pressure  is 

f  =z  J^px  xndS.  (9) 

The  equilibrium  floating  position  of  the  body  is  deter¬ 
mined  from  the  condition  that  the  forces  and  moments 
on  the  body  add  up  to  zero.  To  compare  computed  re¬ 
sults  with  resistance  experiments  for  towed  ship  mod¬ 
els,  besides  F  and  T  the  weight  G,  the  towing  force  Z 
acting  at  xz,  and  the  force  Fa  due  to  the  viscous  part 
of  the  model  resistance  together  with  the  correspond¬ 
ing  moments  have  to  be  accounted  for.  Therefore  the 
equilibrium  conditions  are 

F  +  G  +  Z  +  Fa  =  0  (10) 

and 

T  +  So  X  G  +  Xz  X  Z  +  Ta  =  0-  (11) 


The  wave  resistance  coefficient  Cy,  is  defined  eis 


Ft 

I  U^So 


(12) 


So  is  the  wetted  surface  at  rest,  F\  the  x-component  of 
F. 
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4.  I^ee  surface  boundary  condition 


The  unknown  surface  height  ^  can  be  eliminated 
from  (4)  and  (5);  at  z  =  C: 

iv^V(V^)’-S^.  =  0.  (13) 


This  free-surface  condition  is  nonlinear;  it  is  valid  at 
the  unknown  location  of  the  water  surface.  Therefore 
we  iterate  solutions  with  a  linearized  condition  which 
assures  that  -  if  convergence  is  reached  -  the  solution 
fulfills  (13). 

To  derive  this  condition,  let  $  and  Z  be  approxi¬ 
mations  for  <t>  and  (.  We  substitute  <f>  =  i  +  ip  in  (13), 
neglect  terms  nonlinear  in  derivatives  of  ip,  and  obtain 
at  z  = 

V$V  ( V$)*  +  V4>V<?)  (14) 

+V^V  (V$)=‘)  -  5($. -K?.)  =  0 

$  and  <p  are  developed  into  a  Taylor  series  about  Z. 
The  series  is  truncated  after  the  linear  term.  If  prod¬ 
ucts  of  C  —  Z  with  derivatives  of  ip  are  neglected,  (14) 
becomes 

V$V  (i  (V$)'  -1-  V<IV^)  +  V<pV  Q  (V$)^)  (15) 


-  9{^z+‘Pt)  + 


|v4'V(V$)'-<;$,]^(<:-Z)  =  0 


at  z  =  Z.  The  index  z  designates  partial  derivatives. 
To  decrease  the  number  of  unknowns,  (  is  substituted 
by  expressions  invoking  Z,  $(Z)  and  <^(Z)  only.  To 
this  end  (4)  is  developed  into  a  Taylor  series  as  well 
and  linearized; 


=  L  [(V$)2  +  2V$ v<p  -  U^]  (16) 

=  1  [(V$)*  +  2V4>V<? 

-k2V$V$,(C-Z)-f/’}^^2- 

This  gives 

\\{Vif  +  2ViV<p-U^]-9Z 
C-Z-  g  _  ^  ’ 

with  $  and  (p  being  evaluated  at  z  =  Z. 

Inserting  (17)  into  (15)  and  substituting  <phy<l>-^, 
we  obtain  the  linearized  free  surface  condition 


V$V  (-  (V#)*  +  V$V^|  +  (V$)*  -  g<l>, 

-l-[iv$V(V$)=*-(7$.]^  (18) 

\  [-  (V^)^  +  2V$V^  -  -  gZ  _  ^ 

g  -  V$V$z 

at  z  =  Z  outside  of  the  body.  The  denominator  in  the 
last  term  is  zero  if  the  vertical  component  of  the  parti¬ 
cle  acceleration  is  equal  to  the  acceleration  of 

gravity  g;  this  is  the  stability  limit  of  the  approximate 
flow  $. 


5.  Radiation  and  open  boundary  condition 


(f>  is  approximated  as  the  sum  of  the  potentials  of 
the  uniform  stream,  a  regular  mesh  of  point  sources 
in  a  layer  above  the  free  surface  and  the  potential  of 
singularities  on  the  body  surface.  The  point  sources 
are  generally  located  vertically  above  the  collocation 
points.  Only  at  the  upstream  end  of  the  grid  there 
is  an  additional  row  of  collocation  points,  and  at  the 
downstream  end  there  is  an  additional  row  of  point 
sources. 

To  validate  this  sinipk  scheme  to  enforce  the  radi¬ 
ation  condition  and  the  open  boundary  condition,  the 
flow  around  a  submerged  dipole  with  Kelvin  condition 
at  the  free  surface  was  computed  and  compared  to  an¬ 
alytical  solutions  given  by  Nakatake  [6].  Figs.  1  and 
2  show  the  resulting  free  surface  deformation  from  the 
analytical  and  the  numerical  solution  for  different  sub¬ 
mergence  speed  parameters  F  =  gSIU^.  6  is  the  sub¬ 
mergence  of  the  dipole.  The  numbers  at  the  contour 
lines  indicate  values  of  (g5^f{inUn),  where  is  the 
moment  of  the  dipole.  The  agreement  is  excellent. 


6.  Body  boundary  condition 


The  Neumann  condition  (2)  at  the  body  surface  is 
fulfilled  using  a  new  panel  method  (4).  The  commonly 
used  method  of  Hess  and  Smith  [7}  uses  plane  quadri¬ 
lateral  panels  with  constant  source  strength  and  control 
points  in  the  (suitably  defined)  centre  of  each  panel. 
The  integral  over  the  derivatives  of  the  source  poten¬ 
tial  can  be  evaluated  analytically  for  each  panel.  This 
results  in  complicated  expressions  containing  transcen¬ 
dental  functions.  Such  expressions  are  expensive  to 
evaluate  numerically. 
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(23) 


Here  we  show  a  possibility  to  evaluate  these  inte¬ 
grals  with  simple  numerical  integration  by  eliminating 
the  singularity  of  the  integrand  at  the  control  point  on 
the  panel: 

m  =  jMiP)G{p,q)dS„  (19) 

s 

(f){^  is  the  potential  at  a  point  q  induced  by  a  source 
distribution  M  on  the  body  surface  5;  G(p,^  is  the 
potential  of  the  unit  source  at  p:  G  =  -(47r|p  -  ^)”*. 
The  normal  velocity  on  the  body  surface  S  is 

Vn{q)  =  n{q-)V,m=  (20) 

J  M{p)  n(9)  V,G(p.?-)  dS,  -  \m{^  . 
s 

If  the  normal  velocity  is  prescribed  by  the  boundary 
condition,  the  velocity  on  S  in  two  different  tangential 
directions  t  is  to  be  determined  only: 

==  ftl)  V,#(9)  =  j  M{p)  V,G(p-,  9)  dSp.  (21) 

s 


^r(9)V,G(P(p),9)rd5,  =  0. 
s 

This  expression  is  multiplied  by  M{^  and  subtracted 
from  (21): 

=  r(9)  V,^(?)  =  ^  (M(p)  v,(?(p,  g)- 

s 

M(g)  m  V,G(P(pO.  q)  r]  dS,.  (24) 

If  p  approaches  q  the  integrand  is  still  singular  in-gen¬ 
eral,  but  within  a  panel  of  constant  source  strength  it 
approaches  zero.  Details  can  be  found  in  (4). 

To  evaluate  (24)  numerically  the  closed  surface  of 
the  body  is  discretized  into  N  panels.  For  each  of  them 
area  fi,  midpoint  Sj,  unit  normal  nj  and  two  approxi¬ 
mately  orthogonal  tangent  vectors  s)  and  <;  are  deter¬ 
mined,  and  the  radius  of  the  tangential  sphere  is  cho¬ 
sen.  The  radius  turned  out  to  have  negligible  influence 
on  the  results  within  wide  limits.  At  each  collocation 
point  on  S  the  normal  velocity  v„  is  prescribed  (e.g. 
=  Vni). 


For  a  S-dimensional  flow  the  integrand  in  (20)  is 
singular  for  p  -*  g  for  a  curved  surface;  inside  a 
plane  panel  it  is  But  the  integrand  in  (21)  is 

unbounded  even  within  a  plane  panel  with  constant 
source  strength  So  there  is  no  difficulty  to  evaluate 
(20)  numerically,  but  (21)  must  be  transformed  to  al¬ 
low  numerical  integration.  This  is  possible  using  the 
following  idea: 

A  source  distribution  of  constant  strength  on  the 
surface  S  of  a  sphere  does  not  induce  any  tangential 
velocity  on  S: 

g)  dSk  =  0  for  g  and  k  on  S.  (22) 
S 


The  sphere  is  placed  touching  the  body  tangentially 
at  the  point  g.  If  the  centre  of  the  sphere  is  within 
the  body,  there  exists  a  projection  k  =  P(^  of  every 
point  p  on  the  body  surface  to  a  unique  point  k  on 
the  sphere  surface,  the  projection  being  defined  by  a 
straight  line  passing  through  fc,  p  and  the  sphere’s  cen¬ 
tre.  The  projection  of  all  body  points  will  cover  the 
whole  sphere  surface  at  least  once.  Surface  elements 
dSk  on  the  sphere  are  projected  onto  surface  elements 
dSp  on  the  body.  Let  r  be  the  aiea  ratio  of  the  surface 


elements:  dSk  —  rdSp.  The  sign  of  r  is  defined  by  the 
sign  of  the  scalar  product  of  the  corresponding  normal 


vectors  pointing  into  the  body  or  sphere,  respectively. 
With  these  definitions,  (22)  can  be  transformed  into  an 
integral  over  the  body  surface: 


The  panel  midpoints  x,  are  used  both  as  control 
(collocation)  points  where  the  boundary  condition  is 
fulfilled,  and  as  integration  points  for  the  numerical 
integration  over  the  body  surface,  which  is  performed 
simply  by  adding  the  products  of  integrand  times  panel 
area.  This  gives  a  system  of  linear  equations  for  the 
unknown  source  strengths. 

Computing  time  and  accuracy  of  this  method  were 
found  to  be  similar  to  those  of  the  Hess&Smith  method 
[4).  But  this  new  method  is  more  flexible  in  the  discreti¬ 
sation  since  panels  with  arbitrary  numbers  of  corners 
are  handled  without  difficulty.  Furthermore,  the  pro¬ 
gramming  is  simplified,  especially  if  higher  derivatives 
of  the  potential  have  to  be  determined  also. 

The  potential  at  a  point  g  outside  of  the  body  is 
computed  as 

m  =  jM{p)G{p,^dSp.  (25) 

s 

The  integrand  is  regular,  but  the  numerical  evaluation 
of  the  integral  by  this  formula  is  not  very  accurate  if 
the  distance  between  g  and  S  is  small  compared  to  the 
panel  size.  Derivatives  of  the  .potential  are  computed 
by  using  the  corresponding  derivatives  of  G  in  (25). 

As  an  example  the  flow  around  a  sphere  in  uniform 
flow  in  an  unbounded  domain  weis  computed  using  tri¬ 
angular  panels.  In  this  case  v/e  know  the  analytical 
solution.  The  following  table  shows  the  maximum  er¬ 
ror  of  the  velocity  vector  at  the  collocation  points  in 
percent  of  the  free  stream  velocity. 
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Table  1:  Error  depending  on  discretization 
N  number  of  elements 


N 

1 

4 

16 

64 

256 

1024 

error 

13.5 

5.62 

3.19 

1.58 

0.78 

0.39 

This  shows  that  the  method  (like  that  of 
Hess&Smith)  is  of  first  order;  the  error  decreases  pro¬ 
portional  to  the  mesh  spacing. 


As  in  most  panel  methods  a  smooth  body  surface 
is  required.  Ships  often  have  sharp  stems  or  sterns. 
The  body  boundary  condition  will  always  be  violated 
near  such  a  corner.  The  panel  method  may  still  be 
applicable  for  practical  purposes  if  the  overall  solution 
is  not  disturbed.  Figure  3  validates  this  property  by 
showing  the  computed  deviation  from  the  parallel  flow 
for  a  Wigley  double  model  with  different  panelizations. 


Fig.3.  View  of  the  forward  lower  half  of  a  Wigley  double  model  in  direction  of  the  y-ax\s. 
The  arrows  show  the  deviation  from  the  parallel  flow  for  8,  32,  128  und  512  panels 
on  one  eighths  of  the  hull  surface  and  for  a  grid  with  208  panels, 
which  is  the  128  panel  grid  with  local  refinement  near  the  stem. 


7.  Body  at  the  free  surface 

For  determining  the  stationary  potential  flow  about 
a  body  sailing  steadily  at  a  free  surface  of  an  ocean  of 
finite  depth,  the  methods  described  in  the  preceding 
sections  are  combined  m  follows.  Source  panels  are 
used 

•  on  the  wetted  steirboard  hull  surface,  and 

•  on  a  part  of  the  above- water  surface  up  to  a  plane 
above  the  uppermost  point  of  the  assumed  water¬ 
line  at  the  hull. 

•  Further  source  panels  of  equal  source  strength  as 
those  below  this  plane  are  arranged  on  a  mirror 
image  of  the  hull  surface  above  this  plane.  The 
reason  for  this  is  that,  on  one  hand,  our  special 
panel  method  requires  the  source  panels  to  con¬ 
stitute  a  closed  surface,  and,  on  the  other  hand, 
this  mirror  image  reduces  the  necessary  width  of 

•  the  grid  of  further  sources  arranged  along  the  free 
water  surface.  Here  it  is  sufficient  to  use  point 
sources  above  the  free  water  surface  instead  of 
source  panels  on  the  free  surface.  We  use  point 
sources  located  one  grid  spaciag  above  the  free 
surface. 

•  Further,  all  these  sources  are  mirrored  both  at 
the  symmetry  plane  of  the  ship  and  -  in  case 
of  shallow  water  -  at  the  bottom  to  satisfy  the 
respective  boundary  conditions. 

The  source  strengths  are  determined  from  the  following 
conditions: 

•  On  the  ship  surface  up  to  the  plane  somewhat 
above  the  water  surface,  the  condition  of  vanish¬ 
ing  flow  velocity  normed  to  the  surface  is  satisfied. 
For  the  part  of  the  hull  surface  above  the  water, 
this  condition  is  applied  for  two  reasons:  On  one 
hand,  we  do  not  know  in  advance  where  the  ac¬ 
tual  water  surface  is,  and,  on  the  other  hand, 
the  continuous  source  strength  edong  the  contin¬ 
uous  ship  surface  and  its  mirror  image  above  the 
horizontal  plane  helps  to  obtain  a  smooth  poten¬ 
tial  at  the  intersection  between  body  and  water¬ 
line.  The  same  argument  could  and  has  been 
proposed  for  a  continuation  of  the  free-surface 
source  panels  into  the  body.  However,  because 
we  use  sources  not  at,  but  above  the  water  sur¬ 
face,  at  the  free  surface  the  potential  due  to  these 
sources  is  smooth  anyway. 


•  The  transom  stern  is  also  covered  by  source  pan¬ 
els.  However,  if  the  water  flow  is.  assumed  to 
separate  smoothly  at  the  transom  such  that  the 
transom  face  is  not  wetted,  the  usual  condition 
of  vanishing  normal  velocity  is  not  applied  on  the 
transom.  Instead,  at  the  collocation  points  on 
the  transom  we  assume  a  normal  velocity  through 
the  transom  of  a  size  which  satisfies  the  dynamic 
(pressure)  condition  at  the  boundary  between.the 
transom  and  the  rest  of  the  ship  surface,  assum¬ 
ing  the  normal  velocity  to  be  constant  over  the 
whole  area  of  the  panel.  This  results  in  a  nor¬ 
mal  velocity  greater  than  the  ship’s  speed  U  if 
the  edge  of  the  transom  is  below  the  undisturbed 
water  surface,  and  a  normal  velocity  smaller  than 
U  if  the  transom  edge  is  above  the  undisturbed 
water  surface.  Only  if  the  edge  of  the  transom 
is  at  or  above  the  stagnation  height  level,  the 
condition  of  vanishing  normal  velocity  is  applied. 
Whether  the  transom  is  wetted  or  not,  has  to  be 
guessed  in  advance. 

•  At  the  free  water  surface  the  linearized  free  sur¬ 
face  condition  (18)  is  imposed. 

These  boundary  conditions  are  satisfied  at,  typi¬ 
cally,  1000  collocation  points  on  the  body  and  on  the 
free  surface.  When  the  source  strengths  have  been  de¬ 
termined,  the  free  surface  elevation  is  computed  from 
the  dynamic  boundary  condition.  The  collocation 
points  on  the  free  surface  are  moved  to  this  height. 
Then  the  process  is  repeated  to  get  an  iterative  solu¬ 
tion  of  the  nonlinear  free  surface  conditions. 

On  the  water  surface,  the  collocation  points  form 
a  regular  grid  outside  of  the  body  up  to  a  distance 
which  was  determined  by  test  calculations  and  which 
depends  on  the  Proude  number.  Usually,  point  sources 
are  located  about  one  grid  length  above  each  colloca¬ 
tion  point.  However,  if  the  distance  between  source  and 
collocation  point  is  smaller  than  about  3  grid  lengths, 
instead  of  one  collocation  point  a  pattern  of  4  points  is 
used,  and  the  average  error  of  the  boundary  condition 
at  those  4  points  is  considered. 

It  may  be  questioned  whether  our  numerical  meth¬ 
ods  applied  to  solve  the  potential-flow  problem  are  cor¬ 
rect  for  derivatives  up  to  3rd  order.  Without  theoret¬ 
ically  investigating  this  matter,  we  simply  found  that 
the  method  usually  converges  to  a  solution  in  which 
the  errors  of  the  nonlinear  free-surface  conditions  are 
indeed  extremely  small  at  all  collocation  points,  usually 
below  1/lOOOth  of  the  ship  speed  if  they  are  expressed 
in  form  of  a  velocity.  Due  to  the  smoothness  of  the 
potential,  errors  are  relatively  small  also  between  col¬ 
location  points.  To  obtain  such  an  accuracy,  it  was 
necessary  to  apply  a  normalization  of  the  equations 
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which  led  to  approximately  equal  values  on  the  main 
diagonal  of  the  coefficient  matrix. 

To  decrease  the  cases  of  divergence,  we  found  it 
helpful  to  determine  the  meiximum  error  of  the  free- 
surface  condition  at  the  newly  determined  positions  of 
the  free  surface  both  with  the  previous  and  with  the 
current  source  strength,  and  to  use  intermediate  source 
strengths  if  the  meiximum  error  was  larger  with  the  new 
than  with  the  old  source  strengths. 

In  the  iteration  to  solve  the  nonlinear  free-surface 
condition  the  pressure  distribution  is  integrated  on  the 
actually  wetted  part  of  the  hull  to  obtain  the  resulting 
forces  and  moments.  Together  with  corrections  for  the 
pitch  moment  of  the  viscous  resistance  and  the  towing 
or  propeller  force,  a  correction  of  the  equilibrium  float¬ 
ing  position  is  determined,  and  the  panel  grid  of  the 
body  is  shifted  and  rotated  correspondingly  before  the 
next  iteration  step  is  performed. 

The  linear  system  of  equations  obtained  during  each 
iteration  step  is  solved  by  a  combination  of  elimination 
steps  with  a  Gaufi-Seidel  iteration:  At  first,  only  those 
elements  below  the  main  diagonal  the  absolute  value 
of  which  exceeds  a  certain  limit  are  eliminated  to  im¬ 
prove  the  condition  number  of  the  matrix.  If  the  fol¬ 
lowing  GauC-Seidel  iteration  indicates  no  convergence, 
further  incomplete  eliminations  using  a  smaller  limit 
are  performed.  This  method  constitutes  a  completely 
safe  and  quick  solution  scheme. 


8.  Applications 


8-1  Series  60  with  Cb  =  0.6  in  deep  water 

The  Series-60  hull  shape  with  a  block  coefficient 
Cb  =  0.6  was  chosen  because  extensive  and  careful 
experiments  and  resistance  evaluations  have  been  per¬ 
formed  for  this  form  by  Ogiwara  (8).  The  principle 
relations  of  his  model  are: 

breadth  B  =  draught  at  rest  Do  — 

7.5’  18.75’ 

t2 

wetted  hull  eirea  at  rest  So  =  — 

5.8685 

The  hull  surface  was  panelized  up  to  a  height 
0.3I25Z>o  above  the  floatation  line  at  rest.  There  were 
453  panels  used  on  one  half  of  the  body.  As  in  Ogi- 
wara’s  experiments  the  horizontal  towing  force  was 
applied  at  0.485Lpp  from  the  aft  perpendicular  and 
0.461Z?o  under  the  floatation  line  at  rest.  The  vis¬ 
cous  resistance  coefficient  cp  =  Rj/iQ.ipU^So)  'Nbs  es¬ 
timated  to  be  3.5  •  10”^  for  all  speeds.  For  the  speed 


range  inv-'-Mgated  here  it  had  only  a  small  influence 
on  Ih  .  The  height  of  the  centre  of  gravity  which 
is  nc  !ver  Ogiwara  was  assumed  in  the  floatation 
line  V.  'I 


Fig.4.  Computed  wave  resistance  coefficients  for 
Series-60  with  Cb  =  0.60  and  values  measured 
by  Ogiwara  [8) 


In  Fig.  4  our  computed  wave  resistance  coefficients 
are  compared  to  Ogiwara’s  measurement  evrduations. 
For  comparison  also  the  results  of  the  Neumann-Kclvin 
problem  are  included.  The  results  were  obtained  with 
the  same  program  (1.  iteration  step)  and  the  same 
grids;  trim  and  sinkage  were  suppressed  and  the  still- 
water  line  used  as  an  integration  limit  for  the  pressure 
integration.  Especially  for  higher  FVoude  numbers  non¬ 
linear  results  agree  much  better  with  experiments. 

Figures  5  and  6  show  the  nondimensional  sinkage 
and  trim  defined  by 


(7 


2  Do- D 

n  L  '  '' 


(26) 


as  functions  of  the  FVoude  number.  For  sinkage  the 
agreement  is  good.  The  curve  for  the  computed  trim 
is  similar  to  the  corresponding  measurements,  but  ap¬ 
pears  to  be  shifted  somewhat  to  eift  trim. 


Fig.5.  Computed  and  me^iured  (8]  nondimensional 
sinkage  a  at  midsiiip  section  of  a  Series-60 
model  with  Cb  =  O.v'iO 
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Fig.  7  shows  the  computed  elevation  of  the  free 
surface  for  the  solution  obtained  with  the  liner.rised 
free-surface  condition  (Kelvin  condition) 

U^<f>xx  —  g<l>t  =  0  at  2  =  0  (27) 

and  the  solution  with  the  exact  nonlinear  condition 
(13)  for  Fn  =  0.25. 


Fig.6.  Computed  and  measured  [9]  nondimensional 
trim  T  for  a  Series-60  model  with  Gb  =  0.60 


Fig.  7.  Contour  lines  of  deformed  water  surface  for  a  Series-60  model,  Cb  =  0.60,  at  Fn  =  0.25. 
Left  side:  Hnear  solution;  right  side;  nonlinear  solution. 

The  vertical  distance  between  contour  lines  is  10~^ Lpp. 
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Table  3:  Influence  of  grid  upacing  at  water  surface 


8.2  Containership  in  shallow  water 

The  following  results  apply  to  a  containership  the 
princip8d  data  of  which  are  shown  in  the  following  table. 

Table  2:  Principal  data  of  investigated  containership 


length  between  perpendiculars  161.44  m 

breadth  28.40  m 

draught  at  U=0  10.00  m 

trim  at  U=0  0  m 

block  coefficient  0.68 

designed  load  waterline  coefficient  0.82 


Dynamic  sinkage  and  trim  of  ships  on  shallow  water 
are  of  interest  not  only  because  of  possible  grounding. 
Forward  trim  usually  encountered  on  shallow  water  can 
reduce  yaw  stability  so  severely  that  ships  may  loose 
their  ability  to  keep  course. 

Figure  8  shows  results  for  the  draught  at  the  for¬ 
ward  perpendicular  divided  by  the  stagnation  height 
U'^l2g  depending  on  depth  Froude  number  Fnh  and 
length  Froude  number  Fn.  The  theoretically  most  in¬ 
teresting  region  around  depth  Froude  numbers  of  1  can 
be  investigated  only  in  case  of  relatively  large  length 
Froude  numbers  because  otherwise  the  ship  touches 
the  ground.  Limits  of  ground-touching  are  indicated 
in  Figure  9.  This  is  the  reason  for  investigating  also 
high  length  Froude  numbers  which  are  unrealistic  for  a 
containership.  As  can  be  seen,  near  to  a  depth  Froude 
number  of  1  large  changes  of  the  squat  are  experienced. 
This  is  known  also  from  model  experiments  and  small 
boats. 

To  determine  the  accuracy  of  these  results,  model 
experiments  are  being  performed  but  not  yet  flnished. 
Instead,  Figure  10  shows  results  of  approximation  for¬ 
mulae  according  to  Barrels  (9)  which  were  established 
on  the  basis  of  model  experiments  and  measurements 
aboard  ships,  and  results  of  the  slender-body  theory  of 
Tuck  (10]  applied  to  our  ship.  The  nearly  exact  coin¬ 
cidence  with  Tuck’s  formula  is  striking;  however,  near 
to  the  critical  depth  Froude  number  1  this  formula  is 
not  applicable. 

Possible  errors  of  our  method  were  investigated  also 
on  the  basis  of  numerical  experiments  with  different 
grids  on  the  body  and  on  the  free  surface.  In  the  fol¬ 
lowing  tables  e  denotes  the  difference  in  sinkage  to  the 
most  accurate  computation  in  %  of  sinkage  at  forward 
perpendicular  FP. 

The  results  indicate  that  for  the  small  length 
Froude  number  of  0.15  (6  m/s)  our  results  are  doubtful. 


u 

(m/s) 

H 

(m) 

grid  spacing 

£ 

at  AP 

atFP 

6 

14 

4.5m  X  4.5m 

- 

- 

6 

14 

5m  X  5m 

-20% 

5% 

6 

14 

6m  X  6m 

6% 

16% 

10 

14 

6m  X  6m 

- 

- 

10 

14 

8m  X  8m 

2% 

-3% 

Table  4:  Influence  of  grid  size  behind  aft  perpendicular 
AP  and  sideways 


U 

(m/s) 

H 

(m) 

grid 

aft 

size 

side 

£ 

at  AP 

at  FP 

6 

14 

-135m 

93m 

- 

- 

6 

14 

-70m 

70m 

-1% 

00 

10 

14 

-191m 

101m 

- 

- 

10 

14 

-135m 

85m 

2% 

-1% 

Table  5:  Influence  of  height  of  source  points  over  still 
water  plane 


u 

(m/s) 

H 

(m) 

height 

£ 

at  AP 

at  FP 

6 

14 

4m 

- 

- 

6 

14 

6m 

25% 

-14% 

12 

18 

8m 

- 

- 

12 

18 

10m 

-2% 

0% 

12 

18 

12m 

-3% 

2% 

Table  6:  Influence  of  distance  limit  for  taking  4  collo¬ 
cation  points  instead  of  1 


U 

(m/s) 

H 

(m) 

distance 

limit 

£ 

at  AP 

at  FP 

6 

14 

2.0xgrid  spacing 

- 

- 

6 

14 

3.3xgrid  spacing 

-1% 

0% 

6 

14 

5.5  X  grid  spacing 

-1% 

0% 

The  reason  for  this  is  held  to  be  the  fact  that,  due  to 
limitations  of  the  maximum  number  of  grid  points,  the 
grid  length  is  not  small  compared  to  the  23  m  length  of 
the  transverse  surface  waves  and  the  even  shorter  di¬ 
agonal  waves  generated  at  this  small  Froude  number. 
Fortunately,  in  practice  the  squat  is  hardly  relevant  at 
such  small  speeds.  On  the  other  hand,  for  Froude  num¬ 
bers  of  0.25  and  more,  the  table  seems  to  indicate  that 
errors  due  to  the  discretization  are  small. 

Computing  times  are  about  10  minutes  for  each  it¬ 
eration  step  on  a  VAX  8550  in  case  of  about  1000  collo¬ 
cation  points.  The  necessary  number  of  iteration  steps 
to  obtain  an  accuracy  of  1  cm  for  the  squat  ranges  typ¬ 
ically  from  2  to  5,  depending  mainly  on  depth  Froude 
number. 
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Fig.  8.  Nondimensional  sinkage  at  FP 

Dotted  lines  are  limits  of  ground-touching 


Fig.9.  Distance  between  ship  bottom  and  sea  bottom 
at  FP  depending  on  speed  for  3  water  depths 


1.0- 


sinkage 

U^l2g 


Barras  - - 

Tuck - 


0  4 _ _ _ _ Fnh 

®  0-5  1.0 

Fig.lO.  Nondimensional  sinkage  at  FP 

according  to  Barras  [9]  and  Tuck  [10] 


8.3  SWATH  ship 

For  an  research  SWATH  ship  of  the  German  navy 
we  used  our  method  for  wave  resistance  prediction.  We 
estimated  frictional  and  viscous  pressure  resistance  as 
in  Salvesen  et.  al.  (11).  The  rather  ununsual- shape 
of  the  cross  section  caused  some  difficulties  in  the  non¬ 
linear  computation.  Therefore,  in  each  iteration  step 
the  free-surface  collocation  points  were  not  only  shifted 
in  height  but  also  in  horizontal  direction  according  to 
the  current  waterline.  For  a  demihull  this  modifica¬ 
tion  ensured  rapid  convergence.  The  error  in  the  free 
surface  was  reduced  by  a  factor  of  10  in  each  iteration 
step.  Bach  demihull  induces  a  slightly  oblique  flow  at 
the  other  demihull.  Due  to  limitations  in  time,  we  did 
not  incorporate  a  Kutta  condition  at  the  rear  of  each 
strut  which  would  be  necessary  to  take  this  effect  prop¬ 
erly  into  account.  We  felt  justified  in  this  decision  by 
the  results  of  Bai  et  al.  [12]  who  found  for  another 
SWATH  ship  that  including  a  Kutta  condition  had  no 
significant  effect  on  the  wave  resistance.  Bai  et  al.  re¬ 
ported  only  some  differences  in  the  local  velocity  field 
near  the  trailing  edges  of  the  struts.  Figure  11  shows  a 
comparison  of  computational  results  with  experiments 
of  the  Hamburg  Towing  Tank  HSVA.  Unlike  the  com¬ 
putational  model  the  experimental  model  wets  equipped 
with  rudders,  fins  and  a  propeller  guard. 


Fig.ll.  Computed  total  resistance  coefficients  for 
SWATH  ship  and  values  measured  by  HSVA 

Only  in  a  few  cases  a  nonlinear  solution  succeeded. 
The  agreement  with  experiments  is  worse  than  for 
conventional  ships.  For  the  medium  Proude-number 
range  we  noticed  a  considerable  phase  shift  between 
the  waves  on  the  inside  and  the  outside  of  each  demi¬ 
hull  before  the  computation  breaks  down.  The  point 
with  the  highest  error  in  the  free-surface  condition  and 
also  the  highest  vertical  acceleration  was  at  the  end 
of  the  strut.  This  seems  to  indicate  that  cross-fiow 
effects  afterall  might  be  important  for  nonlinear  solu¬ 
tions  despite  Bai’s  et  al.  findings.  For  high  Froude 
numbers  the  computation  breaks  down  at  a  point  be¬ 
hind  the  SWATH  ship  at  the  plane  of  symmetry.  Two 
wave  crests  starting  from  the  trailing  edges  of  the  struts 
superimpose  resulting  in  a  splash.  This  phenomenon 
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can  also  be  observed  in  reality.  This  violates  one  of 
the  fundamental  assumptions  of  our  method.  More 
research  will  be  necessary  before  breaking  waves  can 
be  included.  Similar  agreement  with  experiments  was 
found  for  sinkage,  [13].  Trim  was  suppressed  both  in 
computations  and  model  tests. 

9.  Final  remarks 

For  many  practical  hull  forms  the  present  method 
can  be  u-ed  to  compute  the  potential  flow  with  nonlin¬ 
ear  free-surface  conditions.  The  wave  resistance  is  pre¬ 
dicted  quite  well,  although  we  do  not  yet  achieve  the 
accuracy  of  experiments.  More  comparisons  to  mea¬ 
surements  are  required  to  gain  experience. 

The  squat  of  the  container  ship  seems  to  have  been 
determined  accurately  by  our  panel  method  for  Proude 
numbers  above  0.20  in  case  of  depth  Froude  numbers 
below  0.9  and  perhaps  also  for  critical  and  over-critical 
depth  Froude  numbers.  However,  the  extremely  simple 
slender-body  formula  of  Tuck  gives  the  same  results 
for  sub-critical  depth  Froude  number,  incuding  small 
length  Froude  numbers. 
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DISCUSSION 
by  A.  Musker 

Have  you  tried  the  non-linear  calculation 
of  Fig.4  with  the  ship  fixed  and  compared  with 
the  data  compiled  by  ITTC  on  the  experiment  of 
Kim  and  Jenkins? 

The  novel  treatment  of  the  radiation 
condition  deserves  further  study  to  see  how  it 
behaves  with  high  resolution  surface  grids. 

Author’s  Reply 

We  did  not  try  the  non-linear  calculation 
with  fixed  trim  and  sinkage  for  the  Series  60. 
Fig.4  shows  the  result  for  the  first  and  the 
final  step  of  the  interaction  for  the  same 
computation. 


We  believe  that  our  treatment  of  the 
radiation  condition  will  also  work  in  the 
limit  of  very  small  grid  spacing.  The 
derivative  are  taken  analytically  and  the  free 
surface  boundary  condition  is  symmetric. 

What  is  needed  to  get  the  desired  solution 
is  a  numerical  stimulation  for  an  asymmetric 
solution. 

If  the  source  distribution  is  in  a  layer 
above  the  free  surface,  as  in  our  method,  the 
vertical  distance  has  to  be  decreased  with  the 
mesh  size. 

We  performed  trial  computations  with  50 
points  per  wave  length  for  the  2-d  case  and 
did  not  have  any  problems. 
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Abstract 

In  this  paper  a  finite  difierence  method  based  on  the 
Navier-Stokes  equations  in  generalized  curvilinear  co¬ 
ordinates  is  applied  to  the  simulation  of  unsteady  vis¬ 
cous  fiows  with  free  surface.  An  accurate  analysis  of 
the  method  is  performed  by  comparing  numerical  and 
experimental  results  for  several  physical  cases  related 
to  ship  hydrodynamics. 

1  Introduction 

The  fiow  of  a  viscous  fluid  past  a  body  shows  a  very 
complex  behaviour  when  a  free  surface  is  involved. 
In  fact  the  free  surface  strongly  affects  the  flow  field. 
The  detailed  analysis  of  the  interactions  between  body 
and  fluid  is  very  important  in  the  field  of  naval  hydro¬ 
dynamics  in  order  to  quantify  the  viscous  and  wave 
resistance.  Experimental  investigation  can  provide 
global  information  at  reasonable  cost,  while  velocity 
and  pressure  measurement  are  difficult  or  even  impos¬ 
sible  and  very  expensive,  instead  numerical  simulation 
gives  the  complete  flow  field  quantities  provided  par¬ 
ticular  care  is  devoted  to  implement  the  numerical 
scheme.  The  validation  of  the  numerical  solution  by 
a  comparison  with  the  experimental  findings  is  nec¬ 
essary  to  verify  the  accuracy  of  scheme.  The  best 
results,  however,  are  obtained  when  the  two  fields  of 
analysis  compenetrate  each  other. 

In  this  paper  a  numerical  method  for  the  solution 
of  the  Navier-Stokes  equations  in  general  curvilin¬ 
ear  coordinates  based  on  sm  implicit  finite  difference 
scheme  is  presented.  The  physical  domain  bounded  by 
the  moving  free  surface  is  mapped  onto  a  fixed  com¬ 
putational  domain.  The  time  dependent  coordinate 
transformation  introduces  extra  terms  that  account 
for  the  grid  velocity.  For  a  complete  test  of  the  nu¬ 
merical  method,  the  scheme  has  been  applied  to  dif¬ 
ferent  physical  problems  with  increasing  complexity. 
As  a  first  case  the  2-D  flow  field  past  a  wall-mounted 


square  obstacle  in  a  channel  has  been  considered  [1]. 
When  the  geometry  is  mapped  onto  a  computational 
domain,  the  coordinate  lines  turn  out  to  be  highly 
distorted.  The  comparison  with  experimental  results 
suggests  that  very  fine  meshes  are  required  for  an  ac¬ 
curate  resolution  of  flow  reversal. 

To  verify  the  treatment  of  the  time  dependent  ge¬ 
ometry,  the  flow  field  inside  a  rectangular  enclosure 
with  a  moving  indentation  has  been  studied  and  the 
temporal  evolution  has  been  compared  with  the  ex¬ 
perimental  findings. 

The  2-D  free  surface  flow  over  a  semicircular  bump 
on  a  straight  wail  has  been  considered  because  it  is 
closely  related  to  ship  design.  This  case  is  relevant  for 
the  presence  of  large  recirculating  regions  etnd  of  the 
free  surface.  Experimental  results  are  also  available 
12). 


2  Governing  Equations 


The  simulation  of  a  two  dimensional  incompressible 
viscous  flow  has  been  considered  as  a  first  step  to 
build  a  numerical  scheme  for  3-D  flows.  The  gov¬ 
erning  equations  are; 


dv'  dv^v’ 
dt  dxj 


(1) 


dxi 


1 

Rt  dxjdxj 


+  f  (2) 


where  v',v'  are  the  Cartesian  velocity  components 
and  /'  =  (0,  — 1/F’r*)  is  the  gravitational  force.  The 
equations  are  nondimensionalized  by  the  maximum 
inlet  velocity  U  and  a  length  L  characteristic  of  each 
case  examined.  The  Reynolds  and  the  Froude  num¬ 
bers  are  Re  =  ULfu  and  Fr  =  U I  where  t/  is  the 

kinematic  viscosity  and  g  the  acceleration  of  gravity. 

When  the  free  surface  is  present  and  is  advected 
by  the  unknown  velocity  field,  the  physical  domain 
varies  in  time.  The  numerical  solution  of  the  gov- 
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erning  equations  describing  such  complex  phenomena 
requires  an  accurate  computational  scheme.  Among 
the  several  possibilities  to  represent  the  behaviour  of 
the  free  surface,  such  as  the  Marker  and  Cell  method 
[3],  in  this  paper  it  has  been  chosen  to  map  the  phys¬ 
ical  domain  (x;)  into  a  Cartesian  computational  do¬ 
main  ((y)  at  each  time  step.  Interpolations  to  enforce 
boundary  conditions  are  thus  avoided. 

The  choice  of  Cartesian  velocity  components  as 
dependent  variables  allows  a  simple  form  of  the  equa¬ 
tions  in  the  (y  coordinate  system.  The  adoption  of 
other  velocity  components  as  unknowns  require  the  in¬ 
troduction  of  higher  order  metric  coefficients,  as  shown 
in  Ref.  [4]. 

Introducing  the  time  dependent  coordinate  trans¬ 
formation  Xi  =  into  equations  (1)  and  (2),  it 

follows 


1  ^(Tyv*)  _  1 
J  ae.-  Jd$i~ 
ld{Jv')  .  1  d 

j  at 


JHi 

1  {dp  1  1  a  „  a  .  . 

Rtj a 


(3) 


(4) 


where  are  the  fluxes  and  9*  =  g'-qj  ac¬ 

counts  for  the  time  dependence  of  the  mapping.  The 
notation  is  given  in  Appendix  A. 

Eq.  (3)  is  a  very  important  constraint  for  incom¬ 
pressible  flows,  which  is  fulfilled  in  a  simple  way  by 
locating  the  fluxes  9*  at  the  cell  sides. 

The  equations  for  fluxes  9*  are  obtained  by  a  lin¬ 
ear  combination  of  (4).  The  momentum  equations 
become 


iH 


dp 


a 


(5) 

Eq.  (6)  can  be  rewritten  as 

at 

where 


(6) 


R<  =  H<-F^  +  G‘-:^^{D{  +  Di) 


the  convective  term  is 


the  pressure  gradient  is 


P'  = 


I  dp 


d^i 


the  body  force  term  is 


F‘  = 'tip- 


in 

(8) 

(9) 

(10) 


and  the  quantity 


accounts  for  the  time  dependence  of  the  grid, 
following  definitions  have  been  used: 


(11) 

The 


(13) 


and 


't\  d 


(14) 


where  A*  contains  only  second  derivatives  of  9*  along 
ft,  while  the  remaining  part  of  the  diffusive  term  is 
accounted  for  in  D{  and 


3  Numerical  Model 


Eq.  (6)  are  discretized  on  a  staggered  grid  where  the 
pressure  p  is  defined  at  the  node  (i,j),  9^  at  (i+l/2,j) 
and  9*  at  (i,y  + 1/2).  The  discretized  equations  need 
the  metric  coefficients  at  (i,j%  (i  +  l/2,j),  (t,j  + 
1/2)  and  (»  +  1/2,  j  + 1/2).  These  metric  quantities 
are  evaluated  by  second  order  centered  finite  differ¬ 
ences.  Interpolation  of  the  metric  coefficients  intro¬ 
duces  truncation  errors  [5].  To  avoid  such  problem, 
in  the  present  work,  the  metric  quantities  are  eval¬ 
uated  on  a  grid  twice  finer  than  the  computational 
grid.  The  governing  equations  are  solved  by  a  frac¬ 
tional  step  method  [6,7,8),  where  a  first  step  yields 
the  non-solenoidal  field 


r-(gr 


At 


-^^*(9‘-(9’r)  = 


-(P‘) 


>(\n 


2Ee 

j[3(iE‘)"-(i2r-‘] 

+^A*(90" 


(15) 


To  have  a  second  order  time  accurate  method  the  R* 
have  been  discretized  by  the  Adams-Bashforth  scheme 
requiring  a  restriction  on  the  time  step  (Courant  nmn- 
ber  <  1 ).  The  direct  inversion  of  Eq.  (15)  requires  a 
large  amount  of  memory  and  CPU  time.  The  approx¬ 
imate  factorization  scheme  [9,10]  reduces  the  number 
of  operations.  It  consists  on  the  approximation  of  the 
I"HS  by  the  product  of  two  three-diagonal  matrices. 

Eq.  (15)  becomes: 


(1-Ai)(1-A2)(9*-(9')")  = 

-At(P<)"  -  Y[3(it:’)'*  -  (iE‘)”“‘]  + 

+  2(Ai  +  A2)(9’)"  (16) 

Where  A*  accounts  for  the  discrete  d-ferential  oper- 
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ators  of  the  lapiacian  along  ft. 

The  velocity  field  is  obtained  by  introduc¬ 

ing  a  scalar  $  at  the  second  step, 

=  (17) 

By  applying  the  discrete  divergence  operator  at 
the  grid  point  the  equation  for  $  follows 


For  slightly  deformed  grids  the  previous  conditions  are 
approximately  equivalent  to  require  the  vanishing  of 
normal  and  tangential  stresses. 

The  kinematic  condition  enforces  the  fiuid  parti¬ 
cles  to  remain  on  the  firee  surface.  If  the  free  surface 
configuration  is  described  by  the  function 

Xi  =  t]{xut)  (22) 


1  6  2 


(18) 


A  significant  amoimt  of  the  CPU  time  of  the  en¬ 
tire  computation  is  devoted  to  the  solution  of  Eq.  (18). 
Direct  methods,  like  LU  decomposition,  yield  a  solu¬ 
tion  within  round-off  error,  but  their  application  to 
very  fine  grids  {N  =  NiX  Nj)  is  impossible  both  for 
memory  requirements  and  for  number  of  operations 
0(iV*).  Generally  iterative  methods  do  not  efficiently 
reduce  low  wave  number  errors.  For  such  reason  a  lin¬ 
ear  Correction  Storage  multigrid  method  [11,12]  has 
been  applied  with  a  reduction  of  CPU  time. 

The  pressure  field  p  appearing  in  Eq.  (6)  is  evalu¬ 
ated  from  $ 


(19) 


After  the  second  step  the  overall  accuray  remains 
of  O(Af’). 


4  Boundary  Conditions 


No-slip  boundary  conditions  have  been  assumed  on 
solid  walls.  An  assigned  profile  of  the  Cartesian  com¬ 
ponent  together  with  «*  =  0  has  been  imposed  at 
the  inlet,  and  the  fluxes  are  derived  by  Eq.  (A.6). 

At  the  outflow  a  developed  flow  condition 


dv'  _  _ 


(20) 


has  been  assumed  when  free  surface  problems  are 
treated.  The  assumption  of  radiative  conditions,  that 
is  done  for  the  other  cases,  gives  rise  to  instabilities  in 
presence  of  free  surface.  Work  is  in  progress  to  avoid 
this  numerical  instability. 

The  Navier-Stokes  equations  require  one  kinematic 
and  two  dynamic  conditions  at  the  free  boundary.  The 
balance  of  the  forces  between  the  inner  and  the  outer 
fluid  gives  the  dynamic  conditions.  With  zero  external 
pressure  and  stresses,  the  normal  and  shear  stresses 
must  vanish.  These  conditions  cannot  be  easily  imple¬ 
mented  by  an  implicit  scheme.  Therefore  the  simpler 
conditions  of  ref.  |15]  have  been  used; 


dv^  ^  dq’p) 


(21) 


the  kinematic  condition 

D{xi  ->?)  _- 

Dt 


(23) 


dt]  j  I  dr]  j  .cl 
dt  dxi  c] 


At  every  time  step  the  free  surface  is  moved  us¬ 
ing  the  previous  equation.  To  eliminate  the  possible 
occurrence  of  instabilities,  the  new  configuration  is 
smoothed  with  the  same  filter  used  by  |13,14,16j. 


5  Results 

To  test  the  complexities  associated  with  the  described 
numerical  scheme,  several  cases  have  been  chosen,  each 
one  enlighting  a  particular  complexity.  The  flow  in 
a  steady  domain  and  the  flow  in  a  domain  where  a 
boundary  moves  with  a  prescribed  law  have  been  con¬ 
sidered  as  test  cases  before  solving  the  free  surface  flow 
past  a  semicylinder. 


6.1  Flows  in  steady  complex  domains 

The  use  of  a  general  curvilinear  coordinate  system  is 
the  main  characteristic  of  the  present  method.  There¬ 
fore  to  analyze  the  influence  of  the  grid  on  the  numer¬ 
ical  solution  the  flow  past  an  obstacle  inside  a  chaimel 
has  been  considered.  The  sketch  of  the  domain  and 
the  mesh  obtained  by  an  analytical  function  based  on 
a  conformal  transformation  is  given  in  Fig.l.  Fig.  2 
shows,  by  a  stream  function  plot,  that  the  numerical 
method  reproduces  the  main  features  revealed  in  the 
experiment  of  Ref.  |lj.  To  capture  the  relevant  de¬ 
tails  at  least  a  64  x  32  grid  with  refinements  in  the 
regions  of  flow  reversal  is  necessary.'  The  reattach¬ 
ment  length  Xr  of  the  main  separation  bubble,  is  the 
significative  parameter  of  this  flow.  The  numerical 
values  of  Xr,  together  with  the  experimental  data,  are 
given  in  table  6.1  for  two  Reynolds  numbers  {Re  =  144 
and  Re  =  288).  The  numerical  simulations  have  been 


JZe 

Xr  Num. 

Xr  Exp. 

144 

5.5 

6.7 

288 

9.5 

12.1 

Table  1:  'Values  of  Xr  by  present  work  and  by  Ref.  [l] 
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done  respectively  by  a  64  x  32  and  a  96  x  32  grid.  The 
coarseness  of  the  grid  is  the  main  reason  to  explain  the 
disagreement  between  the  numerical  and  the  experi¬ 
mental  results.  A  second  reason,  to  a  lesser  extent, 
is  ascribed  to  the  fact  that  the  calculation  was  inter¬ 
rupted  before  a  real  stationary  solution  was  reached. 
As  it  occurs  for  the  backward  facing  step,  numerical 
solutions  usually  present  a  very  steep  growth  of  Jf, 
within  a  short  time.  Later  on  X,  grows  in  time  very 
slowly  and  the  steady  state  is  reached  using  a  large 
amount  of  CPU  time.  However  the  obtained  results 
can  be  acceptable  as  a  presentation  of  the  method. 
A  more  accurate  computation  to  obtain  a  physically 
interesting  solution  will  be  presented  in  the  future. 

5.2  Flows  in  complex  domains  mov¬ 
ing  with  a  prescribed  law 

In  order  to  verify  the  accuracy  of  the  numerical  scheme 
to  describe  flows  driven  by  an  unsteady  boundary,  the 
flow  inside  a  channel  with  a  moving  indentation  has 
been  considered.  For  such  a  case  experimental  [16] 
and  numerical  |17|  results  allow  to  test  the  treatment 
of  the  grid  time  dependence.  The  numerical  results 
of  ref.  [17]  have  been  obtained  by  a  vorticity-stream 
function  method  on  a  very  flne  grid  (1440  X  48),  The 
same  time  dependent  law  of  the  indentation  consid¬ 
ered  in  Ref.  (16,17)  has  been  used.  Although  this  flow 
is  not  relevant  to  ship  hydrodynamics,  it  has  been  con¬ 
sidered  as  a  test  case.  A  sequence  of  counter  rotating 
eddies  close  to  the  upper  and  lower  walls  and  sepa¬ 
rated  by  a  wavy  core  flow  is  generate  downstream  the 
indentation.  The  eddies  move  downstream  with  a  de¬ 
fined  group  velocity.  This  physical  problem  has  been 
solved  for  Re  =  760  and  St  =  0.025  and  the  same 
flow  time  history  reported  by  |17j  has  been  obtained. 
The  time  sequence  of  istantaneous  streamlines  is  re¬ 
ported  in  Fig.  3  for  a  sequence  of  time  steps  within 
one  period  and  it  shows  the  same  position,  shape  and 
temporal  development  of  the  eddies  of  Ref.  (17|,  The 
values  of  the  positions  of  the  crests  and  troughs  cor¬ 
responding  to  eddies  B,  C  and  D  are  shown  in  Fig.  4 
in  comparison  with  numerical  [17]  and  experimental 
[16]  values.  In  this  case  the  better  agreement  derives 
from  the  much  finer  grid  (384  x  32)  used  in  this  case 
with  respect  to  that  used  in  the  previous  case. 

These  preliminary  numerical  results  assess  that 
the  numerical  model  provides  good  flow  simulation  in 
presence  of  steady  and  unsteady  irregular  domains. 

5.3  Free  surface  flows 

Free  surface  flows  involve  the  difficulty  of  irregular 
and  time  dependent  domain,  where  boundary  moves 
according  to  the  velocity  field.  The  correct  enforce¬ 


ment  of  free-slip  conditions  gives  the  deformation  of 
the  free  surface  which  strongly  afiects  the  inner  veloc¬ 
ity  field.  To  our  knowledge  few  experimental  results 
concerning  free  surface  flows  are  available.  One  ex¬ 
periment  [2]  deals  with  the  flow  over  asemicylindrical 
obstacle.  We  have  chosen  to  verify  the  validity  of  the 
approximated  form  of  the  free  surface  botmdary  con¬ 
dition  specified  by  Eq.  (21).  A  proper  treatment  of 
the  free  surface  conditions  is  very  difficult  particularly 
when  implicit  schemes  are  used.  In  this  case  the  ex¬ 
act  free-slip  conditions  require  an  iterative  procedure 
which  increases  the  CPU  time. 

Preliminary  results  were  obtained  at  lower  Re  and 
higher  Fr  than  those  used  in  Ref.  [2]  because  a  coarse 
grid  was  employed.  However  also  in  this  case  the  free 
surface  is  largely  deformed.  The  velocity  vector  plot, 
shown  in  Fig,  5  for  Re  =  400  and  Fr  =  0.5,  qual¬ 
itatively  resembles  the  expected  flow  field.  Also  the 
dynamic  pressure  reported  in  Fig.  6  imd  the  develop¬ 
ment  of  the  recirculating  regions  qualitatively  agree. 
However,  it  is  to  be  noted  that  the  flow  field  simu¬ 
lation  is  not  possible  up  to  the  steady  state  because 
the  free  surface  conditions  are  not  correctly  enforced 
when  the  deformation  of  the  interface  becomes  rele¬ 
vant.  A  better  treatment  of  such  boundary  conditions 
is  required  to  achieve  a  complete  and  accurate  flow 
simulation. 

6  Conclusions 

The  purpose  of  this  paper  is  restricted  only  to  the 
description  of  the  numerical  method,  which  has  been 
tested  by  using  coarse  grids,  certainly  larger  than  those 
required  by  the  physics  of  the  flow.  This  is  the  main 
reason  for  the  discrepancies  between  the  numerical 
and  experimental  results  in  the  two  cases  firstly  con¬ 
sidered.  More  work  should  be  done  to  define  the 
best  grid  transformation  for  the  wall  mounted  obstacle 
case.  On  the  contrary,  the  case  of  the  flow  generated 
by  a  moving  indentation  shows  that  the  grid  time  de¬ 
pendence  is  very  accurately  handled  by  our  scheme. 
In  fact  our  results  computed  on  a  relatively  coarse 
mesh  are  in  very  good  agreement  with  the  numerical 
results  obtained  with  a  larger  number  of  grid  points 
m  Ref.  |l7j. 

At  the  moment  the  lack  of  the  method  to  accu¬ 
rately  describe  free  surface  flows  is  mainly  related  to 
two  intimately  connected  aspects:  the  choice  of  the 
grid  transformation  and  the  approxhualious  on  the 
boundary  condilioms  at  the  free  surface.  The  present 
results  show  that  the  generation  of  a  grid  with  co¬ 
ordinate  lines  orthogonal  to  the  boundaries  reduces 
the  truncation  errors.  If  such  effect  is  large  for  solid 
boundaries,  the  effect  is  amplified  at  the  free  surface. 
The  generation  of  coordinate  lines  nearly  orthogonal 
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to  the  free  surface  is  more  difficult  and  requires  a  high 
CPU  time  but  avoids  the  approximations  in  at  the  free 
8urfsM:e  boimdary  conditions.  In  the  future  otir  work 
will  be  focused  on  these  aspects  and  only  afterwards 
real  ship  related  flows  will  be  successfully  simulated. 

Appendix 

A  Metric  Notation 


(A.10) 

(A.ll) 


the  metric  quantities  which  appear  in  the  equa^- 
tions  for  fluxes  are  simply  given  by 


=  V’  (A.12) 


In  this  section  a  brief  review  of  the  tensorial  notations 
used  throughout  our  paper  is  given. 

Let  us  consider  the  coordinate  transformation  be¬ 
tween  a  Cartesian  reference  system  Xi  and  a  curvilin¬ 
ear  system  being  the  base  vectors  respectively  e,- 
and  gy.  If  we  introduce  the  coefficients  cy  defined  as 


(A.1) 


the  cartesian  components  v'  of  a  vector  v  are  related 
to  the  contravariant  components  u’ 


V  =  v%  =  u’gy  (A.2) 


by  the  transformation 
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Fig.  1  A  seimple  32  X  18  grid  for  the  solution  of  the  flow  past  a  surface-mounted 
obstacle  in  a  channel  {h/H  =  0.5,  l/h  =  4) 


- 


Fig.  2  Stream  function  plot  for  Re  =  288;  dashed  lines  correspond  to  negative 
Values.  The  instervei  between  contour  lines  is  0.02  for  negative  values  and  0.1  for 
positive  ones. 
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t  =  1.0 


Fig.  3  Instantaneous  streamline  plots  within  one  period  for  the  flov/  in  channel 
with  a  moving  indentation 
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Fig.  5  Velocity  vector  plot  at  t=0.8,  Re  =  400,  Fr  =  0.5  for  the  flow  over  a 
semicylindrical  bump 


Fig.  6  Pressure  contour  map  at  t=0.8,  Re  =  400,  Fr  =  0.5  for  the  flow  over  a 
semicylindrical  bump.  The  Increment  between  two  isolines  is  0.05 
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Abstract 

The  flow  around  circular  cylinders  at  moderate 
to  high  Reynolds  numbers  is  characterized  by  vortex 
shedding.  Hydroelastic  oscillations  are  caused  by  the 
oscillatory  in-line  and  transverse  forces,  induced  by 
this  periodic  shedding  of  vortices.  The  hydrodynamic 
loading  and  structural  response  of  a  marine  riser  is 
simulated  using  the  results  of  several  flow  simulations 
with  the  vortex  blob  method.  A  three-dimensional 
vortex  blob  method  is  discussed.  Operator  splitting 
is  used  to  obtain  a  formulation  in  which  the  viscous 
effects  are  incorporated  using  a  stochastic  process, 
while  the  inviscid  flow  is  described  by  the  evolution 
of  a  flow  map.  The  numerical  algorithm  consists  of  an 
accurate  and  efflcient  spectral  model  combined  with 
a  variational  formulation.  A  compeulson  with  exper¬ 
imental  results  and  semi-empirical  models  is  used  for 
validation.  A  description  of  the  computational  as¬ 
pects  related  to  the  coupling  of  the  results  obtrdned 
from  the  vortex  blob  method  to  an  existing  struc¬ 
tural  analysis  code  is  given.  Finiilly  some  computed 
results  of  the  dynamic  response  of  a  flexible  riser,  a 
pipe  and  a  cable  subjected  to  environmental  forces 
due  to  current  will  be  compared  with  experimental 
and  full  scale  results. 

1.  Introduction 

Hydroelastic  oscillations  are  caused  by  the  peri¬ 
odic  shedding  of  vortices  from  the  boundary  layer 
of  a  nexible  cylindrical  blunt  body,  inducing  trans¬ 
verse  and  in-line  forces.  The  vortex  shedding  fre¬ 
quency  may  lock  on  to  the  natural  frequency  of  the 
system,  provided  the  internal  structural  damping  is 
sufficiently  low.  The  structure  extracts  energy  from 
the  flow  resulting  in  a  motion  amplitude  increase  to 
values  of  once  to  twice  the  characteristic  length.  An 
important  issue  is  the  increased  drag  force  and  risk  of 


fatigue  due  to  the  high  frequency  oscillations  of  the 
structure. 

Several  semi-empirical  formulae  exist  for  the  pre¬ 
diction  of  drag  and  lift  forces.  These  models  all  have 
in  common  that  details  of  the  flow  field  are  not  taken 
into  account,  i.e.  they  are  chiefly  based  on  mechani¬ 
cal  and  electrical  analogons.  More  advanced  models 
contain  tuning  parameters  to  fit  the  model  to  exper¬ 
imental  observations.  Agun,  these  parameters  have 
no  physical  interpretation  other  than  their  analogons 
in  other  fields.  On  the  contrary,  very  advanced  nu¬ 
merical  schemes  exist  for  solving  the  instationary  vis¬ 
cous  Navier  Stokes  equations.  These  methods  cer¬ 
tainly  take  into  account  the  flow  field,  but  even  with 
present  day  computing  power  such  complex  simula¬ 
tions  will  impose  an  economical  limit  on  their  use  for 
practical  problems. 

The  authors  stress  that  these  models  are  invalu¬ 
able  for  research  purposes  such  as  understanding  more 
about  the  detmls  of  such  complex  flows.  Attempts 
have  been  made  to  couple  the  direct  flow  simula¬ 
tion  to  a  structural  code  by  e.g.  Hansen  et  al.  [1]. 
The  limitations  on  computer  power  require  many  sim¬ 
plifications  and  heuristic  arguments  in  the  model. 
The  predictive  abilities  of  this  approach  are  there¬ 
fore  rather  doubtful.  For  practical  situations  such  as 
hydroelastic  oscillations,  simplified  models  must  be 
developed,  drawing  on  the  results  and  insights  ob¬ 
tained  from  large  scale,  systematic  computations  and 
experiments.  As  a  first  step  in  this  direction,  a  wake- 
oscillator  model  (e.g.  Griffin  (2), [3], [4])  is  tuned  to 
the  results  obtained  by  performing  a  number  of  sim¬ 
ulations  using  a  vortex  blob  method  for  solving  the 
Navier-Stokes  equations.  The  calculations  were  con¬ 
ducted  for  a  two-dimensional  flow  around  a  spring 
mounted  circular  cylinder.  The  tuned  model  is  subse¬ 
quently  used  in  a  structural  analysis  code  to  simulate 
the  hydrodynamic  loading  and  structural  response  of 
a  marine  riser,  a  pipe  and  a  cable  in  current. 


617 


r  =  R{t',t,io) 


(3) 


2.  Theory  Vortex  !Wob  Method 

The  equations  governing  the  evolution  of  a  vortic- 
ity  field  defined  as  the  curl  of  the  velocity  field  u,  in 
a  viscous  incompressible  fluid  in  a  Eulerian  reference 
frame  are  commonly  known  as  the  viscous  vortidty 
transport  equations.  They  can  be  summarized  as; 

^  =  w  •  V«  +  t'V’y  (1) 

with  the  incompressibility  constrsunt  V  •  u  =  0  for 
the  velocity  field.  In  addition  the  velocity  field  must 
satisfy  the  no-slip  boundary  condition  at  a  smooth 
body  surface  S  and  approach  a  uniform  velocity  field 
U  far  ahead  of  the  body.  It  is  therefore  advanta¬ 
geous  to  define  the  total  velocity  field  it  as  the  sum 
of  two  components,  viz.  fi  =  a  -1- with  a  the  dis¬ 
turbance  velocity  field  which  approaches  a  zero  value 
far  away  from  the  body,  and  a”  the  velocity  field 
of  the  irrotational  flow  around  the  body.  The  set  of 
equations  is  completed  with  an  initial  vorticity  field 
a>o  which  is  assumed  to  be  tangential  to  the  body 
surface.  The  left-hand  side  of  the  vorticity  trans¬ 
port  equation  is  the  material  derivative  of  the  vor¬ 
ticity  field,  whereas  the  right-hand  side  is  responsible 
for  vortex  stretching  and  diffusion  of  vorticity.  Note 
that  in  two-dimensional  flows,  the  stretching  term  is 
absent. 

The  vortex  blob  method  is  based  on  operator  split¬ 
ting,  where  all  relevant  physical  processes  are  mod¬ 
elled  subsequently  in  time.  The  solution  of  the  vis¬ 
cous  vorticity  transport  equations  is  approximated  by 
successively  solving  the  inviscid  vorticity  transport 
equations  for  a  small  time  step,  followed  by  the  dif¬ 
fusion  of  vorticity  and  the  creation  of  vorticity  at  the 
body  surface,  in  order  to  maintain  the  no-slip  con¬ 
dition.  Several  authors  have  investigated  this  frac¬ 
tional  step  algorithm  as  was  proposed  by  Chorin,  e.g. 
Chorin  [5],  Beale  (6],[7),(8].  Recently,  Van  der  Vegt  [9] 
has  given  a  convergence  proof  of  a  product  algorithm 
for  the  approximation  of  the  solution  of  the  viscous 
vorticity  transport  equations. 

In  order  to  state  the  algorithm,  it  is  necessary  to 
introduce  some  definitions.  The  inviscid  flow  map  R 
is  defined  as  an  invertible  continuously  differentiable 
mapping  from  the  initial  fluid  volume  flo  to  the  fluid 
volume  n  at  time  U 

:  ilo Vts[<o,<i]  (2) 


If  t'  is  kept  fixed,  while  t  varies,  equation  (3)  rep¬ 
resents  the  path  of  a  fluid  particle  initially  at  t'.  The 
flow  map  R  must  have  a  Jacobian  determinant  unity 
due  to  the  incompressibility  constriunt,  [10].  Anal¬ 
ogous  to  the  velocity  field  u  it  is  advantageous  to 
separate  the  total  flow  map  in  a  part  JJ",  related 
to  the  velocity  field  of  the  potential  flow  around  the 
body  and  a  disturbance  flow  map  R  by  means  of  the 
relations: 

R(t',t,to)  =  R°°oR{t\t,to)  (4) 

with: 

R°°{r',t,to)  =  r!  +  yr{t-to)  (5) 

where  2t“  is  the  velocity  field  for  the  irrotational  flow, 
i.e.  the  potential  flow. 

The  vector  stream  function  can  be  defined  by 
relating  the  curl  of  the  vector  stream  function  to  the 
total  velocity  field  fi.  The  use  of  the  vector  stream 
function  has  the  advantage  that  this  representation 
immediately  satisfies  the  incompressibility  construnt 
for  the  flow  field.  The  relation  between  the  fluid  par¬ 
ticle  velocity  R  and  the  Eulerian  field  velocity  H  now 
can  be  expressed  as: 

R{L',t,to)  =  VjXA(e,<) 

=  Vgxi(fi(2i',t,<„),t)  (6) 

The  relation  between  the  vorticity  field  in  both  co¬ 
ordinate  systems  can  be  constructed  likewise,  [10], 
yielding: 

w  (e,  t)  -  Uo  it')  •  Vt>fi  (e',  t,to)  (7) 

The  introduction  of  the  flow  map  has  transformed 
the  problem  of  determining  the  vorticity  field  by  solv¬ 
ing  the  inviscid  vorticity  transport  equation  into  the 
calculation  of  the  flow  map  R  and  the  vector  stream 
function  A-  The  system  of  equations  (6)  and  (7) 
must  be  completed  by  deriving  equations  for  the  vec¬ 
tor  stream  function.  This  can  most  conveniently  be 
done  by  first  separating  the  vector  stream  function  A 
into  several  components; 

i  =  4  +  4~  +  VV-  (8) 

where  the  vector  stream  function  has  a  curl  equal 
to  jt“.  The  function  ij)  which  must  be  twice  differ¬ 
entiable  can  always  be  chosen  such  that  the  distur¬ 
bance  vector  stream  function  A  is  divergence  free.  It 
is,  however,  not  necessary  to  calculate  the  function  ^ 


with  t'  the  position  of  a  fluid  particle  at  initial  time 
to-  The  position  e  of  a  fluid  particle  at  time  t  then  is 
given  by  the  relation: 
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because  in  the  vortex  model  only  the  curl  of  the  total 
vector  stream  function  is  required,  hence  the  gradi¬ 
ent  in  equation  (8)  will  give  no  contribution  to  the 
velocity  field. 

The  relation  between  the  vorticity  field  and  the 
disturbance  vector  stream  function  A  now  is  obtained 
by  using  the  definition  of  the  vorticity  field  and  the 
divergence  freedom  of  A‘ 

= -«(e.O  (9) 

The  boundary  conditions  for  the  vector  stream  func¬ 
tion  A  c&n  be  directly  obtained  from  the  no-flux  con¬ 
dition  for  the  velocity  field  at  the  surface  5  in  an 
inviscid  fluid  and  equation  (8),  yielding: 

a  •  V  X  A  =  —a  •  V  X  4”  =  0  at  5  (10) 

since  A°°  is  the  stream  function  for  the  potential  flow 
around  the  cylinder.  At  great  distance  from  the  body 
the  disturbance  vector  stream  function  A  must  sat¬ 
isfy: 

4-*Q  (11) 

The  whole  system  of  equations  for  the  disturbance 
flow  map,  vector  stream  function  and  vorticity  field 
(6),  (7)  and  (9)  was  put  by  Van  der  Vegt  [9]  in  a 
Lagrangian  variational  formulation  for  bodies  with  an 
arbitrary  geometry  by  means  of  the  following  Action 
Principle: 

J{t,A,to,ti]=  rdtL[R,A,t]  (12) 

Jta 

with  Lagrangian  functional: 

L  (jS,  A,t]=  f  (c')  •  Vj.fi  (n', 

J(Id 

+- I  d^r\V  X  (13) 

together  with  the  initial  condition  a  •  ssJo  at  5  for  the 
vorticity  field  and  boundary  condition  a  •  V  x  A  =  Q 
at  S  for  the  vector  stream  function  yields  the  set  of 
equations  for  the  flow  map  and  vector  stream  function 
after  variations  SR  and  6Ai  with  i  •  SA  =  fi  at  the 
body  surface  S  with  tangential  vector  i.  Here  the 
integration  in  the  Lagrangian  functional  is  conducted 
over  both  the  initial  fluid  volume  flo  as  well  as  the 
fluid  volume  fl  at  time  t. 

The  Eulerian-Lagrangian  formulation  requires  at 
first  sight  the  determination  of  both  a  disturbance 
flow  map  and  a  vector  stream  function  after  which 


the  vorticity  field  can  be  determined.  The  distur¬ 
bance  flow  map  can,  however,  be  obtwned  from  the 
Taylor  series  expansion  of  the  flow  map.  This  is  ac¬ 
complished  by  deriving  from  the  Lagrangian  formula¬ 
tion  a  Hamiltonian  formulation  using  a  Dirac  bracket. 
An  extensive  discussion  of  this  reduction  process  can 
be  found  in  [9].  The  result,  which  can  be  verified  by 
using  (7),  reads: 

R(t',t+^i,t)  =  R{t',t,t)  + 

At{V^x  A{R,t))  + 

+0  (At®)  (14) 

The  determination  of  the  flow  map  fi  is  the  first 
step  in  the  product  formula.  The  next  step  is  the 
modelling  of  the  effects  of  viscosity,  i.e.  diffusion  and 
creation  of  vorticity.  The  model  is  based  on  the  ran¬ 
dom  walk  interpretation  of  the  incompressible  Navier- 
Stokes  equations  given  by  Peskin  [11].  The  effect  of 
viscosity  is  to  generate  a  random  disturbance  on  the 
particle  paths  generated  by  the  flow  map  fi.  The 
stochastic  flow  map  is  defined  as  the  sum  of  the  in¬ 
viscid  flow  map  and  a  disturbance  flow  map  which  is 
a  random  vector  from  a  sphere  of  radius  (12p'r)’,  t 
being  a  small  time  step.  The  viscous  vorticity  evolu¬ 
tion  operator  is  represented  by  the  following  sequence 
of  maps: 

jj)  $  0  Ej  0  Dfii  (15) 

where  $  is  an  operator  which  reflects  particles,  which 
diffuse  into  the  body,  across  the  boundary.  The  invis¬ 
cid  evolution  operator  Er  is  defined  by  equation  (7). 
The  diffusion  operator  causes  a  random  transla¬ 
tion  of  each  point  of  the  vorticity  field. 

The  main  result  of  Van  der  Vegt  [9]  states  that, 
provided  the  inviscid  flow  map  exists  and  is  unique, 
the  expectation  of  the  viscous  evolution  operator  con¬ 
verges  to  the  evolution  operator  of  the  viscous  vor¬ 
ticity  transport  equations.  Analogously,  the  expecta¬ 
tion  of  the  particle  paths,  converge  to  the  real  particle 
paths.  More  details  and  a  proof  of  convergence  can 
be  found  in  Van  der  Vegt  [9|. 

In  the  next  section,  the  numerical  implementation 
of  the  vortex  blob  model  is  discussed. 

^ _ Numerical  Implementation 

The  numerical  implementation  of  the  vortex  model 
described  in  the  previous  section  requires  the  dis¬ 
cretization  of  the  vorticity  field  and  an  algorithm  to 
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evaluate  the  flow  map.  For  two-dimensional  flows 
several  schemes  have  been  suggested.  In  the  point 
vortex  method  the  vorticity  field  is  represented  by  a 
set  of  point  vortices  as  follows: 

^  (t,f)  =  E  (t  -  ti  (<))  (16) 

i=l 

where  N  is  the  number  of  vortices,  ti  represents  the 
trajectory  of  the  vortex  with  index  t. 


The  flow  map  is  then  calculated  by  means  of  the 
Biot-Savart  law  of  interaction,  resulting  in  the  fol¬ 
lowing  set  of  ordinary  differential  equations  for  the 
particle  trajectories: 


•  1  ^  ,  /  A 

ti  =  -5;  E  - —ii - +  [tj, t)  (17) 


Here  Ufi  is  an  additional  velocity  due  to  an  onset  flow 
and  the  disturbance  velocity  caused  by  the  body.  The 
advantage  of  this  procedure  is  that  it  is  gridless,  so 
that  numerical  problems  related  to  grid  generation 
and  stability  criteria  for  high  Reynolds  numbers  are 
avoided.  However,  the  algorithm  has  an  operation 
count  proportional  to  N^,  and  suffers  from  singular 
behaviour  in  the  induced  velocities  when  two  vortices 
approach  each  other.  The  singularities  lead  to  chaotic 
motions  after  some  time  steps.  A  variation  to  the 
point  vortex  method  is  the  vortex  in  cell  method  in 
which  the  flow  map  is  calculated  on  a  fixed  grid,  re¬ 
ducing  the  singular  behaviour  and  gaining  numerical 
efficiency  at  the  cost  of  accuracy. 


The  discretization  used  in  this  paper  is  the  vortex 
blob  approximation: 

"(n.O  =  13^*7  (It- ti  (1)1)  (18) 

i=l 

where  7  is  a  function  of  compact  support  e.g.  a  Gaus¬ 
sian  distribution.  This  method  is  more  suitable  for 
flows  with  a  smooth  vorticity  field,  and  eliminates  the 
singular  behaviour  in  the  induced  velocities. 

The  vorticity  field  obtsuned  by  this  discretization, 
however,  does  not  satisfy  the  inviscid  transport  equa¬ 
tions.  Convergence  criteria  for  the  two-dimensional 
vortex  blob  methods  are  given  by  Hald  et  al.  (12), 
(13).  In  order  to  calculate  the  trajectories  of  the 
blobs,  the  stream  function  is  needed.  As  was  men¬ 
tioned  earlier,  the  use  of  Biot-Savart’s  law  is  numer¬ 
ically  inefficient.  Improvements  are  made  by  solving 
the  Poisson  equation  for  the  stream  function  on  a  grid 
fixed  in  space.  This  results  in  an  operation  count  pro¬ 
portional  to  the  number  of  vortex  blobs  N,  plus  some 
overhead  for  a  fast  Poisson  solver. 


The  procedure  discussed  in  this  paper  is  based 
on  the  results  from  Section  2.  For  two-dimensional 
flows,  the  stream  function  has  only  one  non-zero  com¬ 
ponent.  The  stream  function  is  separated  into  three 
parts: 


A  =  A'*  -b  A"  -b  A~  (19) 

where  A**  is  the  solution  of  the  Poisson  equation  in  an 
unbounded  domun,  A'‘  is  the  solution  of  the  Laplace 
equation  with  boundary  conditions  at  the  body  sur¬ 
face  S,  and  A°°  has  a  curl  equal  to  the  uniform  onset 
velocity 


V^AP  =  -w 

(20) 

V’A'*  =  0 

(21) 

B.(Vx  AV)  = 

-  a-((Vx  A'>e.)-u„-biZ“) 

(22) 

The  velocity  of  the  surface  S  is  given  by  i!„.  Both 
stream  functions  A**  and  A*  must  have  a  curl  equal  to 
zero  at  infinity.  Substituting  A**  and  u  in  the  action 
principle,  results  in: 


“  E  di  dt'T (It'  -  U  (<)l)  A” (t') 


(23) 


in  which  tj  =  is  the  trajectory  of  a  vortex 

blob  with  index  j  in  an  unbounded  fluid.  The  stream 
function  A*"  is  expanded  in  Fourier  harmonics  with 
period  L,  and  Ly  in  x  and  y-direction: 


^’’(e')  =  E4«P  (»■&•£')  (24) 

k 


Substituting  this  relation  in  (23)  and  taking  vari¬ 
ations  with  respect  to  A|,  Xj  and  Yj  leads  to  the 
following  set  of  equations: 

LxLy  Ifel*  =  P{\k\)  E  r,-  exp  (-ii .  t)  (25) 

3 

^  =  ^^(l&l)E^|e*P(»&-E)  (26) 

^  & 

J\r, 

Z_3  ^  y>/ltiNV^  tp  /•!  \  /rt'TN 

{27) 

where  the  filter  function  P  is  defined  as: 

P(\k\)  =  j ~ti{t)\)exp(ik-l!)  (28) 
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For  each  vortex,  the  number  of  trigonometric  func¬ 
tions  to  be  eveJuated  equals  the  number  of  vortices 
N.  This  can  be  avoided  by  employing  cubic  spline  ap¬ 
proximations  to  the  exponentials,  which  has  the  extra 
advantage  of  being  able  to  use  Fast  Fourier  Trans¬ 
forms.  Several  of  the  spline  approximations  were 
tested,  and  are  discussed  in  Van  der  Vegt  et  al.  [14]. 
After  calculating  the  stream  function  A^,  the  bound¬ 
ary  conditions  for  A''  are  immediately  known,  and 
can  be  determined.  The  paths  of  the  vortices  depend, 
however,  only  on  the  curl  of  stream  function  so  that 
it  is  more  efficient  to  formulate  the  problem  in  terms 
of  «*  =  V  X  Bearing  in  mind  the  product  for¬ 
mula  for  the  solution  of  the  Navier-Stokes  equations, 
and  the  fact  that  the  only  way  to  introduce  vorticity 
in  a  flow  is  through  the  no-slip  condition  at  a  solid 
boundary,  the  following  integral  formulation  was  de¬ 
rived: 

^  7,*  (tp  •  Ki  (p,  q))  dS,  = 

-/^(n,-(u„,-iL-VxA;e,)) 

{tp-Ki{p,q))dS,  (29) 

in  which  Y  **  ^he  strength  of  a  vortex  layer  over  the 
body  surface  5,  i  is  the  tangential  vector  on  the  sur¬ 
face,  and  Ki,Ki  are  given  by: 

Ki(p,q)  =  Vpln\t^-t!^\  (30) 

iCj(Pi9)  =  §2  X  •Ki(p,?)  (31) 

More  detruls  on  the  derivation  of  the  boundary  in¬ 
tegral  representation  can  be  found  in  e.g.  Hunt  [15j. 
The  integral  equation  for  Y  not  have  a  unique 
solution  (Hunt,  [15]).  When  the  body  surface  is  dis¬ 
cretized  by  panels  with  a  constant  source  strength 
and  vortex  strength,  this  leads  to  a  matrix  which  is 
nearly  singular.  Since  vorticity  can  only  be  intro¬ 
duced  through  the  no-slip  condition,  the  integral  of 
Y  over  the  surface  must  be  equal  to  zero: 

/^7,'dS,=0  (32) 

Adding  this  condition  to  the  boundary  integral 
equation  poses  a  problem  with  a  unique  solution.  The 
inviscid  vorticity  transport  can  now  be  summarized 
als  follows: 

k  =  u’>  +  ii''  +  [L  (33) 

which  is  solved  using  a  second  order  Runge-Kutta 
method.  The  resulting  tangential  velocity  jump  (vor¬ 
ticity  layer)  at  the  surface,  is  represented  by  a  set  of 
blobs,  which  are  diffused  into  the  fluid  through  appli¬ 
cation  of  the  random  walk. 


The  two-dimensional  model  as  presented  here  is 
discussed  in  more  detail  in  Van  der  Vegt  et  al.  [9], 
|16],  |14].  More  information  about  two-dimensional 
methods  for  solving  the  viscous  transport  equations 
can  be  found  in  e.g.  Sarpkaya  [17],  Tiemroth  [18]  and 
Leonard  [19].  For  simulation  of  high  Reynolds  num¬ 
ber  flows,  many  blobs  and  small  time  steps  are  re¬ 
quired,  resulting  in  a  large  computational  effort.  The 
extension  of  the  vortex  blob  model  to  three  dimen¬ 
sions  is  not  straightforward.  Due  to  the  large  number 
of  vortices  required  to  obtain  a  realistic  description 
the  flow  field,  the  tracking  of  individual  vortices  is 
not  feewible.  Furthermore  the  stretching  term  in  the 
viscous  vorticity  evolution  equation  introduces  extra 
difficulties.  For  the  three-dimensional  flows,  a  more 
advanced  computational  scheme  is  required.  Van  der 
Vegt  [9]  developed  a  special  purpose  spectral  model 
to  calculate  the  flow  map.  The  discretization  of  the 
vorticity  field  also  requires  special  attention.  A  new 
representation  of  the  vorticity,  employing  blobs  which 
are  modified  to  account  for  the  presence  of  a  body,  is 
presently  under  development.  Results  and  theoretical 
details  will  be  published  in  the  near  future. 

4.  Vortex  Induced  Cylinder  Oscillations 

The  wake  of  a  bluff  body  is  comprised  of  an  al¬ 
ternating  vortex  street.  The  shedding  frequency  fv 
of  the  vortices  is  a  function  of  the  ambient  flow  ve¬ 
locity  If,  cylinder  diameter  D  and  Reynolds  number. 
This  relation  was  first  discovered  by  Strouhal.  The 
non-dimensional  Strouhal  number  S  is  defined  as: 

S  =  ^  (34) 

and  is  more  or  less  constant  over  a  wide  range  of 
Reynolds  numbers  (100  <  Re  <  10000):  5  =  0.2,  for 
smooth  cylinders.  If  the  cylinder  is  flexibly  mounted, 
there  are  non-linear  interactions  between  the  shed¬ 
ding  frequency  and  the  cylinder  motion.  Provided 
the  damping  is  sufHently  low,  the  cylinder  can  extract 
energy  from  the  flow,  exciting  sustained  oscillations 
at  a  frequency  close  to,  or  coincident  with,  its  natural 
frequency.  In  water  both  cross-flow  and  and  in-line 
excitation  occurs.  The  in-line  oscillations  are  excited 
at  much  lower  velocities  than  required  for  cross-flow 
excitation. 

Two  dimensionless  numbers  which  are  often  used 
in  analyzing  experimental  data  are  the  reduced  ve¬ 
locity: 

K  =  U/UD  (35) 

and  the  stability  parameter: 

Ks  =  2m6/pDH 
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(36) 


where  /„  is  the  natural  frequency  of  the  spring  mounted 
cylinder,  m  is  the  virtual  mass,  6  is  the  logarithmic 
decrement  of  damping,  p  the  fluid  density  and  I  the 
cylinder  length.  Experiments  have  shown  that  the 
cross-flow  excitation  range  extends  over  4.5  <  K-  < 
10  with  a  maximum  amplitude  of  1.5  diameters.  For 
in-line  oscillations  there  are  two  instability  regions 
within  1.25  <  K  <  3.8  with  a  maximum  amplitude 
of  0.20  diameters.  More  details  on  experimental  re¬ 
sults  can  be  found  in  the  review  of  Sarpkaya  [20|. 

During  a  test  program  conducted  at  MARIN,  mea¬ 
surements  were  performed  on  the  spring  mounted  cylin¬ 
der.  A  general  arrangement  including  the  co-ordinate 
system  is  presented  in  Fig.  1. 


Fig.  1.  Spring  mounted  cylinder  arrangement 


Cross-flow  and  in-line  oscillation  experiments  were 
performed.  A  comparison  with  the  semi-empirical 
wake-oscillator  as  proposed  by  Griffin  is  discussed 
in  (22).  The  results  appeared  very  promising,  and 
are  rendered  valuable  for  validating  the  vortex  blob 
method.  The  two-dimensional  vortex  blob  code  has 
been  tested  on  a  number  of  cases  of  practical  inter¬ 
est.  Calculations  on  a  flxed  cylinder  and  on  a  cylinder 
forced  to  oscillate  were  presented  in  [16]  and  [21].  For 
the  spring  mounted  cylinder,  the  method  was  supple¬ 
mented  with  a  module  for  solving  the  equation  of 
motion  of  a  spring  mounted  cylinder.  At  each  time 
step,  the  exciting  force  originating  from  the  flow  field 
is  used  as  the  forcing  term  for  the  equation  of  mo¬ 
tion  of  the  cylinder,  which  is  then  displaced,  causing 
a  modification  of  the  flow  field.  The  region  which  is 
of  practical  importance  is  the  lock-in  region,  where 


the  vortex  shedding  frequency  is  near  the  natural  fre¬ 
quency  of  the  mass-spring  system.  The  added  mass 
and  damping  are  incorporated  in  the  calculation  of 
the  forces  from  the  vorticity  field.  The  equation  of 
motion  is  calculated  using  a  second  order  Runge- 
Kutta  method  in  time,  as  is  the  case  for  the  update 
of  the  blob  positions. 

5; _ Structural  Analysis  Code 

The  structural  analysis  code  avmlable  at  MARIN 
is  a  general  purpose  time  domain  simulation  program 
to  compute  the  three-dimensional  behaviour  of  sub¬ 
merged  cylindrical  bodies  excited  by  end  motions, 
waves  and  current.  Although  the  program  was  de¬ 
veloped  for  flexible  risers,  it  may  also  be  applied  to 
other  submerged  flexible  slender  structures,  such  sis 
flowline  bundles,  hoses,  umbilicals  and  mooring  lines. 

The  mathematical  model  is  based  on  a  discrete  el¬ 
ement  technique  known  as  the  lumped  mass  method. 
This  technique  involves  the  lumping  of  mass,  excita¬ 
tion  forces  and  reaction  forces  at  a  finite  number  of 
nodes  along  the  structure.  All  forces  are  formulated 
in  terms  of  element  properties,  i.e.  position  and  ori¬ 
entation.  By  formulating  the  laws  of  dynamic  equi¬ 
librium  and  the  stress-strain  relations  for  each  node, 
a  set  of  equations  of  motion  results.  Additional  equa¬ 
tions  are  derived  for  the  element  twist  motions  due  to 
torsion.  These  equations  are  solved  in  the  time  do¬ 
main  using  finite  difference  and  iterative  procedures. 
It  is  assumed  that  the  structural  elements  have  ax- 
isymmetrical  properties  with  respect  to  dimension, 
fluid  force  coefficients  and  stiffness. 

A  detailed  description  of  the  computer  program 
can  be  found  in  Van  den  Boom  et  al.  [23].  In  this 
paper  the  discussion  is  limited  to  the  incorporation 
of  vortex  induced  fluid  forces  and  motions  in  the 
model.  At  each  time  step  the  velocity  and  acceler¬ 
ation  vectors  of  the  structural  elements  are  known. 
From  these  vectors,  the  cross-flow  velocity  and  ac¬ 
celeration  components  are  determined.  Using  these 
quantities,  equation  (37)  is  solved  using  a  second  or¬ 
der  Runge-Kutta  method.  The  cross-flow  hydrody¬ 
namic  lift  force  is  then  known.  The  drag  force  is 
derived  from  equation  (40)  and  the  time  history  of 
the  structural  response.  The  lift  and  drag  forces  are 
then  evenly  distributed  along  each  element.  From 
the  excitation  forces  and  reaction  forces,  the  program 
computes  the  kinematics  for  the  next  time  step.  This 
process  is  repeated  for  each  time  step.  A  circular 
cross-section  is  assumed  in  this  approach,  i.e.  ele¬ 
ment  rotation  is  assumed  to  be  perpendicular  to  the 
flow.  The  flow  along  each  element  is  further  assumed 
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to  be  fully  correlated,  i.e.  two-dimensional.  This 
assumption  is  valid  as  the  amplitude  of  motion  in¬ 
creases  [20].  Although  the  fluid  loading  is  thus  es¬ 
sentially  two-dimensionsJ  on  each  element,  the  struc¬ 
tural  response  computationsJ  scheme  allows  for  three- 
dimensional  responses. 

& _ Wake-Oscillator  Models 


As  an  attempt  to  collect  all  observed  phenom¬ 
ena  in  a  compact  model,  several  semi-empirical  ap¬ 
proaches  exist  [20].  One  of  the  models  is  the  wake- 
oscillator  model,  in  which  a  non-linear  oscillator  for 
the  lift  force  is  coupled  to  the  equation  of  motion  of 
the  cylinder.  The  response  parameter  Sa  =  2irS^Ks 
is  the  main  parameter  of  importimce.  The  governing 
equations  of  the  so-called  Griffln  Model  are: 

Cl  +  u>ICl  -  [cl  -Cl-  (CtM)’] 
[wsGCt  -  w\HCl\  =  usFY/D  (37) 
for  the  lift  coefficient,  and: 

Y  +  2(u>J-  +  u)lY  =  {pU^Dl2m)  Cl  (38) 

for  the  equation  of  motion  in  the  direction  normal  to 
the  onset  flow.  The  shedding  frequency  ws  follows 
from  the  Strouhal  relation  and  the  natural  frequency 
from  Wn  =  tjkim,  where  k  is  the  spring  stiffness. 
The  dimensionless  coefficients  F,  G  and  H  are  to  be 
determined  from  experimental  results. 


The  major  drawbacks  of  the  model  are  the  facts 
that  it  is  based  on  fluid  damping  in  still  water  and 
that  there  is  a  continuous  phase  angle  variation  be¬ 
tween  the  exciting  force  and  the  response  of  the  cylin¬ 
der.  Additional  damping  hu  therefore  been  added  to 
the  Griffin  model.  This  damping  is  a  function  of  the 
cross-flow  displacement  and  is  given  for  ay  >  0-25 
by: 


TrpLD^ 

4m 


4.5 


+  0.25  (<Tr  -0.25) 


(39) 


This  is  a  slightly  modified  form  of  the  empirical  equa¬ 
tion  as  proposed  by  Skop  et  al.,  see  e.g.  Sarpkaya  [20|. 

For  the  drag  coefficient  of  the  oscillating  cylinder, 
the  following  empirical  formulation  is  used; 

Co  =  Co  +  sin(2<i;<)  (dO) 


where: 

Go  =  Co,{l+I{.<TYlDf*^)  (41) 

where  u  is  the  frequency  of  cross-flow  motion,  ay  is 
the  standard  deviation  of  the  cross-flow  motion  and  I 
and  J  are  constants  to  be  determined  from  numerical 


results  obtsuned  with  the  vortex  blob  method.  Cot 
is  the  mean  drag  coefficient  for  a  stationary  cylinder, 
Rcu  =  jv  is  the  Reynolds  number  based  on  the 
oscillation. 

7.  Discussion  of  Vortex  Blob  CalculatioaB 

Calculations  using  the  vortex  blob  method,  were 
performed  for  values  of  the  reduced  velocity  ranging 
from  5.0  to  7.0.  The  Reynolds  number  ranged  from 
0.9  X  10‘  to  1.2  X 10*.  Table  1  shows  a  comparison  be¬ 
tween  experimental  and  computational  results  for  the 
cross-flow  motion  of  a  spring  mounted  rigid  cylinder, 
with  V,  =  5.25  ,  and  I>=0.1  m: 


Table  1 


Cross-flow  results:  measured  and  calculated 


Qu2mtity 

Measured 

Computed 

Af*  =  0.05 

At*  =  0.005 

Co 

2.26 

3.49 

4.50 

1.10 

0,59 

0.52 

WCd 

18.33 

19.60 

19.60 

6.77 

4.40 

8.33 

3.83 

1.70 

2.50 

H>Ct. 

9.25 

9.75 

9.75 

ymaz 

1.27 

0.20 

0.22 

cry 

0.79 

0.13 

0.10 

(j)y 

9.25 

9.80 

9.80 

The  most  striking  result  is  the  difference  between 
the  maximum  amplitudes  of  the  motion.  The  cal¬ 
culated  value  seems  to  be  closer  to  normal  values  re¬ 
ported  in  literature,  while  the  measured  value  belongs 
to  the  largest  values  reported.  As  was  mentioned  be¬ 
fore,  the  calculations  were  not  performed  to  get  con¬ 
clusive  numerical  results,  but  to  capture  the  relevant 
phenomena  involved.  The  calculated  quantities  show 
a  reasonable  resemblance  with  the  measured  data.  Of 
course  the  comparison  above  does  not  take  into  ac¬ 
count  the  detwls  of  the  flow  field.  The  vortex  blob 
algorithm  contmns  parameters,  some  of  which  must 
be  determined  through  numerical  tests.  Interesting 
items  in  the  calculations  were: 

•  start-up  time,  i.e.  dimensionless  time  passed 
before  the  cylinder  was  allowed  to  oscillate, 

•  time  step, 

•  panel  size, 

•  grid  spacing, 

•  vorticity  reduction  scheme 
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In  the  present  simulations,  the  flow  fleld  is  largely 
determined  by  the  motion  of  the  cylinder.  For  this 
reason,  some  precautions  must  be  made  with  respect 
to  the  coupling  of  the  flow  field  calculation  and  the 
motion  of  the  cylinder.  In  order  to  prevent  the  sys¬ 
tem  from  decoupling,  the  time  integration  and  the 
start-up  time  must  be  chosen  correctly.  In  simula¬ 
tions  without  a  start-up  time,  the  system  became  un¬ 
stable  in  the  lock-in  region  for  a  dimensionless  time 
step  At*  =  17 At/D  larger  than  0.05,  i.e.  the  cylinder 
disappeared  out  of  the  computation  dommn  which 
was  8  cylinder  diameters  in  both  directions.  A  grid 
of  64x64  was  used  in  all  calculations,  with  64  panels 
on  the  cylinder  surface.  A  start-up  time  of  t*  =  20 
was  chosen,  see  e.g.  Sarpkaya  (20).  In  order  to  keep 
the  number  of  blobs  within  reasonable  limits,  i.e.  less 
than  40000,  no  experiments  could  be  performed  with 
a  smaller  time  step,  unless  very  crude  vorticity  reduc¬ 
tion  was  applied. 

Earlier  calculations  pointed  out  that  the  vorticity 
reduction  should  not  be  applied  in  the  close  vicinity 
of  the  cylinder,  to  prevent  loss  of  accuracy.  The  re¬ 
duction  or  clustering  process  must  be  applied  with 
great  care,  since  it  distorts  the  flow  field,  and  there¬ 


Fig.  2.  Vertical  riser  arrangement 


fore  the  shedding  process.  A  bi-cubic  interpolation 
to  a  fixed  grid  sufficiently  far  away  from  the  cylinder 
did  not  cause  dramatic  disturbances  in  the  motion  of 
the  cylinder,  although  it  was  noticable  in  the  force 
registration. 

Sensitivity  to  changes  in  grid  and  panel  size  were 
not  investigated  in  this  study.  Numerical  results  con¬ 
cerning  these  parameters  can  be  found  in  e.g.  Van 
der  Vegt  [9j. 

The  calculations  discussed  above  were  performed 
on  an  ETA-10P232,  and  a  typical  simulation  required 
20  to  30  hours  of  computing  time. 

8.  Practical  Results 

In  this  section  some  practical  results  obtained  from 
calculations  with  the  structural  code  will  be  presented. 
A  first  case  concerns  a  vertical  marine  riser  subjected 
to  a  uniform  incoming  flow.  For  this  application,  re¬ 
sults  obtained  from  another  computer  program  are 
also  available,  see  Hansen  et  al.  [1].  The  mrin  pa¬ 
rameters  are  shown  in  Table  2,  while  Fig.  2  shows  a 
general  arrangement.  Some  statistical  results  of  the 
vibration  properties  of  the  riser  are  shown  in  Table  3. 


Table  2 


Vertical  riser  properties 


Quantity 

Unit 

Value 

Length 

m 

100 

Diameter 

m 

2 

Meiss 

kgfm 

3220 

Natural  frequency 

rad/ sec 

0.71 

Flow  velocity 

m/a 

1.0 

Tension 

N 

1.6  X  10* 

Response  parameter 

- 

0.15 

Thble3 

Comparison  between  calculated  results 
for  vertical  riser 


Quantity 

Unit 

Calculated 

Hansen 

®mm 

m 

1.05 

1.35 

®ma» 

m 

2.60 

2.80 

ymm 

m 

-3.05 

-3.40 

ymam 

m 

3.05 

3.40 

Cd 

- 

1.75 

1.60 

AT™., 

N 

8.5  X  10* 

8.0  X  10* 
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Fig.  3.  In-line  displacements  of  vertical  riser 


Fig.  4.  Cross-flow  displacements  of  vertical  riser 


Relatively  large  displacements  are  shown  which 
are  not  unusual  for  lightly  damped  structures.  The 
resemblance  with  results  obtained  from  Hansen  et  al. 
[1]  is  good,  although  their  maximum  cross-flow  and 
in-line  displacements  are  larger.  This  may  be  caused 
by  the  fact  that  they  use  no  structural  damping  at  all. 
Using  the  present  structural  code  this  is  not  possible 
due  to  numerical  instabilities  for  very  lightly  damped 
structures. 

Figs.  3  and  4  show  the  extreme  in-line  and  cross- 
flow  displacements.  The  in-line  displacement  is  dom¬ 
inated  by  a  static  part  due  to  the  mean  drag  force. 
The  dynamic  in-line  displacement  is  dominated  by  a 
second  mode  vibration.  This  is  due  to  the  frequency 
of  the  drag  force  which  is  twice  the  cross-flow  force 
frequency.  The  cross-flow  frequency  is  pronounced 
and  vibrates  in  the  first  excitation  mode  at  a  fre¬ 
quency  close  to  the  natural  frequency. 

The  second  case  concerns  a  horizontal  pipe  and 
cable  in  a  uniform  tidal  current.  Full  scale  mea¬ 
surement  data  are  provided  by  Vandiver  (24).  Fig. 
5  shows  the  experimental  arrangement  and  Table  4 
shows  the  pipe  and  cable  particulars. 

The  agreement  between  calculated  and  measured 
vibration  data  is  good,  as  shown  in  Table  5. 


Current  velocity 
in  x-direction 


Fig.  6.  Horizont^d  pipe  and  cable  arrangement 


Table  4 

Horizontal  pipe/cable  properties 


Quantity 

Unit 

Value 

pipe 

cable 

Length 

m 

23 

23 

Diameter 

m 

0.0414 

0.0318 

Mass 

kg/m 

3.327 

1.952 

Natural  frequency 

rad/ sec 

4.53 

5.78 

Flow  velocity 

m/s 

0.5 

0.5 

Tension 

N 

3500 

3500 

Response  parameter 

- 

0.24 

0.27 

Reynolds  number 

- 

18800 

14500 
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Table  5 


Comparison  between  computed  results  and 
experimental  (full  scale)  results  for 
horizontal  pipe  and  cable 


PIPE  1 

Quantity 

Unit 

Calculated 

Expcrimetit  j 

<^ZID 

- 

SQIQIIII 

O’X/D 

- 

Cv 

- 

1.67  i 

i  CABLE  1 

Quantity 

Unit 

Calculated 

Experiment 

ffz/O 

- 

IIQTnil 

IHEilHi 

<^XID 

- 

Op _ 

~ 

2.30 

2.07  , 

The  standard  deviation  of  the  in-line  cable  mo¬ 
tion  is,  however,  overpredicted  by  the  structural  code. 
The  calculated  data  show  a  lock-in  behaviour  of  the 
pipe  and  cable  which  involved  the  second  and  third 
mode  of  vibration.  This  behaviour  corresponds  to 
the  observed  vibrations  of  the  experimental  results. 
Fig.  6  shows  a  plot  of  a  typical  pipe  response  un¬ 
der  non-lock-in  conditions.  It  is  in  reasonably  good 
agreement  with  the  observed  response. 


In-line  displacement  (m) 


Fig.  6.  Pipe  response  under  non-lock-in  conditions 


The  results  shown  here  are  in  a  general  good  cor¬ 
relation  with  experience  and  experimental  data. 


The  results  presented  in  this  paper  support  the 
authors’  view  that  complex  flow  simulations  based  on 
the  Navier  Stokes  equations  are  invaluable  for  under¬ 
standing  flow  phenomena.  The  Navier  Stokes  solvers 
should  not  be  used  as  black  box  modules.  Especially 
in  flow  problems  which  are  not  fully  understood  at 
present,  the  predictive  abilities  of  computational  pro¬ 
cedures  must  not  be  tiiken  for  granted.  The  insight 
obtained  from  the  numerical  methods  should  be  used, 
together  with  experimental  data  and  experience,  to 
obtain  simpler  models  for  engineering  applications. 

The  wake-oscillator  m\)del  which  was  used  to  de¬ 
scribe  hydrodynamicrd  loading  contiuns  a  minimum 
of  information  of  the  flow  fleld.  The  results,  however, 
are  rendered  to  be  suflicient  for  use  in  practice. 
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for  the  Wave  Resistance  Problem 
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Abstract 

A  non-linear  Rankine-source  method  for 
predicting  the  wave  resistance  of  a  surface 
ship  In  calm  water  has  recently  been 
published  by  the  author.  In  the  present 
paper,  an  Investigation  Into  the  stability 
and  accuracy  of  the  method  Is  presented.  The 
method  Is  shown  to  be  quite  Insensitive  to 
changes  In  the  various  parameters  which  are 
necessarily  associated  with  the  numerical 
procedure  but  which  do  not  feature  In  the 
mathematical  formulation  of  the  problem.  A 
stable  parameter  regime  Is  Identified  which 
has  been  found  to  give  excellent  agreement 
with  towing  tank  data  for  the  Series  60  hull. 

1.  Introduction 

During  the  last  decade  there  has  been  a 
great  deal  of  activity  In  the  field  of 
numerical  ship  hydrodynamics.  New  methods 
for  simulating  a  wide  range  of  phenomena  have 
been  proposed;  such  methods  Invariably 
Involve  the  generation  of  a  grid  covering 
either  the  boundaries  of  the  domain  (as  In  a 
panel  method)  or  the  complete  Interior  of  the 
domain  (as  In  an  Euler  or  a  Navler-Stokes 
code) . 

Although  It  Is  usual  to  compare  any 
numerical  predictions  with  available 
experiment  data  (or,  where  appropriate, 
analytic  data)  It  Is  somewhat  rare  to  find 
examples  of  the  effect  of  systematic 
variations  In  grid  geometry  on  the  accuracy 
of  the  solution.  Equally,  there  may  be 
factors  other  than  the  grid  geometry  which 
affect  the  outcome  of  a  simulation  and  these 
too  are  often  overlooked.  In  addition  to  the 
accuracy  of  a  method.  Its  stability  also 
needs  to  be  assessed.  This  may  be  achieved 
with  the  aid  of  theoretical  treatment  but 
ultimately  the  degree  of  stability  of  a 
method  can  usually  only  be  gauged  by  Its 
actual  behaviour  In  trial  calculations. 

This  paper  addresses  both  the  accuracy  and 
stability  aspects  of  a  panel  method  due  to 


Musker  [l]  designed  to  calculate  the 
potential  flow  past  a  ship  hull  in  steady 
translation  In  calm  water.  The  method 
employs  non-linear  forms  of  the  free-surface 
boundary  conditions  and  on  the  basis  of  some 
Initial  tentative  calculations  It  has  been 
found  to  give  good  agreement  with  experiment 
data  for  both  the  Hlgley  hull  and  the  Series 
60  hull  (see  Nusker  [s]). 

Although  the  above  problem  can  be 
formulated  In  terms  of  an  Integral  of  a 
source  density  distributed  on  the  hull  and 
the  free  surface,  In  practice  the  domain 
boundaries  are  made  discrete  by  representing 
them  using  a  finite  number  of  panels.  In 
addition,  the  free  surface  is  not  known  a 
priori  because  it  Is  part  of  the  solution. 
Consequently  panels  must  be  associated  either 
with  the  calm  free-surface  (with  the  actual 
free-surface  represented  by  means  of  a 
Maclaurin  expansion  of  the  prevailing 
boundary  conditions)  or  with  the  approximate 
free-surface  relating  to  the  most  recent 
Iterate  In  a  convergent  sequence  of  surfaces. 
The  present  method  employs  the  first  of  these 
two  options  and  clearly  falls  Into  the 
category  of  so-called  Ranklne  source  methods. 

Rankine  source  methods  have  been  the 
subject  of  Intense  development  In  recent 
years  In  connection  with  a  particular 
formulation  of  the  Neumann-Kelvln  problem 
(see,  for  example.  Raven  [3]).  The 
Neumann-Kelvln  (NK)  problem  models  the 
wave-making  of  a  hull  by  a  solution  of 
Laplace's  equation  subject  to  a  linearised 
form  of  the  free-surface  condition  and  an 
exact  form  of  the  kinematic  condition  on  the 
hull  surface.  Despite  the  much  disputed 
problems  of  uniqueness  of  solution  for  the  NK 
problem  a  large  number  of  computer  codes  have 
been  prepared  based  on  this  theory.  The 
beauty  of  the  Ranklne  source  method  lies  In 
Its  Inherent  ability  to  provide  engineering 
solutions  to  the  NK  problem  (usually  In  a 
modified  form  using  double-body 
linearisation)  whilst  at  the  same  time 
providing  the  potential  for  addressing  the 
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non-linear  problem.  On  the  other  hand,  the 
■ore  conventional  approach  to  solving  the  NK 
problem,  using  a  Havelock  or  Kelvin 
wave-making  source  distribution,  has  the 
Important  advantage  of  requiring  fewer  panels 
which  automatically  satisfy  the  Important 
radiation  condition  that  waves  should  travel 
downstream. 

Staying  with  the  linear  problem  for  the 
moment.  It  Is  Interesting  to  note  the  great 
diversity  of  solutions  quoted  In  the 
literature.  Figure  1  shows  a  collection  of 
computer  predictions  of  wave  resistance  for 
the  Series  60  hull  (C^  >  0.6,  model  fixed) 
drawn  from  thr  two  Workshops  on  Ship 
Wave-Resistance  Computations  held  at  the 
David  Taylor  Research  Center  (see  references 
[4]  and  [5]).  All  these  predictions  use 
linearised  theory  for  treating  the  free 
surface  but  differ  In  their  method  of 
solution  (NK  using  Ranklne  source  technique, 
NK  using  Havelock  source  technique,  thin  ship 
theory  -  In  which  the  hull  boundary  condition 
Is  applied  at  the  centre-plane  etc).  It  Is 
Interesting  to  note  that  a  mean  curve  drawn 
through  the  data  would  be  significantly  above 
the  tank  results.  More  recently,  Chen  and 
Noblesse  [e]  have  remarked  on  the 
considerable  scatter  evident  In  published 
predictions  of  wave  resistance  baaed  on 
similar  theory.  As  noted  by  Bal  [4]  If  no 
algebraic  or  computer  truncation  errors  are 
Incurred  then  results  of  numerical 
computations  based  on  the  same  mathematical 
formulation  should  be  the  same.  Clearly  this 
Is  not  the  case. 


should  not  travel  upstream  of  the  hull.  This 
approach  Involves  the  use  of  an  upwind  finite 
difference  advectlon  scheme  for  the  wave 
disturbance  and  can  take  many  forms. 

Clearly  the  operator  of  any  Ranklne  source 
code  has  a  great  deal  of  freedom  In  the 
manner  In  which  a  particular  problem  la 
posed.  The  purpose  of  the  present  paper  Is 
to  Investigate  the  effect  of  making  certain 
decisions  about  the  geometry  of  the  mesh  and 
the  type  of  advectlon  scheme  used  fur  the 
particular  case  of  the  method  described  In 
Reference  [l] .  This  method  Is  first  outlined 
for  completeness  and  the  'degrees  of  freedom* 
at  the  operator's  disposal  are  Identified  and 
minimised  to  manageable  proportions.  These 
are  then  systematically  adjusted  and  the 
effect  on  the  accuracy  of  prediction  and  the 
stability  of  solution  Is  recorded.  All  t'. 
calculations  were  performed  for  the  Series  60 
hull  (Cg  -  0.6). 

2.  Methodology 

A  Cartesian  coordinate  system  Is  used  In 
which  the  xy  plane  Is  In  the  calm  free 
surface  with  the  x  axis  positive  upstream  and 
the  z  axis  positive  downwards.  The  fluid  Is 
assumed  to  be  Invlscld,  Incompressible, 
Irrotatlonal  and  Infinitely  deep, 

A  scalar  velocity  potential  Is  defined 
such  that  -grad^  Is  the  local  fluid  velocity 
vector.  This  potential  satisfies  Laplace's 
equation  everywhere  within  the  fluid  subject 
to  the  following  boundary  conditions. 


If  the  possibility  of  algebraic  or  coding 
error  Is  dismissed  (Itself  a  dangerous 
assumption)  then  the  explanation  for  the 
disparity  In  the  predictions  most  likely  lies 
In  the  mechanism  whereby  truncation  errors 
appear.  The  obvious  source  of  such  errors  Is 
the  manner  In  which  the  hull  Is  divided  Into 
facets  or  panels.  The  distribution  of  such 
panels  around  the  hull,  particularly  near  the 
bow,  stern  and  waterline  Is  bound  to  have  an 
effect  on  the  solution.  In  the  case  of  a 
Havelock  source  the  numerical  evaluation  of 
the  Green  function  poses  Its  own  problems. 

If  a  Ranklne  source  rather  than  a  Havelock 
source  Is  used  then  perhaps  an  even  greater 
problem  presents  Itself:  how  large  an  expanse 
of  the  free  surface  In  the  vicinity  of  the 
hull  needs  to  be  modelled  using  additional 
panels  and  how  should  the  resolution  of  this 
region  be  chosen?  The  manner  In  which  the 
source  density  Is  distributed  algebraically 
on  each  panel  will  also  affect  the  solution. 
Recent  work  by  N1  [?]  has  shown  that  the  use 
of  higher  order  curved  panels  with  linearly 
varying  source  density  Is  computationally 
more  efficient  compared  with  constant  density 
panels.  Finally,  Ranklne  source  methods 
Invariably  employ  Dawson's  approach  [s]  to 
satisfy  the  radiation  condition  that  waves 
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on  the  ca]M  free-surface.  In  the  above 
equations,  fi'  (n^,  n^,  n^)  represents  the 

outward  noraal  vector  on  the  hull  surface,  1 
represents  a  distance  Measured  along  a 
double-body  streaallne  Measured  positive  In 
the  locally  upstreaM  direction,  Is  the 

ship  speed,  g  Is  the  acceleration  due  to 
gravity  and  C  represents  the  wave  elevation. 
The  last  two  boundary  conditions  are 
non-llnear  and  result  froM  Naclaurln 
expansions  of  the  exact  boundary  conditions 
prevailing  on  the  free  surface  [l] .  For  the 
purpose  of  coMparlson,  the  above  set  of 
boundary  conditions  reduces  to  the 
Neuaann-Kelvln  probleM  If  the  spatial 
velocity  gradients  are  set  to  zero.  The  ship 
speed  Is  defined  such  that 

grad  =  (-  0,0)  (4) 

at  00  except  where  waves  are  present. 

Dawson's  approach  [s]  Is  used  to  ensure  that 
waves  are  advected  downstreaM. 

The  velocity  potential  Is  prescribed  by 
Means  of  a  source  density  distribution 
associated  with  the  hull  (and  Its  optical 
laage  In  the  z  >  0  plane)  and  the  free 
surface.  Constant,  planar,  source  density 
panels  are  used  throughout  the  analysis  and 
In  the  case  of  the  free  surface  panels  these 
are  raised  very  slightly  above  the  calm 
water-plane  to  iMprove  the  Modelling  of  the 
spatial  velocity  gradients  [o] ,  [loj.  The 
latter  are  calculated  analytically  and  great 
care  has  been  taken  to  avoid  singular  regions 
(In  the  nuMerlcal  sense)  by  employing 
suitable  asymptotic  expressions  within  the 
program.  To  avoid  leakage,  an  additional 
system  of  vertical  panels  (referred  to 
loosely  as  'deck  panels')  Joins  the 
water-line  on  the  hull  to  the  neighbouring 
system  of  free-surface  panels;  a  Neumann 
condition  Is  Imposed  at  the  centroids  of 
these  panels. 

Successive  application  of  the  boundary 
conditions  at  a  large  number  of  control 
points  on  the  hull  and  calm  water-plane  leads 
to  a  system  of  non-llnear  simultaneous 
algebraic  equations  for  the  unknown  source 
densities  and  wave  elevations.  The 
associated  Jacobian  matrix  Is  calculated 
analytically  and  the  equations  are  solved 
Iteratively  using  Newton's  method  without 
relaxation;  each  associated  linear  system  Is 
solved  directly  using  a  Grout  factrlsatlon. 
The  criterion  adopted  for  complete 
convergence  Is  that  the  root  mean  square  of 
the  sum  of  the  residuals  (comprising  the 
Most  recent  corrections  to  the  source 
densities  and  wave  elevations)  is  less  than 
0.002.  Although  strictly  dimensionally 
inconsistent.  In  practice  this  criterion 
relates  to  a  correction  In  wave  elevation 


of  1  mm  for  a  hull  of  length  100  n. 

Further  details  of  the  non-linoar  algorithm 
used  can  be  found  in  Reference  [l] . 

Having  solved  the  equations,  the  pressure 
at  a  particular  control  point  on  the  hull  Is 
found  from: 

p  =  pgz  +  I  (U^  -  Igrad  *1*)  (5) 


The  wave  resistance  Is  found  by 
integrating  the  pressure  around  the  hull 
taking  due  account  of  the  hydrostatic 
correction  associated  with  the  predicted 
water-line  (note  that  for  consistency  with 
the  opplled  boundary  conditions  this 
correction  is  not  performed  for  the  linear 
case) : 


(6) 


where  S  is  the  wetted  area.  As  is  often 
found  in  panel  methods,  a  residual  resistance 
is  observed  at  zero  speed  because  of  the 
manner  in  which  the  bull  is  made  discrete. 
Accordingly,  the  result  for  the  double  body 
calculation  (where  no  waves  are  present)  is 
first  subtracted  to  yield  the  final  wave 
resistance. 


The  free  surface  grid  uses  double-body 
otreamlines  generated  by  Runge-Xutta 
integration  to  within  a  lateral  error  of  10~» 
of  the  ship  length.  These  streamlines  are 
separated  laterally  by  equal  Intervals  at  the 
upstream  edge  of  the  calm  frca-surface  and 
for  each  streamline  the  control  points  are 
positioned  at  equal  intervals  In  arc-length; 
this  process  Is  facilitated  using  cubic 
splines.  The  free  surface  panels  are 
constructed  automatically  such  that  their 
stream-wise  edge  projections  onto  the  z  >  0 
plane  follow  the  streamlines  and  have  edges 
along  the  water-line  which  are  equal  in 
length.  An  additional  constraint  Is  Imposed 
in  that  the  panel  aspect  ratio  away  from  the 
hull  Is  typically  unity. 

A  four-point  upwind  finite  difference 
scheme  Is  used  to  advect  disturbances  In  the 
downstream  direction.  The  boundary  condition 
imposed  on  the  first  three  control  points  at 
the  upstream  end  of  a  given  free-surface 
streamline  is  different  from  equations  2 
and  3.  Instead,  the  vertical  fluid  velocity 
in  this  region  Is  forced  to  be  zero.  In 
addition,  the  last  three  control  points  at 
the  downstream  end  are  treated  differently. 
Here,  the  coefficients  In  the  advectlon 
scheme  are  reduced  gradually  to  per  cent 
of  their  normal  value  to  dampen  the  waves  at 
the  edge  of  the  domain. 
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It  should  be  noted  that  the  Method  does  not 
employ  any  clusterlns  of  panels  In  the 
vicinity  of  the  bow  and  stern  -  In  the 
author's  opinion  such  cluster Ins  provides 
too  many  extra  decrees  of  freedoM  to  allow  a 
sensible  study  to  be  undertaken.  In 
addition,  the  highly  variable  step-length  for 
the  finite  difference  advectlon  operator  In 
such  a  scheMe  will  almost  certainly  affect 
the  stability  of  the  solution  algorithm. 

The  hull  panels  are  arranged  to  mesh 
exactly  with  the  free  surface  nodes  al^ng  the 
water-line.  Below  the  water-line,  panels  are 
constructed  automatically  In  one  of  two  ways. 
Firstly,  they  can  be  constructed  such  that  an 
equal  number  of  quadrilateral  panels  Is  used 
at  each  longitudinal  station  ('single-patch 
method'  -  see  [l]).  Secondly,  a  mixture  of 
quadrilateral  and  triangular  panels  Is  used 
to  allow  the  number  of  panels  at  a  particular 
section  to  be  reduced  In  the  ratio  of  local 
section  depth  to  keel  depth.  This  Is  done  In 
such  a  way  as  to  maintain  a  reasonably 
constant  panel  area  and  aspect  ratio  (which 
are  thought  intuitively  to  be  Important  from 
the  point  of  view  of  numerical  stability) 
whilst  at  the  same  time  lifting  the 
restriction  Imposed  by  the  single-patch 
method  that  the  hull  panels  below  the 
water-line  must  be  generated  on  the  basis  of 
strictly  vertical  stations.  This  Is  known  as 
the  'multi-patch'  uethod  and  was  developed  to 
extend  the  capability  of  the  panel  code  to 
hulls  with  more  complicated  geometry  - 
particularly  In  the  bow  and  stern  regions. 

The  BLINES  computer-aided  design  system  [ll] 
Is  used  for  Interpolation  purposes. 

3.  Stability  and  Accuracy  Study 

The  following  list  defines  the  most 
Important  factors  which  need  to  be  addressed 
before  a  calculation  can  be  performed  for  a 
particular  hull  geometry: 

a.  Length  of  domain. 

b.  Half-width  of  douain  (le  excluding 

Image  In  xz  plane). 

c.  Distance  between  the  bow  and  the 

leading  edge  of  the  domain. 

d.  Free-surface  grid  resolution. 

e.  Hull  grid  resolution. 

f.  Free-surface  panel  elevation  (above 

z  =  0  plane) . 

g.  Type  of  advectlon  scheme. 

Experience  with  the  code  suggests  that 
there  are  significant  differences  In 
predicted  resistance  between  large  and  small 
domains.  Not  surprisingly,  however,  at  any 
particular  Froude  number  and  for  a  fixed  grid 


resolution,  the  resistance  approaches  an 
asymptote  as  the  size  of  the  domain 
increases.  Accordingly,  In  order  to  decrease 
the  number  of  degrees  of  freedom  for  tlie 
present  study,  a  large  domain  was  used 
throughout  the  Investigation.  This  was  set 
to  3  ship  lengths  in  the  longitudinal 
direction  and  extended  to  1.5  ship  lengths 
transversely  measured  from  the  centre-plane. 
The  distance  between  the  bow  and  the  leading 
edge  of  the  domain  was  set  to  one  half  of  the 
ship-length;  this  was  based  on  previous 
experience  with  the  method. 

The  hull  and  free-surface  grids  are 
related  In  the  sense  that  the  water-line 
nodes  are  forced  to  coincide  prior  to  the 
construction  of  the  vertical  deck  panels.  In 
addition,  an  optional  facility  exists  to 
position  extra  hull  panels  between  water-line 
stations  defined  by  the  free-surface  nodes  so 
that  the  hull  panel  density  (defined  as  the 
number  of  stream-wise  hull  panels  per 
free-surface  panel)  can  assume  any  Integer 
value.  If  this  option  is  Invoked  then  the 
grid  generator  positions  these  extra  panels 
such  that  their  stream-wise  edges  form  equal 
divisions  along  the  water-line.  In  this  way 
the  grid  generating  code  can  automatically 
calculate  the  mesh  on  the  hull  once  the  hull 
panel  density  and  free-surface  resolution 
have  been  set  since  only  an  Integer  number  of 
panels  Is  allowed  along  the  water-line  (in 
practice  the  latter  condition  is  met  within 
the  computer  program  by  a  very  minor 
adjustment  to  the  absolute  length  of  the 
domain) . 

It  can  be  seen,  therefore,  that  there  are 
now  only  four  degrees  of  freedom  which  need 
to  be  considered:  the  grid  resolution,  the 
hull  panel  density,  the  free-surface  panel 
elevation  and  the  type  of  advectlon  scheme. 

It  should  be  noted  that  no  other  operator 
Intervention  Is  called  for  once  these 
factors  have  been  set. 

4.  Numerical  Experiment 


The  Series  60  'Cg  -  0.6)  hull  was  used  for 

all  the  computer  runs  described  in  this 
Investigation.  The  hull  was  fixed  and  no 
allowance  was  made  for  slnkage  or  trim  (In 
the  author's  opinion  this  In  no  way  detracts 
from  the  usefulness  of  the  study).  Unless 
otherwise  stated,  the  following  default 
conditions  were  used  for  all  the  runs: 

hull  panel  density  =  1 
and 

panel  elevation  =  15  per  cent  of 
average  panel 
diagonal 
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The  latter  figure  was  based  on  previous 
experience  with  the  code  and  careful  analysis 
of  the  ability  of  constant  source  density 
panels  to  model  spatial  gradients  of  fluid 
velocity  [lo] . 

Four  numerical  experiments  were  performed 
with  the  aim  of  determining  the  effect  of 
varying  any  one  of  the  above-mentioned 
degrees  of  freedom.  The  runs  were  performed 
at  the  following  Froude  numbers: 

0.239,  0.271,  0.287,  0.303,  0.319,  0.335 
and  0.351 

based  on  ship-length  at  the  water-line.  All 
arithmetic  was  performed  using  64  bit 
precision.  The  experiments  are  labelled  A, 

B,  C  and  D  and  are  described  below. 

Experiment  A  (effect  of  free-surface  grid 
resolution) 

This  was  performed  In  two  stages.  Firstly 
(experiment  Al),  three  free  surface  grids 
were  generated  each  of  which  was  fixed.  In 
relation  to  the  ship-length,  for  all  Froude 
numbers  (henceforth  such  grids  will  be  termed 
'mode  1*  grids).  They  are  referred  to  as 
coarse  (1166  free-surface  panels),  medium 
(1904  free-surface  panels)  and  fine  (2673 
free-surface  panels).  The  number  of 
free-surface  panels  distributed  along  the 
water-line  of  the  hull  was  17,  23  and  27 
respectively.  Single-patch  hull  meshes  were 
used  for  th  s  experiment. 

Secondly  (experiment  A2),  grids  were 
generated  such  that  their  resolution  related 
not  to  the  ship-length  but  rather  to  the 
wave-length  of  the  transverse  waves  expected 
to  be  shed  by  the  hull.  In  this  instance  the 
grid  resolution  was  described  by  a  parameter, 
n,  where  n  is  the  number  of  panels  per 
transverse  wave-length.  The  total  number  of 
panels  positioned  along  the  length  of  the 
free-surface  domain  Is  thus: 

n  X  domain-length 
2nFj.*  X  ship-length 

This  meant  that  for  each  Froude  number  a 
new  grid  (henceforth  termed  a  'mode  2'  grid) 
had  to  be  calculated  to  conform  to  the  chosen 
value  of  n.  This  exercise  was  carried  out 
for  values  of  n  ranging  from  4  to  12  In 
Intervals  of  2  (It  was  not  anticipated  that  a 
value  of  n  as  low  as  4  would  perform  very 
well  but  for  the  sake  of  completeness  It  was 
Included  In  the  experiment).  Multi-patch 
hull  meshes  were  used  for  this  experiment. 

Experiment  B  (effect  of  hull  panel  density) 

This  experiment  compared  the  performance 
of  the  method  using  two  different  values  of 
the  hull  panel  density;  the  values  used  were 


1  and  3.  Mode  2,  multi-patch  grids  were 
employed  throughout,  with  n  set  to  10. 

Experiment  C  (effect  of  panel  elevation) 

This  experiment  was  designed  to 
Investigate  the  effect  of  elevating  the 
free-surface  panels  above  the  calm 
water-plane.  As  for  Experiment  B,  mode  2, 
multi-patch  grids  were  employed  throughout, 
with  n  set  to  10.  Three  different  elevations 
were  tested:  zero,  15  and  30  per  cent  of  the 
average  panel  diagonal. 

Experiment  D  (effect  of  choice  of  advectlon 
scheme) 

The  above  three  experiments  were  performed 
with  two  different  upwind  advectlon  schemes 
for  the  stream-wise  wave-slope: 

Taylor  Scheme:  Slope^  “  ”  Al  * 

[l.667C^  -  2.5Ci.j  +  Ci.2  -  O.I67C1.3] 

Spline  Scheme:  Slope j;  =  "  ^  * 

1.555f^  -  2.177Cj_j  +  0.689Ci_2  " 

where  At  =  the  increment  In  I.  The  first 
(Taylor  Scheme)  Is  Identical  to  Dawson's 
scheme  [s]  except  that  Dawson  allowed  the 
Increments  between  free-surface  nodes  to  be 
variable.  The  spline  scheme  uses  knots  at 
each  interior  node  with  a  quadratic  correction 
term  for  the  rate  of  change  of  slope  at  the 
first  node.  This  experiment  concentrated  on 
monitoring  the  effect  of  changing  the 
advectlon  scheme  from  the  default  four-point 
Taylor  scheme  to  the  four-point  spline  scheme. 

5.  Discussion  of  Results 

In  the  following  section,  all  results  for 
Experiments  A,  B  and  C  are  associated  with 
the  use  of  the  Taylor  advectlon  scheme. 

Absence  of  a  data  point  In  any  of  the 
accompanying  graphs  Indicates  that  the 
algorithm  failed  to  converge  within  the 
specified  tolerance  (often,  but  not  always, 
this  meant  that  the  algorithm  diverged; 
occasionally  the  root  mean  square  of  the 
residuals  r.eandered  about  a  mean  value  above 
the  selected  tolerance  -  such  runs  were 
deemed  to  have  failed  even  though  the 
associated  wave  resistance  had  apparently 
converged  to  within  a  finer  tolerance). 
Convergence  was  usually  attained  after  about 
5  iterations.  All  results  are  compared  with 
the  Series  60  tank  data  of  Kim  and  Jenkins 
[12]  for  the  case  of  a  fixed  model. 
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ExperlMent  A 

A  conparlson  of  the  coarse  and  fine  grids 
Is  shown  in  Figure  2  and  a  summary  of  the 
results  is  presented  in  Figure  3.  The  method 
converged  for  all  speeds  using  the  coarse 
grid.  For  the  medium  grid  the  method  failed 
at  a  Froude  number  of  0.335  whilst  for  the 
fine  grid  the  method  failed  for  the  three 
highest  Froude  numbers  within  the  Range  used. 

It  should  be  recalled  here  that  Experiment 
A1  was  designed  around  the  original  method 
described  In  Reference  [l]  employing  mode  1 
free-surface  grids  and  single-patch  hull 
grids.  It  Is  perhaps  surprising  that  the 
coarse  grid  should  have  led  to  such  good 
agreement  with  experiment  data  particularly 
at  the  lower  Froude  numbers  where  shorter 
wave-lengths  are  prevalent.  It  Is  similarly 
curious  to  observe  the  closer  agreement 
between  the  coarse  and  fine  meshes  at  the 
lower  Froude  numbers  compared  with  the  medium 
mesh  results. 

The  results  for  experiment  A2  (node  2, 
multi-patch  hulls)  are  summarised  In 
Figure  4.  It  can  be  seen  that  all  the  runs 
converged  successfully  for  values  of  n  from  4 
to  10.  For  n  12,  however,  the  method 
diverged  for  Froude  numbers  of  0.319  and 
0.335  (note  that  the  lowest  Froude  number 
case  was  not  processed  because  It  exceeded 
the  capacity  of  the  computer  -  this  was  the 
only  run  in  the  whole  Investigation  which 
could  not  be  processed  because  of  size 
limitations).  Not  surprisingly,  values  of 
n  3  4  or  6  appear  to  be  quite  Inadequate  to 
resolve  the  flow-field  and  hence  the  wave 
resistance.  The  data  for  n  =  8  define  the 
shape  of  the  curve  well  but  slightly 
under-estimate  the  resistance  for  the  higher 
Froude  numbers.  Excellent  agreement  Is 
obtained  for  n  «  10  and  no  Improvement  in 
accuracy  Is  achieved  for  the  stable  runs  when 
n  =  12. 

Experiment  B 

In  this  experiment  mode  2  free-surface 
grids  and  multi-patch  hull  grids  were  used 
with  a  hull  panel  density  of  3  (see 
Section  3).  Figure  5  shows  a  perspective 
view  of  one  of  the  meshes  from  a  point  below 
the  water-line  looking  towards  the  hull.  The 
effect  of  the  Increased  resolution  of  the 
hull  can  be  seen  In  Figure  6  to  be  quite 
weak.  At  the  higher  Froude  numbers  the 
Increased  hull  panel  density  consistently 
lowers  the  resistance  by  a  very  small  amount 
whilst  little  or  no  effect  is  observed  at  the 
lower  Froude  numbers.  All  the  runs  performed 
were  completely  stable. 

Experiment  C 

Figure  7  Illustrates  the  effect  of 
elevating  the  free-surface  panels  above  the 


calm  water-plane.  The  absence  of  data  points 
for  the  case  of  zero  panel  elevation 
Indicates  the  instability  Inherent  in 
introducing  spatial  derivatives  of  fluid 
velocity  calculated  using  panels  of  constant 
source  density  if  the  control  point  lies  In 
the  plane  of  the  panel  [lo] .  With  the 
possible  exception  of  the  two  runs  at  a 
Froude  number  of  0.271  It  can  be  seen  that 
there  Is  little  difference  between  the 
results  for  15  per  cent  and  30  per  cent  panel 
elevations.  All  the  runs  performed  with 
elevated  free-surface  panels  were  stable. 

Experiment  D 

Attention  here  will  be  focussed  on  three 
results  of  significance.  In  the  first  two 
cases  the  data  refer  to  mode  2,  multi-patch 
grids  with  n  °  10.  Figure  8  shows  the  very 
small  effect  the  spline  advectlon  scheme  has 
on  the  accuracy  of  the  predicted  wave 
resistance  compared  with  the  Taylor  scheme; 
the  results  are  very  nearly  Identical. 

Figure  9  shows  the  data  for  Experiment  C  with 
zero  panel  elevation  replotted  using  the 
results  for  the  spline  advectlon  scheme.  The 
results  are  compared  with  the  single  Taylor 
result  from  Figure  7.  Two  important 
conclusions  emerge  from  these  data.  Firstly, 
the  effect  on  the  accuracy  of  using  a  spline 
scheme  is  minimal.  Secondly,  the  results  for 
zero  panel  elevation  are  not  only  inherently 
unstable  using  the  Taylor  scheme,  as  observed 
above,  but  also  Inherently  Inaccurate  when 
they  can  be  made  stable  by  employing  a  spline 
scheme.  This  again  reinforces  the  findings 
of  Reference  [lo] . 

Further  evidence  of  the  more  stable  nature 
of  the  spline  scheme  Is  offered  in  Figure  10, 
which  shows  the  spline  results  for  Experiment 
A2  with  n  -  12,  compared  with  the  Taylor 
results  with  n  -  10.  The  results  for  Froude 
numbers  0.319  and  0.335  when  n  =>  12  are  now 
stable  -  thus  allowing  a  comparison  In 
accuracy  between  n  °  10  and  n  °  12  to  be  made 
throughout  the  whole  speed  range.  It  can  be 
seen  that  there  Is  little  advantage  to  be 
gained  by  Increasing  n  above  10. 

The  stability  of  panel  methods  for  the 
linear  problem  has  been  analysed  recently 
using  Fourier  techniques  by  Sclavounos  and 
Nakos  [is] .  They  found  that  the  numerical 
damping  associated  with  upwind  finite 
difference  schemes  decreases  as  the  grid 
becomes  finer  or  as  the  number  of  upstream 
nodes  included  In  the  scheme  at  a  particular 
control  point  Increases.  Although  the 
present  technique  Is  non-linear  this 
nevertheless  probably  explains  why  the  method 
has  a  tendency  to  diverge  for  the  finest  grid 
tested  (n  °  12)  using  the  Taylor  scheme. 

Their  work  may  also  explain  the  stability 
problems  experienced  by  the  only  other 
non-linear  methods  which,  to  the  best  of  the 
author's  knowledge,  have  appeared  In  the 
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literature  since  1985  (Maruo  and  Ogiwara 
[14],  Xia  [15],  Ni  [?]  and  Rong  et  al  [l6]). 

Maruo  and  Ogiwara  used  a  two-point  formula 
but  still  experienced  quite  severe 
convergence  problems,  whilst  Xla  and  Nl  both 
used  three-point  formulas.  Xla  found  that 
this  method  diverged  for  all  cases  tested  If 
a  4-polnt  scheme  was  adopted  but  much  better 
convergence  characteristics  were  observed 
when  this  was  abandoned  In  favour  of  a  (less 
accurate)  3-polnt  scheme.  Nl  employed  a 
sophisticated  higher  order  panel  scheme  very 
successfully  using  a  three-point  scheme  but 
again  found  stability  a  problem  using  an 
extra  upstream  node.  In  the  present  method, 
using  mode  2  free-surface  grids  and 
multi-patch  hull  grids,  stability  only  became 
a  problem  at  the  highest  resolution  (for  the 
highest  Froude  number  only)  and  this  was 
completely  alleviated  by  utilising  a 
four-point  spline  rather  than  a  four-point 
Taylor  scheme.  In  the  method  of  Rong  et  al  a 
two-point  scheme  was  used  near  the  stern 
region  to  provide  sufficient  damping  to 
ensure  convergence. 

Mention  should  be  made  of  the  practice  of 
elevating  the  free-surface  panels  above  the 
calm  water-plane.  It  might  be  argued  that 
the  ensuing  system  of  equations  will  be  less 
well  conditioned  In  the  sense  that  a  control 
point  on  the  z  =  0  plane  would  not  be  so 
strongly  associated  with  Its  corresponding 
panel  If  the  panel  were  raised  above  It.  On 
the  other  hand,  the  author  has  shown  that  the 
modelling  of  the  spatial  gradients  of  fluid 
velocity  which  are  required  In  the  non-linear 
formulation  Is  Inadequate  If  the  control 
points  are  contained  In  the  plane  of  the 
panels.  Indeed,  It  Is  so  Inadequate  as  to 
cause  the  method  to  diverge. 

It  should  be  noted  that  the  amount  by  which 
the  panels  need  to  be  raised  Is  very  small  - 
typically  between  0.8  per  cent  and  1.5  per 
cent  of  the  ship  length,  depending  on  the 
Froude  number,  when  n  =  10.  In  addition. 
Figure  7  demonstrates  that  the  predicted 
resistance  appears  not  to  be  particularly 
sensitive  to  the  panel  elevation.  Xla  [l5] 
also  tried  raising  his  free-surface  panels 
and  found  Improved  convergence  at  some 
expense  In  accuracy.  Panel  elevations  used 
by  Xla,  however,  were  much  larger  -  typically 
between  2.5  per  cent  and  10  per  cent  of  the 
ship-length  -  and  In  the  author's  opinion 
these  values  are  too  large.  Nl  [7]  has 
circumvented  the  problem  altogether  by 
adopting  higher  order  panels  with  linearly 
varying  source  density  which  follow  the 
calculated  free  surface  as  It  progresses 
towards  Its  final  converged  solution.  The 
present  work  suggests  that  such 
sophistication  may  not  be  necessary. 

Finally,  a  synopsis  of  the  published  data 
for  the  above  non-linear  methods  Is  presented 


In  Figure  11.  The  Series  60  data  for  the 
method  of  Maruo  and  Ogiwara  Is  taken  from 
Reference  [l7] .  The  present  results  using 
the  default  conditions  of  15  per  cent  panel 
elevation  (based  on  average  panel  diagonal, 
not  ship-length),  four-point  Taylor  advectlon 
scheme,  mode  2,  multi-patch  grids  with  n  »  10 
are  Included  for  comparison. 

6.  Conclusions 


A  panel  method  based  on  a  boundary 
Integral  approach  to  solving  the  non-linear 
free-surface  wave-making  problem  has  been 
thoroughly  tested  against  tank  data  for  the 
Series  60  hull.  The  number  of  degrees  of 
freedom  at  the  disposal  of  the  operator  of 
the  computer  code  has  been  minimised  with  the 
aim  of  Investigating  systematic  changes  to 
the  input  parameters  which  may  affect  the 
numerical  solution  but  which  do  not  feature 
In  the  mathematical  formulation. 

Two  types  of  grids  were  tested.  The  first 
type,  labelled  mode  1,  single-patch,  uses 
panel  geoK>>tries  on  the  calm  free  ourface 
which  are  independent  of  Froude  number  but 
which  are  kept  constant  with  respect  to  the 
ship-length.  The  hull  panels  are  organised 
so  that  the  same  number  of  panels  Is  used  at 
each  station.  The  second  type,  labelled  mode 
2,  multi-patch,  uses  panel  geometries  which 
depend  on  the  Froude  number  In  the  sense  that 
a  fixed  number,  n,  of  free-surface  panels  per 
transverse  wave  Is  selected.  In  addition, 
the  bull  panels  are  organised  into 
quadrilateral  or  triangular  panels 
automatically  such  that  the  size  and  shape  of 
panels  do  not  change  significantly  from 
station  to  station. 

The  following  conclusions  can  be  drawn: 

a.  As  expected,  the  method  was 
unstable  for  zero  free-surface  panel 
elevation.  The  method  was  Invariably 
stable,  however,  for  non-dimensional 
panel  elevations  (based  on  average  panel 
diagonal)  of  15  per  cent  and  30  per 
cent.  Furthermore,  the  solution  was 
observed  to  be  reasonably  Insensitive  to 
the  choice  of  non-zero  panel  elevation. 

b.  Accurate  results  were  obtained 
using  a  coarse,  mode  1,  single-patch 
grid  for  all  Froude  numbers.  This 
approach  became  unstable  as  the  grid 
became  finer. 

c.  The  mode  2,  multi-patch  grids 
exhibited  greater  stability  and  were 
used  for  the  remainder  of  the 
Investigation.  The  results  approached 
the  tank  data  asymptotically  as  n 
Increased  from  4  to  12,  with  very  little 
difference  In  the  accuracy  between  10 
and  12.  The  n  °  12  results  diverged  at 
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two  of  the  higher  Froude  numbers  using 
the  four-point  Taylor  advection  scheme. 

d.  No  case  of  instability  or 
significant  change  in  accuracy  of 
prediction  was  recorded  for  any  value  of 
n  using  the  four-point  spline  scheme. 

e.  A  threefold  Increase  in  hull  panel 
density  in  relation  to  the  free-surface 
grid  resulted  in  no  significant  effect 
on  the  stability  or  accuracy  of  the 
method. 

f.  Comparison  with  other  non-linear 
methods  described  in  the  recent 
literature  shows  the  method  to  be  very 
stable  and  accurate  using  mode  2, 
multi-patch  grids  with  n  set  to  10. 

Having  identified  a  stable  and  accurate 
parameter  regime,  it  is  hoped  to  perform  a 
similar  investigation  in  the  near  future  to 
determine  the  effect  of  decreasing  the  extent 
of  the  free  surface  surrounding  the  hull. 
Tests  with  different  hull  geometries  are 
also  planned. 
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Abstract 

Rankine  Source  Method  was  applied  to  the 
shallow  water  and  channel  problems,  and  cal¬ 
culations  were  made  of  free-surface  flow 
around  a  ship  moving  in  calm  water  and  her 
wave-making  resistance.  The  calculated 
results  were  compared  with  experiments  and 
calculations  by  conventional  linearized 
analytical  method.  It  was  shown  that  the 
Rankine  Source  Method  promises  an  improvement 
in  predicting  free-surface  flow  around  a  ship 
in  shallow  water  than  the  conventional 
linearized  analytical  method. 

1.  Introduction 

Flow  around  a  ship  traveling  in  shallow  and 
restricted  water  is  much  different  from  that 
in  deep  and  unrestricted  water  due  to  the  in¬ 
fluence  of  sea  bottom  and  bank  walls.  There¬ 
fore  many  studies  have  been  carried  out  for 
investigation  of  performance  and  safe  naviga¬ 
tion  of  the  ship  in  the  shallow  and  restricted 
water  such  as  river,  coast,  harbor,  channel 
and  so  on. 

The  theory  on  ship  waves  and  wave-making 
resistance  in  shallow  water  was  presented  by 
Havelock  in  1922  [Ij.  Kinoshlta  and  Inui  cor¬ 
rected  the  Havelock's  theory  so  as  to  satisfy 
the  boundary  condition  of  sea  bottom  exactly 
[2].  Further  Inui  extended  its  theory  to  the 
channel  problems  [3].  By  these  studies  the 
hydrodynamic  characteristics  of  waves  and 
wave-making  resistances  near  the  critical 
speed  (F  jj  =  1.0,  where  F-u  means  Froude  num¬ 
ber  hasen  on  water  depth  n”  were  made  rlegr, 
Kirsch  carried  out  calculations  of  wave-making 
resistance  in  various  water  depth  and  channel 
width  for  mathematical  ship  hull  form  and  dis¬ 
cussed  the  shallow  and  channel  effect  [4]. 

Bai  calculated  wave-making  resistances  in 
shallow  channel  by  localized  Finite  Element 
Method  [5].  Mueller  compared  experiments  with 
calculations  by  conventional  linear  theory  in 
shallow  water,  and  indicated  that  the  conven¬ 
tional  linear  theory  could  not  predict  free- 
surface  elevation  and  pressure  distributions 
with  sufficient  accuracy  [6].  Recently  Mei 
and  Choi  presented  the  higher  order  theory  on 


a  slender  ship  moving  in  channel  [7]. 

The  other  hand,  there  is  Rankine  Source 
Method  developed  by  Gadd  [8]  and  Dawson  [9],  a 
kind  of  numerical  method  for  solving  steady 
free-surface  potential  flow  in  deep  water.  In 
this  method  the  free-surface  condition  based 
on  double  body  flow  is  employed,  and  the  ac¬ 
curacy  of  predicting  wave-making  resistance  is 
generally  better  than  the  conventional  linear 
calculations.  Further  detailed  informations 
for  wave  elevations,  pressure  distributions 
and  velocity  fields  around  ships  can  be  ob¬ 
tained  easily. 

In  this  paper  the  Rankine  Source  Method  was 
applied  to  the  shallow  water  and  channel 
problems.  Calculations  of  free-surface  flows 
and  wave-making  resistance  were  made  for  Inuid 
S-201  ship  hull  form  [10],  and  the  calculated 
results  were  compared  with  experiments  and 
calculations  by  conventional  linearized 
analytical  method.  It  was  shown  that  the 
Rankine  Source  Method  promises  an  improvement 
in  predicting  free-surface  flow  around  a  ship 
in  shallow  water  than  the  conventional 
linearized  analytical  method. 

2.  Formulation  of  Shallow  Water  and  Channel 

Problems  by  Rankine  Source  Method 

Let  us  consider  a  ship  moving  in  center  of 
channel’ in  calm  water.  We  assume  that  sec¬ 
tional  shape  of  the  channel  is  uniform  in 
lengthwise  direction.  The  coordinate  system 
is  defined  as  shown  in  Fig.l.  x-axis  coin¬ 
cides  with  the  direction  of  steady  uniform 
stream  whose  velocity  U  is  identical  with  the 
shxp  spscd*  Ths  of  tiho  qx1.s  i.s  ot  tihc 

point  of  intersection  of  still  water  surface, 
midship  section  and  center  plane  of  the  ship, 
y-axis  is  horizontal  and  normal  to  x-axis,  and 
z-axis  directing  vertically  upwards. 

Supposing  a  ship  is  in  an  inviscid,  irrota- 
tional,  incompressible  fluid,  the  velocity 
potential  $,  which  represents  flow  around  the 
ship  and  satisfies  Laplace's  equation  =  0, 
is  introduced.  4>  has  to  satisfy  the  following 
boundary  conditions  ; 

*  ‘t’ySy  -  't'a  =  0  on  z  •  5,  (1) 
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(7) 


Fig.l  Coordinate  system 


|('!>x'^4'y+4i|-U^)  +  g?  «  0  on  z  “  5,  (2) 
Onjj  =  0  on  ship  hull  surface,  (3) 
On^^  =  0  on  channel  surface,  (4) 


Now  (|)j  is  expressed  as  : 
<!>i  “  'I'F  *  ‘tli  +  <t’C» 


where 

ijip  :  velocity  potential  representing  free- 
surface, 

(j)jj  :  added  velocity  potential  representing 
ship  hull  due  to  the  presence  of  free- 
surface, 

(fig  :  added  velocity  potential  representing 
channel  due  to  the  presence  of  free- 
surface. 

i)>p,  iJ>ij  and  (fg  are  represented  by  Rankine 
sources  vdiich  are  distributed  on  undisturbed 
free-surface  Sp,  ship  hull  Sjj  and  channel  sur¬ 
face  Sg  as  follows  : 


(tip<P)  JJgpOF(Q)Gp(P,  Q)dx'dy', 

(8) 

“  jrs„an(Q')GH(P.  Q')‘1Sh, 

(9) 

i!>c(P)  -  jrsgOc(Q"5Gc(P.  Q")tlSc, 

(10) 

respectively.  Here  Op,  ajj  and  Og  are  strength 
of  source  distributions  for  free-surface,  ship 
hull  and  channel  respectively.  P  is  field 
point  (x,  y,  z).  Q,  Q'  and  Q"  are  source 
points  for  free-surface,  ship  hull  and  channel 
respectively,  and  are  defined  as  follows  : 


where  ?  is  elevation  of  free-surface,  g  the 
acceleration  of  gravity,  n^  and  ng  mean  the 
outward  normal  directions  on  ship  null  and 
channel  surface  respectively.  Eqs.(l)  and  (2) 
represent  the  exact  free-surface  conditions. 
Eqs.(3)  and  (4)  represent  the  boundary  condi¬ 
tions  of  ship  hull  and  channel  surface.  Here 
in  order  to  simplify  the  calculation,  the  ex¬ 
act  free-surface  conditions  (1)  and  (2)  are 
linearized  as  : 

4’  is  expressed  by  following  form  : 


Q  =  (x',  y',  0  ), 

Q'  =  (x„,  y„,  zh)> 

Q"  “  (xq.  yc  ^c>- 

Gp  is  represented  as  : 

C3p(P,  Q)  -  l/Rp.  (11) 

where 


$  ”  i))o  •  (5) 

where 

i{>(,  :  velocity  potential  for  double  body  flow, 
(}ii  :  velocity  potential  for  steady  wavy  flow. 
It  is  assumed  that  the  double  body  flow  is 
dominant  in  the  flow  field,  and  we  neglect 
higher  order  terms  with  respect  to  (jii  for 
eqs.(l)  and  (2).  Then  the  linearized  free- 
surface  condition  based  on  double  body  flow  is 
derived  [9]  as  : 

<t>os4’iss  2it>os4'oss4'is  *  8*{’iz  ‘  "‘i'os'i’oss 

on  z  “0,  (6) 

where  the  subscript  S  means  partial  derivative 
along  the  streamline  of  double  body  flow  on 
still  water  surface,  in  this  paper  eq.(6i  is 
employed  for  the  free-surface  condition. 

Double  body  potential  <t>o  can  be  obtained  by 
Hess  and  Smith's  method  [11].  Therefore  our 
concern  becomes  to  solve  the  (t>i  so  as  to 
satisfy  the  boundary  conditions. 


Rp  =  /(x-x')^  +  (y-y')^  +  z^. 

Gu  and  Gg  are  representing  the  double  body 
flows  for  ship  hull  and  channel  as  : 

Gh(P,  Q'  )  =  1/Rh  +  !/%'»  (12) 

Gg(P,  Q”)  1/Rg  +  1/Rg',  (13) 

where 

Rh  =  /(x-X[|)^  +  (y-yn)^  +  (z-zh)^, 

Rh'  =  Ax-x^)"  +  (y-yn)^  +  (z+zh)^  * 

Rg  =  /(x-xg)''  +  (y-yg)^  +  (z-zg)^, 

Rg'  =  /(x-xg)^  +  (y-yg)^  +  (z+zg)^. 
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3.  Numerical  Procedure 


4,  Wave  Height  and  Wave-Making  Resistance 


Eqs.(3),  (4)  and  (6)  can  be  discretized  by 
following  procedures  : 

(a)  A  finite  area  of  the  still  water  is 
divided  into  Hp  rectangular  panels  Zp  • 

(j  =  1  ~  Mp),  the  hull  surface  into  H[| 
panels  Eyjj,  (X,  =  1  ~  Mjj)  and  the  channel 
surface  into  panels  Zp  (n  =  1  ~  M(j). 

(b)  It  is  assumed  that  variable  on  each 
panel  is  represented  by  value  on  the 
panel,  and  the  source  strength  is  con¬ 
stant  in  each  panel. 

The  system  of  simultaneous  equations  with 
respect  to  the  source  strength  Op^  (j  =  1  ~ 
Mp),  Ouj)  (X.  =  1  ~  M}j)  and  (n  =‘^1  "Mg)  are 
composed  as  follows  : 


CAij]{oFj}  »•  [Bi2,]{oh5,}  +  [Cin]{acn}  “  (Coil 
CCRjUapj}  +  ^  CFknHoCnl  ”  {  0  1 

*  t^rnnHocnl  “  I  ®  }  • 


where 

Aij  ■ 

BfS,  * 
Cin  “ 
■^kj  ■ 
^kX,  ° 
Pkn  ” 
°raj  ‘ 
“irX,  - 
^ran  ' 

Aoi  ° 


(14) 

„  3Gp 

[iFzpj(Aoi^^Boi-^)dx'dy'  ]p,p^ 
2Tl6i  j  ’ 

(15) 

3Gh 

(16) 

r  cr  S^Gq  3G(; 

UJ  A0i-3s^''B0i-3s-)‘*Sc  ]  P-P 1 . 

(17) 

(18) 

3Gu 

(19) 

(20) 

3G 

(21) 

(22) 

(23) 

<t>osl^8 


^Oi  ■  2<t'osi<!>os3l/8 


(24) 


Coi  ”  ■’t’osi't’ossi/S  J  I 

is  the  Kroenecker  delta  function. 

Tor  the  calculations  of  3V3S^  terms  in 
eqs.(15)  -  (17),  the  4  points  upstream  dif¬ 
ferencing  was  used  so  as  to  satisfy  the  radia¬ 
tion  condition  of  free--surface  numericaly  [9]. 
The  apj  (j  =  1  ~  Mp),  On^  (X,  =  1-  Mj.)  and 
Opn  (n  =  1  ~  Mf.)  are  ootained  by  solving  the 
matrix  of  eq.(l4). 


Wave  height  5  is  represented  by  a 
linearized  form  of  eq.(2)  with  respect  to  (|)i 
as  :  , 

“24>ox't>ix“2‘t>oy‘t>iy)  I^bQ’ 

Pressure  p  is  represented  by  a  linearized 
form  of  Bernoulli's  equation  as  : 

p  ■  2P^'^^“‘t’ox“'t’oy”‘l’oz 

“2<t>ox't’ix"^'^oy't’iy"2<t>oz‘t’lz)  ’  (26) 

where  p  is  water  density. 

Wave-making  resistance  R  is  evaluated  by 
integration  of  pressure  on  snip  hull  as  : 

"  -jrs„P"HxdSH.  (27) 

where  njjj^  is  x-component  of  directional 
cosines  of  the  ship  hull  surface. 


In  this  paper,  p  and  are  represented  by 
the  following  non-dimensional  expressions  : 


(28) 

Rw4pS|)U^ 

(29) 

where  S.  is  wetted  surface  area  of  ship  hull 
in  still  water. 


5.  Results  and  Discussions 


For  evaluation  of  the  present  method,  cal¬ 
culations  in  deep  and  shallow  water  were 
carried  out  for  Inuid  S-201  ship  hull  form 
[10]  and  compared  with  experimental  data 
[6] [10].  Further,  calculations  were  made  of 
wave-making  resistance  of  the  ship  in  channel. 

5.1  Results  in  deep  water 

First,  calculations  in  deep  and  un¬ 
restricted  water  were  carried  out.  Fig. 2 
shows  panel  arrangements  for  ship  hull  sur¬ 
face.  We  used  2  types  of  panels  for  valida¬ 
tion.  Panel  H-1  has  220  panels  and  panel  H-2 
has  440  panels.  Fig. 3  shows  panel  arrange¬ 
ments  for  free-surface.  Panel  F-1  has  swept 
back  [9],  and  panel  F-2  has  not.  When  we  cal¬ 
culated  the  flow  by  using  the  free-surface 
panels  with  rapid  change  of  panel  width  in 
lengthwise,  oscillations  occurred  in  the  cal¬ 
culated  results  for  free-surface  source 
strength.  So  the  free-surface  panels  with 
smooth  change  of  the  panel  width  were  used  to 
prevent  the  oscillations.  Fig. 4  shows  varia¬ 
tion  of  calculated  wave-making  resistance  with 
respect  to  the  size  of  free-surface  panel 
region.  Wave-making  resistance  coefficient 
converges  around  Bpp/L  =0.4,  where  Bpp  is 
lateral  width  of  free-surface  panel  region  and 
L  the  ship  length. 
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Bfp/L 

Fig. 4  Variation  of  calculated  wave-making 
resistance  for  free-surface  panel 
region  in  deep  water 


Fig. 5  shows  comparison  of  wave-making 
resistance  curves  in  deep  water.  In  this 
figure,  'fixed  cond.'  means  to  take  no  account 
of  sinkage  and  trim  into  the  computations. 

The  calculated  results  by  using  panel  H-1  and 
F-1  show  good  agreement  with  the  results  by 
panel  H-2  and  F-1 ,  so  the  panel  H-1  seems  to 
be  sufficient  for  the  number  of  hull  surface 
panels.  For  the  hump  and  hollow  in  curve 
the  results  for  panel  H-1  and  F-1  show  better 
agreement  with  Inui's  experiments  [10]  than 
the  results  for  panel  H-1  and  F-2.  There  is  a 
discrepancy  between  the  present  calculation 
and  the  Dawson's  one  [12].  The  reason  for  the 
discrepancy  may  be  due  to  the  difference  of 
number  of  the  panels.  (Dawson  used  total  512 
panels  [12].) 

5.2  Results  in  shallow  water 

Next,  calculations  in  shallow  and  un¬ 
restricted  water  with  horizontal  sea  bottom 
were  carried  out.  We  calculated  in  h/d  = 

2.389  and  3.413,  where  h/d  means  the  ratio  of 
water  depth  and  ship  draft.  For  this  case 
Mueller  has  made  detailed  experiments  [6], 
Panel  11—2,  F— 1  and  the  sea  bottom  panels  as 
shown  in  Fig. 6  were  used  for  the  computations. 
Fig. 7  shows  variation  of  calculated  wave¬ 
making  resistance  for  the  free-surface  and  sea 
bottom  panel  regions  in  shallow  water.  The 
sea  bottom  panel  region  is  larger  than  the 
free-surface  region  by  lOT  of  ship  length.  It 
seems  that  the  convergence  does  not  achieve 
yet  at  Bpp/L  =  0.65.  Thus  we  need  larger 


panel  region  than  that  in  deep  water. 

In  the  present  calculations,  however,  the 
free-surface  panels  with  Bpp/L  =0.55  (Bgp/L  = 
0.65,  where  Bgp  is  lateral  width  of  bottom 
surface  panel  region)  were  employed  for  saving 
computation  time. 

Figs. 8  and  9  show  comparison  of  wave-making 
resistance  curves  in  shallow  water.  The 
present  calculations  (in  'fixed  cond.’)  are  a 
little  larger  than  Mueller’s  experiments  [6] 
in  low  speed  range,  and  the  tendency  of  hump 
and  hollow  in  curve  shows  good  agreement 
with  the  experiments.  However,  Froude  number 
at  the  calculated  maximum  is  different  from 
the  experiment.  The  tendency  of  hump  and  hol¬ 
low  in  calculated  C„  curve  by  conventional 
linear  theory  (Havelock's  integral)  [6]  is  a 
little  different  from  the  experiments.  How¬ 
ever  the  values  show  good  agreement  with 
the  experiments  as  well  as  the  present 
calculations. 

Now,  let  us  compare  curves  in  Figs. 5,  8 
and  9.  In  the  present  calculations,  with 
decrease  of  water  depth  near  the  critical 
speed  increase  and  Froude  number  at  the  maxi¬ 
mum  C„  becomes  smaller.  These  tendencies 
agree  with  the  experimental  results.  However, 
the  Froude  number  at  the  maximum  is  larger 
than  the  experiment  and  the  differece  of  this. 
Froude  number  becomes  larger  with  decrease  of 
water  depth.  The  present  method  of  calcula¬ 
tion  does  not  take  into  account  the  effect  of 
sinkage  and  trim.  For  reference,  therefore, 
attempts  were  made  of  calculations  of  wave¬ 
making  resistance  by  use  of  sinkage  and  trim 
estimated  from  Mueller's  experiments  [6].  In 
this  computation  h\ill  .surface  panels  were 
rearranged,  ’n  Figs. 8  and  9  'free  cond.' 
means  the  calculation  made  by  this  way. 

Froude  number  at  maximum  C„  in  'free  cond.' 
becomes  smaller  than  that  in  'fixed  cond.'  and 
comes  closer  to  the  experiment.  Thus,  it  is 
suggested  that  for  the  improvement  of  the 
present  method  the  effect  of  sinkage  and  trim 
should  be  included. 
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Fig, 5  Comparison  of  wave-making  resistance  curves  in  deep  water 
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Fig. 7  Variation  of  calculated  wave-making 
resistance  for  free-surface  and 
sea  bottom  panel  regions  in  shallow 
water 


Fig. 10  shows  comparisons  of  wave  profiles 
in  shallow  water  (h/d=2.389).  Agreement  be¬ 
tween  the  present  calculations  and  Mueller's 
experiments  is  good  as  a  whole.  However,  it 
can  be  pointed  out  that  calculated  wave  height 
at  the  fore  part  is  lower  and  tendency  of  wave 
profiles  at  the  aft  part  is  a  little  different 
from  the  experiments.  The  reason  for  this 
difference  seems  to  be  the  nonlinear  effect  of 
free-surface  condition  and  the  viscous  effect 
which  are  neglected  in  the  present  formula¬ 
tions.  The  conventional  linear  calculations 
are  less  satisfactory  than  the  present  calcu¬ 
lations,  The  difference  of  the  calculated 
results  in  between  'fixed  cond.'  and  'free 
cond.'  i?  small. 

Fig. 11  shows  comparisons  of  pressure  dis¬ 
tributions  on  sea  (tank)  bottom  in  shallow 
water  (h/d=2.389).  The  present  calculations 
show  fairly  good  agreement  with  Mueller's  ex¬ 
periments  at  the  tank  bottom  below  the  hull 
surface  y^/L  =  0.0  where  is  lateral  dis¬ 
tance  from  center  line  of  ship.  The  conven¬ 
tional  linear  calculations  show  good  agreement 
with  the  experiments  also.  The  pressure  coef- 

/7  n  1 AA7  70  omolloT*  ♦•Kor* 

experimental  one  near  the  negative  peak  value. 
The  conventional  linear  calculations  are  also 
smaller  than  the  experiments  near  the  negative 
peak  value.  The  difference  of  the  calculated 
results  in  between  'fixed  cond.'  and  'free 
cond.'  is  small. 

Figs. 12  and  13  show  comparisons  of  prospect 
view  of  wave-pattern  and  wave  contour  around  a 


ship  for  different  water  depth.  Froude  number 
in  the  computations  is  F^  =  0.410  (F^jj  =  0.849 
for  shallow  water  case)  and  at  its  Froude  num¬ 
ber  the  wave-making  resistance  increases 
remarkably  in  shallow  water.  From  the  figure 
it  is  found  that  the  waves  go  down  near  the 
midship  and  much  swell  behind  the  ship  hull  in 
shallow  water.  Thus  the  effect  of  shallow 
water  on  the  ship  waves  appears  more 
remarkably  near  the  stern  part  than  at  the 
fore  part  of  the  ship. 

It  was  shown  that  the  present  Rankine 
Source  Method  made  an  improvement  of  predict¬ 
ing  the  wave-pattern  around  a  ship  (wave 
profile),  and  we  can  predict  the  change  of 
wave-pattern  for  various  water  depth  as  shown 
in  Fig. 12.  However,  the  accuracy  of  predict¬ 
ing  the  wave-making  resistance  by  the  present 
method  was  same  order  as  that  by  the  conven¬ 
tional  linear  calculations.  Thus,  improvement 
of  the  present  method  may  be  required  for  bet¬ 
ter  prediction. 

5.3  Results  in  channel 

Finally,  calculations  in  shallow  channel 
with  rectangular  section  were  carried  out. 

We  calculated  in  h/d  =  2.048  and  W/L  =  2.0, 
where  W/L  means  the  ratio  of  channel  width  and 
ship  length.  For  this  case  Inui  has  made  the 
calculations  by  conventional  linear  theory 
[10].  Panel  H-2,  F-1  and  the  channel  panels 
as  shown  in  Fig. 14  were  used  for  the 
computations. 

Fig. 15  shows  comparison  of  wave-making 
resistance  curves  in  the  channel.  The  conven¬ 
tional  linear  calculations  by  Inui  [10]  are 
larger  than  the  present  calculations  as  a 
whole,  and  particularly  increase  of  the  wave¬ 
making  resistance  due  to  channel  effect  is 
much  larger  near  the  critical  speed.  Further 
the  shift  of  hump  and  hollow  in  curve  can 
be  seen  between  both  calculations.  The  dis¬ 
continuity  of  Cy  curve  at  Fj^jj  =  1.0  occurs  in 
the  conventional  linear  calculation,  but  it 
does  not  in  the  present  calculation.  Thus,  it 
was  showed  that  the  present  calculation  of 
wave-making  resistance  was  different  from  the 
conventional  linear  calculation. 

6.  Concluding  Remarks 

The  Rankine  Source  Method  was  applied  to 
the  shallow  water  and  channel  problems.  Cal¬ 
culations  were  made  of  wave-making  resistance, 
wave-pattern  around  a  ship  (wave  profile)  and 
pressure  distributions  on  sea  bottom.  The 
calculated  results  were  compared  with  experi¬ 
ments  and  calculations  by  conventional  linear 
analytical  method.  It  was  shown  that  the 
Runkiiie  Souice  MeLliuu  made  an  impluVemeuL  uf 
predicting  the  wave-pattern  around  a  ship  in 
shallow  water.  However,  the  accuracy  of  pre¬ 
dicting  the  wave-making  resistance  by  the 
present  method  was  same  order  as  that  by  the 
conventional  linear  theory.  Improvement  of 
the  present  method  may  be  required  for  better 
prediction.  For  example,  the  effect  of 
sinkage  and  trim  should  be  considered  exactly. 
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Fig. 8  Comparison  of  wave-making  resistance  curves  in  shallow  water  (h/d  =  2.389) 
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Fig. 9  Comparison  of  wave-making  resistance  curves  in  shallow  water  (h/d  =  3.413) 
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Fig. 10  Comparison  of  wave-profiles  in  shallow  water  (h/d  =  2.389) 


y  Measured  line 
on  tankbottom 


h/d =2.389,  h/L= 0.233 


-0.6  -0.4  -0,2  0.0  0.2  0.4  0.6 


Fig. 11  Comparison  of  pressure  distributions  on  sea  bottom  in  shallow  water  (h/d  =  2.389) 


Fig. 12  Comparison  of  prospect  view  of  wave- 
pattern  around  a  ship  for  different 
water  depth 

(factor  of  wave  height  is  1.5) 


Fn=0.410 


(h/d=2.389) 


Fig. 13  Comparison  of  wave  contour  around  a  ship  for  different  water  deoth 
(contour  interval  Aq  is  10.0) 


Computation  including  the  sinkage  and  trim  can 
be  made  by  improvement  of  the  present  method 
as  the  following  iteration  procedures: 

(a)  First,  computation  of  the  flow  around 
the  ship  fixed  is  made,  and  the  vertical 
forces  (sinkage  force  and  trim  moment) 
are  calculated. 

(b)  From  the  vertical  forces,  we  determine 
the  amounts  of  sinkage  and  trim  needed 
to  hydrostatic  balance. 

(c)  The  panels  for  the  ship  hull  surface  are 
rearranged  to  take  the  sinkage  and  trim 
into  account,  and  the  flow  is  recomputed. 

Furthermore,  the  nonlinear  effect  of  free- 
surface  condition  should  be  considered. 
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Mueller  provides  total  resistance  and 
residual  resistance  curves  for  Inuid  S-201  in 
shallow  water  [6].  In  this  paper,  the  wave¬ 
making  resistance  was  determined  from 
Mueller's  measured  total  resistance  by  follow¬ 
ing  formula  : 

^w  =  Ct  -  Cf^d+K),  (30) 

where 

Cj.  :  total  resistance  coefficient, 

Cjq  :  frictional  resistance  coefficient 
corresponding  to  the  flat  plat, 

K  :  form  factor. 

Cjq  was  calculated  by  Hughes'  formula.  Form 
factor  K  was  determined  as  : 

K  o  0.265  for  h/d  =  2.389, 

K  =  0.230  for  h/d  =  3.413. 
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DISCUSSION 
by  R.C.  Ertekin 

I  wish  to  make  some  comments  on  your 
paper.  First  of  all,  it  is  very  surprising 
that  you  do  not  mention  the  existence  of 
upstream  waves  in  shallow  water.  There  are  3 
papers  presented  in  this  conference  on  the 
subject,  where  you  can  find  all  the  related 
references.  Vour  parameters  in  shallow  water 
falls  111  the  range  we  used  in  our  experiments 
(Ertekin,  Webster,  Wehausen,  1984,  15th  ONR 
Symp.,  Hamburg).  I  am  not  familiar  with 
Mueller's  paper  but  if  he  hadn't  observed 
these  waves  the  something  is  wrong  with  his 
observations.  In  any  case,  I  will  seriously 
question  the  results  and  data  for  F^^jj  larger 
than,  say  0.6  or  0.7  in  shallow  water  because 
linear  theory  is  no  longer  valid,  also 
steadiness,  in  general,  is  not  possible. 

Even  though  we  have  not  paid  any  attention 
to  Thews  and  Landweber's  (1935)  work  in  the 
last  50  years,  we  now  know  that  in  very 
shallow  water  linear  and  steady  results  do  not 
have  much  meaning. 

In  shallow  water,  the  angle  that  divergent 
waves  make  with  the  waterline  of  the  ship  must 
be  much  wider  than  the  deep  water  case.  Even 
the  linear  theory  can  predict  this.  Therefore, 
I  do  not  think  that  your  Fig. 13  is  accurate. 
It  doesn't  look  right  so  it  must  be  wrong. 

By  the  way,  considering  that  you  are  using 
linear  theory,  could  you  explain  why  you  need 
to  distribute  source  on  the  sea  floor  (which 
IS  flat)  and  on  the  free  surface?  Thank  you. 

Author's  Reply 

Thank  you  for  your  comments.  The  present 
paper  deals  with  steady  wave-making  problem, 
so  we  did  not  refer  to  the  papers  of  unsteady 
wave-making  problem  in  detail,  fhe  detailed 
review  on  the  unsteady  wave-making  problem  in 
restricted  water  is  shown  in  ref. (7). 

As  expressed  in  Dr.  Ogiwara's  reply,  we 
think  that  the  influence  of  the  solution  is 
small  for  unrestricted  shallow  water. 

The  present  method  is  a  kind  of  the  panel 
method  where  Rankine  sources  are  distributed 
on  Doundary  surface,  so  we  need  to  distribute 
the  source  on  the  free-surface  and  sea  bottom 
surface.  In  case  of  flat  sea  bottom,  there  is 
the  method  which  takes  into  account  infinite 
image  of  the  sources  distributed  on  the  free- 
surface  and  ship  hull  surface.  However  this 
method  can  not  apply  to  non-horizontal  sea 


bottom  generally  and  has  much  time  for 
calculation  of  the  infinite  image.  For  the 
above  reasons  we  employed  not  the  infinite 
image  method  but  the  source  distribution 
method  on  the  sea  bottom. 


DISCUSSION 
by  S,  Ogiwara 

As  referred  by  your  paper,  T.H,  Havelock 
(1922)  studied  shallow  water  effect  on  ship 
wave  resistance,  in  which  he  predicted 
significant  feature  of  wave  pattern  that  the 
angle  of  diverging  wave  increases  as  the  water 
depth  decreases.  Could  you  simulate  the  same 
feature  by  the  proposed  Rankine  source  method? 

Moreover,  considering  the  case  of 
extremely  shallow  water,  we  can  find  the 
soliton  which  generates  periodically  forward 
upstream  from  the  bow,  as  pointed  out  by  T.V. 
Wu  and  others. 

The  method,  you  proposed  here,  is  not  able 
to  treat  such  phenomena,  because  this  method 
is  involved  in  the  framework  of  steady  state. 
How  do  you  think  about  the  limitation  of  water 
depth  (or  Fj^j^=0//gtv),  to  which  this  method  is 
able  to  apply? 

Finally,  Resistance  and  Flow  Committee  of 
the  19th  ITTC  is  carrying  out  the  evaluation 
of  shallow  water  effect  on  ship  resistance  and 
flow  around  a  hull  through  the  Cooperative 
Experimental  Program.  You  are  encouraged  to 
conduct  new  experiments  in  order  to  verify  the 
effectiveness  of  your  numerical  method,  and  to 
contribute  to  ITTC. 

Author's  Reply 

Thank  you  for  your  discussions  and 
comment.  So  far  as  we  observed  the  comparison 
of  calculated  wave-height  distributions  for 
different  water  depth  (see  Fig. 13),  it  does 
not  seems  that  the  remarkable  change  of 
diverging  waves  appears  in  the  present 
calculation.  The  reason  why  the  change  does 
not  appear  may  be  due  to  adoption  of  linear 
free-surface  condition  based  on  double-body 
flow  in  the  present  method. 

The  linear  free-surface  condition  is 
ei()pi.oyeu  ill  tiit:  ^ItiSeiit  method,  SO  predicting 
accuracy  becomes  poorer  in  high  speed  range. 
Actually  we  can  not  see  that  the  tendency  of 
wave -making  resistance  curve  in  the  present 
calculations  agrees  with  that  in  the 
experiments  for  water  depth  Froude  number 
larger  than  0.8  (see  Figs. 8  and  9).  However, 
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from  the  view  point  of  practical  use,  the 
present  method  has  sufficient  accuracy  for  the 
Froude  number  smaller  than  0.8.  Needless  to 
say,  for  better  prediction  non-linear  effect 
of  free-surface  condition  should  be 
considered. 

It  is  well  known  that  when  a  ship  moves  in 
shallow  channel  near  the  critical  speed, 
solution  generates  periodically  forward 
upstream  from  the  bow  and  the  flow  around  the 
ship  becomes  unsteady(Al ] [A2].  The  generation 
of  the  solution  is  related  with  blockage 
coefficient  of  the  channel  (or  towing  tank) 
and  the  amplitude  of  the  solution  decreases 
as  the  blockage  coefficient  decreases! A3).  All 
calculations  in  the  present  paper  except 
Fig. 15  are  for  unrestricted  shallow  water 


taking  no  account  of  the  channel  walls. 

(Al)  Huang,  D.B.,  Sibul,  O.J.  and  Wehausen, 
J.V.!  Ships  in  Very  Shallow  Water, 
Festkolloquium  zur  Eraeritierung  von  Karl 
Wieghardt,  Institut  fur  Schiffbau  der 
Universitat  Hamburg,  Bericht  Nr. 427, 
pp.29-49,  1982. 

(A2)  Wu,  D.M.  and  Wu,  T.Y.:  Three-dimensional 
Nonlinear  Long  Waves  due  to  Moving 
Surface  Pressure,  Proc.  of  14th  Symp.  on 
Naval  Hydrodynamics,  Ann  Arbor,  pp.l03- 
129,  1982. 

(A3)  Ertekin,  R.C.,  Webster,  W.C.  and 
Wehausen,  J.V.;  Ship-Generated  Solitons, 
Proc.  of  15th  Symp.  on  Naval  Hydro¬ 
dynamics,  Hamburg,  pp.347-364,  1984. 
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Abstract 

A  hybrid  method  for  calculating  the  wave-making 
resistance  of  ships  has  been  developed.  The  method 
is  based  on  three-dimensional  potential  theory,  and  the 
flow  is  assumed  to  be  steady.  The  fluid  is  divided  into  an 
inner  and  outer  domain  by  two  vertical  control  surfaces. 
These  surfaces  are  parallel  to  the  free  stream,  extending 
to  infinity  and  one  at  each  side  of  the  body.  The  inter¬ 
nal  flow  is  matched  to  the  external  flow  on  the  control 
surfaces  in  order  to  satisfy  the  radiation  condition. 

A  three-dimensional  source-sink  method  is  adopted 
in  the  numerical  treatment  of  the  problem,  using  a  source 
function  for  an  infinite  fluid.  A  distribution  of  source 
density  on  the  wetted  part  of  the  body,  on  a  local  part 
of  the  free  surface  and  on  the  control  surfaces  has  to 
satisfy  the  boundary  conditions  in  the  inner  domain. 

The  wave  resistance  can  be  calculated  by  two  differ¬ 
ent  methods.  One  is  to  calculate  the  pressure  distribu¬ 
tion  on  the  wetted  hull  surface  and  to  integrate  for  the 
force  in  longitudinal  direction.  The  other  is  to  ise  the 
inner  solution  combined  with  a  control  surface  integra¬ 
tion.  The  fluid  velocity  and  wave  elevation  along  the 
control  surface  are  needed. 

Introduction 

For  a  ship  in  service  it  is  important  to  have  as  low  to¬ 
tal  resistance  as  possible  in  realistic  sea  conditions.  Both 
mode!  tests  and  calculdiions  have  been  used  extensively 
in  order  to  be  able  to  estimate  the  resistance  at  the  de¬ 
sign  stage.  Methods  of  varying  sophistication  have  been 
developed,  and  many  restrictions  and  assumptions  are 
made  in  each  case. 

A  large  number  of  contributions  on  the  wave-making 
problem  have  been  published.  Concentrating  on  theo¬ 
retical  and  numerical  solution  methods  which  are  inde¬ 
pendent  of  model  tests,  an  important  contribution  was 
given  by  J.  H.  Michell,  [1],  who  introduced  thin-ship 


theory  where  the  resistance  is  given  by  the  geometry  of 
the  hull.  T.  H.  Havelock,  [2],  used  a  Green's  function 
method  instead  of  the  Fourier-integral  method  used  by 
Michell  and  confirmed  the  results  of  Michell.  The  reason 
for  referring  to  these  two  authors  is  not  only  because  they 
where  among  the  first  to  attempt  to  solve  the  problem 
theoretically,  but  also  because  their  results  will  be  used 
in  the  present  solution  method.  For  a  comprehensive 
review  on  the  wave  resistance  problem,  see  for  exam¬ 
ple  Wehausen,  (3).  Two  other  contributions  will  be  of 
importance  when  relating  the  present  work  to  already  ex¬ 
isting  theories.  G.  E.  Gadd,  [4],  and  C.  W.  Dawson,  (5), 
introduced  the  idea  of  distributing  discrete  source  panels 
on  both  the  ship  hull  and  the  mean  free  surface.  The 
wave-making  part  of  the  velocity  potential  is  calculated 
as  a  perturbation  to  the  double-body  flow.  Gadd  used  a 
nonlinear  free-surface  boundary  condition,  while  Dawson 
linearized  with  respect  to  the  double-body  flow.  In  the 
former  case  an  iterative  procedure  was  adopted  because 
the  position  of  the  free  surface  is  unknown. 

It  can  be  argued  that  the  methods  of  Gadd  and  Daw¬ 
son  need  a  considerable  amount  of  computer  power  and 
time.  If  preliminary  results  are  needed  quickly,  a  number 
of  thin  ship  and  slender  ship  methods  are  available.  On 
the  other  hand,  the  restrictions  set  by  these  methods  can 
be  troublesome.  For  the  present  author,  the  flexibility  of 
the  method  is  of  greater  importance  than  a  fast  run¬ 
ning  program  on  a  medium-size  computer.  The  capacity 
of  new  computers  is  increasing  rapidly,  and  the  corre¬ 
sponding  cost  is  decreasing.  Indeed,  the  use  of  super¬ 
computers  minimize  this  problem.  The  present  program 
has  been  run  on  both  VAX785  and  CRAY  X-MP.  On 
the  latter  computer  a  speed  up  factor  of  about  100  is 
typicpl.  In  other  words  a  computation  of  about  1  hour 
on  the  VAX  machine  is  finished  in  half  a  minute  on  the 
CRAY. 

The  present  method  incorporates  some  ideas  from 
Gadd  and  Dawson,  the  thin  ship  theory  and  some  new 
ideas.  Results  are  presented  for  a  single  point  source, 
the  Wigley  parabolic  model  and  the  Series  60  block  0.60 
ship. 
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The  boundary  value  problem 

The  steady-state  wave-making  problem  is  formulated 
in  a  Cartesian  coordinate-system  x,y,z  moving  with  the 
ship  velocity.  The  x-y  plane  describes  the  u.ndisturbed 
free  surface  with  the  z-coordinate  positive  towards  the 
stern,  see  figure  1.  Another  coordinate-system  Xi,yi,zi 
is  fixed  in  the  ship  and  coincides  with  x,y,z  when  the 
ship  is  in  its  equilibrium  position  and  with  no  forward 
velocity.  The  fluid  is  assumed  ideal,  (i.e.  inviscid,  in¬ 
compressible  and  homogeneous),  and  its  motion  is  irro- 
tational.  Surface  tension  is  neglected. 


Figure  1:  Coordinate  systems 

The  problem  is  formulated  as  a  potential  flow  prob¬ 
lem  where  the  total  fluid  motion  is  described  by  the  ve¬ 
locity  potential  i(x,y,z).  The  following  conditions  have 
to  be  satisfied; 

(i)  Laplace's  equation  in  the  fluid 

VH  =  0.  (1) 

(ii)  the  dynamic  boundary  condition  on  the  free  surface 

+  K  +  =  0  on  2/  =  C(2:.y)-  (2) 

where  subscripts  denotes  partial  differentiation. 

(iii)  the  kinematic  boundary  condition  on  the  free  surface 

-  $:  =  0  on  y  =  C(x,y).  (3) 


(iv)  the  kinematic  boundary  condition  on  the  hull 

$.,/ir  ±  =  0  on  5h  (4) 

where  y  ±  h(x\,zy)  =  0  defines  the  hull  surface 

(v)  the  kinematic  boundary  condition  on  the  sea  bottom 

$„  =  0  on  z  =  -d,  (5) 

which  in  the  infinite  depth  case  is  replaced  by 

lim^  =  U.  (6) 


(vi)  radiation  conditions. 

The  hull  surface  is  defined  in  the  body-fixed  coordi¬ 
nate  system. 


yi  =  ±/i(xi,z,) 

(7) 

The  transformation  from  one  coordinate  system  is 

easily  performed 

by  using  the  relations 

*1 

=  z  cos  a  ~  (z  -  a)  sin  a 

(8) 

yi 

=  y 

(9) 

=  z  sin  a  -1-  (z  -  a)  cos  a 

(10) 

(11) 

where  s  is  the  sinkage  and  a  is  the  trim  angle. 

The  hydrodynamic  forces  in  x  and  z  direction  and 
the  trim  moment  are  calculated  by  integration  of  the 
pressure  over  the  wetted  part  of  the  hull. 

Fx  =  -f  p(x,y,z)n,dS  (12) 

JSb 

=  -  I  P(Xiy,z)n.,dS  (13). 

Jbu 

Ma=  I  p(i,y,z)lna.(2-Z6')-«:(»-a:cf)M'S’  (14) 

•’bll 

The  Bernoulli  equation  is  used  to  evaluate  the  pres¬ 
sure, 

P=-^\(V^f-V^]-P9z  (15) 

and  the  normal  unit  vector  n  is  positive  into  the  fluid. 

Solution  method 

The  fluid  is  divided  into  an  inner  and  outer  domain 
as  shown  in  figure  2.  The  inner  domain  is  bounded  by 
the  body  surface,  Sb,  the  free  surface,  Sf,  two  vertical 
control  surfaces,  Sy,  and  a  surface  at  infinity,  S^.  The 
outer  domain  consists  of  the  rest  of  the  fluid  domain, 
which  is  two  segments  of  a  sphere,  marked  by  the  dotted 
lines  in  the  figure.  The  outer  domain  is  mainly  used 
in  order  to  find  a  boundary  condition  on  the  matching 
surfaces,  while  the  main  task  is  to  find  a  solution  in 
the  inner  domain.  The  use  of  Green's  second  identity 
■n  the  outo'’  domain  gives  the  boundary  condition.  The 
derivation  is  described  in  appendix  A. 

The  reason  for  introducing  the  vertical  control  sur¬ 
faces  is  partly  to  restrict  the  computational  domain  and 
partly  to  obtain  well  defined  radiation  conditions.  The 
numerical  scheme  will  show  that  a  disadvantage  is  that 
panels  have  to  be  distributed  on  a  restricted  part  of  the 
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control  surfaces  in  addition  to  the  hull  surface  and  the 
free  surface.  On  the  other  hand  many  elements  can  be 
excluded  from  the  free  surface  compared  to  the  method 
of  Dawson  and  Gadd.  It  is  assumed  that  the  wave  effect 
will  decrease  rapidly  with  depth  and  a  large  part  of  the 
control  surface  can  be  truncated. 

In  addition  to  the  two  above-mentioned  reasons  for 
using  two  domains,  the  scheme  also  suggests  to  linearize 
the  free-surface  condition  differently  in  the  outer  and  in¬ 
ner  domain.  A  low-speed  linearisation  is  adopted  in  the 
inner  domain  (similar  to  the  one  used  by  Dawson)  and  a 
free-stream  linearisation  in  the  outer  domain  (similar  to 
Kelvin’s  thin  ship  formulation).  Assuming  that  the  free 
stream  linearisation  is  satisfactory  in  the  outer  domain, 

,  other  linear  or  nonlinear  boundary  conditions  on  the  free 
surface  in  the  inner  domain  may  be  used.  Another  pos¬ 
sibility  is  to  use  a  totally  different  numerical  solution 
method  in  the  inner  domain.  A  finite  difference  scheme 
may  be  of  interest  when  a  local  flow  phenomenon  is 
studied,  and  the  fluid  can  be  described  by  more  complex 
equations. 

In  the  present  case  the  appropriate  boundary  condi¬ 
tion  on  the  free  surface  is  found  by  linearizing  the  equa¬ 
tions  (2)  to  (3).  On  the  free  surface  in  the  inner  domain, 
the  double-body  flow  is  used  as  the  main  flow  upon  which 
the  wavy  perturbation  flow  is  superimposed.  The  total 
potential  is  divided  into  three  parts. 

$  =  Ux  +  <p 
=  <P<i  +  <f>\ 

=  Ux  +  (j>o  +  <l>i  (16) 

where 

Ux  =  free-stream  potential 
=  double-body  potential 
00  =  disturbance  potential  in  double¬ 
body  theory 

01  =  disturbance  potential  in  low- 
speed  theory 

0  =  disturbance  potential  in  thin- 
ship  theory. 

The  free  surface  condition  is  simplified  as  described 
by  Dawson  even  though  Raven,  [11],  has  reported  that 
the  formulation  is  inconsistent.  (Anyhow,  the  difference 
in  calculated  wave  resistance  is  within  a  few  percent.) 
The  subscript  s  denotes  differentiation  with  respect  to 
the  streamlines  of  the  double-body  solution.  Neglect¬ 
ing  quadratic  and  higher-order  products  of  0i  and  its 
derivative,  the  following  equation  is  obtained. 

-  20;i0rf„)  on  z  =  0.  (17) 


Figure  2:  Inner  and  outer  domains 

This  is  the  same  result  as  Dawson  obtained  in  his  equa¬ 
tion  (14),  (5|. 

When  matching  is  performed  on  the  vertical  control 
surfaces,  0  from  the  outer  solution  has  to  equal  0o  -f  0i- 
Equation  (17)  can  be  written  in  the  form 


<!>■.  +  ^(<^i(,0.»  ~  20,0rf,0.iMl 
=  il20:i0.r,.-(0i(£/a:),).l  onz  =  0,  (18) 

The  problem  is  solved  with  respect  to  source  strength 
which  automatically  gives  the  velocity  components  i.e. 
the  first  derivatives  of  the  velocity  potential.  A  numerical 
operator  identical  to  the  one  obtained  by  Dawson,  [5],  is 
adopted  in  order  to  estimate  the  second  derivative  with 
respect  to  s. 

The  vertical  control  surfaces  are  assumed  to  be  so 
far  from  the  body  that  the  waves  will  satisfy  the  linear 
free-surface  condition.  It  is  then  appropriate  to  use  the 
Kelvin  source  function,  G/,,  to  describe  the  outer  flow. 
It  is  shown  in  appendix  A  that  the  boundary  condition 
on  the  vertical  control  surfaces  is 

0  =  ^  //sv 

and  the  corresponding  boundary  condition  on  the  hull  is 


0„  =  -Un,-  on  z  =  0.  (20) 


The  radiatiOn  conditton  in  the  inner  0^1111:1,11  is  soi- 


isfied  by  using  an  upstream  differential  operator  when 
satisfying  the  free-surface  condition.  The  operator  in¬ 
sures  that  waves  are  only  present  behind  the  ship.  On 


the  downstream  boundary,  an  artificial  damping  is  ap¬ 
plied  to  the  free  surface  condition.  The  inner  solution  is 
only  affected  a  sliort  distance  upstream  of  the  damping 
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Numerical  tests  of  a  single  point  source 


F„ 

O 

o 

O  i 

1 

o 

0.30 

p 

o 

0.50 

77,,  H 

I  0.03  i  0.13  ! 

0.29 

0.51 

0.79 

Table  1.  Minimum  depth  of  the  vertical  control  surfaces 
as  function  of  Froude  number. 


area.  The  calculation  of  the  wave  resistance  by  control 
surface  integration  is  obtained  from  the  undisturbed  part 
of  the  inner  domain.  A  far-field  solution  may  be  applied 
instead  as  a  matching  condition  on  a  downstream  trans¬ 
verse  boundary. 

The  necessary  depth  of  the  vertical  control  surfaces 
can  be  estimated  by  use  of  the  fundamental  wave  length, 
A,  defined  by  the  Froude  number,  F„,  and  the  length  of 
the  ship  at  waterline,  L. 


Xf  =  (21) 

As  seen  from  the  formula,  the  wave  length  Increases 
as  the  square  of  the  Froude  number.  Using  the  assump¬ 
tion  that  an  elementary  wave  disturbs  to  a  depth  of  half 
the  wave  length,  the  minimum  depth  of  the  control  sur¬ 
faces,  7/(1 ,  is  given  by 


L 


(22) 


Table  .1  indicates  the  necessary  depth  of  the  ver¬ 
tical  control  surfaces.  At  the  higher  Froude  numbers, 
however,  the  results  obtained  using  depths  much  smaller 
than  indicated  by  the  table  are  good.  On  the  other 
hand,  it  is  necessary  to  have  a  depth  about  twice  the 
draft  of  the  hull,  which  indicates  that  the  near-field  flow 
about  the  hull  is  dominating  the  wave  making.  While 
running  the  program,  the  contribution  to  the  wave  re¬ 
sistance  from  the  first  vertical  row,  the  last  vertical  row 


and  the  bottom  horizontal  row  of  panels  on  the  vertical 
control  surface  is  checked  in  order  to  control  the  exten¬ 
sion  of  the  surface.  The  depth  of  the  surface  can  then  be 
within  the  limits  of  confidence  without  actually  satisfying 
the  numbers  in  table  .1. 


The  evaluation  of  the  Kelvin  Green’s  function,  Gk, 
is  only  needed  on  the  vertical  control  surfaces.  Until 
recently  the  calculation  of  this  function  has  been  rather 
lime  consuming.  In  the  present  work,  nondimensional 
values  have  been  tabulated  and  linear  interpolation  has 
been  used.  New,  fast  algorithms  are  now  available,  for 
example  Newman  [6],  and  can  easily  be  included  in  the 
program. 


Verification  of  a  computer  program  is  very  important, 
(10).  The  present  code  has  been  tested  using  single  point 
sources  and  single  point  dipoles  situated  below  the  free 
surface.  The  results  have  been  compared  with  results 
obtained  by  Nakatake  (9)  in  the  case  where  the  double¬ 
body  linearisation  in  the  inner  domain  is  replaced  by  the 
common  free  stream  linearisation.  Figure  3  shows  the 
panel  distribution  in  the  case  of  8  longitudinal  rows  of 
elements  on  the  free  surface. 


Figure  3;  Panel  distribution  on  one  fourth  of  the  surfaces 
in  the  case  of  a  single  point  source  situated  at  F  =  1.  b 
is  the  distance  between  the  center  plane  and  the  vertical 
control  surfaces. 

Different  aspects  were  important  to  investigate  in 
these  single  point  tests.  The  first  was  to  check  the  ra¬ 
diation  condition  on  the  vertical  control  surfaces.  The 
closer  to  the  center  plane  it  was  possible  to  position  the 
surfaces,  the  better.  Then  a  very  limited  part  of  the 
free  surface  was  needed  to  be  panelized.  The  effect  of 
moving  the  control  surfaces  was  checked  by  investigat¬ 
ing  the  wave  elevation  along  the  innermost  row  of  panels 
compared  to  the  wave  elevation  obtained  by  using  the 
Greens  function  definition,  equation  25,  in  appendix  A. 
The  plots  presented  in  figures  4  and  5  show  the  case 
when  the  nondimensional  vertical  position  of  the  point 
source  is  F  =  «(-«)  =  glV^^-z)  =  1.0.  Figure  4 
includes  the  results  as  presented  by  Nakatake. 

Secondly,  the  number  of  elements  needed  to  dis¬ 
cretize  the  inner  domain  was  checked.  It  was  found 
that  a  number  of  about  20  elements  pr  wave  length  was 
needed  to  obtain  a  stable  solution.  By  increasing  the 
number  of  elements  beyond  that  limit,  nearly  no  differ¬ 
ence  was  observed  in  the  case  of  8  longitudinal  rows  of 
elements  on  the  free  surface.  In  the  case  of  3  rows  of 
elements  on  the  free  surface  however,  even  a  higher  num¬ 
ber  of  elements  would  increase  the  accuracy  of  the  wave 
elevation  as  seen  in  figure  5  where  three  different  grid 
sizes  in  longitudinal  direction  is  presented.  Also  included 
are  the  curve  when  the  control  surfaces  are  removed.  It 
is  obvious  that  this  solution  is  totally  wrong  both  with 
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Figure  4:  Contour  plot  of  the  wave  elevation  due  to  a 
single  point  source  situated  at  F  =  1.  The  upper  part  of 
the  figure  is  from  Nakatake. 
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Figure  5:  Wave  elevation  along  the  innermost  row  of 
panels.  The  results  for  different  positions  of  the  verti¬ 
cal  control  surfaces  are  compared  with  results  using  the 
centre  plane  source  function. 
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respect  to  the  wave  length  and  wave  amplitude.  In  addi¬ 
tion  the  result  for  the  Kelvin  Green’s  function  evaluated 
at  the  center  plane  is  given  in  figure  5. 

A  third  aspect  of  importance  is  the  behaviour  of  the 
numerical  differential  operator.  Two-,  three-  and  four- 
point  upwind  operators  where  tested  and  the  last  one  was 
selected.  As  can  be  seen  from  the  curves  in  figure  5,  a 
reduction  of  the  first  wave  length  of  about  5  percent  is 
observed.  But  additional  computations  have  shown  that 
the  wave  length  is  very  good  further  downstream.  This 
might  be  caused  by  the  boundary  condition  applied  on 
the  control  surfaces. 

Finally,  it  is  important  to  check  to  influence  of  com¬ 
bining  a  double-body  linearisation  in  the  inner  domain 
and  a  free-stream  linearisation  in  the  outer  domain.  New 
tests  where  carried  out  for  the  single  point  source  using 
these  conditions.  The  wave  elevation  changed,  as  ex¬ 
pected,  somewhat  compared  to  the  tests  with  only  free- 
stream  linearisation  in  the  inner  domain,  but  the  effect  of 
using  the  vertical  control  surfaces  where  similiar.  Tests 
have  also  been  carried  out  for  single  point  dipoles  which 
confirm  the  results. 

The  Wigley  hull 

The  hull  surface  of  the  Wigley  parabolic  hull  is  de¬ 
fined  by  the  equation 

where  -i/2  <  xi  <  i/2  and  -H  <  xi  <  0. 

The  main  parameters  are  given  in  table  .2,  and  the 
body  plan  in  figure  6,  which  has  smooth  lines  aitti  fore- 
aft  symmetry.  A  lot  of  numerical  and  experimental  data 


The  Wigley  hull 


Table  .2:  Main  parameters  of  the  hulls 


661 


Figure  6:  Body  plans  of  the  different  ship  hulls. 


exists  which  makes  the  hull  well  suited  for  comparisons. 
Data  was  taken  from  the  l.st  and  '2.nd  Workshops  on 
Wave  Resistance  Computations,  [12]  and  [13],  and  plot¬ 
ted  in  figure  7  as  the  envelope  of  residual  resistance  coef¬ 
ficients.  In  addition,  the  mean  values  of  the  experiments 
of  the  two  workshops  are  plotted  separately  in  the  case 
of  a  restrained  ship  and  a  ship  free  to  sink  arid  trim. 

In  [7],  the  results  of  a  great  number  of  test  cases  are 
listed,  varying  the  number  of  elements  on  the  hull,  free 
surface  and  control  surfaces.  Also  the  position  and  ex¬ 
tent  of  the  vertical  control  surfaces  were  changed.  Two 
configurations  will  be  presented.  The  first  is  a  reference 
case,  where  the  control  surfaces  are  positioned  at  a  suf¬ 
ficient  distance  from  the  hull  surface  so  that  reflections 
as  described  by  Dawson  are  avoided.  The  solution  is 
essentially  the  same  as  Dawson's  solution. 

Computer  programs,  essentially  based  on  the  same 


Figure  9:  Wave-resistance  coefficients  calculated  by  the 
present  method  using  both  hull-pressure  integration  and 
control-surface  integration. 
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Figure  10:  Nondimensional  sinkage  of  the  Wigley  hull. 


Figure  7:  Wave- resistance  coefficients  calculated  from 
experiments  using  the  longitudinal  cut  method. 


Figure  8.  Wave- resistance  coefficients  calculated  by  com¬ 
puter  programs. 
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Figure  11.  Nondimensional  trim  of  the  Wigley  hull. 


theory,  have  often  produced  results  with  a  large  spread¬ 
ing.  In  figure  8  the  numerical  results  of  both  Dawson, 
[5],  and  Xia  Fei,  [14],  have  been  plotted  as  reference  to 
the  present  data.  Sinkage  and  trim  have  been  neglected. 
The  discrepancy  is  small  compared  to  the  known  limits  of 
experimental  data.  Note  that  the  plotted  curves  are  the 
experimental  values  of  the  wave-resistance  coefficients 
estimated  using  the  longitudinal-cut  method. 

The  wave-resistance  coefficients  plotted  in  figure  9 
are  results  of  the  second  test  case  where  the  vertical 
control  surfaces  are  inserted  at  yjL  =  ±0.07.  Remem¬ 
bering  that  the  half-breadth  of  the  hull  is  0.05T  it  is 
obvious  that  the  control  surfaces  are  very  close  to  the 
hull  surface.  This  configuration  is  presented  because  it 
gives  satisfactory  results  even  though  the  matching  sur¬ 
face  is  closer  than  what  would  be  a  reasonable  distance 
were  linear  waves  assumed.  The  wave  resistance  coeffi¬ 
cients  are  in  good  agreement  with  the  results  obtained 
in  the  first  test  case.  The  effect  of  including  sinkage 
and  trim  is  obvious  at  the  higher  .^roude  numbers.  The 
resistance  obtained  from  both  pressure  integration  over 
the  hull  surface  and  over  the  control  surface  is  plotted. 
Some  differences  are  observed  between  the  two  methods 
which  can  be  explained  by  errors  when  truncating  con¬ 
trol  surfaces  or  local  effects  close  to  the  body  which  are 
eliminated  in  the  far  field. 

The  sinkage,  nondimensional'zed  with  respect  to 
and  trim,  nondimensionalized  with  respect  to  the  length 
are  plotted  in  figure  10  and  11. 

The  Series  60  hull  {Co  =  0.60) 

The  Serie  60  is  a  collection  of  ship  forms  with  block 
coefficients  varying  from  0.60  to  0.80.  The  Gh  =  0.60 


0.22  0.24  0.26  0.28  0.30  0.32  0.31  0.36 

FROUOE  NUMBER 

Figure  12:  Wave-resistance  coefficients  calculated  by  the 
present  method  and  experimental  results  from  Kim  and 
Jenkins,  (16|. 


case  is  tested  in  the  present  paper  and  the  main  param¬ 
eters  are  given  in  table  .2.  Experimental  data,  from  Kim 
and  Jenkins  (1981),  [16],  are  plotted  together  with  nu¬ 
merical  results  in  figure  12.  Mewis  and  Heinke  (1984), 
[17].  have  published  almost  the  same  results,  which  con¬ 
firm  the  difference  between  the  ship  fixed  and  free  to  un¬ 
dergo  sink  and  trim.  The  experimental  wave- resistance 
coefficients  are  obtained  by  using  the  longitudinal-cut 
method. 

Two  numerical  test  cases  are  considered  where  the 
difference  is  basically  the  number  of  panels  used.  The 
position  of  the  vertical  control  surfaces  and  the  upstream 
and  downstream  truncation  boundaries  are  kept  con¬ 
stant.  The  computer  time  for  solving  the  equation  sys- 
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Figure  13:  Wave  elevation  along  the  hull  for  Serie  60 
ship. 


tern  in  test  case  number  2  is  about  four  times  the  time  in 
case  1.  The  values  plotted  by  filled  markers  in  figure  12 
include  the  effects  of  sinkage  and  trim.  The  numerical 
results  are  in  good  agreement  with  experimental  data, 
and  the  convergence  of  the  method  is  reasonable.  Fig¬ 
ure  13  shows  the  wave  elevation  along  the  hull  plotted 
for  three  different  Froude  numbers.  The  main  observa¬ 
tion  is  that  the  calculations  underpredict  the  wave  crests 
and  troughs,  while  the  wave  length  is  well  predicted. 

Conclusions 

The  present  method  has  proved  to  be  successful  in 
solving  the  linear  wave-making  problem.  Results  for  the 
single  point  source  show  that  the  combination  of  an  inner 
and  outer  domain  is  working  well  and  that  the  prediction 
of  the  wave  elevation  is  good. 

Numerical  tests  have  been  carried  out  in  order  to 
verify  the  computer  code.  In  specific  the  Kelvin  Green’s 
function,  the  numerical  differential  operators  and  the 
panel  sizes  have  been  tested. 

Results  such  as  wave-making  resistance,  wave  eleva¬ 
tion,  sinkage  and  trim  are  generally  in  good  agreement 
with  experimental  data. 

Only  limited  number  of  ship  forms  have  been  tested 
in  the  present  work.  Further  development  of  the  method 
should  include  a  number  of  additional  test  cases.  The 
high  Froude  number  range  (F„  >  0.5  )  is  especially  im¬ 
portant.  The  knowledge  thereby  obtained,  will  be  useful 
in  refinements  of  the  numerical  method. 

The  theory  has  many  possibilities  for  further  develop¬ 
ment.  By  means  of  moderate  changes  in  the  program, 
both  the  velocity  field  in  the  fluid  and  the  streamlines 
and  equipotential  lines  on  the  body  can  be  calculated. 
Further,  the  method  should  be  well  suited  for  ships  in 
channels  or  when  wall  effects  is  investigated. 

The  present  method  can  be  extended  to  include  non¬ 
linear  free-surface  conditions  in  the  inner  domain.  The 
matching  boundaries  have  to  be  situated  at  a  sufficient 
distance  from  the  hull  so  that  the  waves  in  the  outer 
domain  can  be  treated  by  linear  theory. 
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Boundary  condition  on  the  vertical  control  sur¬ 
face 

Consider  the  volume  bounded  by  S\  ,5Fand  5,c,  in 
figure  14.  An  arbitrary  point  is  located  on  the  surface  S\ 
at  the  position  where  the  boundary  condition  is  wanted. 
The  point  is  enclosed  by  a  hemisphere  5<  with  a  small 
radius.  It  is  assumed  that  the  two  functions  <p  and  ip 
together  with  their  first  and  second  derivatives,  are  finite 
and  single  valued  in  the  closed  volume.  It  is  then  possible 
to  use  Green's  second  identity 

Il/i  - 

(24) 

where  S  =  S\  5/-  -f  5.x  ■ 

The  surface  Sy  is  located  at  y  =  b,  5xi  on  a  seg¬ 
ment  of  a  sphere  at  infinity  and  Sp  is  the  free  surface. 
Replacing  ip  with  the  Kelvin  Green’s  function,  G/, .  and 
using  (p  as  the  perturbation  potential 


Figure  14;  Outer  solution 


G,v(x,y,r;$,7?,<)  =  --  +  ^  +  N^ir')  -b  H^(r')  (25) 
r  r 

where 

]:  =  {(,^-0''  +  (y-v?  +  {z-or'  (26) 

^  =  ((=c-4y'  +  (j/-t7)'^  +  (^  +  C)'r'  (27) 

No(r')  =  —  /■'  dSpv  r 
It  Jo  Jo 

cos[A(x  -  $)cos^]cos[A!(j/  -  7?)  sin  5] 
K-kCQS^9 

W{r‘)  =  4k (29) 

JO 

sin[K(x  -  ^)sec^]cos[/c(y  -  ;;)sec'*^sin^] 

and  K  =  g/U'^  and  socO  =  1/cos^. 

Both  <p  and  Ga  satisfy  the  Laplace  equation,  V’V  = 
0  and  V^G/;  =  0,  and  equation  (24)  becomes 

Separating  the  integral  into  three  parts,  the  contri¬ 
bution  from  each  surface  can  be  investigated.  Remem¬ 
bering  that  it  is  a  limited  part  of  Sy  that  is  needed  as  a 
control  surface,  S\\ ,  the  following  integrals  are  consid¬ 
ered. 

The  surface  at  infinity 


When  (x  -  C)  >  0  the  potential  (p  and  its  derivative 
d(p/dn  are  of  0[lfr)  and  0(l/r*)  respectively.  Simi¬ 
larly,  when  (x  -  ^)  <  0,  Ga  and  dGi^fdn  are  of  Oilfr) 
and  O(l/r’0.  Consequently  the  contribution  will  vanish 
when  r  — ♦  00. 

The  free  surface 

The  boundary  condition  on  the  free  surface  is  applied 
to  both  the  potential  and  the  Green’s  function.  By  lin¬ 
earizing  equation  (2)  and  (3)  and  combining  them,  the 
condition  becomes 
U'i 

— (p.  +  =0  on  z  =  0.  (32) 

9 


■  f/i'* 


9 


d‘Gu  ^ 
—  -au^)is 


-  tILM* 


d  ,,dGi^ 

dx 


-G„g)dS 


(33) 
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The  surface  integral  is  now  reduced  to  a  line  integral 
along  the  intersection  of  the  free  surface  and  both  the 
vertical  control  surface  and  the  surface  at  infinity.  The 
integration  along  will  vanish  when  r  — *  oo  by  a 
similar  argument  as  for  the  surface  at  infinity.  The  y- 
position  of  the  vertical  control  surface  is  constant,  which 
gives  no  contribution,  and  the  total  integral  ftom  the  free 
surface  vanishes. 

The  vertical  control  surface 

By  differentiating  equations  (26),  (27),  (29)  and  (30), 
dGi  ldn  on  the  vertical  control  surface  is  2ero  when 
X  i  Of  z  ^  C,.  The  interpretation  is  that  only  the 
source  point  creates  a  normal  velocity  to  the  surface. 
For  all  other  points  on  the  control  surface,  only  a  com¬ 
ponent  in  the  plane  itself  exists.  The  contribution  from 
the  source  itself  is  found  by  enclosing  the  source  point 
by  a  small  hemisphere  with  radius  e. 

When  2  <  0  and  r  — *  0,  dGujdy  — *  (i/  —  b)/*"'* 


The  concept  of  an  inner  and  outer  domain  is  espe¬ 
cially  attractive  since  it  makes  use  of  the  matching  sur¬ 
faces  as  a  part  of  the  control  surface,  Sc  =  S\  +  S^,, 
as  described  in  figure  2.  Sf  is  the  intersection  between 
the  free  surface  and  the  Sc.  In  the  case  where  the  ver¬ 
tical  control  surfaces  are  extended  to  infinity,  only  S\ 
will  gi'.'e  a  contribution  to  the  integral  because  Vcf)  and 
C  vanish  at  infinity.  Equation  (36)  then  simplifies  to 

R\y  =  2p  (37) 

Here  continuity  has  been  used,  (//^.^  (p„dS  =  0). 

In  the  computer  program  only  a  restricted  part,  5m  , 
of  the  vertical  control  surfaces  S\  is  used.  Consequently 
two  transverse  control  surfaces,  Sj^^  and  Sf^^ ,  have 
to  be  inserted  in  order  to  enclose  the  control  volume. 
The  corresponding  part  of  Sr  is  S"  and  S"*".  Figure  15 
describes  the  configuration. 

Finally  the  equation  becomes 


/i  = 


-  JL/- 

-  -//„«'■  I-'* 


(34) 


Finely  +  Ir  +  I\  =0  which  gives 


<l>=^  //v,  on  y  =  4:6  (35) 


R^v 


2p  JJ^  <i>x<f>»dS 


The  normal  vector  nj.  of  the  elements  on  Sd-/.  and 
5m-7'  is  db  1,  and  the  disturbance  potential  and  the  wave 
elevation  vanish  rapidly  upstream.  Consequently  the 
computational  domain  will  have  contributions  only  from 
the  vertical  control  surfaces  and  the  transverse  control 
surface  behind  the  ship. 


Wave  resistance  calculated  from  control-surface 
integration 

Wave  resistance  can  be  calculated  by  pressure  in¬ 
tegration  over  the  hull.  An  alternative  procedure  is  to 
calculate  the  change  of  momentum  in  a  closed  volume. 
Newman  [15]  derived  an  alternative  expression  based  on 
the  fluid  velocity  and  wave  elevation  at  an  arbitrary  con¬ 
trol  surface.  Using  the  perturbation  potential  the 
formula  is: 

-\p9‘f^.Cdy  (36) 


Figure  15:  Control  surfaces  for  calculating  wave  resis¬ 
tance. 
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Abstract 

The  authors  present  a  new  cavity 
model,  which  Is  named  a  Bubble  Two-phase 
Flow  (BTF)  model,  to  explain  the 
interaction  between  viscous  fluid  and 
bubble  dynamics.  This  BTF  cavity  model 
treats  the  Inside  and  outside  of  a 
cavity  as  one  continuum  by  regarding  the 
cavity  as  a  compressible  viscous  fluid 
whose  density  varies  widely.  Navier- 
Stokes  equations  including  cavitation 
bubble  clusters  are  solved  in  finite 
difference  form  by  a  time-marching 
scheme.  The  growth  and  collapse  of  a 
bubble  cluster  is  given  by  a  modified 
Rayleigh's  equation.  Computation  was 
made  on  a  two-dimensional  flow  field 
around  a  hydrofoil  NACA0015  at  an  angle 
of  attack  of  8.0  deg.  The  Reynolds 
number  was  3x10®.  The  computational 
results  showed  the  occurrence  of  the 
attached  cavity  at  the  foil  leading 
edge.  Furthermore,  the  present  results 
predicted  the  generation  of  cavitation 
clouds  with  large-scale  vortices.  The 
newly  proposed  BTF  cavity  model  is  very 
flexible  and  promising. 

1.  Introduction 

When  the  pressure  of  a  liquid  is 
reduced  at  constant  temperature  by 
either  static  or  dynamic  means,  a  state 
is  reached  at  which  vapor  or  vapor- 
filled  bubbles  exist.  This  phenomenon  is 
called  cavitation  (1].  Cavitation 
results  in  performance  deterioration  of 
hydraulic  machinery,  generation  of 
noise,  vibration  and  erosion.  This  is 
because  cavitation  is  a  dynamic 
phenomenon,  as  it  concerns  Itself  with 
the  growth  and  collapse  of  cavities.  In 
spite  of  many  excellent  studies,  the 
actual  structure  of  cavitation  is  not 


yet  fully  understood.  In  order  to 
accurately  predict  the  generation  of 
noise  or  onset  of  erosion,  it  is 
particularly  important  to  Illuminate  the 
unsteady  structure  of  cavitation. 

Vortex  cavitation  is  often  observed 
in  the  flow  downstream  of  attached 
cavitation.  It  is  caused  by  vorticity 
shed  into  the  flow  field  Just  downstream 
of  the  cavity.  Such  vortex  cavitation 
generates  a  large  cavitation  cloud  under 
certain  conditions.  The  vortex 
cavitation  impinges  on  the  body  and  its 
subsequent  collapse  results  in  erosion 

(2) .  In  previous  work,  the  authors 
performed  an  experimental  investigation 
of  the  unsteady  structure  (velocity 
distribution)  of  cloud  cavitation  on  a 
stationary  two-dimensional  hydrofoil 
using  a  conditional  sampling  technique 

[3] .  It  was  found  that  the  cloud 
cavitation  observed  in  the  experiment 
was  a  large-scale  vortex  with  many  small 
cavitation  bubbles.  Consequently,  the 
Importance  of  the  interaction  between 
large-scale  coherent  vortices  in  the 
flow  field  and  cavitation  bubbles  was 
recognized . 

Much  theoretical  work  also  has  been 
done  in  order  to  obtain  a  better 
understanding  of  the  physics  of 
cavitation  phenomenon.  Researchers  have 
continually  developed  new  models  of 
cavltating  flow  based  mainly  on  the 
assumption  that  the  flow  is  irrotational 
(Inviscid).  For  example,  Tulin  [4]  (5] 
proposed  small-perturbation  (linearized) 
theory  for  the  case  of  a  supercavi bating 
hydrofoil.  He  has  treated  the  cavity  as 
a  single  vapor  film  and  assumed  that  the 
pressure  inside  the  cavity  is  constant. 
This  is  a  sort  of  macroscopic  analysis 
of  cavitation.  Using  this  model,  many 
researchers  have  gradually  improved  the 
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calculation  methods  [6 1 [7] [ 8 ] [ 9] [ 10] 1 11] . 
The  single  vapor  film  model  is  now  well 
established.  It  can  also  predict 
macroscopic  cavity  characteristics 
fairly  well.  However,  they  all  dealt 
with  only  steady  cavitation.  Furness  and 
Hutton  112]  treated  the  case  of  an 
unsteady  attached  cavity  on  a  stationary 
two-dimensional  body  by  the  singularity 
inetliod.  This  calculation  result  showed 
unsteadiness  of  the  cavity  surface  and  a 
reentrant  jet  [1].  Their  methods, 
however,  could  not  predict  the  behavior 
of  a  detached  cavity  after  the  attached 
cavitation  splits  into  two  parts.  Tulin 
and  Hsu  [13]  and  van  Houten  [14]  have 
solved  the  unsteady  cavity  problem  on  a 
periodically  oscillating  hydrofoil. 

Their  method  also  could  not  predict  the 
generation  of  detached  cavitation 
clouds.  This  is  because  of  a  limitation 
of  the  cavity  model,  which  treats  the 
cavity  as  a  single  vapor  film  where 
pressure  is  constant.  Therefore,  a  new 
model  of  cavitation  is  required  to 
theoretically  study  the  breakoffs  of 
attached  cavitation  and  cavitation 
clouds. 

How  to  model  the  cavity  trailing 
edge,  where  the  cavity  collapses,  is  the 
most  difficult  problem  for  the  above- 
mentioned  single  film,  constant  pressure 
cavity  model.  When  one  observes  actual 
cavitation,  it  is  found  that  the  sheet 
cavity  splits  into  minute  bubbles  with 
vortices  in  the  end  region.  Then  the 
bubbles  collapse.  One  can  often  observe 
many  vortex  cavities  in  this  region  even 
If  the  sheet  cavity  Is  stable.  Van 
Wljngaaden  [15][16],  M0rch  [17],  Chahlne 
and  Lie  [18],  d'Agostlno  and  Brennen 
[19]  and  others  have  studied  the 
dynamics  of  bubble  clusters.  The  bubble 
cluster  Is  a  kind  of  microscopic 
modeling  of  cavitation.  However,  these 
studies  treated  only  a  cluster  of 
collapsing  bubbles  under  given 
conditions.  Hence,  they  could  not  answer 
how  the  unsteady  attached  cavity  sheds 
cavitation  clouds. 

Highly  vortical  fluid  motion  such  as 
a  cavitation  cloud  is  often  observed 
downstream  of  a  cavity.  Experimental 
observation  shows  a  close  relatlonslilp 
between  large-scale  coherent  vortex  and 
cavitation  [3].  Therefore,  it  is 
necessary  to  develop  a  theoretical 
elucidation  of  the  mechanism  that 
generates  the  large-scale  vortex 
structure.  There  is  a  strong  Interaction 
between  the  large-scale  vortex  and 


cavitation.  The  occurrence  of  attached 
cavitation  yields  boundary  layer 
separation.  The  separated  shear  layer 
rolls  up,  thus  turning  into  a  large- 
scale  vortex  [20].  On  the  contrary,  the 
large-scale  vortex  yields  a  low  pressure 
region  at  its  center.  In  the  low 
pressure  region,  bubbles  grow  and 
remain.  Existing  cavity  models  are 
powerless  to  explain  the  nonlinear 
vortex  dynamics  of  the  above  problem 
since  they  assume  inviscid  flow. 

In  this  paper,  the  authors  will 
propose  a  new  cavity  model  that  can 
explain  the  interactions  between 
vortices  and  bubbles.  The  authors  call 
this  new  model  a  Bubble  Two-phase  Flow 
(BTF)  cavity  model.  In  a  macroscopic 
(coarse-grained)  view,  this  model  treats 
the  cavity  flow  field  phenomenologically 
as  a  compressible  viscous  fluid  whose 
density  varies  greatly.  It  can  treat  the 
inside  and  outside  of  the  cavitation  as 
a  single  continuum  and  hence  it  can 
express  the  detached  cavitation  clouds. 

In  a  microscopic  view,  this  model  treats 
cavitation  structurally  as  bubble 
clusters.  By  coupling  these  two  views, 
the  RTF  cavity  model  can  clarify  the 
nonlinear  interaction  between 
macroscopic  vortex  motion  and 
microscopic  bubble  dynamics.  The  authors 
have  developed  a  program  code  SACT-III 
(Solution  Algorithm  for  Cavitation  and 
Turbulence,  version  III)  to  solve  the 
BTF  model  equations  using  the  finite 
difference  method.  They  will  apply  this 
program  to  cavity  flow  around  a 
stationary  two-dimensional  hydrofoil  in 
order  to  verify  its  ability. 

2.  Formulation 

An  attached  cavity,  which  is  formed 
at  the  leading  edge  of  a  cavltating 
hydrofoil,  collapses  at  the  mid-portion 
of  the  hydrofoil.  It  is  also  well  known 
that  the  attached  cavity  oscillates 
cyclically  within  a  certain  range  of 
cavitation  number.  This  unsteady  cavity 
sheds  a  cavitation  cloud  in  each  cycle 
[3].  The  front  part  of  the  attached 
cavity  is  a  film  of  vapor  where  pressure 
is  constant.  At  its  rear  part,  the  vapor 
Him  splits  up  into  tiny  bubbles.  A 
large-scale  vortex  caused  by  the  cavity 
rolls  up  the  bubbles,  thus  generating  a 
cavitation  cloud.  There  are  two  cavity 
types  in  a  microscopic  view.  As  shown  in 
Figure  1,  these  are  the  vapor  film  and 
the  bubble  cluster  (with  vortices). 
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Figure  1  Two  microscopic  views  of  cavitation, 
vapor  fiira  types  Ubove)  and 
bubble  cluster  types  (below). 

There  Is,  however,  a  third  type  of 
cavitation.  This  is  traveling  cavitation 
or  bubble  cavitation  (!].  This 
phenomenon  is  not  treated  in  this  paper. 

2 . 1  Macroscopic  Modeling 

In  the  macroscopic  view,  the  Bubble 
Two-phase  Flow  (BTF)  model  treats  the 
Inside  and  outside  of  the  cavitation  as 
one  continuum.  This  is  because  it 
regards  the  cavity  flow  field  as  a 
compressible  viscous  fluid  whose  density 
varies  greatly.  According  to  this 
phenomenological  modeling,  contour  lines 
of  void  fraction  (volume  fraction  of 
cavities)  express  the  shape  of  the 
cavity  as  shown  in  Figure  2.  Governing 
equations  of  the  macroscopic  flow  fleid 
are  as  shown  below. 

The  equation  of  continuity  is 

|^+7((OV)=0  ,  (1) 


MACROSCOPIC  VIEW 


Figure  2  Modelling  concept  of  Bubble  Two-phase 
Flow  (BTF)  cavity  model. 

where  t,  pv,  v  and  p  are  time,  mass  flux 
vector (/>u,pv,pw) ,  velocity  vector 
(u,v,w)  and  density  of  the  mixture, 
respectively. 

The  conservation  equation  for 
momentum:  Navier-Stokes  equation  is 

■^^f^+V(/ovv)=-vP+i/i{v2v+i7(V-v) }  ,  (2) 

where  P  is  the  pressure  in  the  mixture, 
/4  is  the  viscosity  of  the  mixture,  and 
Re  is  the  Reynolds  number.  This  equation 
is  in  conservation  form  [21].  The 
nondimensionalized  quantities  based  on 
the  uniform  flow  velocity  and  a 
reference  length  have  been  employed  in 
the  above  two  equations. 

The  BTF  cavity  model  assumes  that  a 
fluid  of  variable  density  ‘replaces  the 
water-vapor  mixture.  The  density  of  the 
water  containing  bubbles  (mixture)  is 
defined  as  follows: 

/>=(l-fg)PL  ’  (3) 
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where  Is  the  water  density  and  f  is 
the  local  void  fraction.  The  mass  and 
momentum  of  the  vapor  are  Ignored,  since 
they  are  small  compared  with  those  of 
the  liquid.  The  actual  ratio  comparing 
the  density  of  vapor  to  that  of  liquid 
is  of  the  order  10"'^.  The  change  of 
liquid  mass  due  to  the  phase  change  is 
also  Ignored. 


The  viscosity  of  the  mixture  Is 
assumed  to  be  as  follows: 


/'=(l-fg)/^L"fg/*G 


(4) 


where  is  the  water  viscosity  and  yUg 
Is  the  vapor  viscosity. 


2 . 2  Microscopic  Modeling 

-  Local  Homogeneous  Model  - 


To  calculate  the  macroscopic  flow 
field,  it  Is  necessary  to  know  the  local 
void  fraction  function  fg(t,x,y,z).  The 
greatest  problem  is  to  develop  a  model 
that  gives  the  relationship  between  the 
flow  field  condition  and  the  void 
fraction.  The  present  BTF  model  treats 
cavitation  microscopically  as  bubble 
clusters.  This  is  because  bubbles  play 
important  roles  in  the  cavity  inception 
[22].  Furthermore,  one  of  the  main 
purposes  of  the  BTF  model  is  to  study 
the  mechanism  of  the  cavity  collapse. 

The  sheet-type  cavity  splits  up  into 
tiny  bubbles  there.  This  structural 
microscopic  model  cannot  be  basically 
applied  to  the  vapor  film  type 
cavitation.  However,  the  type  of  the 
microscopic  model  has  less  effect  on  the 
macroscopic  model  when  the  void  fraction 
is  high.  The  present  BTF  model 
introduces  a  Local  Homogeneous  Model 
(LHM),  which  is  a  sort  of  Mean  Field 
Approximation  (MFA) ,  for  simplicity.  It 
treats  the  cavity  as  a  local  homogeneous 
cluster  of  spherical  bubbles  as  shown  in 
Figure  2.  Bubble  number  density  and  a 
typical  radius  are  assumed  locally.  This 
typical  bubble  radius  is  obtained  from 
the  growth-collapse  equation  of  the 
bubble  cluster.  This  equation  is  derived 
from  the  growth-collapse  equation  of  one 
spherical  bubble  (Rayleigh's  equation). 


density  is  assumed  to  be  constant  all 
over  the  computational  domain  though 
real  cavity  flows  have  a  distributed 
bubble  density.  This  is  because  it  is 
too  difficult  to  formulate  coalescence 
and  fragmentation  of  the  bubbles. 


Figure  3  Local  homogeneous  microscopic  cavity 
model  (LHM). 


The  LHM  assumes  that  cavities  form  in 
the  shape  of  spherical  bubbles.  The 
bubbles  remain  separate  and  distant 
enough  from  each  other  so  that  their 
shapes  remain  spherical.  Interaction 
between  bubbles  occurs  through  the  local 
pressure  that  develops  in  the  liquid  as 
bubbles  grow. 


Lord  Rayleigh  originally  derived  the 
equation  of  radial  motion  (growth  and 
collapse)  of  an  Isolated  spherical 
bubble  in  a  homogeneous  infinite  medium 
[23).  This  equation  is  widely  known  as 
Rayleigh's  equation.  It  takes  the 
following  form,  neglecting  the  effect  of 
surface  tension  and  viscous  damping, 


„d^R^3fdR^2  ^v"^ 


dt 


(6) 


where  is  the  vapor  pressure.  In  this 
study,  the  vapor  pressure  is  assumed 
constant.  This  is  because  the  behavior 
of  the  bubble  is  nearly  Isothermal  and 
gas  Inside  the  bubble  is  also  ignored. 


f  by  coupling  the  bubble  density  and 
the  typical  bubbie  radius  as  follows: 


fg=n-4«R3  ,  (5) 

where  n  is  the  bubble  number  density  and 
R  is  the  typical  bubble  radius  (see 
Figure  3).  In  this  paper,  the  bubble 


The  finite-difference  method  was 
employed  in  SACT-III.  In  this  method,  a 
continuous  domain  Is  discretized  into 
finite  grid  points.  Hence,  an 
interaction  between  individual  bubbles 
within  the  grid  spacing  must  be 
considered  to  eliminate  the  effect  of 
the  computational  grid.  This  effect  is  a 
sub-grid-scale  (SGS)  bubble  interaction. 
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Next,  let  us  consider  the  SGS  bubble 
interaction  of  the  I.IIM,  deriving 
analytically  the  equation  of  motion  of 
the  bubble  cluster. 


Figure  4  Sub-grid-scale  (SGS)  bubble  interaction 
model. 


As  shown  in  Figure  4,  we  consider  the 
influence  of  the  other  bubbles  which 
exist  inside  of  the  distance  Ar  (=grld 
spacing).  The  total  velocity  potential 
due  to  the  other  bubbles 
at  the  origin  0  is 


dr 


ITf^l 


(7) 


when  Rj«rj.  From  the  local  homogeneous 
assumption, 


1  -I  dr .  o 

^  )=o 


and 


(8) 


Rj^=R 


(9) 


The  following  equation  Is  therefore 
obtained  by  adding  the  time  derivative 
of  Equation!?)  to  the  original 
Equation(6) : 


1  dR„2.^„d^R^3,dR.2 
71  dt*^ 


P  -P 
v 


•  (10) 


The  number  of  bubbles  which  exist  inside 
the  sphere  of  radius  Ar  is 


n Ar^ 


(11) 


Then  the  first  term  of  the  left-hand 
side  in  EquatlonilO)  becomes 


—  C^  —  _^/C|Rj,2yi  _l.j 

at^^  r^  dt*^  ’  at^dr‘  ^  rj^^ 


=  2xAr-(nR-^^§aR^§^.2nR§^)  .(12) 


Combining  Equations(lO)  and  (12)  and 
replacing  the  time  derivative  with 

we  obtain  the  LUM's  equation  of  motion 
as  follows: 


(l  +  2xAr2nR)R^^+(i+47rAr2nR)  ({^)2 

O';  p.p  (13) 

+  2xAr  5jf:R  • 


Referring  to  Equatlon(13) ,  it  is  found 
that  the  effect  of  the  other  bubbles 
decreases  with  a  decrease  in  Ar.  This 
is  a  preferable  characteristic  in 
solving  the  present  problem.  This  is 
because  the  other  bubbles  do  not  affect 
the  referred  bubble  if  the  grid  interval 
was  zero. 

Quantities  in  the  above  equations 
have  been  nondimensionalized  based  on 
the  uniform  flow  velocity  U»*  and  a 
reference  length  d*.  Hence: 


P*  =  ^,*U  ‘^p,  t*=M_,  V%1)  *v. 


•  •  ft  « 


n*=-^.  R*  =  d*R. 

d»3 

ft  ,ft  ft  ,ft  ft  ,ft 

X  =d  X,  y  =d  y,  z  =d  z, 


(14) 


where  *  denotes  dimensional  values.  In 
the  following  computation,  the  chord 
length  of  a  hydrofoil  has  been  chosen  as 
d*.  The  Reynolds  number  Re,  pressure 
coefficient  Cp  and  cavitation  number 
(T  are  defined  as  follows: 


Re=- 


U_  d  U„  d  p. 


C  = 


p*-p  * 


P/-Pv’ 


1  _  * 2 
nPl 


2  a 


(15) 


3.  SACT-III  Program 

The  program  SACT-III  is  the  third 
version  of  the  SACT  series.  The  purpose 
of  the  SACT  series  is  to  study 
theoretically  the  unsteady  structure  of 
cavitation  using  the  BTF  model.  Over 
several  years,  we  developed  a  program 
SACT-II  (SACT,  version  II;  two- 
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dimensional  rectangular  cell  version). 

The  results  computed  by  SACT-Il 
explained  cavity  formation  caused  by 
large-scale  coherent  vortices  behind  a 
rectangular  obstacle  on  a  wall  [24].  The 
present  SACT-III  employs  the  finite 
difference  method  in  the  body  fitted 
coordinates  to  solve  the  governing 
partial  differential  equations  given  in 
the  preceding  section.  This  section 
explains  the  computational  procedure  and 
the  finite  difference  scheme  of  SACT-III. 
The  computational  procedure  is  basically 
the  same  as  the  Marker-and-Cell{MAC) 
method  [25]  except  for  the  use  of  a 
regular  mesh  system,  instead  of  the 
staggerd  mesh  system. 

3 . 1  Quasi-Poisson  Equation  for  Pressure 

By  taking  the  divergence  of  the 
Navier-Stokes  equatlon(2),  the  following 
Poisson  equation  for  pressure  is  given: 

+D(  pY,  v) 

,  (16) 

=  -^{V(/ov)  }+t(pv,v)  , 

where 

v)=-7(V(/!>vv)+.ji/j{V^v+27(V-v))  ]  .(17) 

Substituting  the  continuity  equatlon(l) 
into  Equationd?) , 

V^?=-^P*’h{pY,v)  .  (18) 

at^ 

From  Equatlons(3)  and  (5),  which 
represent  the  basic  assumptions  of  the 
Linvi. 

P=(l-n  .  (19) 

To  simplify  the  HIM,  n=constant  is 
assumed  in  this  study  as  mentioned  in 

section  2.2.  By  differentiating 

Equatlon(19)  twice  with  respect  to  t,  we 
have  the  following  equation: 

^=-Pj4nx{R2^+2R(|f)2}  .  (20) 

at'^  af^ 

From  the  LUM's  equation  of  motion(13), 

^=3i(/ov,v.|2,R)+:s(P)  ,  (21) 

d  t 
where 

3i(pv,v,|f.R) 

=  -{2(v-V)||+(T-V)  (vV)R} 

2+4xAr^nR  ,,,  o  (22) 

..J - - - {|R+(v.v)R)^ 

(l  +  27tAr^nR)R 

- ^.Ar^R^ - {|n+(y.^)n)  (|S+(  vv)R)  . 

(l  +  2xAr^nR)U 


*(P)= - -  •  (23) 

(l+2xAr‘^nR)R/OL 

If  n=constant.  the  last  term  of  the 
right-hand  side  becomes  zero  in 
Equation(22) . 

Substituting  Equations(20)  and  (21) 
into  (18),  we  obtain  the  quasi-Poisson 
equation  for  pressure  including  the 
motion  of  the  bubble  cluster  as  follows: 

V^P  +  *'  (P)=M'  (/OV,V,||,R)+5)(/oV,V)  ,(24) 

where 

9' (P)=-PL4nxR^-*(P)  , 

91'  (/>V,V,|S,R) 

81  (26) 

=  -P^^4nxR{9i(it>v,v,||,R)+2(|f )2}  . 

The  left-hand  side  in  Equation(24)  is 
approximated  by  the  second-order  finite 
differencing  scheme.  As  a  consequence, 
simultaneous  equations  of  pressure  P  are 
obtained  if  the  right-hand  side  is  given 
in  Equation ( 24 ) .  SACT-III  solves  the 
simultaneous  equations  derived  from 
Equation(24)  with  a  point  successive 
relaxation  method.  Equatlon(24)  is 
equivalent  to  the  normal  MAC  method's 
Poisson  equation  of  incompressible  flow 
[25]  when 

9’  =91'  =0  . 

They  are  always  set  to  zero  for  non- 
cavitating  conditions.  If  the  mixture  is 
filled  with  liquid,  Equatlon(13)  cannot 
be  solved  since  the  bubble  radius  R 
becomes  zero.  If  the  mixture  is  filled 
with  vapor,  Equation] 2)  cannot  be  solved 
since  density  of  the  mixture  becomes 
zero.  Hence,  when  the  void  fraction  fg 
Isless  than 

f  jjx  (<1.0),  the  bubble  radius  becomes 
fixed.  Then,  99'  and  91'  are  also  set  to 
zero.  In  the  following  computations, 
fgmin  fgmax  follows: 

4-  „  4  n  3 

^ginln""'3’'‘^0  ’ 

f  =0.95  , 

^gmax  ’ 

where  Rq  is  the  initial  bubble  radius. 

3 . 2  Numerical  Methods 

Equatlons(2)  and  (13)  are  time- 

integrated  with  and  Euler  explicit 

scheme  using  the  value  of  pressure  P 

obtained  by  solving  Equation(24) .  To 

solve  a  hlgh-Reynolds-number  flow,  each 

nonlinear  term  in  Equatlon(2),  for 

example  -^(/ouv)  ,  was  approximated  with 
dx 
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the  fourth-order  centered  finite- 
differencing  scheme  with  the  fourth- 
derivative  term: 

|lu|  -^(^v)Ax^  .  (27) 

dx. 

The  fourth-derivative  term  plays  an 
important  role  in  stabilizing  the 
calculation.  Physically,  fourth- 
derivative  term  means  shorter-range 
diffusion  compared  with  the  second- 
derivative  viscous  term  [26].  The 
fourth-derivative  term  consequently 
stabilizes  the  computation  without 
decreasing  the  Reynolds  number  and 
introducing  any  turbulent  models.  The 
universal  availability  of  this  fourth - 
derivative  term  nas  not  been  ascertained 
yet  for  the  turbulent  flow  calculation. 
However,  SACT-III  introduces  no 
turbulent  model  since  there  exists  no 
established  one  for  the  two-phase 
(cavity)  flow  at  present. 


Outer-flow  Boundary  Side  Boundary 


All  the  other  space  differential 
terms  in  Equatlons(2)  and  (13)  are 
approximated  with  the  second-order 
centered  differencing  scheme. 
Equation(13) ,  however,  has  no  spatial 
diffusive  term  for  bubble  radius  R  and 
its  time-derivative.  The  second- 
derivative  term  is  accordingly  added  in 
equation  (13)  to  eliminate  the 
instability  of  the  nonlinear  terms.  For 
example , 


lul 


ax'^ 


(28) 


is  added  to  u^  .  This  term  means 
diffusion.  ° 


To  compute  the  high-Reynolds-number 
flow  around  a  body  of  arbitrary  shape, 
it  is  convenient  to  use  body-fitted 
coordinates  through  coordinate 
transformation.  Figure  5  shows  the  grid 
system  for  the  present  problem  of  flow 
around  a  two-dimensional  hydrofoil.  This 
system  is  called  a  C-type  grid  [27].  The 
connected  physical  (x,y,z)  domain  around 
the  hydrofoil  is  mapped  onto  the 
rectangular  computational  (1,1,?) 
domain.  Here  the  pair  of  planes  forming 
the  branch  cut  are  both  on  the  same 
plane  of  the  transformed  region.  The 
surface  of  the  body  is  also  mapped  on 
the  same  plane  with  the  branch  cut. 


TRANSFOKMED  DOMAIN 


Figure  5  C-grid  system  around  a  two-dimensional 
hydrofoil. 


conditions  are  imposed  at  the  outer-flow 
boundary.  These  are: 


u=l,  v=w=0, 

R=Ro.  11=0,  P=0  . 


(29) 


At  the  downstream  and  side  boundaries, 
the  boundary  conditions  of  the  zero-th 
order  (zero-gradient)  extrapolation  are 
imposed.  At  the  branch  cut  boundaries, 
the  periodic  boundary  conditio" s  are 
Imposed.  At  the  wall  boundary,  uhe 
following  boundary  conditions  are 
Imposed. 

u=v=w=0, 

3P  3R  „  (30) 

Sv'a?"  ' 

First  order  (linear)  extrapolation  in 
(^,1.?)  domain  is  used  for  the 
velocities  to  calculate  the  nonlinear 
terms  of  Equation(2).  The  terms  are 
approximated  by  the  fourth-order 
centered  differencing  scheme  with  the 
fourth-derivative  term. 


4.  Computational  Results  and  Discussion 


A  regular  mesh  system  is  employed. 
Velocities,  pressure  and  bubble  radius 
are  given  on  the  grid  points.  As  shown 
in  Figure  5,  the  uniform  flow  boundary 


4.1  Condition  of  Computation 

A  hydrofoil  section  with  a  simple 
mathematical  configuration,  NACA0015 
[28],  was  chosen  for  the  computation 
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The  computation  was  performed  at  angles 
of  attack  of  0.0,  8.0  and  20.0  degrees 
(291.  However,  this  paper  discusses  only 
the  results  at  (k  =0.0  and  8.0  degrees. 
The  Reynolds  number  Re  was  3x10®  in  all 
the  computations.  It  is  based  on  the 
uniform  flow  velocity  and  chord  length 
of  the  hydrofoil  The  viscosity  ratio 

9.12x10"®.  The  computation  at 
k=0.d  deg.  was  performed  only  for  non- 
cavi bating  conditions  to  evaluate 
numerical  accuracy.  Experimental 
observation  at  d\  =8.0  deg.  shows  laminar 
separation  without  bursting  near  the 
leading  edge.  For  cavltatlng  conditions, 
an  attached  type  cavity  accordingly 
occurs  near  the  foil  leading  edge. 

The  hydrofoil  was  accelerated  from 
u=0  to  the  steady  speed  of  1  for  T=0-1 . 
The  cavitation  number  was  also  decreased 
gradually  for  T=2-3  so  as  to  compute 
stably  for  cavltatlng  conditions.  The 
time  Increment  t  was  determined  in  each 
computational  step  to  keep  the  Courant 
number  less  than  0.25.  The  relaxation 
factor  was  set  to  be  0.8  when 
Equation (24)  was  solved  with  the 
successive  relaxation  method.  However, 
it  was  reduced  to  0.3  for  cavltatlng 
conditions.  The  convergence  condition  of 
the  pressure  computation  is  as  follows: 
ma.vddPl  )  <  0.001 

(for  non-cavitatlng  conditions) 
max(|4PI )  <  0.01 

(for  cavltatlng  conditions), 
where  AP  is  the  residue  of  pressure  in 
an  iterative  calculation. 


i’igure  6  C-grid  system  around  NACA0015  hydrofoil 
at  a=0.0deg.l01(f )x31(;7)x3(r). 


Proceeding  the  computations  for 
cavltatlng  conditions,  it  is  necessary 
to  evaluate  numerical  accuracy  of 
S AC^I'“ TTT  fo«*  rtOr«~Cvivit/Gtiiri5  ccncilt^iCiBS 
The  angle  of  attack  was  0.0  degrees. 
Figure  6  shows  the  c-grld  system.  The 
grid  v/as  uniform  in  the  spanwlse 
section.  The  number  of  grid  points  was 
101(^  )x31  (>2  )x3(^  ) .  The  distance  between 
the  trailing  edge  and  the  upper  or  lower 
boundaries  was  1.2.  The  distance  between 


the  trailing  edge  and  the  downstream 
boundary  was  3.0.  The  shape  of  the  front 
part  of  the  outer-flow  boundary  was  oval 
as  shown  in  Figure  6.  A  direct  numerical 
methcri  [30]  was  used  for  the  grid 
generation.  The  minimum  grid  spacings  at 
the  leading  and  trailing  edges  were 
0.70x10"^  and  1.54x10"'*,  respectively  . 
The  minimum  spacing  was  about  one 
twelfth  of  Re"®'®  at  the  trailing  edge. 

CP 

”  #  Experiment  (Re=6xl0®) 

OA  Present  Calculation  (Re=3xi0*) 

.  iless-Sfflith  Method  with 

Boundary  Layer  Calculation 
(Re=3xl0‘) 


Figure  7  Foil  surface  and  wake  pressure, 
NACA0015:u=0.0deg.  ;T=2.0, 

Figure  7  shows  the  pressure 
distributions  on  the  foil  surface  at 
T=2.  The  circles  show  the  distribution 
of  Cp  on  the  foil  surface.  The  triangles 
show  the  distribution  of  Cp  in  the  wake, 
i.e.,  on  the  branch  cut  shown  in  Figure 
6.  The  computational  results  are 
compared  with  the  computation  using  the 
Hess-Smith  method  [31]  and  the 
measurement  at  Re=6xl0®  by  Izumida  [32]. 
The  Hess-Smith  method  is  a  sort  of 
numerical  solution  method  of  potential 
flow  based  on  the  boundary  element 
method.  The  foil  shape  was  modified  by 
adding  the  computed  displacement 
thickness  of  the  foil  surface  boundary 
layer  [33].  The  laminar  boundary  layer 
was  computed  using  Thwaite’s  method, 
with  the  empirical  constants  derived  by 
Curie  and  Skan  [34].  The  length  of  the 
separation  bubble  was  150  times  as  long 
as  the  momentum  thickness  at  the  laminar 
separation  point.  The  Head's  entrainment 
method  modified  by  Cebeci  [35]  predicted 
the  turbulent  boundary  layer 
development.  The  turbulent  separation 
was  predicted  to  occur  when  the  form 
factor  11^2  exceeds  2.1.  The  computed 
pressure  distribution  agrees  very  well 
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with  the  others  as  shown  in  Figure  7. 
Furthermore,  the  pressure  coefficient  is 
.982.  which  is  almost  equal  to  1.0,  at 
the  front  stagnation  point.  As  a 
consequence,  the  present  numerical 
method  has  good  accuracy  when  the  grid 
system  is  fine  enough.  The  computed 
pressure  distributions  disagree  with  the 
experimental  result  when  the  coarser 
grid  systems  are  used  [29]. 


Convective  Tern 


DMAX=».4 

Fourth-derivative  Nunerical  Dissipation  Term 
^  <®^DMAX=6.  63 


Pressure  Tern 


q  DMAX=i7.4 


Truncation  Error  of  Pressure  Tern 
l.tfODMAX=1.40 


Figure  9  Close-up  of  the  grid  system  aro'ind  NACA0015 
hydrofoil,  a=8.0deg. ,  101(f  )x31(??)x3{r). 

trailing  edge.  It  was  almost  the  same  as 
that  of  the  grid  system  at  cX  =0.0  deg. 
Figure  10  .shows  the  time-averaged 
velocity  vectors  from  T=2  to  4  for  non- 
cavitating  conditions.  The  computation 
was  performed  stably.  The  boundary  layer 
separates  at  X=0.74  on  the  back  side. 
Instantaneous  velocity  vectors,  however, 
show  unsteady  vortex  shedding  from  the 
foil  trailing  edge  region.  In  the  other 
region,  the  flow  is  almost  steady.  No 
separation  occurs  near  the  leading  edge. 

Separation  Point  (X=0. 74) 


Figure  8  Distribution  of  convective,  fourth- 

derivative,  pressure  and  its  truncation  , 
error  terras  in  x-raomentura  equation,  ! 
NAC.A0015:  a=0.  Odsg.  :Re=3.  Ox  10M=2.  0. 

Figure  8  shows  the  distributions  of 
the  convective  term,  tht  fourth- 
derivative  term,  the  pressure  terms  and 
its  truncation  error  in  the  x-momentum 
equation.  The  contour  Interval  is  1.0. 
DMAX  shows  the  maximum.  The  maximum  of 
the  fourth-derivative  term  is  not 
negligible  compared  with  the  convective 
and  pressure  terms.  However,  it  is 
distributed  only  near  the  foil  surface 
around  the  leading  and  trailing  edges. 
This  result  shows  that  the  effect  of  the 
fourth-derivative  term  is  local  but 
important  to  stabilize  the  computation. 
The  truncation  error  of  the  pressure 
term  is  sufficiently  small  compared  with 
the  main  differenced  terms. 

4 . 2  Ursteady  Attached  Cavity 

Figure  9  shows  a  close-up  of  the  grid 
system  around  the  NACA0015  hydrofoil. 

The  angle  of  attack  was  8.0  deg.  The 
number  of  grid  points  was  101x31x3.  It 
was  the  same  as  that  at  cA  =0.0  deg.  The 
minimum  spacing  was  0.70x10"'*  at  the 


Ffitll 


Figure  10  Time-averaged  (T=2~4)  velocity  vectors 
around  NACA0015  hydrofoil.  a=8.0deg. : 
Re=3.0xl0^ 

Figure  11  shows  the  chordwise 
distribution  of  boundary  layer 
displacement  thickness  on  the  foil 
surface.  The  present  result  agrees  well 
with  the  boundary  layer  calculation  at 
the  front  part  of  the  back  side. 

However,  it  cannot  predicte  a  laminar 
separation  bubble  because  of  the 
insufficiency  of  the  grid  points  in  the 
J -coordinate.  The  separation  point  is 
further  upstream  than  in  the  boundary 
layer  calculation.  On  the  contrary,  the 
agreement  of  the  separation  point  is 
good  on  the  face  side.  However,  the 
boundary  layer  is  thicker  near  the 
leading  edge. 

Figure  12  shows  an  example  of  the 
velocity  profiles  using  wall  variables. 
The  present  profile  closely  follows  the 
low  of  the  wall.  The  present  method  can 
consequently  express  the  turbulent 
boundary  layer  without  any  turbulent 
models . 
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s  , 


Figure  11  Boundary  layer  displacement  thickness 
distribution  on  NACA0015  hydrofoil, 
a=8.0deg.  :Re=3.0xl0^ 


u' 


Figure  i2  Velocity  profile  in  boundary  layer  on 

NACA0015  hydrofoil  using  waii  variables, 
a  =8.  Odeg.  :Re=3.  Ox  10M=57(X=0.  0827). 


While  the  velocity  profiles  are 
predicted  well,  the  pressure  is  not 
predicted  quite  so  well.  The  present 
lift  coefficient  is  only  about  58%  of 
that  obtained  by  the  experiment. 


However,  the  shape  of  the  pressure 
distribution  agrees  well  with  the 
experiments.  Hence,  the  disagreement  of 
pressure  hardly  affects  the  nature  of 
the  unsteady  cavitation. 


p 


Tile  t 


Figure  13  Influencp  of  the  SGS  bubble  interaction 
modei  on  bubble  collapse  (above)  and 
growth  (below). 

Before  analyzing  the  cavitating  flow 
field,  we  should  check  the  effect  of  the 
SGS  bubble  interaction  model.  Figure  13 
shows  the  effect  of  the  SGS  bubble 
Interaction  when  the  ambient  pressure  P 
has  changed  stepwise  with  the  amplitude 
of  ±(Pv-P)/p,,=0.1.  n(4/3)K.-iir®  is  the 
number  of  bubbles  within  the  grid  scale 
Ar.  The  convective  terms  were  neglected 
in  Equation(13) .  The  Runge-Kutta-Gill 
method  was  used  to  solve  the 
differential  Equatlon(13) .  The  bubble 
radius  is  nondimenslonalized  using  its 
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Initial  value.  The  case  A  is  the 
calculation  of  Isolated  bubbles,  i.e., 
with  no-bubble  interaction  effects.  As 
shown  in  this  figure,  presence  of  other 
bubbles  delays  growth  and  collapse  of 
the  bubbles.  Fujikawa  et  al.  [36] 
carried  out  a  theoretical  analysis  on 
the  interaction  between  two  bubbles. 

Their  result  shows  that  the  collapse  is 
delayed  when  the  two  bubbles  have  the 
same  radius.  The  present  result  shows 
the  same  tendency. 

In  the  following  computation,  the 
grid  scale  of  the  SGS  bubble  interaction 
model  is  assumed  as  follows: 

1 

r=(f)2  ,  (31) 

where 


(two-dimensional  Jacobian). 
This  is  because  the  flow  structure  is 
two-dimensional.  Accordingly,  the  SGS 
bubble  interaction  effect  is  Independent 
of  the  grid  spacing  in  the  spanwise 
direction. 


Figure  14  Void  fraction  contours  around  NACA0015 
hydrofoi  1.  cr  =1.  5;  q:=S.  Odeg.  :Re=3.0x  10^: 
the  contour  interval  is  0.1  except  for 
the  outermost  line. 

Figure  14  shows  contour  lines  of  void 
fraction  at  (r=1.5.  The  initial  bubble 
radius  Rq  and  the  bubble  number  density 
n  are  4x10“'*  and  1x10®,  respectively.  In 
this  paper,  we  define  a  cavity  as  a 
region  where  void  fraction  is  more  than 
0.1.  The  bold  contour  lines  are  those  of 
f„=0.1  in  this  figure.  Contour  lines  are 
drawn  at  Intervals  of  0.1  except  for  the 
most  outer  line  of  fg=0.01.  As  seen  in 
this  figure,  thin  steady  attached  cavity 
Incepts  .smoothly. 


Figure  15  Void  fraction  contours  around  NACA0015 
hydrofoi  1,  u  =1.  2:  a=8.  Odeg.  :Re=3. Ox  10*; 
the  contour  interval  is  0.1  except  for 
the  outermost  line. 

<r=1.2.  The  void  fraction  is  more  than 
0.9  at  the  center  of  the  cavity.  The 
rear  portion  of  the  cavity  oscillates 
cyclically.  Not  only  does  the  cavity 
length  change  but  the  cavity  itself 
rises  up  at  its  rear  part.  The  unsteady 
characteristics  computed  here  agree  with 
the  experimental  observations  of  sheet- 
type  cavitation  [32].  It  is  therefore 
concluded  that  the  HTF  c.avity  model  can 
express  the  features  of  sheet-type 
cavitation  beyond  its  microscopic  model, 
which  is  essentially  suitable  to 
the  bubble  cluster  flow. 


Figure  15  shows  the  time  series 
contour  lines  of  void  fraction  at 


Figure  16  shows  the  time-averaged 
pressure  distribution  on  the  foil 
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NACA0015:  a  =8".  <7=1.2 


Figure  16  Tine-averaged  pressure  distribution  and 
void  fraction  contours  around  NACA0015 
hydrofoi  1,  a  =1.  2;  a  =8.  Odeg.  :Re=3.  Ox  10®, 
the  contour  interval  is  0.1  except  for 
the  outernost  line. 


surface  and  void  fraction  contour  lines. 
The  foil  surface  pressure  where  cavity 
exists  is  almost  constant  and  equal  to 
the  vapor  pressure  (Cp=-1.2).  However,  a 
small  pressure  peak  exists  at  the  front 
part  of  the  cavity.  The  pressure 
distribution  is  similar  to  the 
calculated  result  by  a  nonlinear  free- 
stream  line  theory  [10].  Furthermore, 
the  time-averaged  cavity  shape  is 
similar  to  the  experimental  observation 
of  sheet-type  cavity.  These  facts  also 
suggest  that  the  present  BTF  model  can 
be  applied  to  sheet  type  cavitation 
beyond  its  micro  structure  limitation. 


Figure  17  shows  the  time-averaged 
pressure  contours  and  flow  velocity 
vectors.  The  contour  line  of  fg=0.1  (the 
bold  broken  line)  agrees  approximately 
with  that  of  Cp=-1.2.  This  is  the  reason 
why  the  cavity  is  defined  as  a  region 
where  void  fraction  is  more  than  0.1. 

The  reverse  flow  is  observed  clearly  in 
the  neighborhood  of  the  end  of  the 
cavity. 


Figure  17  Tine-averaged  pressure  coefficient  contours 
and  velocity  vectors  around  NACA0015 
hydrofoil,  a  =1.  2:  a  =8.  Odeg.  ;Re=3. OX  10®, 
the  contour  interval  is  0. 1,  the  bold  broken 
lines  are  void  fraction  contours  of  0.1. 
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Bold  lines  in  Figure  18  show  time- 
averaged  velocity  profiles  in  the  cavity 
wake  boundary  layer  along  the 
R-coordinate.  Fine  ones  are  profiles 


Figure  18  Time-averaged  velocity  profiles  in  cavity 
wake  region,  a=l.  2;  a  =8.  Odeg.  :Re=3.  0x10®, 
fine  lines  show  the  boundary  layer  velocity 
profiles  for  non-cavitating  conditions. 
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4.3  Cloud  Cavitation 


s  . 


Figure  19  Comparison  of  boundary  layer  displacement 
thickness  distribution  on  the  back  side  of 
NACA0015  hydrofoii,  a=8.0deg.  :Re=3.0xl0* 
for  non-cavltatlng  conditions.  As  shown 
in  the  section  of  1=61  (X=0.2115),  the 
flow  inside  the  cavity  is  quite  slow 
except  near  the  foil  surface.  At  the 
section  of  1=64  (X=0.3375),  strong 
reverse  flow  occurs.  At  1=67  and  69 
(X=0.4812  and  0.5832),  the  flow 
reattaches  and  inflection  points  exist 
in  the  velocity  profiles.  The 
measurement  result  downstream  of  a 
stable  sheet  cavity  shows  similar 
Inflection  points  in  the  velocity 
profile  [37] [38].  As  shown  in  this 
figure,  the  generation  of  cavity  causes 
an  increase  in  the  boundary  layer 
thickness  behind  it.  Figure  19  shows  the 
comparison  of  the  chordwlse 
distributions  of  the  boundary  layer 
displacement  thickness  for  cavitatlng 
and  non-cavitating  conditions.  For 
cavitatlng  conditions,  the  displacement 
thickness  decreases  at  the  cavity 
collapsing  region.  It  becomes  minimum 
near  the  mid-chord,  then  it  begins  to 
increase  again.  This  is  also  the  same 
tendency  that  the  experimental  results 
show  [38]. 


Figure  20  shows  void  fraction  contour 
lines  at  <r  =i.o  with  a  time  increment  of 
0.2.  The  initial  bubble  radius  Rq  and 
the  bubble  number  density  n  are  1x10"® 
and  1x10®,  respectively.  For  this 
condition,  unsteady  cavities 
continuously  grow  and  collapse.  The 
highly  distorted  attached  cavity  sheds 
cavitation  clouds  cyclically  (T=5.9  and 
7.1),  which  soon  collapse.  This 
phenomenon  agrees  well  with  many 
experimental  observations 
[32][39][40][41][42][43].  Figure  21 
shows  an  example  of  the  photographs  of 
cloud  cavitation  [29].  The  position  of 
the  cavity  break  off  point  agrees  well 
with  the  computational  result. 

Figure  22  shows  velocity  vectors 
around  the  foil.  Overlaid  bold  broken 
lines  are  void  fraction  contours  of  0.1. 
As  mentioned  before,  they  show 
Instantaneous  cavity  shapes.  As  shown  in 
this  figure,  the  unsteady  attached 
cavity  sheds  not  only  cavitation  clouds 
but  also  vortices  (see  marks  A,  B  and 
C).  The  experimental  result  has 
confirmed  such  vortex  shedding  phenomena 
[3].  The  position  of  cavitation  clouds, 
however,  does  not  agree  very  well  with 
that  of  shedding  vortices.  There  are  two 
possible  explanations  for  this 
dl.cciepancy.  One  is  the  phase  delay  of 
the  cavity  growth.  The  other  is  that  the 
present  cavity  model  does  not  consider 
nuclei  convection  towards  the  center  of 
vortices . 

Figure  23  shows  a  close-up  of  the 
velocity  vectors  around  the  cavity.  This 
figure  elucidates  the  mechanism  of 
cavitation  cloud  shedding.  At  T=5.5,  a 
new  separation  vortex  occurs  at  the 
cavity  leading  edge.  Then  it  induces  the 
flow  toward  the  foil  surface  (T=5.7). 
Fluid  density  and  pressure  on  the  foil 
surface  increase  due  to  the  impinging 
flow.  It  causes  the  cavity  to  break  and 
tear  off  (T=5.9,  separation  of  the 
cavitation  cloud) .  The  impinging  flow 
turns  into  a  Jet  along  the  foil  surface. 
The  Jet  sweeps  away  the  cavitation  cloud 
(T=G.l).  This  is  the  Scenario  of  the 
generation  of  a  cavitation  cloud. 

5.  Concluding  Remarks 

In  this  study,  the  authors  presented 
a  new  modeling  concept  of  cavitation 
called  BTF  (Bubble  Two-phase  Flow).  In  a 
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Figure  20  Void  fraction  contours  around  NACA0015  hydrofoil,  =1- 0;  a=8.  Odeg.  :Re=3.  Ox  10®, 
the  contour  interval  is  0.1  except  for  the  outernost  line. 


macroscopic  view,  this  new  cavity  model 
treats  the  inside  and  outside  of  a 
cavity  as  one  continuum.  That  is,  it 
regards  the  cavitating  flow  field 
phenomenologically  as  a  compressible 
viscous  fluid  whose  density  varies 
greatly.  Contour  lines  of  void  fraction 
can  express  the  cavity  shape.  In  a 
microscopic  view,  a  simple  LHM  (Local 
Homogeneous  Model)  is  Introduced.  This 
is  a  kind  of  Mean  Field  Approximation. 
This  structural  microscopic  model  treats 
a  cavity  as  a  locally  homogeneous  bubble 
cluster.  Assuming  bubble  density  and  a 
typical  bubble  radius,  a  local  void 
fraction  function  is  given.  The  BTF 
cavity  model  is  significant  in  the 
following  points:  (1)  The  BTF  cavity 
model  can  Investigate  the  nonlinear 
interaction  between  large-scale  vortices 
and  cavitation  bubbles,  (2)  The  BTF 
cavity  model  can  consider  the  effects  of 
bubble  nuclei  on  cavitation  inception. 


Figure  21  C-vily  appearance  on  NACA0015  hydrofoil, 
a  =1.  30;  a=8. 5deg.  :Re=3.  Ox  10®. 

(3)  The  BTF  cavity  model  can  express 
unsteady  characteristics  of  cavitation. 
The  BTF  cavity  model,  therefore, 
includes  three  essential  factors  foF 
cavitation.  Those  factors  are  pressure, 
nuclei  and  time.  By  examining  the 
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Vertical  Exaggeration  of  4:1 


Figure  23  Close-ups  of  velocity  vectors  around  NACA0015  hydrofoil,  a  =1. 0;  a=8.  Odeg.  :Re=3. Ox  10^ 
the  bold  broken  lines  are  void  fraction  contours  of  0.1. 
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DISCUSSION 
by  F.  Stern 

I  would  like  to  congratulate  the  authors 
on  a  very  interesting  paper  which  appears  to 
present  a  new  approach  for  unsteady 
cavitation.  The  authors  discuss  the  fact  that 
cloud  cavitation  is  often  periodic.  In  my  own 
work  on  unsteady  cavitation 
(Stern, F., "Comparison  of  Computational  and 
Experimental  Unsteady  Cavitation  on  a  Pitching 
Foil",  J.  of  Fluids  Engineering,  Vol.lll, 
No. 3,  September  1989,  pp. 290-299),  close 
correlation  was  shown  between  the  experimental 
cloud-cavitation  shedding  frequency  and  the 
predicted  cavity  natural  frequency.  Do  the 
authors'  results  provide  an  estimate  for  the 
cloud-cavitation  shedding  frequency  and  how 
does  It  compare  with  the  experimental  value? 

Author's  Reply 

The  authors  would  like  to  thank  Prof.  F. 
Stern  for  his  valuable  discussion. 

The  computed  time  period  of  cavitation 
cloud  shedding,  which  is  nondiraensionalized 
based  on  the  uniform  flow  velocity  and  the 
chord  length  of  the  hydrofoil,  is  about  1.4  at 
a  cavitation  number  of  1.0.  The 


dimensionalized  shedding  period  is  1.4x(chord 
length)/(uniform  flow  velocity).  It  becomes 
0.0117sec  (85.7Hz)  when  the  chord  length  and 
the  uniform  flow  velocity  are  50  mm  and 
6.0m/s,  respectively  (the  experimental 
condition).  The  authors  did  not  measure  the 
Lime  period  of  the  cavitation  cloud  in  their 
experiments.  However,  the  authors'  similar 
e X pe r i m e n t [ A  1  )  showed  that  the 
nondimensionalized  time  period  of  cloud 
cavitation  shedding  was  2.1.  This  value  is 
very  close  to  the  present  computed  result. 

The  main  purpose  of  this  study  was  to 
clarify  the  generation  mechanism  of  cloud 
cavitation.  The  computed  result  showed  a  close 
relationship  between  the  behavior  of  the 
separated  shear  layer  and  the  cavitation 
cloud.  This  IS  because  the  cavitation  cloud 
shedding  frequency  also  depends  on  the 
Reynolds  number.  Further  theoretical 
investigation  is  needed  to  predict  the 
cavitation  cloud  shedding  frequency  for 
arbitrary  flow  conditions. 

(All  Kubota, A.  et  al.:  Unsteady  Structure 
Measurement  of  Cloud  Cavitation  on  a  Foil 
Section  Using  Conditional  Sampling 
Technique,  ASMS  J.  Fluid  Eng.,  Vol.lll, 
No.2,  1989,  pp.204-210 
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Theoretical  Prediction  of  Midchord  and  Face  Unsteady 
Propeller  Sheet  Cavitation 

S.  A.  Kinnas  and  N.  E.  Fine 
Massachusetts  Institute  of  Technology 
Cambridge,  USA 


Abstract 

In  tliis  work,  first  tire  linearized  liydrofoil  problem 
with  arbitrary  ca\  ity  detachment  points  is  formulated 
in  terms  of  unknown  source  and  vorticity  distributions. 
The  corresponding  integral  ecpiations  are  inverted  analyt- 
icall\  and  the  results  are  e.xpressed  in  terms  of  integrals 
of  quantities  which  depend  only  on  the  hydrofoil  shape. 

Then,  the  cavitating  liydrofoil  problem  is  solved  nu¬ 
merically  by  discretizing  the  problem  into  point  source 
and  vortex  distributions  and  by  applying  the  boundary 
conditions  at  appropriately  selected  collocation  points. 

Finally,  the  rlisrete  vortex  and  source  method  is  ex¬ 
tended  to  predict  unsteady  propellei  sheet  cavitation  with 
arbitrary  inidchord  and/or  face  detachment. 


1  Introduction 


Cavitation  has  always  been  a  great  concern  in  the  de¬ 
sign  of  marine  propellers.  A  successful  propeller  design 
is  one  which  preclude.^  cavitation  at  design  conditions. 
In  recent  times,  however,  with  an  increasing  demami  for 
higher  propeller  loadings  and  higher  efficiencies,  the  pro¬ 
peller  cavitation  is  very  often  unavoidable.  The  task  of 
the  hydrodynamicisl  is.  therefore,  to  predict,  and  con¬ 
trol  the  propeller  cavitation  and  its  undesirable  side  ef¬ 
fects.  .An  analysis  method  for  the  prediction  of  unsteady 
propeller  cavitation  is,  therefore,  an  indispensable  de¬ 
sign  tool.  Furthermc-e,  this  propclle,  cavitation  anal¬ 
ysis  method  should  be  able  to  treat  cavities  which  start 
on  the  suction  side  behind  the  leading  edge  towards  the 
blade  miJcliorJ  aud^oi  on  the  pjcssuic  side,  “face",  of 
the  propeller  in  front  of  the  blade  trailing  edge,  since 
these  types  of  cavitation  are  very  likely  to  occur  at  the 
design  conditions. 

Cavitating  or  free-streamline  flows  have  been  studied 
extensively  in  the  last  century.  First,  the  flow  around  flat 
plates  or  polygonal  bodies  at  zero  cavitation  number  was 
analyzed.  The  analysis  of  these  problems  was  achieved 
by  applying  the  hodograph  technique  as  introduced  by 


Hclmlioltz  and  Kirchoff  [3]  more  than  a  century  ago. 

The  analysis  of  cavitating  flows  at  non- zero  cavitation 
numbers  created  a  lot  of  diversity  on  the  cavity  termina¬ 
tion  models,  i.e.  the  Riabouchinsky  model  [28],  the  reen¬ 
trant  jet  model  [7],  [21],  the  spiral  vortex  models  [32],  etc. 
A  complete  description  of  the  diflerent  cavity  termination 
models  can  be  found  in  [32]  and  [38].  The  difficulty  of 
the  hodograph  techniciue  to  treat  general  shaped  bound¬ 
aries  necessitates  the  introduction  of  the  linearized  cavity 
theory. 

_  Linear  theory  was  first  applied  by  Tulin  [30]  to  the 
problem  of  a  supercavitating  symmetric  section  at  zero 
incidence  and  zero  cavitation  number.  It  was  then  ap¬ 
plied  to  general  camber  meaulines  at  zero  cavitation  num¬ 
ber  [33],  and  to  a  supercavitating  flat  plate  at  incidence 
and  arbitrary  cavitation  numbers  [31]. 

Linear  theory  was  subsequently  extended  to  supercav¬ 
itating  hydrofoils  of  general  shape  at  non-zero  cavitation 
numbers  [39],  [11],  [27],  [8],  [29]. 

The  partially  cavitating  hydrofoil  problem  has  also 
been  addressed  in  linear  theory  and  analytical  results 
have  been  produced  for  some  special  hydrofoil  geometries 
(1),  [13] ,  [12],  [14],  [37]. 

The  problem  of  a  supercavitating  hydrofoil  with  arbi¬ 
trary  cavity  detachment  was  first  formulated  by  Fabula 
[8],  who  also  gave  results  for  a  flat  plate  with  different 
detachment  points. 

Uanaoka  [15]  formulated  the  linearized  partial  and  su¬ 
percavitating  hydrofoil  problem  with  arbitrary  cavity  de¬ 
tachment.  He  also  gave  series  representations  for  the  cav¬ 
itation  number  and  the  hydrodynamic  coefficients  when 
the  hydioloii  sliape  could  be  exinessed  in  (einis  of  poly¬ 
nomials  in  the  chordwise  coordinate.  Nishiyama  and 
Ota  [29]  also  gave  integral  expressions  in  terms  of  known 
quantities,  for  the  cavitation  numlx'r  and  the  hydrody¬ 
namic  coefficients  for  general  shape  hydrofoils  with  arbi¬ 
trary  detachment. 

An  alternative  way  of  formulating  tl.e  linearized  pai- 
tially  and  supercavitating  problem  h.u!  been  given  in  [21] 
and  [20].  The  linearizf'd  boundary  conditions  haw;  been 
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expiessed  in  teinis  of  singulai  integial  equations  of  un¬ 
known  source  and  vorticity  distributions.  Those  integral 
equations  are  inverted  analytically  and  expressions  for 
the  cavitation  number,  the  source  and  vorticity  distribu¬ 
tions  are  given  in  terms  of  inlegials  of  functions  which 
depend  only  on  the  geometry  of  the  hydrofoil.  Those 
integrals  are  then  computed  numeiically  and  the  cavit. 
shapes  are  finallly  computed  [21],  [20].  The  same  tech¬ 
nique  has  also  been  e.xtended  for  paitial  cavities  with 
arbitrary  detachment  [2.3].  The  leading  edge  correction 
has  also  been  implemented  in  the  formulation  of  the  cav- 
itating  hydrofoil  problem  to  account  for  the  non-linear 
foil  thickness  effects  [2.3]. 

In  the  present  work,  the  technique  used  in  (21]  for 
supercavitating  hydrofoils  is  e.xtended  to  treat  supercav¬ 
ities  with  arbitrary  detachment  on  either  the  suction  side 
and/or  the  pressure  side  of  the  hydrofoil.  The  effect  of 
the  detachment  point  on  the  cavity  shapes  and  foil  pres¬ 
sure  distributions  is  investigated.  In  the  case  where  the 
supercavity  detaches  on  the  pressure  side  in  front  of  the 
trailing  edge,  an  equation  for  the  chordwise  location  of 
the  cavity  detachment  point  is  given. 

The  cavitating  hydiofoil  problem  with  arbitrary  suc¬ 
tion  and/or  pressure  cavity  detachment  is  then  solved  by 
employing  a  disreete  vortex  and  source  method. 

A  numerical  vortex  and  source  lattice  method  has 
been  developed  at  MIT  for  the  prediction  of  the  unsteady 
propeller  sheet  cavitation  in  spatially  non-uniform  wakes 
[25],  [4],  [18].  The  computer  program  which  implements 
this  method  is  called  PUF-3. 

Finally,  PUF-3  is  modified  to  predict  unsteady  pro¬ 
peller  sheet  cavitation  with  arbitrary  detachment  on  ei¬ 
ther  the  pressure  or  the  suction  side  of  the  propeller.  The 
effect  of  the  location  of  the  ca\  ity  detachment  on  the  time 
history  of  the  cavity  volume  and  the  cavity  shapes  is  in¬ 
vestigated. 

2  The  Cavitating  Hydrofoil  -The 
Analytical  Method 

In  this  section,  the  linearized  cavitating  hydrofoil  prob¬ 
lem  is  formulated  in  terms  of  unknown  vorticity  and 
source  distributions.  For  given  cavity  length  and  spec¬ 
ified  cavity  detachment  points,  the  involved  singular  in¬ 
tegral  equations  are  inverted  analytically'.  Expressions 
are  then  found  fi  r  the  corresponding  cavitation  number, 
vorticity  and  source  distributions  in  terms  of  integrals  of 
quai. titles  which  depend  only  on  the  foil  geometry. 

First,  tlie  superca\itating  hydrofoil  problem  for  three 
different  cavity  detachment  situations  is  considered. 

2.1  Leading  Edge  Detachment 

Consider  a  hydrofoil  of  chord  length  one,  subject  to  a 
uniform  flow  U^o  and  supercavitating  at  a  length  x  =  I, 
as  shown  in  Figure  1.  The  cavity  starts  at  the  leading 
edge  j:  =  0  or,  the  suction  side  and  at  the  trailing  x  =  1 
on  the  pressure  side. 


The  corresponding  cavitation  number  a  is  defined  as. 


Pv>  Vv 

e[/2 

2^00 


(1) 


where  Poo  is  the  ambient  pressure  and  p„  the  vapor  pres¬ 
sure  inside  the  cavity. 

In  the  context  of  the  linearized  cav  ity  theory  the  cor¬ 
responding  Hilbert  problem  can  be  formulated  [21]  in 
terms  of  vorticity  and  source  distributions  ‘){x)  and  ("/(.r) 
respectively,  located  on  the  x  axis  as  shown  in  Figure  1. 

With  the  use  of  the  definitions: 


7(3-)  = 


7(£) 

<rLU 


(2) 


and 


q(x)  = 


(xUoc 


(3) 


the  complete  boundary  value  problem  becomes  [21]; 


V 


Figure  1'  Supercavilaiing  hydrofoil 
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1.  Kinematic  Boumlary  Condition 


for  :  >  t,  w))ere: 


-hr  ^  ==  0  <  a:  <  1;  2/  -  0- 

i  in  J  t  -  J, 


2.  Dynamic  Doundaiy  Condition 


1 1.  j  ilili'i  =  1  0  <  .T  <  /  1/  =  0+ 

2  2-!^  J  i-x  2 


3.  Kntta  condition 


T(1)  =  0 


4.  Cnvitv  Closure  Condition 


I 

Jq(x}da-  ~  I 


^  J 


r'*  =  1  +  <* 


The  integrals  in  equations  9,  10,  11  and  12  are  com¬ 
puted  numerically  with  special  care  taken  at  the  singu¬ 
larities  of  the  integrands  [21]. 

The  cavity  thickness  /i(a.'),  which  also  includes  the  foil 
thickness  as  shown  in  Figure  1,  is  determined  by  integrat¬ 
ing  the  equation: 

Vj~  =  q(x)  (14) 

2.2  Face  Detachment 

For  thick  symmetric  foils  at  small  angles  of  attack  and  for 
many  foils  at  negative  angles  of  attack,  it  is  found  that 
the  supercavity  detaches  forward  of  the  trailing  edge  on 
the  pressure  side  of  the  foil,  as  shown  in  Figure  2. 

The  point  of  separation,  s,  may  be  found  by  consid¬ 
ering  the  following  two  conditions: 


®r  =  -t3!.  m 

a  dx 

and,  qi{x)  is  the  ordinate  of  the  lower  hydrofoil  surface, 
as  shown  in  Figure  1. 

The  singular  integral  equations  of  Cauchy  type,  4  and 
5,  can  be  inverted  to  produce  expressions  for  the  un¬ 
known  a,  7(.r)  and  <7(.t)  in  terms  of  the  cavity  length  I 
and  qi(x),  as  follows  [2!]; 


^■(r^  -1- 1) 


rl_  /‘  fh 

t-D/o  yt- 


q  -f  1  + 

-V 


lEI  r  rT~  g-Qi‘(»?)  ^ 


n-r  ^  i  A  ^  (vA^-T-cv/r’-hi) 
</(-)  =  +  - 

1  +  It  +  :  t‘  I  io  Qj(ni)du;  . 

n  V  -  Jo  t  —  u)  {I  4-  -h  u;) 


for  z  <  t,  and: 


,  It  +  z  (\/r2  —  1  -  c\/c2  -f  1) 

=  ]!-: - 

1  -f  z^  lt  +  z  r~ui  Q:{oj)d(,j 

:i  \l  z  io  V  ^  —  a;  (1 -h  w*)(s -h  w) 

17^  (zs/^Tfi  + 

V  i  2v/2;-'-‘ 

1  +  z'^  Iz  —  t  r‘  j  u>  Q‘i(ijo)d(jj  . 

K  \  Z  Jo  \l  i  —  U  {I  +  Cj‘^)(z  —  U)) 


Figure  2:  Face  detachment  on  a  supercavitating  hydrofoil 

1.  the  pressure  on  the  wetted  foil  surface  must 
be  greater  than  the  cavity  pressure 

2.  the  cavity  and  foil  surface  must  not  intersect 
aft  of  the  separation  point. 

In  linear  theory,  condition  1  is  equivalent  to 

7(a')  >  0  for  0  <  x  <s  (15) 

The  corresponding  boundary  value  problem  may  be 
solved  by  using  the  analysis  in  the  previous  section  and 
by  considering  as  foil  the  part  of  the  original  foil  between 
a-  =  0  and  x  =  s,  cavitating  at  a  cavity  length  l/s. 

The  vorticity  distribution  between  a-  =  0  and  a:  =  s 
is  given  by  equation  10,  with  the  cavity  length,  however, 
being  scaled  to  l/s.  The  behavior  of  the  vorticity  distri¬ 
bution  at  X  =  s  can  be  found,  by  using  equation  10,  to 
be  as  follows: 

7(x)  ~  AisJ)\/s  —  X  (16) 

where  A,  for  a  given  foil  geometry,  depends  only  on  the 
point  of  separation  and  the  length  of  the  cavity: 
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where 


+ 


+ 


0r(--,)  -  0r(»/) . 


0, *(--,) 


v/2r 


\/r^  +  1  -  2,\/r^  —  1 


1  + 


.2 


(17) 


0  190 


NACA-ieOO««  •Xp>^ao2  d«< 


(IS) 


By  observing  the  behavior  of  the  vorticity  distribu¬ 
tion  by  varying  s,  we  conclude  tliat  the  correct  detach¬ 
ment  point  is  the  one  for  which  the  vorticity  distribution 
goes  to  zero  at  s  with  zero  slope.  This  can  be  seen  in 
Figures  3  to  5,  where  the  cavity  shapes  and  the  vortic¬ 
ity  distributions  as  predicted  by  the  presented  analytical 
method,  are  shown  for  different  detachment  points.  In 
Figure  3,  the  circulation  distribution  is  negative  at  the 
trailing  edge  (  .4(3,/)  <  0  ),  thus  violating  the  condi¬ 
tion  15.  In  Figure  4  the  vorticity  distribution  is  positive 
everywhere  on  the  foil  ( .4(3,  /)  >  0  ),  but  the  cavity  inter¬ 
sects  the  foil.  The  correct  detachment  point  is  somewhere 
between  these  two,  and  the  one  which  satisfies  both  con¬ 
ditions  is  the  one  for  which  the  vcUicity  has  a  zero  slope 
at  3,  which  is  shown  in  Figure  5.  At  this  point,  we  should 
have: 


A(3,/)  =  0  (19) 


o  '  0.'>00  '*  0.900  1.000  ^  l.*00  1.400i.9C 

Figure  3:  Cavity  shape  and  vorticity  distribution  - 
A{s,l)  <  0 


Figure  4:  Cavity  shape  and  vorticity  distribution  - 
A(s,/)  >  0 


A  different  approach  of  deriving  equation  19,  is  given 
in  Appendix  A. 

The  detachment  point  is  determined  by  solving  equa¬ 
tion  19  with  respect  to  3  numerically,  utilizing  a  Newton 
Raphson  (secant)  method  [9].  A  typical  case  requires 
about  five  iterations,  depending  on  the  accuracy  of  the 
initial  guesses. 

The  effect  of  the  location  of  the  detachment  point  on 
the  cavitation  number  and  the  lift  and  drag  coefficients 
is  shown  in  Table  1.  The  importance  of  the  correct  face 
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Figure  5:  Cavity  shape  and  voilicity  distribution  - 
A(3,/)  =  0 


detachment  point  in  the  prediction  of  the  cavity  extent 
and  the  forces  on  the  foil  is  apparent. 

Some  further  discussion  on  the  determination  of  the 
correct  cavity  detachment  point  is  given  in  the  Section  6. 


Table  1:  Lift  and  drag  coefficient  and  cavitation  number 
for  the  foils  shown  in  Figures  3,  4  and  5. 
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Figiire  6:  Midclioi\l  dclacliuienl  on  a  snpercavitating  foil. 

2.3  Midchord  Detachment 

For  the  case  wliere  tiie  supercavity  detaches  aft  of  tlie 
leading  edge  on  the  suction  side  of  the  foil,  as  shown  in 
Figure  6  ,  the  lineaiized  boundary  value  problem  can  be 
formulated  as  follows: 

The  dynamic  boundary  condition  on  the  cavity: 


T 

=  7  -  2(h+,  -  i)  ;  0  <  a:  <  /o 

r 

-•  7  >  lo<x  <1 

(26) 

and. 

with: 

0;  -iif  0-  +  p 

(27) 

xJ  i-x 

(28) 

where  is  the  horizontal  perturbation  "elocity 

wetted  part  on  the  suction  side  of  the  foil. 

on  the 

Equations  25  and  24  are  in  the  same  form  cis  equa¬ 
tions  4  and  5.  Tliercfore,  to  invert  these  equations  the 
same  methodology  ran  be  followed  as  described  in  sec¬ 
tion  2.1.  The  perturbation  velocity  u+„,  however,  is  still 
an  unknown. 


To  determine  for  0  <  .r  <  /q  the  kinematic  bound- 
condition,  equation  22,  is  applied.  The  solution  for 
is  described  in  Appendix  B. 

„  The  analysis  described  in  this  section  has  been  ap- 

(20)  for  a  VLR  section  (16)  and  the  results  are  shown 
The  kinematic  boundary  condition  oi,  the  pressure  Figure  7.  The  top  of  Figure  7  shows  the  predicted 

cavity  shape  for  a  midchord  detachment  at  /q  =  0.2.  At 
the  lower  part  of  Figure  7,  the  corresponding  total  source 
_  1  _  distribution  is  shown  together  with  the  thickness  source 

_  F.  j.  _  0»  fi  <- r  1  >/  —  !)-  /‘>i\  ^'®f'ibution.  Notice  that  the  two  source  distributions  are 

2  y  ^  —  a:  ’  "  identical  for  0  <  r  <  /o,  as  required  by  equation  56. 

The  described  theory  is  applied  for  a  VLR  foil  [16] 

The  kinematic  boundary  condition  on  the  suction  .side:  ^  ‘•'*f«rent  values 

of  the  detachment  point  lo.  The  predicted  cavity  shapes 
and  pressure  distributions  on  the  suction  side  are  shown 
9  _1_  }  n  +  8  to  11.  The  cavit  ies  in  Figures  8  and  9  are 

2^  2ir  J  (-X  “  0  <  .T  <  /o,  y  -  0  (22)  unacceptable,  because  they  inlmsect  the  foil  surface.  The 

**  cavity  in  Figure  1 1  is  also  unacceptable  because  it  pro- 

where:  duces  pressures  in  front  of  the  detachment  point  which 


i(£)  1  ,  1  , 

~“^y  737=’'^- (•••■)  =2  ‘o<.v<l,y  =  0- 


are  smaller  than  the  cavity  pressure.  The  correct  detach- 
0*  =  /nov  naent  point  seems  to  be  the  one  corresponding  to  Figure 

cr  dx  10.  It  appears  to  be  the  point  for  which  the  pressure 

with  t/u  being  the  ordinaic  of  the  upper  hydrofoil  surface  distribution  in  front  of  the  detachment  point  heis  a  zero 
as  shown  in  Figure  6.  slope.  No  attempt  has  been  made  by  the  authors,  how- 

Equations  20  and  21  can  be  reduced  to  the  following  generalize  this  condition,  since  the  detachment 

form:  point  on  the  suction  side  should  be  determined  by  the 

viscous  flow  in  front  of  the  cavity  (10),  rather  than  by 
7  1  /  ViOd^  1  other  potential  flow  criterion.  Some  more  discussion 

T  ~  2)r  y  ^  -  a-  ~  2  ®  ^  f  (24)  on  cavity  detachment  is  given  in  section  6. 
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Figure  7;  Cavity  shape,  total  and  tliickncss  source  dis¬ 
tributions  for  a  VLR  tliickness  profile  with  NACA  a=.8 
meanline  supercavitating  with  midchord  detachment /<,  = 
.20. 


Figure  8:  Cavity  shape  and  pressure  distribution  on 
the  suction  side  of  a  supercavitating  foil  with  cavity  de¬ 
tachment  at  /o  =  0.  VLR  thickness  form  and  NACA 
a=0.8  meanline,  maximum  thickness/cliord=0.04,  max¬ 
imum  camber/chord=0.03,  pi  =  0.001613,  a  =  2®, 


Figure  9:  Cavity  shape  and  pressure  distribution  on  the 
suction  side  of  a  supercavitating  foil  with  cavity  detach¬ 
ment  at  /o  =  0.01.  Same  foil  as  in  Figure  8 


Figure  10:  Cavity  shape  and  pressure  distribution  on  the 
suction  side  of  a  supercavitating  foil  with  cavity  detach¬ 
ment  at  /o  =  0.07.  Same  foil  as  in  Figure  8 


Figure  11:  Cavity  shap<' .  d  pressure  distribution  on  the 
suction  side  of  a  supercavitating  foil  with  cavity  detach¬ 
ment  at  /o  =  0.10.  Same  foil  as  in  Figure  8 


2.4  Partial  Cavities 

In  the  case  where  the  cavity  is  smaller  than  the  chord 
of  the  foil,  as  shown  in  Figure  12,  the  linearized  cavity 
problem  can  be  formulated  in  a  similar  way  as  in  the 
case  of  the  supercavitating  foil,  in  terms  of  vorticity  and 
cavity  source  distributions  [20],  [18],  [22]. 

For  given  cavity  end,  /,  and  cavity  detachment,  /q,  the 
corresponding  cavitation  number,  the  vorticity  and  cav¬ 
ity  source  distributions  can  be  given  in  terms  of  integrals 
of  u+,  the  horizontal  perturbation  velocity  of  the  fully 
wetted  foil,  between  /q  and  /  [23]. 

2.5  The  Leading  Edge  Correction 

The  linearized  partial  cavity  theory  is  known  to  predict 
that,  for  given  flow  conditions,  increasing  the  foil  thick¬ 
ness  results  in  an  increetse  in  the  cavity  extent  and  vol¬ 
ume.  This  is  contrary  to  experimental  evidence,  the  non¬ 
linear  theory  [35],  and  the  short  cavity  theory  [34]. 

An  alternative  way  of  including  the  non-linear,  thick¬ 
ness  effects  in  the  linear  cavity  theory  can  be  achieved  via 
the  leading  edge  corheiion  [23],  [22].  It  essentially  con¬ 
sists  of  including  Lighthill’s  correction  [26]  in  the  formu¬ 
lation  of  the  linearized  cavity  problem.  It  can  be  proven 
[23]  that  this  can  be  achieved  by  modifying  the  linearized 
dynamic  boundary  condition  on  the  cavity  from 

cr 

Me  =  ;  on  the  cavity 
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(29) 


«c  =  (s/r+Ty^ 


+  />t/2 


on  the  cavity  (30)  p_p^//)t/^/2 


and  linear  theory  without  leading  edge  corrections.  Cp  ■ 


where  x  is  tlie  distance  from  the  foil  leading  edge  and  pi 
is  the  leading  edge  radius. 

The  modified  Ijoundary  value  problem  with  the  intro-  • 
duction  of  equation  30  has  been  solved  and  the  solution 
has  been  expressed  in  terms  of  integrals  of  known  quan¬ 
tities  [23]. 

A  direct  comparison  of  the  linear  cavity  theory,  with 
or  without  the  leading  edge  correction,  and  the  non-linear 
theory  is  shown  in  Figures  13  and  14.  The  cavity  shapes 
as  predicted  by  the  linear  theory,  with  or  without  the 
leading  edge  correction,  are  added  normal  to  the  foil  and 
the  produced  foil  geometry  is  analyzed  with  a  poten¬ 
tial  based  panel  method  [17],  where  the  exact  kinematic 
boundary  condition  is  applied  on  the  exact  foil  or  cavity 
surface.  The  pressure  distributions  produced  from  the 
panel  method  are  shown  in  Figures  13  and  14,  together 
with  the  linearized  pressure  distributions  from  linear  the¬ 
ory  with  or  without  the  leading  edge  correction.  In  these 
Figures  the  pressure  distribution  from  the  linear  theory 
with  or  without  the  leading  edge  correction  is  constant  on 

the  cavity,  since  this  has  been  required  via  the  dynamic 
boundary  condition.  The  pressure  distribution  from  the 
panel  method,  however,  is  not  exactly  constant  on  the 
cavity  and  this  is  a  measure  of  the  accuracy  of  the  lin¬ 
ear  cavity  theory.  Comparing  Figures  13  and  14,  the 
substantial  improvement  of  the  linear  theory,  when  the 
leading  edge  correction  is  included,  becomes  apparent. 


Figure  14:  Pressure  distributions  on  an  NACA  16-009 
section  with  a  50%  cavity  at  a  =  3®  from  panel  method 
and  linear  theory  with  leading  edge  corrections.  Cp  = 
P-PoolpUl,l2 
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3  The  Cavitating  Hydrofoil-  The 
Numerical  Method 

The  numerical  method  consists  of  discretizing  the  cliord 
and  the  cavity  into  a  finite  numljcr  of  segments  on  which 
the  vorticity  and  source  distributions  are  approximated 
with  i)oint  vortices  aiid  sources  respectively. 

The  spacing  of  the  panels  is  half  cosine  on  the  foil 
and  constant  in  the  wake.  The  arrangement  of  the  vortex 
and  source  panels  is  shown  in  Figure  1.5.  The  following 
notation  is  used: 

=  boundaries  of  source  panels 
A',,  =  position  of  point  sources 
A'p^  =  boundaries  of  vortex  panels 
A'„,  =  position  of  point  vortices 
^k,  =  position  of  kinematic  boundary  condition 
collocation  points 

A'j,  =  position  of  dynamic  boundary  condition 

collocation  points  (31) 


The  arrangement  of  the  vortex  and  source  panels  is 
such  that  the  expected  source  and  vorticity  singularities 
at  the  leading  edge  of  the  foil,  as  well  as  the  square  root 
singularity  of  the  .source  distribution  at  the  trailing  edge 
of  the  cavity,  are  modeled  accurately.  The  collocation 
points  for  the  application  of  the  kinematic  and  dynamic 
boundary  conditions  are  chosen  such  that  the  Caucliy 
principal  value  of  the  involved  singular  integrals  is  com¬ 
puted  accurately.  The  detailed  analysis  for  the  selection 
of  the  panels  and  control  points  is  given  in  [18],  [6]  and 
(9). 

The  presented  numerical  method  was  developed  orig¬ 
inally  for  partially  and  supercavitating  hydrofoils  with 
the  cavities  starting  at  the  leading  edge  on  the  suction 
side  and  at  the  trailing  edge  on  the  pressure  side  of  the 
foil  [6],  [18],  [9]. 

To  extend  the  numerical  method  to  also  predict  face 
and/or  midchord  supercavities,  we  assume  that  the  de¬ 
tachment  points  are  X,  on  the  suction  side  and  Xp  on 
the  pressure  side.  The  points  X,  and  Xp  coincide  with 
any  of  the  source  panel  boundaries  A'*,  on  the  foil. 

By  separating  the  total  source  q  into  the  thickness 
source  qc  and  the  cavity  source  q„,  the  corresponding 
boundary  integral  equations  become: 

The  kinematic  boundary  conditions 


Ss.a.JlC  =11  ^ 

2  2tt  Jo  ^-x  *(/.T 


y  =  0+ 


0  <  X  <  X, 
(32) 


2a  4.  _L  /■’  -n 
2  2i:  Jo  e-x  “  “c/x 


y  =  0- 


0  <  X  <  Xp 

(33) 


where  i){x)  is  the  foil  mean  camber  surface. 


The  dynamic  boundary  conditions 


£+2 

2  2 


J_  fqAm 
2t(  Jo  ^  —  x 


=  «(A 


j/  =  0+ 


X,<x<l 

(34) 


rr  7  1  /■'  ..  _  n-  V  ^  1 

~^^2~2~2ii  Jo  ~  ^  ”  Ap  <  X  <  1 

(35) 

where  Uth  is  the  horizontal  perturbation  velocity  due  to 
foil  thickness,  given  as: 


= 


2k  Jo  ^  —  X 


(36) 


To  discretize  the  above  integral  equations,  we  make 
the  following  definitions: 


•  N  =  number  of  discrete  vortices  F; 

•  M  =  number  of  discrete  cavity  sources  Qi 

•  NS  =  number  of  fully  wetted  panels  upstream  of 

X, 

•  NP  =  number  of  fully  wetted  panels  upstream  of 

A'p 


692 


The  strengths  of  the  discrete  vortices  and  cavity  sources 
are  related  to  the  corresponding  vorticity  and  source  dis¬ 
tributions  as  follows: 

r.-  =  7(xj-(a7,,.-a7.)  (37) 

Qi  =  q^(A'’„-A-)  (3S) 

where  is  the  mean  value  of  the  cavity  source  at  the 
corresponding  source  panel. 

At  this  point,  we  will  assume,  without  loss  of  gener¬ 
ality,  that  f/jo  =  1- 

The  discretized  boundary  conditions  become: 

The  kinematic  boundary  conditions 

a)  On  the  suction  side: 

Qi  _  1  f  Fj  .  (du\ 

2(X7,..  -  Xpej  X\  -  \dx), 

i  =  U...,NS  (39) 

b)  On  the  pressure  side: 

Qi  If  r,-  _  (d,i\ 

2(A'*,,  -  A';.)c/  2sr  A,.  -  \dx), 

i  =  1,...,iVP  (40) 

where  c/  is  defined  as:  cj  =  viA/c(A',,)  and  is  approx¬ 
imated  with  its  value  for  a  flat  plate  cavitating  at  the 
same  cavity  length  [6]  and  (9]. 

The  dynamic  boundary  conditions 

a)  On  the  suction  side: 

_£-l__D—  +  _Lf  = 

2+2(A“,.-A7.)  ^  2;r^f  A'a,-X., 

i  =  A5+1,...,M  (41) 

b)  On  the  pressure  side: 

_£ _ ^  f  Qj  _ ,  i 

2  2(AX.-A'“)  2;rj^A,.-A., 

i  =  NP+l . N  (42) 

The  cavity  closure  condition: 

I:Q.  =  0  (43) 

I=I 

There  are  N-t-M-f  1  unknowns: 


•  M  discrete  cavity  sources  Q; 

•  1  cavitation  number  a 

There  are  also  N-fM+J  equations: 

•  NP  -1-  NS  kinematic  boundary  conditions 

•  M  -  NP  +  N  -  NS  -  1  dynamic  boundary  conditions 

•  1  cavity  closure  condition 

•  1  equation  relating  Pi  to  Qi 

The  last  equation,  which  relates  the  discrete  singu¬ 
larities  Qi  and  Pi,  replaces  the  first  dynamic  boundary 
condition  (18).  However,  in  the  case  of  midcliord  detach¬ 
ment,  there  is  no  dynamic  boundary  condition  to  be  sat¬ 
isfied  on  the  first  source  panel  and  this  relation  is  not 
applied. 

The  convergence  of  the  described  numerical  method 
is  shown  in  Table  2  for  different  numbers  of  elements  on 
the  foil.  The  analytical  results  shown  in  Table  1  have 
been  found  by  using  the  analysis  described  in  Section  2. 

Finally,  the  predicted  cavity  shapes  from  the  analyt¬ 
ical  and  the  numerical  method  are  shown  in  Figure  16. 


Table  2:  Convergence  of  the  numerical  method.  Su- 
percavitating  Joukowski  thickness  form  with  parabolic 
meanline,  maximum  thickness/chord=0.04,  maximum 
camber/chord=0.02,  or  =  3®,  /  =  1.5 


•  N  discrete  vortices  P; 
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Figure  16;  Cavity  shapes  from  numerical  and  analytical 
method 


4  The  Unsteady  Cavitating  Pro¬ 
peller  Numerical  Method. 

A  numerical  method  has  been  developed  for  the  unsteady 
sheet  cavitation  of  marine  propellers  in  spatially  non- 
uniform  wakes  [25],  [4],  (18).  The  corresponding  com¬ 
puter  code  is  called  PUF-3.  The  complete  three  -dimen¬ 
sional  lineari2ed  unsteady  cavity  problem  is  solved  for 
given  propeller  geometry,  inflow  wake  and  cavitation  num¬ 
ber.  The  propeller  cavitation  number  is  defined  as: 


_  Pshajl  Pv 

where: 


(44) 


•  Psha/t  =  pressure  at  the  axis  of  the  propeller  shaft 

•  p„  =  vapor  pressure 

•  n  =  propeller  revolutions 

•  D  =  propeller  diameter 

The  flow  around  the  blades  and  the  cavities  is  mod¬ 
eled  by  a  lattice  of  vortices  and  line  sources  located  on 
the  mean  camber  surface  of  the  blades  and  their  trail¬ 
ing  vortex  wakes,  as  shown  for  one  blade  in  Figure  17. 
The  chordwise  arrangement  of  the  vortices  and  sources 
is  the  same  as  in  the  hydrofoil  case,  described  in  Section 
3.  The  spanwise  spacing  is  constant  with  quarter  inset 
at  the  tip.  Details  of  the  numerical  grid  can  be  found  in 
(25)  and  [18j. 

The  time  history  of  the  cavity  shapes  is  determined 
for  each  blade  strip  by  applying  the  three-dimensional 
linearized  unsteady  cavity  boundary  conditions  (25).  The 
extent  of  the  cavity  on  each  strip  is  determined  iteratively 
until  the  pressure  on  the  cavity  becomes  equal  to  the 
vapor  pressure  p„.  The  effect  of  the  other  strips  on  the 
same  blade  as  well  a.s  on  the  other  blades  is  accounted 
for  in  an  iterative  sense. 


Figure  17:  Numerical  grid  on  one  propeller  blade  and  its 
wake. 

The  leading  edge  correction,  described  in  section  2.5, 
has  also  been  implemented  in  the  numerical  method  fpr 
the  propeller,  in  order  to  account  for  the  non-linear  blade 
thickness  effects  [18]. 

In  the  present  work,  the  numerical  method  for  the 
unsteady  propeller  cavitation  is  extended  to  predict  cav¬ 
ities  with  prescribed  midchord  and/or  face  detachment. 
This  has  been  accomplished  by  a  direct  application  in 
the  propeller  problem  of  the  numerical  method  for  mid¬ 
chord  and  face  hydrofoil  cavitation,  which  was  described 
in  Section  3. 

The  modified  PUF-3  has  been  applied  for  the  DTRG 
N4497  propeller  [19].  The  advance  coefficient  is  J  = 
VSHIPjnlD  =  .8  and  the  cavitation  number  an  =  1-5- 
The  time  history  of  the  cavity  volume  is  shown  in  Figure 
18  for  different  detachment  points  on  the  suction  side  of 
the  blades.  The  three-dimensional  pespeclivc  plots  for 
some  blade  sections  and  their  cavities  are  also  shown  in 
Figures  19  to  21  for  different  detachment  points.  Those 
figures  show  the  effect  of  the  detachment  point  on  the 
cavity  extent  and  shape  to  be  substantial. 
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5  Conclusions 

The  following  has  been  accomplished  in  the  presented 
work; 

•  The  cavitating  general  shape  hydrofoil  problem,  with 
arbitrary  detachments,  has  been  formulated  in  terms 
of  singular  integral  equations  of  unknown  source 
and  vorticity  distributions.  Those  equations  are  in¬ 
verted  analytically  and  the  cavitation  number,  cav¬ 
ity  shapes  and  pressure  distributions,  are  expressed 
in  terms  of  integrals  of  known  quantities. 

•  The  effect  of  the  detachment  point  on  the  cavity 
solution  has  been  investigated.  In  the  case  where 
a  supercavity  detaches  forward  of  the  trailing  on 
the  pressure  side  of  a  hydrofoil,  an  equation  for 
the  location  of  the  cavity  detachment  point  has 
been  found. 

•  A  numerical  discrete  vortex  and  source  method  has 
been  developed  to  predict  the  cavitation  on  hydro¬ 
foils  with  arbitrary  cavity  detachment  points. 

•  The  numerical  method  hits  been  extended  to  pre¬ 
dict  unsteady  propeller  sheet  cavitation  with  ar¬ 
bitrary  midchord  and/or  face  cavity  detachment. 
The  effect  of  the  location  of  the  cavity  detachment 
on  the  cavity  volume  and  the  cavity  shapes  has 
been  investigated. 

6  Future  Research 

The  following  items  need  to  be  addressed  in  order  to 
improve  on  fhc  presented  work: 

•  Perform  experiments  on  cavitating  -hydrofoils  with 
cavities  showing  midchord  and/or  face  detachment, 
in  order  to  validate  the  presented  theoretical  re¬ 
sults. 

•  Improve  on  the  prediction  of  the  ca/ity  detachment 
points  by  coupling  the  presented  method  with  a 
boundary  layer  calculation  on  the  wetted, part  of 
the  foil  in  front  of  the  cavity.  It  is  known  from  ex¬ 
periments  [2],  (10)  that  the  cavity  detachment  point 
has  to  be  determined  in  relation  with  the  bound¬ 
ary  layer  separation  point,  rather  than  from  any 
potential  flow  criterion.  The  potential  flow  cavity 
detachment  criterion,  however,  should  still  be  valid 
if  no  boundary  layer  separation  occurs  in  front  of 
the  predicted  detachment  point. 


•  Perform  experiments  on  cavitating  propellers  which 
show  midchord  and  of  face  cavity  detachment.  De¬ 
termine  the  detachment  lines  from  the^experiment 
and  run  the  modified  PUF-3  with  those  detachment 
lines  as  input.  Compare  the  predicted  cavity  shapes 
and  propeller  forces  from  PUF-3  with  the  experi¬ 
ment. 

•  Employ  the  cavity  detachment  criteria  in  PUF-3. 
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Appendix  A 


Finally,  by  using  equations  50,  52  and  53,  we  get: 


(54) 


—  .s,  ^(^>0  _L 

dx  2  \/e 

Thus,  in  order  for  the  condition  48  to  be  valid  we 
should  have: 


Details  of  Face  Detachment 

The  Villat-Brillouin  condition  (36),  [5]  at  the  cavity 
detachment  point  requires  the  cavity  to  have  the  same 
slope  and  curvature  with  the  foil.  This  condition  satis¬ 
fies,  locally,  the  requirements  that  the  cavity  does  not 
intersect  the  foil  and  that  the  pressures  on  the  foil  are 
larger  than  the  cavity  pressure.  If  yc  and  yj  are  the  or¬ 
dinates  of  the  cavity  and  the  foil  at  the  vicinity  of  the 
separation  point  s,  as  shown  in  Figure  2,  then  we  should 
have: 


dx 

dPy 

dx^ 


dx 


(45) 

(46) 


Equations  45  and  46,  via  the  kinematic  boundary  con¬ 
dition  on  either  the  cavity  or  the  foil,  become: 


[v 

dx 


i;{s'*')  -  u(a“)  =  0 
dv,  x,  dv,  . 


(47) 

(48) 

(49) 


where  v{x)  is  the  vertical  perturbation  velocity  on  the 
cavity  or  foil. 

In  the  context  of  linearized  theory: 


viT)  =  -^  +  Hx)  (50) 

where: 


2(M 

^-x 


(51) 


The  total  source  distribution  q(x)  is  continuous  at  s 
and  so  is  I(x)  because  ^(s)  =  0.  This  makes  the  first 
condition,  equation  47,  always  valid. 


A{sj)  =  0  (55) 

Appendix  B 

Details  of  Midchord  Detachment 

The  solution  7  and  q  to  the  system  of  equations  24 
and  25,  is  given  by  the  expressions  10,  11  and  12  where 
has  to  be  replaced  by  ©J,  as  defined  in  equation  27. 
To  determine  the  unknown  for  0  <  x  <  /o,  the 
kinematic  boundary  condition  22  must  be  applied  on  the 
upper  wetted  part  of  the  hydrofoil. 

Combining  equations  22  with  21  it  can  be  proven  that 
the  condition  22  is  equivalent  to: 

^(2;)  =  fof.  0  <  X  <  /o  (56) 

(Tt/oo 

where  qw{x)  is  the  foil  thickness  source  defined  m  follows: 

qu.{x)  =  (57) 

By  using  the  coordinate  transformation  defined  in 
equation  13  and  by  introducing  <0: 

it  can  be  proven  (9)  that  equation  56  is  equivalent  to: 


7u.(g) 

crUoo 


-H{z) 


rr  J\jri  +  t  {1  +  -  z) 


(59) 


where  H{z)  is  defined  as: 


H{z)  =  ^U^)  +  {l-^)R{z)  (60) 

CT  <T 

with  R{z)  defined  as: 


By  using  equations  10,  11  and  12  it  can  be  shown 
that: 


~  ,33, 


dl 


where  s+  —  s  =  s  -  s"  =  £,  and  A(s,l)  is  defined  in 
equation  16. 


and  with  (To  and  %  being  the  cavitation  number  and  the 
cavity  source  solution,  respectively,  corresponding  to  a 
supercavity  with  the  same  extent  x  =  /  but  starting  at 
the  leading  edge,  i.e.  for  /q  =  0.  The  values  for  oq  and  % 
are  given  from  the  equations  9  and  11. 

Equation  59  can  finally  be  inverted  to  obtain  [9]: 


+  1  1  +  \/{q  +  t){to-v) 

2  ~  x  ’  tj 

.  [iM(,)-(l-^)jV(7)]  (62) 
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where 


M{z) 


and 


>;  (gu»  -  got4o?o)di? 

+  V  (1  + '?’)(’?  -  «) 


(63) 


Ar(2) 


RMdrt 


+  »?  (1 +  <?*)(>?- «) 


(64) 


Equation  62  is  the  solution  of  the  integral  equation 
59  which  satisfies  the  condition  that  —  |  =  0  at  /q. 

The  cavitation  number,  cr,  is  obtained  by  applying 
the  cavity  closure  condition  7.  It  can  be  shown  that  [9]: 

=  (65) 

with  the  following  definitions; 


U.V 


jr3(r*  + 1) 


rt  +  1  +  —  1 

t-r]  14;?* 


and 


MF[r})dr} 

(66) 


v^r*  4't+  i?\/r*  -  1  „  , 
- - NF(r,)di}. 

(67) 

where: 

J  •  A/(u;)da;  (68) 

0 

and 

= j (69) 

0 

The  integrations  in  equations  66,  67,  68  and  69,  are 
performed  numerically  with  special  care  taken  at  the  sin¬ 
gularities  of  the  involved  integrands  [9]. 


d.f  8v^r^  r 

;r3(r*  +  l)y  V<-r? 
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DISCUSSION 
by  H,  Kato 

I  appreciate  the  authors'  effort  in 
calculating  sheet  type  cavitation.  The  authors 
(lid  not  compare  their  results  with 
experiments.  Therefore  I  am  afraid  that  some 
of  the  assumptions  and  conditions  are 
different  from  experimental  observations. 
Firstly  the  sheet  cavitation  is  closely 
related  with  boundary  layer  separation.  The 
leading  edge  of  sheet  cavitation  coincides 
with  the  separation  point  of  boundary  layer 
according  to  the  observation  by  Franc  and 
Michel! 10)  and  yamaguchi  and  Kato  [A1,A2).  We 
can  not  choose  the  location  of  the  cavity 
leading  edge  arbitrarily  as  the  authors  did  in 
the  paper. 

The  authors  also  mention  that  the  pressure 
distribution  shown  as  Fig.ll  is  not  realistic. 
However,  we  usually  observe  a  negative 
pressure  peak  in  the  front  of  the  cavity  where 
the  pressure  is  lower  than  the  cavity 
pressure. 

The  third  point  I  would  like  to  point  out 
is  the  cavity  closure  condition;  Eq.(7).  A 
sheet  cavitation  is  followed  by  wake  flow 
which  can  not  be  neglected  in  many  cases.  The 
calculation  under  the  assumption  of  Eq.(7) 
does  not  agree  with  the  experiment  especially 
when  the  sheet  cavity  length  approaches  to  the 
foil  length. 

(Al)  H.  yamaguchi  and  H.  Kato:  A  Study  on  a 
Supercavit?ting  Hydrofoil  with  Rounded 
Nose,  Navfil  Architecture  and  Ocean 
Engineering,  Soc.  Naval  Arch.  Japan, 
Vol.20  (1982). 

[A2)  H.  yamaguchi  and  H.  Kato:  On  Application 
of  Nonlinear  Cavity  Flow  Theory  to  Thick 
Foil  Sections,  2nd  Int.  Conf.  Cavitation, 
I  Mech  E,  Edinburgh,  (1983)  pp.167-174. 


Author’s  Reply 

First,  we  want  to  thank  Prof.  Kato  taking 
the  time  to  read  our  paper  and  for  making 
comments  on  it. 

It  is  correct  that  we  did  not  compare  the 
results  of  our  method  with  experimental 
results,  and  we  are  actually  planning,  as 
stated  in  Section  6  of  our  paper,  a  systematic 
series  of  experiments  in  the  future.  The 
objective  of  this  paper  was  to  produce  a 
consistent  and  convergent  numerical  method  for 
the  midchord  and  fate  unsteady  propeller 
cavitation. 

Concerning  Prof.  Kato's  comment  on  the 
pressure  distribution  of  Fig.ll,  we  do  not 
state  that  the  pressure  distribution  "is  not 
realistic".  We  rather  say  that  it  is 
"unacceptable"  according  to  the  conditions 
imposed  in  the  beginning  of  Section  2.2.  In 
addition,  at  the  end  of  Section  2.3  as  well  in 
Section  6,  we  also  state,  as  does  he,  that  the 
midchord  detachment  point  in  front  of  the 
cavity! 10 ) . 

Finally,  in  eq.{7),  we  assumed  cavity 
closure  at  the  trailing  edge  of  the  cavity, 
this  assumption  is  in  accordance  with  a 
linearized  Riaboushinsky  or  reentrant  jet  an 
cavity  model.  We  agree,  however,  that  more 
physical  model,  is  an  open  cavity  model  with 
the  "openness"  supplied  from  further  knowledge 
of  the  cavity  viscous  wake.  This  "openjiess" 
does  not  affect  much  the  predicted  cavity 
shape  and  the  cavitation  number,  in  the  case 
of  supercavitating  flows.  Thus,  in  the 
presented  analysis  of  the  supercavitating 
hydrofoils,  we  decided  for  simplicity,  to  take 
the  cavity  "  openness"  equal  to  zero.  For 
partially  cavitating  hydrofoils,  however,  the 
cavity  wake  is  important  and  should  be 
included.  An  experimental  analysis  of  the 
cavity  wake  in  the  case  of  partially 
cavitating  hydrofoils  is  included  in  [91. 
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Propeller  Inflow  Correct,  r;  or  Improved  Unsteady  Force  and 
Caviti.  ''  Calculations 


T.  S.  Mautner 

Naval  Ocean  Systems  Center 
San  Diego,  USA 


Abstract 

An  existing  propeller  design  method  was  modified  and 
used  to  calculate  the  spatial  variation  of  propeller  perfor¬ 
mance,  velocity  components  and  blade  pressures  for  use  in 
determining  unsteady  forces  and  cavitation.  The  calculations 
showed  only  small  changes  in  the  magnitude  of  the  velocity 
components  and  blade  pressures  when  compared  to  typical 
counterrotating  propeller  design  results.  Approximate  agree¬ 
ment  was  found  between  the  absolute  magnitude  of  both  the 
harmonic  coefficients  and  the  total  unsteady  forces  obtained 
using  the  calculated  axial  velocity  and  the  measured  wake. 
However,  the  unsteady  force  distributions  associated  with 
the  calculated  axial  velocity,  which  includes  propeller 
effects,  resulted  in  small  reductions  in  the  magnitude  of  the 
total  unsteady  forces  on  the  propulsor.  The  calculated  blade 
pressures  and  cavitation  index  also  .showed  only  small  varia¬ 
tions  in  magnitude  with  circumferential  position. 

Nomenclature 


3n  •  bn  Fourier  coefficients 
Af  Vehicle  frontal  area 

c*  Complex  Fourier  coefficient  =  an-ibn 

C  Propeller  blade  chord 

Cd  Vehicle  drag  coefficient  =  Drag/ 

Cl  Blade  section  lift  coefficient 

Cp  Pressure  coefficient 

Cp  Power  coefficient  =  Qfl/  'ApVfnE? 

Cq  Torque  coefficient  =  Q/  t4pV,*xR* 

Cp  Thrust  coefficient  =  T/  lApVf xR* 

D  Propeller  diameter 

Db  Vehicle  diameter 

F- ,  Fy  Unsteady  side  forces 
f]")  Unsteady  thrust  for  the  n-th  harmonic 
AhsL  Change  in  energy  from  freestream  to  local 
Ahp  Change  in  pressure  through  propeller  disk 
j  Index  taking  on  values  -  1,.....,P 

J  Advance  ratio  =  x  V,/n  R 
k  The  reduced  frequency  =  tiCw/V, 

Ii(k)  Sears’  function 
L  Lift  force  on  an  airfoil  or  blade  section 
Lb  Vehicle  length 

m  Index  taking  on  values  =  nN|, 

M  Moment/Torque  on  a  blade  element 

n  Order  of  the  propeller  force  harmonic 

Nb  Number  of  propeller  blades 

p  Pressure 


P  Number  of  blade  elements  having  width  Ar 
PC  Propulsive  coefficient 

=  (Thrust  (l-i)  VJ/CTorque  0) 

Q  Propeller  torque 

r  Radial  coordinate 

Atj  Width  of  the  j-th  blade  element 

R  Propeller  radius 

Rb  Vehicle  radius 

SL  Propeller  stacking  line  location 

t  Time 

t/C  Blade  thickness-to-chord  distribution 

T  Propeller  thrust 

T- ,  Ty  Unsteady  moments 
tI")  Unsteady  torque  for.  the  n-th  harmonic 
t(k)  Horlock’s  function 

u  Measured  inflow  velocity 

V  Axial  velocity  with  j)ropellers  present 

V,  Aitial  component  of  the  inteiference  velocity 
V|  Axial  inflow  velbci^  with  propellers  not  present 
V|  Tangential  component  of  interference  velocity 
Av  Change  in  axial  velocity  diie  to  propellers 

V  Resultant  velocity  of  blade  section  and  fluid 
V,  Free  stream  velocity  or  vehicle  speed 

AV  Overvelocity  due  to  thickness  and  HR 

w.  Axial  component  of  self-induced  velocity 

Wt  Tangential  component  of  self-induced  velocity 

x, y,z  Rectangular  coordinates 

X  Radial  position  =  (r-rj/CR-rj,) 

y  Non-dimensional  chordwise  cdordinafe 

a  Angle  of  attack  of  a  blade  element 

P  Blade  section  pitch  ahgle.fradians) 

ij  Propeller  efficiency  ■  J  C-tfr  Cq 

u  Frequency 

n  Angular  velocity  of  the  propeller 

Potential  function 
^  Mid-chord  skew  angle 

P  Fluid  density 

(X  Cavitation  number 

r  Thrust  deduction  factor  =  A  Drag/1 nrust 
9  Angular  coordinate  in  the  direction  of 

propeller  rotation 
r  Bound  circulation 

Subscripts 

jF  Forward  propeller 

A  After  propeller 
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Introduction 


Meniured  Velocity  Field 


One  current  and  intpoklant  issue  in  the  design  of  marine 
propellers  is  the  reduction  of  propulsor  generated  noise  due 
10  teth  the  transmission  of  unsteady  propeller  forces  through 
shafting  into  the  vehicle  and  propeller  noise  radiated  into  the 
near  and  far  fields.  The  unsteady  blade  forces/pressures  and 
cavitation  calculations  to  be  discussed  in  this  paper  result 
from  the  passage  of  a  propeller  blade  through  the  spatially 
varying  wake  generated  by  upstream  appendages.  It  is 
known  that  when  a  propeller  blade  passes  behind  an  append¬ 
age,  unsteady  blade  pressures  and  loadings  occur  and,  with 
an  appropriate  velocity  and  pressure  field  surrounding  the 
propeller  blade,  perii^ic  propeller  blade  cavitation  will 
occur. 

While  there  are  a  wide  range  of  techniques  available  to 
calculate  unsteady  forces  and  blade  pressures,  these  methods 
require  accurate  knowledge  of  the  wake  incident  upon  the 
propeller.  One  method  of  determining  the  incident  flow  field 
required  in  propeller  design  is  to  make  wake  measurements 
at  the  proposed  propeller  stacking  line  locations.  Typically, 
these  measurements  are  made  without  a  propulsor  present, 
and  only  simple  corrections,  if  any,  are  made  to  determine  an 
effective  wake.  For  single  propellers,  one  could  reasonably 
assume  that  the  appendage  generated  wake  is  incident  upon 
the  propeller  without  further  distortion  or  modification  by 
the  propeller  induced  velocity  field.  However,  for  compound 
propulsors,  the  wake  incident  upon  the  aft  blade  row  now 
pa-ises  through  the  forward  propeller  (or  stator)  and  is  modi¬ 
fied  by  propeller  induced  velocities  and  interactions. 

In  recent  years  measurements  have  been  made  detailing 
propeller  velocity  fields.  For  example,  Thompson’s  [24]  fig.  6 
shows  the  change  in  harmonic  content  of  the  axial  velocity 
di  '.tribution  for  a  body  with  and  without  a  propeller.  In  gen¬ 
eral,  the  results  show  a  reduction  in  the  magnitude  of  the 
harmonic  components  when  a  propeller  is  operating. 
Another  example  is  the  work  of  Blaurock  and  Lammurs  [1] 
which,  for  three  values  of  thrust  coeflicient,  illustrates  the 
significant  changes  in  axial,  radial  and  tangential  velocity 
components  before  and  after  an  operating  propeller.  Addi¬ 
tional  examples  of  propeller  flow  studies  can  be  found  in 
refs.  7, 10, 11,  and  22. 

The  above  mentioned  experimental  results  and  uncer¬ 
tainties  in  the  velocity  field  used  in  calculation  of  unsteady 
forces,  blade  pressures  and  cavitation  |>erformance  provide 
the  motivation  to  explore,  analytically,  the  effect  of  a  spa¬ 
tially  varying  wake  on  propeller  forces  and  cavitation.  Tlie 
continued  success  of  the  propeller  design  method  of  Nelson 
[17-20]  suggests  that  if  the  lifting-line  portion  of  the  design 
method  can  accurately  predict  propeller  performance  using 
circumferential  mean  data,  the  possibility  exits  of  using  the 
same  calculation  techniques,  with  some  modification,  to 
explore  the  effect  of  spatial  variations  in  the  wake.  The 
selection  of  Nelson’s  lifting-line  method  was  also  based  upon 
its  availability  and  ease  of  modification.  Certainly,  there  are 
many  lifting-surface  methods,  panel  methods  and  blade  pres¬ 
sure  calculation  techniques  [2,  5,  8,  9,  23]  which  might  be 
used  for  this  purpose. 

The  discussion  to  follow  will  present  a  description  of  the 
propeller  design  method  and  the  geometry,  velocity  fields, 
harmonic  content,  unsteady  forces  (blade-rate)  and  blade 
pressures  associated  with  a  counterrotating  propeller  set 


In  the  design  of  wake-adapted  propellers,  it  is  important 
that  the  inflow  velocity  distribution  at  the  propeller  stacking 
lines  be  properly  specified.  Even  though  circumferentially 
averaged  velocity  profiles  are  sufficient  for  propeller  design 
calculations,  the  calculation  of  unsteady  forces  and  pressures 
requires  that  both  the  radial  and  circumferential  distributiens 
of  the  wake  be  considered. 

The  velocity  data  used  in  this  study  ^  obtained  from 
wind  tunnel  tests  [21]  where  boundary  layer  measurements 
were  made  on  a  0.6  scale  model  Pitot  tubes,  oriented  approx¬ 
imately  parallel  to  the  afterbody  surface,  were  used  to  obtain 
both  fte  static  pressure  and  the  total  head  over  a  Reynolds 
number  range  of  1.3-2.4x10*.  To  avoid  strut  interference 
effects  and  to  utilize  body  symmetry,  measurements  were 
made  over  the  top  90”  of  the  body  where  the  zero  degree 
point  coincides  with  the  centerline  of  the  fln  trailing  edge. 
The  measured  wake  at  the  forward  and  after  propeller  stack¬ 
ing  line  locations  is  show  in  fig.  1. 


Fig.  1.  Circumferential  variation  of  the  measured  inflow 
velocity  u/V,  at  the  a)  forward  and  b)  after  measurement 
locations. 
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Pfoneller  Geometry 


The  propeller  geometry  used  in  this  study  is  that  for  a 
counterrotating  propeller  set  designed  using  the  method 
developed  by  Nelson  [17-20].  The  design  utilized  the  param¬ 
eters  given  in  table  1,  and  the  circumferential  mean  inflow 
velocity,  u/V, ,  and  static  pressure,  Cp  ,  formed  from  the 
measured  data  [21],  Thrust  deduction  calculations  were 
made  using  the  circumferentially  averaged,  three-dimensional 
potential  flow  velocity  profiles  calculated  using  a  3-D  body 
coordinate  generator  [13]  and  a  3-D  panel  method  [3, 4].  The 
details  of  the  input  velocity  and  pressure  profiles,  the  circula¬ 
tion  distribution  and  thickness  distributions  are  given  in  refs. 
15-16. 

Using  the  inputs  described  above,  a  counterrotating  pro¬ 
peller  design  was  performed.  The  calculated  performance 
parameters  are  given  in  table  1,  the  radial  distribution  of 
chord-to-diameter,  local  pitch  angle  and  resultant  blade  sec¬ 
tion  velocity  are  listed  in  table  2  and  the  geometry  is 
sketched  in  flg.  1  In  addition  to  calculating  the  aft  propeller 
circulation  distribution  required  for  tangential  velocity  can¬ 
cellation,  the  design  method  determines  the  minimum  value 
of  C/D  required  to  meet  cavitation  (<r=0.75),  blade  stress  (40 
ksi  maximum)  and  lift  coefficient  (Cl)max=0.5)  require¬ 
ments.  A  distribution,  which  also  satisfies  the  given  hub  and 
tip  values  of  C/D,  is  flt  about  this  value  of  C/D  and  has  the 
shape  shown  in  fig.  2. 


Vehicle  Velocity  -  V,  (knots) 

40 

Drag  Coefficient  -Cd 

0.1165 

Vehicle  Lb/Db 

11.77 

Propulsive  Coefficient  -  PC 

0.929 

Propulsive  Efflciency  - 

1.08 

Thrust  Deduction  -  1-r 

0.860 

Advance  Ratio  -  J 

2.12 

Thrust  Coefficient  -  Cx 

0.212 

Torque  Coeffleient  -  Cq 

0.133 

Power  Coefficient  -  Cp 

0.196 

Torque  Ratio  -Qa/Qf 

1.00 

Thrust  Ratio  -Ta/Tp 

1.02 

Blade  Surface  Cavitation  -  <r 

0.75 

Maximum  Stress  (ksi) 

40 

Parameter 

Forward 

Propeller 

After 

Propeller 

Blade  Number 

6 

4 

SL/Db 

11.46 

11.67 

R/Rb 

0.781 

0.705 

•"hub/RB 

0.3280 

0.1823 

RPM 

1400 

1400 

Cttp/Cmax 

0.4 

0.4 

UHUB/t-’MAX 

0.6 

0.6 

(C/D)max 

0.255 

0.380 

Ct/C)HUB 

0.18 

0.16 

(t/Qmp 

0.09 

0.08 

(Cl)max 

0.346 

0.435 

Vto/V. 

1.733 

1.606 

Table  1.  Summary  of  Counterrotating  Propeller  Design 
Inputs  and  Calculated  Results  Using  Circumferential 
Mean  Inflow  Data 


Rp/Rs 

C/D)p 

fir 

y/y^F 

0.3393 

0.1586 

0.5567 

0.7199 

0.3619 

0.1698 

0.5924 

0.7922 

0.4072 

0.1906 

0.6411 

0.9300 

0.4525 

0.2094 

0.6797 

1.0503 

0.4978 

0.2259 

0.7102 

1.1566 

0.5431 

0.2397 

0.7101 

1.2567 

0.5884 

0.2501 

0.6894 

1.3526 

0.6337 

0.2548 

0.6622 

1.4457 

0.6790 

0.2448 

0.6190 

1.5378 

0.7243 

0.2064 

0.5657 

1.6273 

0.7696 

0.1286 

0.5217 

1.7133 

Ra/Rb 

C/D)a 

fix 

V/Vs)a 

0.1953 

0.2367 

0.7779 

0.6411 

0.2215 

0.2540 

0.7593 

0.6924 

0.2738 

0.2864 

0.7562 

0.8236 

0.3261 

0.3154 

0.7708 

0.9701 

0.3783 

0.3405 

0.8100 

1.1155 

0.4306 

0.3611 

0.8260 

1.2384 

0.4829 

0.3757 

0.8074 

1.3372 

0.5352 

0.3783 

0.7724 

1.4177 

0.5875 

0.3575 

0.7117 

1.4818 

0.6398 

0.2981 

0.6218 

1.5334 

0.6920 

0.1883 

0.5503 

1.5919 

Table  2.  Propeller  Geomet!7  and  Operating  Characteristics 
Determined  Using  Circumferential  Mean  Inflow  Data 


Y 


Fig.  2.  Description  of  a  typical  propeller  and  its  geometry. 
Unsteady  Force  Calculation  Method 


The  method  used  in  this  paper  to  calculate  unsteady 
blade  forces  was  developed;by  Thompson  [24]  and^extended 
by  Mautner  [14].  The  method  divides  the  propeller  blade 
into  strips  which  are  considered  two-dimensibhai  airfoils, 
and  two-dimensional  unsteady  airfoil  theory  is  used  to  con¬ 
sider  sinusoidal  velocity  fluctuations  norm^  and  parallel  to 
the  inflow  velocity.  Corrections  to  the  blade  lift  force  due  to 
the  presence  of  adjacent  propeller  blades,  the  inclusion  of 
camber  and  the  calculation  bfthe  total  force  and  moment  bn 
the  propeller  have  been  included.  The  expressions  used  to 
calculate  the  unsteady  thrust  and  torque  are 
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F.<">=NbI) 


J=i 


(0 


T(”)=Nbi: 

J=i 


where  the  lift  and  moment  are  determined  using 
p-AC,V^V.c*, 


^jm  “ 


dC^ 

da 


|R(k„^)cos/?j-ojt(k^)sin^j|Ar,cos^j 


and 


Mj„  =  Lj„tan^jr, 


(2) 


(3) 


(4) 


Examination  of  the  unsteady  force  equations  (IH4)  and 
a  Fourier  analysis  of  the  current  four  cycle  wake  where  the 
velocity  is  represented  by 

=  ^  +  S  [ai(r)cos(n«)  +  b,(r)  sin(n«)  ]  (5) 


and 


H3=:2 

f 

V(y) 

m 

2 

[Aval 

V(y) 

V. 

In  the  above  expression  for  the  blade  pressure,  ^bl 
represents  the  change  in  energy  per  unit  volume  from  far 
upstream  to  where  the  boundary  layer  is  mebured,  Ahp 
represents  the  change  in  pressure  through  the  propeller  disk 
and  AV  accounts  for  the  increase  in  velocity  along  an  airfojl 
section  due  to  thickness  and  lift  In  the  calculation  Wt  varies 
along  the  airfoil  while  the  other  induced  velocities  are  con¬ 
sidered  to  be  constant.  Both  w,  and  AV(^  are  functions 
of  the  radial  distribution  of  circulation  and  the  chordwise 
loading.  The  overvelocity  AV  due  to  thickness  is  determined 
from  the  experimental  data  for  NACA  0010-64  airfoil 
adjusted  for  local  blade  section  thickness.  If  the  pressure  p 
on  the  suction  surface  is  defined  as  the  vapor  pressure,  a  cav¬ 
itation  number,  based  upon  free  stream  conditions,  can  be 
defined  as  <r  =  (Poo“Pv.|x>c)/'4pV?.  It  should  be  noted  that, 
although  rot  shown  here,  the  pressure  equation  has  been 
extended  to  include  the  axial,  radial  and  tangential  com¬ 
ponents  of  the  inflow  velocity  field. 


Velocity  Field  Components 


show  that  the  harmonic  numbers  of  interest,  for  a  6x4  pro¬ 
peller  set,  are  nNb=  12,  24,  36 .  for  the  forward  propeller 

and  nNb=  4,  8, 12, 16 .  for  the  after  propeller.  TTius,  only 

the  unsteady  thrust  and  torque  require  calculation. 


Blade  Pressure  and  Cavitation  Calculation  Method 

The  starting  point  in  calculating  blade  pressures  is  the 
unsteady  Bernoulli  equation 

p  =  -p^->ApV^  +  c[t)  (6) 

applied  in  a  constant  total  head  stream  annulus  located  in  an 
inertial  frame  of  reference.  After  evaluating  the  potential 
function,  and  determining  the  constant  c(t),  one  obtains 
the  following  expression  for  the  pressure  coefficient  along 
the  blade’s  suction  surface 


Poo-P 

v,pv; 


=  H,  +  H, 


where 

Hi=-1- 

-2 


AhoL 

%pV? 

+ 

V.  ^ 

V.^ 

w,(y) 

nr  .  V, 

w,(^  .  1 

V. 

V.  V. 

AhflL  [ V 

4.C--  t 

%pV->  [v.J 

Ah 

o  «  f  Vl 

fnr' 

W*  [v. 

V. 

VI. 

V. 


(7) 


(8) 


(9) 


(10) 


During  the  design  of  wake-adapted  propellers,  one  must 
account  for  velocities  arising  from  several  sources,  and  these 
velocities  ate  shown  in  the  velocity  diagram  given  in  fig.  3. 
The  resultant  relative  velocity  (V)  between  the  blade  section 
and  the  fluid  is  determined  from  the  tangential  velocity  due 
to  propeller  rotation  (fir),  the  axial  inflow  velocity  with  pro¬ 
pellers  not  present  (V|),  the  axial  and  tangentia*  componenu 
of  the  self-induced  (w,,  w^  and  interference  (v,,  veloci¬ 
ties  and  the  change  in  the  axial  inflow  velocity  (Av)  due  to 
the  presence  of  the  propellers. 

Development  of  expressions  for  the  velocity  component 
are  given  by  Nelson  [17-20]  and  have  been  sunimarized  by 
Mautner  [16].  Briefly,  in  determining  the  radial  variation  of 
Av,  one  considers  an  axisymmetric  flow  having  a  radial  vari¬ 
ation  of  total  head  as  it  passes  through  a  single  propeller.  As 


Fig.  3.  Relative  flow  velocity  diagram  at  the  lifting-linf 
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the  boundary  layer  flow  moves  through  the  propeller,  the 
induced  velocity  field  of  the  propeller  rearranges  the  vorti- 
city  in  the  boundary  layer  and  consequently  alters  the  boun¬ 
dary  layer  profile.  Using  a  potential  flow  model,  an  approxi¬ 
mate  calculation  is  made  to  determine  Av. 

The  interference  velocities  are  calculated  using  an  exten¬ 
sion  of  the  work  of  Hough  and  Ordway  [61-  Using  classical 
vortex  system  representation,  Hough  and  Ordway  developed 
expressions,  in  terms  of  Fourier  coefficients,  for  the  induced 
velocities  of  a  finite  bladed  propeller  with  arbitrary  circula¬ 
tion  distribution.  The  zeroth  harmonic,  or  steady  com¬ 
ponent,  of  their  expressions  have  been  extended  by  Nelson 
to  the  case  of  a  moderately  loaded,  wake-adapted  propeller 
with  non-zero  circulation  at  the  hub. 

The  self-induced  velocities  arc  calculated  using  an 
extended  version  of  Lerbs’  [12]  induction  factor  method. 
Lerbs’  original  method  was  restricted  to  circulation  distribu¬ 
tions  which  go  to  zero  at  the  hub.  For  wake-adapted,  coun¬ 
terrotating  propellers  this  restriction  is  not  desirable  because 
circulation  distributions  having  non-zero  circulation  at  the 
hub  are  more  efficient  (more  work  done  on  slower  moving 
fluid  near  the  hub)  and  the  after  propeller  may  be  used  to 
remove  the  tangential  velocity  from  the  forward  propeller  so 
that  the  hub  vortex  can  be  avoided.  Thus,  Lerbs*  method  was 
extended  by  Nelson  to  include  non-zero  circulation  at  the 
hub. 

The  blade  pitch  and  the  relative  flow  angle  are  related  by 
r  tan^  =  V,/0  and  this  expression  has  been  extented  to  the 
moderately  loaded,  wake-adapted  propeller  case  by  replacing 
V,/n  with  its  equivalent  r  tan/J.  liie  result  is 


0  =  tan"* 


V  -f  v»  +  w, 
nr  +  V,  +  w, 


(12) 


From  this  expression  it  can  be  seen  that  the  calculated  velo¬ 
cities  and  propeller  geometry  are  not  independent  but  must 
be  determined  in  an  iterative  fashion  to  account  for  the 
effects  of  both  the  forward  and  after  propellers. 


Propeller  Calculations 


at  the  wall),  the  measured  radial  distributions  of  u/V ,  and  Cp 
were  extrapolated  to  the  wall  for  -45®<J<+45‘’.  Since  the 

3- D  potential  flow  distributions,  for  the  body  with  append¬ 
ages,  show  only  minor  deviations  from  the  circumferential 
mean,  (max  «0.3%  of  V,) ,  the  circumferential  mean  profiles 
will  be  used  for  all  cases.  The  measured  wake  data  was 
specified  in  ‘look  up' table  format 

In  an  attempt  to  account  for,  at  least  first  order,  propeller 
effects  in  the  calculation  of  unsteady  forces  and  pressures, 
the  lifting-line  portion  of  Nelson’s  design  method  was  modi¬ 
fied  to  provide  the  calculation  of  the  circumferential  varia¬ 
tion  in  velocity  components  required  to  form  the  resultant 
velocity  V/V,  (fig.  3)  at  each  blade  section.  The  technique 
used  fixed  the  velocity  profile,  u/V, ,  at  a  particular  forward 
propeller  angle,  $r .  and  fi*en  calculations  were  performed  as 
the  after  propeller  angle  was  varied  from  -45®  to  -h45®. 
In  the  region  of  large  inflow  velocity  changes, 
-10® <$<  +10®,  single  degree  Increments  were  used,  and 
outside  this  region  calculations  were  made  at  increments  of 

4- 6  degrees. 

Velocity  Components  and  Performance  Parameters 

For  comparison  purposes,  the  counterrotating  propeller 
design  results  obtained  using  circumferential  mean  inflow 
data  are  presented  in  fig.  4  and  tables  1  and  2.  Referring  to 
fig.  4,  it  is  seen  that,  for  the  forward  propeller,  the  constant 
magnitude  of  v,  is  small  compared  to  w,  over  the  centra 
portion  of  the  blade,  while  at  the  after  propeller  these  veloci¬ 
ties  are  similar  in  magnitude.  Furthermore,  it  is  found  that 
the  maximum  value  of  Av  (change  in  V|)  is  of  comparable 
magnitude  to  the  maximum  value  of  w,.  This  infers  that  Av 
plays  an  equal  role  with  w,  in  determining  the  radial  distri¬ 
bution  of  blade  pitch.  The  data  also  shows  a  sntall,  constant 
value  of  V,  on  the  forward  propeller  while  the  after  propeller 
v,  and  both  the  forward  and  after  propeller  values  of  w^  have 
comparable  magnitudes.  The  radial  variation  of  <r  indicates 
that  the  region  on  the  blade  most  prone  to  blade  surface  cavi¬ 
tation  occurs  at  x«0.75,  and  the  Cj,  profile  (not  shown) 
reflects  the  change  from  large  loading  at  the  blade  root  to  the 
unloading  of  the  blade  tip  region.  It  should  be  noted  ftat 
while  these  results  are  for  a  specific  design,  they  are  typical 
of  counterrotating  propeller  designs  obtained  using  Nelson’s 
design  method. 


As  stated  before,  one  problem  inherent  in  the  calculation 
of  unsteady  forces  involves  the  use  of  wake  data  obtained 
without  a  propeller  present  While  the  propeller  design 
method  of  Nelson  calculates  changes  in  the  circumferential 
mean  inflow  velocity  field  due  to  the  presence  of  a  propulsor, 
the  uncorrected,  spatially  varying  inflow  has  been  used  to 
determine  the  unsteady  forces  acting  on  the  propeller  blades. 
It  is  known  that  the  presence  of  a  propulsor  will  cause 
changes  in  streamlines  due  to  acceleration  of  the  flow,  that 
there  may  be  additional  unsteadiness  due  to  the  relative 
motion  of  the  blade  rows  and  that  the  propeller  will  change 
the  amplitude  and  phase  of  the  incident  flow  distortions. 
From  these  few  facts  it  is  apparent  that  the  measured  wake 
should  be  'corrected' to  reflect  propulsor  induced  velocity 
field  and  then  be  used  in  unsteady  force,  pressure  and  cavi¬ 
tation  calculations. 


Next,  the  results  obtained  by  variation  of  the  forward 
and  after  propeller  inflow  will  be  presented.  During  the  cal¬ 
culation  procedure,  49  values  of  x  were  used  to  determine 
the  radial  variation  of  parameters.  An  example  of  the  calcu¬ 
lated  variation  of  propeller  parameters  with  both  9f  and 
the  variation  in  the  change  in  the  axial  inflow  velocity  (Av). 
The  results,  given  in  fig.  5,  show  that  the  most  significant 
variation  in  Av  occurs  in  the  region  of  Sr=0,  9^=0  and  near 
the  hub  surface  (x=0).  As  one  moves  away  from  the  hub 
surface  the  region  of  large  parameter  change  narrows  from 
±20®  at  x=0  to  only  a  few  degrees  at  x=1.0.  Although  not 
shown  here,  similar  variations  are  found  for  v  and  p  while 
the  spatial  distribution  of  the  induced  and  interference  velo¬ 
cities,  lift  and  drag  coefficients  have  a  nearly  constant  magni¬ 
tude  except  for  very  small  changes  in  a  narrow  rc^on  cen¬ 
tered  about  9f=0  and  tfA=0- 


Calculation  Procedure 

Before  velocity  or  unsteady  force  calculations  could 
begin,  complete  specification  of  the  input  velocity  and  static 
pressure  profiles  was  required.  Due  to  the  fact  that  the 
design  method  requires  the  velocity  and  static  pressure  at  the 
hub  surface  (numerical  requirements  specify  a  slip  condition 


The  spatial  distribution  of  propeller  performance  param¬ 
eters  (ref..  16)  indicates  that,  with  the  design  constraint  of 
constant  C'r  the  performance  parameters  PC,  1-r,  i?  and  Cq 
show  only  small  variations  in  the  region  of  and  tfA=0'  ^ 
should  be  remembered  that  the  circumferential  variation  of 
potential  flow  was  not  included.  Thus,  due  to  the  fact  that 
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fi/vs  wa/vs 


VT/VS  WT/VS 


Vfl/VS  Hfl/VS  VT/VS  HT/VS  SIGMfl 


Fig.  6.  Velocity  components  and  geometric  parameters  for  the  forward 
and  after  propellers.  0f=O  and 

v/V,: - .forward; - .after.  Av/V,: — •—.forward; . .after., 

V/V, : - .  forward.  — — .  after.  vJV, : - ^ — .  forward;  — after. 

w,yv« :  — • — •  forward; . .  after.  v,/V, : - .  forward;  — after. 

wyv, :  — • — .  forward; . .  after,  fi: - .  forward; - .  after. 

or : - .  forward;  — .  after. 


PC  is  a  function  of  the  thrust  deduction  factor,  one  can  con-  cially  in  the  region  of  r/Rf<0.6.  and  the  rapid  approach 

elude  that  there  would  be  additional  small  changes  in  PC  toward  zero  of  the^  24th  and  higher  harmonics.  The  har- 

with  if  the  circumferential  variation  of  the  potential  flow  monic  content  distribution  for  the  after  propeller  show  Ae 
were  included;  however,  calculations  made  for  the  forward  dominance  of  the  4th  harmonic  and.  when  compared  to  the 

propeller  indicate  that  changes  in  PC  would  be  on  the  order  forward  propeller,  a  slower  decrease  in  magnitude  of  the  8th.. 

of  0.5%.  1 2th  and  higher  harmonics.  As  in  the  forwwd  propeller  case. 

the  large  magnitude  of  Bb  is  located  in  the  region  of 
To  further  illustrate  the  results  obtained  by  varying  r/Rf<0.6.  For  both  propellers,  the  magnitude  of  ba  is  newly 
ff  and  ih*  radial  distribution  of  parameters  for  the  case  zero  for  all  harmonic  numbers,  and  the  magnitude  of  Ua 
when  and  «a=14®  is  given  in  fig.  6.  Comparison  of  this  becomes  nearly  constant  for  r/R,:>  «0,6.  Results  for  higher 
data  set  with  the  circumferential  mean  data  presented  in  fig.  harmonics  can  be  found  in  ref.  14.  and.  in  general,  harmonic 

4  indicate  that  the  magnitude  and  radial  distribution  of  the  component  magnitude  changes  arc  in-  agreement  with  previ- 

profiles  are  very  similar.  However,  the  complete  set  of  calcu-  ous  work  [24]. 

lated  data  shows  the  sensitivity  of  the  results  to  the  relative 
angular  position  of  the  propellers  and  to  the  lack  of  total 

symmetry  in  the  measured  wake.  calculated  radial  distributions  of  F,  and  T.  associ¬ 

ated  with  the  forward  propeller’s  12th  harmonic  (fig.  7)  show 
Unsteady  Forces  that  regions  of  large  forces  occur  in  both  the  inner.and  outer 

portions  of  the  propeller  bladf  Also,  there  is  a  distinct 
The  axial  velocity  component  of  the  measured  wake  and  minimum  force  region,  located  at  r/Rr  mO.7,  which  coin- 

the  calculated  axial  inflow  velocity  were  used  in  both  cides  with  the  minimum  velocity  defect/excess  region  of 

Fourier  analysis  and  unsteady  forces  calculations.  The  data  r/Rasr  0.45  shown  in  fig.  la.  For  the  after  propeller,  the 
was  supplemented  with  the  geometric  parameters  found  in  unsteady  forces  for  the  4th  harmonic  show  a  minimum  point 

tables  1  and  2.  First.  Fourier  analysis  and  unsteady  force  at  r/R^  ^0.38  which  coincides  with  the  region  of  greatest 

calculations  vyere  made  using  u/V, .  which  due  to  the  meas-  velocity  excess  at  r/RB*»0.3  (fig..lb).  Even  though  the  4th 

urement  procedure,  contains  both  axial  and  radial  com-  harmonic  has  a  sinall  and  nearly.constant  magnitude  over  the 

ponents.  Figure  7  presents  the  radial  distribution  of  Fourier  outer  region  of  blade,  the  force  and  moment  distributions 

coefficient  magnitude  and  unsteady  thrust  and  torque  for  the  have  large  magnitudes  in  both  the,  inner  anti  outer  K^pns  of 

forward  and  after  propellers.  For  the  forward  propeller,  the  the  blade.  With  increasing  harmonic  nuniiber.  nNt,=8  and  12. 

results  show  the  dominance  of  the  i2th  harmonic  (ag).  espe-  the  minimum  force  point  moves  outward  along  the  after  pro- 
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pellcr  blade’s  span  to  r/RF»0.S2  and  coincides  with  the 
region  of  minimum  velocity  excess/defect,  r/Rg  ^  0.48  (fig. 
lb).  Finally,  for  nNb=8  and  12,  the  shape  and  magnitude  of 
the  force  and  moment  distributions  become  more  like  that 
found  for  the  forward  propeller. 

Next,  data  will  be  presented  to  illustrate  the  unsteady 
forces  obtained  by  varying  the  propulsor  inflow.  Figures  8 
and  9  present  the  radial  distribution  of  harmonic  coefficient 
magnitude  and  unsteady  forces  for  the  calculated  axial  velo¬ 
city  fields  obtained  by  specifying  (a)  tfA=0°  and  (b)  if=0’‘ 
white  the  other  propeller  ((a)  forward,  (b)  after)  used  wake 
data  over  the  range  -45®<tfA^+45'’.  Fourier  coefficients  and 
unsteady  forces  were  calculated  using  the  measured  axial 
velocity  V,  and  the  calculated  axial  velocity,  v=v,+Av.  For 
tfA=0°  (fig.  8),  the  harmonic  coefficient  distributions  show 
total  removal  of  the  small  magnitude  of  bg  previously 
obtained  in  the  Fourier  analysis  of  u/V, .  Also,  the  sign  of  a^ 
has  been  reversed  white  its  (absolute)  magnitude  remains 
nearly  the  same.  The  radial  distribution  of  F,  and  T„ 
obtained  using  V|  are  nearly  equal  to  that  calculated  using 
u/V, .  For  the  calculated  axial  velocity  distribution,  v/V, , 
the  magnitude  of  an  for  the  12th  harmonic  has  been  reduced 
in  the  region  of  r/Rr<0.S  where  the  peak  magnitude  has 
been  reduced  by  »2S%.  The  unsteady  forces  associated  with 
V  show  a  reduction  in  magnitude  over  the  inner  radii,  an 
increase  in  magnitude  over  the  outer  radii  and  movement  of 
the  minimum  force  point  to  a  smaller  radii,  r/Rp  »  0.6S. 

When  tfp=0  and  «a  is  varied,  the  measured  axial  velocity 
field  results  in  a  sign  change  for  the  4th  and  12th  harmonics 
while  the  magnitude  of  a^  remains  approximately  the  same. 
As  in  the  previous  case,  the  small  magnitude  of  b^  has  been 
removed.  The  characteristics  of  the  unsteady  force  distribu¬ 
tions  are  nearly  the  same  as  those  obtained  for  u/V, ;  how¬ 
ever,  they  show  a  lower  magnitude  of  F,  and  T,  at  the  other 
radii.  The  harmonic  content  obtained  from  the  Fourier 
analysis  of  v/V,  reveals  a  reduction  in  a^  ,  for  all  harmonic 
numbers,  over  the  after  propeller  blade’s  inner  radii.  Also, 
the  minimum  force  point  has  been  shifled  to  a  smaller  radii, 
r/Rp  «  0.35  for  the  4th  harmonic  and  to  r/Rp  «  0.57  for  8th 
and  12th  harmonics.  Only  small  deviations  fVom  the  results 
given  above  were  found  for  other  combinations  of  9p  and  ^a* 


In  addition  to  the  radial  distribution  of  unsteady  forces 
given  above,  the  total  forces  on  the  forward  and  after  pro¬ 
pellers  were  calculated.  The  results  for  the  measured  and 
calculated  wakes  are  given  in  table  3.  It  can  be  seen  that 
removal  of  the  radial  component  from  the  measured  inflovr, 
u/V„  results  in  the  introduction  of  unsteady  forces  assbeU 
ated  with  the  6th  and  18th  harmonic  components,  bn  the  for¬ 
ward  propeller,  which  were  zero  for  the  measured' inflow 
case.  The  magnitudes  of  these  forces  are  substantially  lower 
(3.4-4.9  times)  than  those  obtained  for  the  12th  and  24th  har¬ 
monics  and  are  probably  an  artifact  of  the  computation  pro¬ 
cedure.  The  data  in  table  3  also  shows  a  general  reduction  in 
unsteady  force  magnitude  for  V|/V,  data  on  both  the  forward 
and  after  propellers  when  compared  to  the  u/V,  results. 
While  the  unsteady  forces  obtained  using  v/V,  show  a  reduc¬ 
tion  in  magnitude  for  most  harmonic  numbers,  small 
increases  in  magnitude,  over  the  u  and  v,  data,  are  found  for 
TJp  at  the  12th  harmonic  and  T,)a  at  the  8  th  harmonic. 

Cavitation  and  Blade  Pressures 

An  integral  part  of  Nelson’s  propeller  design  method  is 
the  ability  to  determine  the  blade  geometry  (C/D)  required 
to  satisfy  a  given  blade  surface  cavitation  requirement  The 
counterrotating  propeller  geometry  detailed  in  tables  1  and  2 
reflect  the  the  chord-to-diameter  ratio  required  to  meet  the 
cavitation  requirement  of  o=0.7S.  In  all  subsequent  cavita¬ 
tion  and  blade  pressure  calculations,  the  blade  geometry  was 
held  constant,  and,  since  cavitation  is  the  parameter  of 
interest,  only  suction  surface  pressures  will  be  calculated. 
The  variation  of  tr  with  both  forward,  Sr,  and  after,  ^ai  P''^* 
peller  angles  is  presented  in  figs.  10  and  1 1.  The  results  show 
that  <r  has  the  same  type  of  variation  from  the  circumferential 
mean  data  as  did  the  various  velocity  components,  blade 
pitch  and  performance  factors  (see  fig.  S  and  ref~  16).  The 
variation  of  <r  is  greatest  in  the  region  of  -20®  <  Sfji  <  20®. 
As  shown  by  equations  (6)-(ll),  a  and  the  blade  section  Cp 
distribution  depend  on  all  the  velocity  components  compris¬ 
ing  the  local  blade  section  velocity  diagram  (fig.  3).  However, 
as  mentioned  before,  both  Wp  and  AV,  are  functions  of  the 
chordwise  trapezoidal  loading  distribution  and  the  radial  dis¬ 
tribution  of  circulation.  Thus  even  with  corrections  for 
thickness,  lift  and  circumferential  variation  of  velocity  com- 
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For  Sr  or  Sj,  -  0-40,  the  values  of  F,(lb)and  T,  (ft-lb)  are  representative 
Sf  or  ^A  was  fixed  while  the  other  propeller  angle  was  varied 


Table  3.  Calculated  Total  Unsteady  Forces  for  the  Forward  and  After  Propellers 
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Fig.  8.  Variation  of  Fourier  coefTicient  magnitude  (Ua ,  and  unsteady  thrust  (FJ 
and  torque  (TJ  with  radial  position  (r/R^)  for  the  forward  propeller. 
9x=0.nNb=12.  a)v,/V,;  b)v/V,. - - — ,F^ - ,T. 
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R/RF  R/RF 


R/RF  R/RF 


Fig.  9.  Variation  of  Fourier  coefficient  magnitude  (a„ ,  bj  and  unsteady  thrust  (F,) 
and  torque  (TJ  with  radial  position  (r/Ry)  for  the  after  propeller. 
tf,=C  nNb=4.  a)  v,/V. ;  b)  v/V, . - .  F^ - ,  T, 


ponents,  only  small  changes  in  a  are  noted.  The  variation  of 
<r  in  figs.  10  and  11  also  represent  the  maximum  (negative) 
pressure  on  the  blade's  suction  surface,  and,  if  the  blade 
geometry  were  allowed  to  vary  as  required  by  the  calculation 
at  each  B,  one  might  obtain  larger  changes  in  a. 

Figures  12  and  13  are  representative  of  the  variation  in 
pressure  along  the  suction  surface  of  the  blade  at  various 
radial  locations.  First,  fig.  12  gives  the  values  obtained  for 
the  counterrotating  propeller  set  using  circumferential  mean 
inflow  data.  The  data  shows  that  the  shape  and  magnitude  of 
suction  surface  pressure  coefficient  are  typical  of  that  found 
on  various  airfoils  and  are  in  general  agreement  with  the 
results  of  other  researchers  (for  example  refs.  2,  5  and  9).  It 
can  also  be  noted  that  the  magnitude  of  Cp  is  nearly  the  same 
for  both  the  forward  and  after  propellers.  Figure  13  gives 
the  results  for  the  case  when  and  ^a=14‘’  where  the  Cp 
calculation  uses  the  data  presented  in  fig.  6.  Comparison  of 
figs.  12  and  13  indicate  very  small  differences  in  Cp.  This 
result  is  consistent  with  the  a  data  presented  in  figs.  10  and 
1 1  and  is  typical  for  the  range  of  B  used  in  the  study.  When 
the  equation  for  the  suction  surface  pressure  is  derived  from 
the  Euler  equations  (see  for  ref.  9)  in  a  rotating  frame  of 
reference,  an  additional  term  equal  to  Ahp  (eqn.  IG)  is 
obtained.  The  blade  pressure  results  for  this  formulation 
reflect  small  changes  in  magnitude  due  the  additional  Ahp, 
however,  the  magnitude  and  shape  of  the  suction  surface 
pressure  remain  in  gcncrai  agreement  with  previous  work 
[2,5,9]. 

Conclusion 

An  existing  propeller  design  method  was  modified  and 
used  to  calculate  the  spatial  variation  of  propeller  perfor¬ 
mance,  blade  pressures  and  velocity  components  Tor  use  in 
determining  changes  in  blade-rate  forces  and  cavitation  per¬ 


formance.  The  calculations  showed  only  small  changes  in  the 
magnitude  of  the  various  velocity  components,  forces  and 
blade  pressures  when  compared  to  the  counterrotating  pro¬ 
peller  design  results.  In  general,  there  was  approximate 
agreement  between  the  (absolute)  magnitude  of  both  the  har¬ 
monic  coefficients  and  unsteady  forces  obtained  using  the 
axial  component  of  the  inflow  velocity  and  the  measured 
wake  data.  However,  the  unsteady  force  distributions  associ¬ 
ated  with  the  calculated  axial  velocity,  which  includes  pro¬ 
peller  effects,  showed  an  increase  in  magnitude  at  the  inner 
radii  with  minimal  change  in  its  general  shape.  Overall,  there 
was  a  small  reduction  in  the  magnitude  of  the  total  unsteady 
forces  on  the  propulsor.  The  circumferential  variation  of  both 
the  cavitation  index  and  suction  surface  pressure  distribu¬ 
tions  showed  only  small  variations  with  blade  position.  Also, 
the  difference  between  the  forward  and  after  propeller  blade 
pressure  distributions  were  small. 

While  the  simple  approach  used  in  this  paper  did  not 
reveal  large  changes  in  the  inflow  velocity  field,  cavitation  or 
unsteady  forces,  it  did  show  that  the  design  method  has  the 
tendency  to  modify  the  measured  inflow  velocity  field  in 
such  a  way  that  both  the  forward  and  after  propeller  'see' 
nearly  identical  velocity  fields.  This  result  indicates  a 
'smoothing'  of  the  incident  velocity  field.  From  a  design 
Standpoint  this  is  desirable  since  one  would  not  want  pro¬ 
peller  performance  to  be  highly  sensitive  to  small  perturba¬ 
tions  in  the  inflow.  However,  these  results  can  only  be  con¬ 
sidered  first  order- and.  require  extension  of  the  calculation 
procedure  to  account  for  additional  effects  due  to  the 
unsteady  flow  field  such  as  blade  interaction  terms  and, flow 
acceleration  due  to  the  moving  blade  rows. 
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Fig.  12.  Variation  of  suction  surface  pressure  coefTicient, 

Cp  =  (Poo-P)/''  P  V*.  calculated  using  circumferential  mean 
data  for  the  forward  and  after  propellers  at  various  x  locations. 
— • — ,  forward  propeller;  — o — ,  after  propeller. 


Fig.  13.  Variation  of  suction  surface  pressure  coefficient 
Cp  =  (Poo-P)/  P  Vf,  calculated  for  the  forward  and 
after  propellers  at  various  x  locations  with  and 
— • — ,  forward  propeller;  — o — ,  after  propeller. 


712 


References 

1.  Blaurock,  J.  and  G.  Lammcrs,  'Measurements  of  the 
Time  Dependent  Velocity  Field  Surrounding  a  Model 
Propeller  in  Uniform  Water  Flow,'  AGARD  Symp. 
Aero,  and  Hydro.  Studies  Using  Water  Facilities,  Paper 
No.  30,  Monterey,  CA,  Oct.,  1986. 

2.  Brockett,  T.E.,  'Lifting-Surface  Hydrodynamics  for 
Design  of  Rotating  Blades,'  SNAME  Proceedings  Pro¬ 
pellers’ 81,  Paper  No.  20,  1981. 

3.  Hess,  J.L.  and  A.  M.  O.  Smith,  'Calculation  of  Nonliving 
Potential  Flow  about  Arbitrary  Three-Dimensional 
Bodies,'  Douglas  Aircraft  Company  Report  ES40622, 
1962. 

4.  Hess,  J.L.  and  A.  M.  O.  Smith,  'Calculation  of  Potential 
Flow  About  Arbitrary  Bodies,'  Progress  in  Aeronautical 
Sciences  Scries,  Vol.  8,  Pergamon  Press,  1966. 

5.  Hess,  J.L.  and  W.O.  Valarczo,  'Calculation  of  Steady 
Flow  About  Propellers  by  Means  of  a  Surface  Panel 
Method,'  AIAA  Paper  No.  85-0283,  23rd  Aerospace  Sci¬ 
ences  Meeting,  Reno,  NV,  1985. 

6.  Hough,  G.R.  and  D.E.  Ordway,  'The  Generalized  Actua¬ 
tor  Disk,'  Term  Advanced  Research,  Report  No.  TAR- 
TR  6401,  1964. 

7.  Jessup,  S.D.,  C.  Schott,  M.  Jeffers  and  S.  Kobayashi, 
'Local  Propeller  Blade  Flows  in  Uniform  and  Sheared 
Onset  Flows  Using  LDV  Techniques,'  Proceedings  15th 
Symp.  Naval  Hydrodynamics,  Washington,  D.C.,  1985. 

8.  Kerwin,  J.E.  and  C.  Lee,  'Prediction  of  Steady  and 
Unsteady  Marine  Propeller  Performance  by  Numerical 
Lifting-Surface  Theory,'  SNAME  Transactions,  Vol.  86, 
1978,  pp.  218-253. 

9.  Kim,  K.  and  S.  Kobayashi,  'Pressure  Distribution  on 
Propeller  Blade  Surface  Using  Numerical  Lifting  Surface 
Theory,'  SNAME  Proceedings  Propellers’  84,  Paper  No. 
1,  1984. 


10.  Kotb,  M.A.  and  J.A.  Schetz,  'Detailed  Turbulent  Flow 
field  Measurements  Immediately  Behind  a  Propeller,' 
SNAME  Proceedings  Propellers’  84,  Paper  No.  3, 1984. 

i  1.  Laudan,  J„  'The  Influence  of  the  Propeller  on  the  Wake 
Distribution  as  Established  in  a  Model  Test,'  SNAME 
Proceedings  Propellers’  81,  Paper  No.  13, 1981. 

12.  Lerbs,  H.W.,  'Moderately  Loaded  Propellers  With  a  Fin¬ 
ite  Number  of  Blades  and  an  Arbitrary  Distribution  of 
Circulation,'  Society  of  Naval  Arch,  and  Marine 
Engineers,  Transactions,  Vol.  60,  1952. 

13.  Mautner,  T.S.,  'A  Computer  Program  Package  for  Pro¬ 
viding  Input  to  the  Douglas  Three-Dimensional  Potential 
Flow  Program:  A  User’s  Manual,' NOSC,  TR  352,  1978. 


14.  Mautner,  T.S.,  'An  Optimization  Method  for  the  Reduc¬ 
tion  of  Propeller  Unsteady  Forces,'  AIAA  Paper  88- 
0265,  26th  Aerospace  Sciences  Meeting,  Reno,  NV,  Jan., 

1988. 

15.  Mautner,  T.S.,  'Comparison  of  the  Counterrotating  and 
Pre-Swirl  Propeller  Concepts  for  Marine  Propulsion,' 
Paper  AIAA-88-3088,  AIAA/ASME/SAE/ASEE  24th 
Joint  Propulsion  Conference,  Boston,  MA,  July,  1988. 

16.  Mautner,  T5.,  'Preliminary  Results  in  the  Development 
of  a  Method  to  Correct  Propeller  Inflow  for  Improved 
Unsteady  Force  Calculations,'  AIAA  Paper  No.  89- 
0436,  27th  Aerospace  Sciences  Meeting,  Reno,  NV, 

1989. 

17.  Nelson,  D.M.,  'A  Lifting-Surface  Propeller  Design 
Method  for  High  Speed  Computers,'  NOTS  TP  3399, 
1964. 

18.  Nelson.  D.M.,  'Numerical  Results  from  the  NOTS 
Lifting-Surface  Propeller  Design  Method,'  NOTS  TP 
3856,  1965. 

19.  Nelson,  D.M.,  'Development  and  Application  of  a  Lifting 
Surface  Design  Method  for  Counterrotating  Propellers,' 
NUC  TP  326,  1972. 

20.  Nelson,  D.M.,  'A  Computer  Program  Package  for 
Designing  Wake-Adapted  Counterrotating  Propellers:  A 
User’s  Manual,' NUC  TP  494,  1975. 

21.  Nelson,  D.M.  and  J.J.  Fogarty,  Private  communication, 
1977. 

22.  Schetz,  J.A.,  The  Flow  field  Near  the  Propeller  of  a 
Self-Propelled  Slender  Body  with  Appendages,*  SNAME 
Proceedings  Propellers’  81,  Paper  No.  1, 1981. 

23.  Tsakonas,  S.,  J.P.  Breslin  and  W.R.  Jacobs,  'Blade  Pres¬ 
sure  Distribution  for  a  Moderately  Loaded  Propeller,'  J. 
Ship  Research,  Vol.  27,  No.  1, 1983,  pp.  39-55. 

24.  Thompson,  D.E.,  'Propeller  Time-Dependent  Forces  Due 
to  Nonuniform  Flow,'  Applied  Research  Laboratory, 
Pennsylvania  State  Univ.,  Tech.  Mem.  TM  No.  76-48, 
1976. 


713 


CONCLUDING  REMARKS 


Francis  Noblesse 

David  Taylor  Research  Center 


As  chairman  of  the  last  session,  I  have  the  task  of  officially  closing  the  Fifth 
International  Conference  on  Numerical  Ship  Hydrodynamics,  although  Professor  Mori 
asked  me  to  urge  you  to  participate  in  the  Group  Discussions  following  the  Conference. 
I  also  have  the  privilege  of  briefly  reflecting  upon  the  Conference. 

On  behalf  of  all  the  participants,  I  wish  first  and  foremost  to  thank  the 
organizers  for  an  absolutely  flawless  and  superb  organization.  We  are  well  aware  that 
the  organization  of  the  Conference  has  required  an  enormous  amount  of  work  by 
Professor  Mori  and  many  other  persons  around  him.  We  do  want  him  and  everyone  else 
who  helped  in  the  organization  of  the  Conference  to  know  that  we  deeply  appreciate 
their  efforts  on  our  behalf. 

I  feel  confident  in  expressing  that  there  exists  a  clear  consensus  among  the 
participants  that  the  Conference  was  highly  successful.  I  believe  that  at  least  three 
reasons  for  the  success  of  the  Conference  can  be  cited.  A  first  reason  resides  in  the 
well-chosen,  highly  informative  four  keynote  lectures.  Another  reason  is  the  large 
number  of  excellent  papers  presented  at  the  Conference.  A  third  reason  is  that  the 
importance  of  validating  numerical  methods  was  emphasized  at  this  Conference  to  much 
greater  extent  than  previously.  I  believe  we  all  leave  this  Conference  with  an 
increased  awareness  of  the  need  for  establishing  the  robustness  and  the  reliability  of 
the  numerical  methods  which  we  develop  or  apply.  This  greater  awareness  represents  a 
healthy  and  important  development,  and  attests  to  the  progress  that  has  been  made  in 
the  field  of  numerical  ship  hydrodynamics.  In  this  respect,  I  think  the  Conference 
may  come  to  be  remembered  as  something  of  a  turning  point  in  the  history  of  the 
development  of  numerical  methods  in  ship  hydrodynamics,  and  the  organizers  have  done  a 
great  service  to  our  community  by  employing  the  need  for  validation. 

There  also  exists  a  clear  consensus  among  the  participants  that  the  Conference  was 
not  only  successful  from  a  technical  point  of  view  but  also  highly  pleasant  and 
enjoyable.  Several  factors  have  contributed  to  making  the  Conference  a  particularly 
enjoyable  experience.  A  first  factor  is  that  Hiroshima,  surrounded  by  a  beautiful 
skyline  of  mountains  and  divided  by  several  graceful  rivers,  is  a  lovely  city, 
especially  under  the  splendid  weather  we  enjoyed.  The  charm  and  kindness  of  the 
people  of  Hiroshima  also  contributed  to  creating  an  enjoyable  experience.  The 
kindness  and  hospitality  of  the  people  of  Hiroshima  is  quite  well  demonstrated  by  the 
following  personal  story  which  I  would  like  to  tell.  I  happened  to  get  lost  while 
walking  through  the  city  yesterday  afternoon.  So  I  asked  a  middle-aged  Japanese  man 
for  directions.  He  not  only  pointed  me  in  the  right  direction  but  insisted  that  I 
follow  him  to  a  nearby  parking  lot  so  that  he  could  take  his  car  and  drive  me  to  my 
hotel!  The  reception  Sunday  evening,  the  buffet  party  Tuesday  evening,  and  the  boat 
cruise  to  Miyajima  yesterday  evening  were  also  very  enjoyable.  I  believe  the  evening 
cruise  to  Miyajima  provided  a 

specially  pleasant  setting  for  enjoying  the  company  of  old  friends  as  well  as  making 
new  ones,  and  will  be  remembered.  The  Conference  was  a  particularly 
enjoyable  experience  not  only  because  of  several  events  arranged  by  the  organizers  but 
also  because  of  the  warmth  and  kindness  of  the  Japanese  participants,  who  invited  many 
of  us  who  traveled  from  outside  Japan  in  the  evening  and  made  us  feel  at  home. 

On  behalf  of  all  tiie  participants  from  outside  Japan,  I  simply  wish  to  say  "domo 
arrigato  go  say  mashita".  May  I  finally  invite  the  participants  from  outside  Japan  to 
Join  me  in  expressing  our  deep  appreciation  to  our  Japanese  hosts  by  applauding  them. 
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Group  Discussions 


Summary  of  the  Group  Discussion  on  Rankine  Source  Methods 

Chiunnan:  A.  J.  Miisker 
Admiralty  Research  Establishment 
Haslar,  England 
Co-chairman:  S.  Ogiwara 
Ishikawajima-Harima  Heavy  Industries  Co. 

Yokohama,  Japan 


The  Groupe  Discussion  on  Rankine 
Source  Methods  was  attended  by 
approxiraateiy  50  leading  researchers  from 
12  nations.  Attention  was  focussed  on  the 
following  items,  although  there  was 
necessarily  a  high  degree  of  overlap 
between  the  topics; 

(i)  Radiation  condition 

and  its  application 

(ii)  Resolution  of  divergent  waves 
-higher  order  panels 

(lii)  Water-line  problem 
-effect  on  stability 
(iv)  Calculation  of  wave  resistance 
<v)  Existence  and  uniqueness 

Three  different  approaches  to 
satisfying  the  radiation  condition  were 
discussed:  Dawson's  approach,  involving  a 
one-sided  finite  difference  operator  (eg 
Larsson,Musker) ,  staggered  collocation 
points  (Jensen,  Ando,  Nakatake)  and  a 
hybrid  approach,  first  suggested  by  Gadd, 
involving  a  Kelvin  source  density 
distributed  on  the  hull  and  a  Rankine 
source  density  distributed  on  the  free- 
surface  but  confined  to  the  nearfield 
(Yim). 

The  errors  associated  with  various 
formulations  of  a  four-point  Taylor  series 
operator  were  discussed  (Van).  A  recent 
study  had  drawn  the  same  conclusions  as 
Dawson,  namely  that  the  2nd  and  4th 
derivatives  should  be  eliminated  in  its 
formulation. 


The  method  of  staggered  or  shifted 
collocation  points  was  discussed  at  some 
length.  Jensen  described  the  change  in 
wave  pattern  resulting  from  different  ways 
of  staggering  the  free-surface  grid.  Waves 
were  found  to  propagate  upstream  and 
downstream  depending  on  the  chosen 
configuration.  The  question  remained  as  to 
whether  a  regime  could  be  identified  for 
which  the  results  were  realistic  as  well  as 
being  insensitive  to  small  changes  in  mesh 
geometry. 

The  lack  of  rigour  in  treating  the 
radiation  condition  used  in  the  more 
popular  methods  described  in  recent  years 
was  criticised  by  Bai .  Suggestions  that 
the  approaches  were  nearer  to  art  than 
science  were  quickly  refuted  by  the  more 
pragmatic  users  of  the  methods  since  the 
experience  has  been  that  the  methods  do 
provide  good  engineering  predictions 
proviued  the  algorithms  remain  stable. 

There  was  general  agreement  about  the 
desire  to  use  higher  order  panels  to 
resolve  the  divergent  wave  system  and  to 
better  model  the  larger  gradients  in  the 
bow  region  (Yim,  Larsson,  Mori,  Baubeau). 
Larsson  referred  to  the  1977  paper  by  Hess 
which  addressed  the  two  dimensional  problem 
of  the  flow  over  a  submerged  vortex.  His 
conclusion  was  that  a  higher  order  line 
source  method  was  required.  For  ship- 
flows,  the  case  for  higher  order  panels  is 
not  as  strong  if  the  panels  are  not 
positioned  In  the  calm'-water  plane 
(Baubeau,  Musker) ,  although  the  stability 
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of  the  solution  algorithms  does  seem  to 
improve.  Larsson  made  a  strong  case  that 
the  higher  order  method  is  more  economical 
in  terms  of  computing  requirements  and  that 
an  additional  benefit  arose  in  that  the 
pressure  integration  around  the  body, 
required  in  the  caluculation  of  resistance, 
was  more  accurate. 

It  was  the  general  feeling  that  the 
resistance  should  be  calculated  by  pressure 
integration  and  not  by  momentum 
considerations.  This  recommendation  was 
largely  the  result  of  experience  in 
comparing  both  methods  with  experimen. 
rather  than  a  rigorous  appraisal  of  the 
numerical  issues  invoived.  Numerical 
damping  in  the  far-field  probably  accounts 
for  the  dispari ly. 

Difficulties  remain  in  the  vicinity  of 
the  water-line.  Whilst  the  available 
methods  behave  reasonably  well  with  the 
Wigley  and  Series  60  hulls,  great 
difficulties  have  been  experienced  with  the 
HSVA  tanker  (Jensen,  Larsson).  In  Jensen's 
case,  the  collocation  points  near  to  the 
water-line  were  suppressed  to  achieve 
convergence.  The  existence  of  solutions  to 
the  potential  flow  formulation  of  the  wave 
resistance  problem  was  discussed  at  some 


length  in  the  context  of  instabilities  near 
the  water-line. 

In  the  real  world,  we  know  that  spray 
and  wave-breaking  occur  -especially  near 
the  bow;  both  viscous  and  surface  tension 
effect  are  present  (Jensen).  Thus  the 
potential  flow  model  cannot  be  expected  to 
cope  with  these  complexities  and  it  is  then 
necessary  to  consider  whether,  when  these 
(non-linear)  regimes  are  being  approached 
in  a  Rankine-Source  calculation,  a  solution 
exists  at  all.  Divergence  of  a  scheme  may 
then  be  truly  reflecting  the  mathematics  - 
not  the  numerical  techniques  invoked 
(Musker, Larsson) ,  in  which  case  it  might  be 
possible  to  identify  an  upper  limit  in 
terms  of  the  utility  of  such  methods.  A 
consensus  on  this  issue  could  not  be 
reached. 

Notwithstanding  the  above 
difficulties,  however,  it  was  agreed  that 
Rankine-Source  methods  had  a  very  definite 
role  to  play  in  ship  design  to  predict  wave 
resistance  and  that  they  should  also  be 
used,  in  conjunction  with  Navier-Stokes 
methods,  to  Investigate  the  wave-viscous 
interaction  problem  (Ylm). 
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Summary  of  the  Group  Discussion  on  Navier-Stokes  Solvers 


Chairman;  J.  Piquet 
BNSM 

Nantes,  Prance 
Co-churman:  Y.  Kodama 
Ship  Research  Institute 
Tokyo,  Japan 


First,  questions,  fields  and  issues  on  which  this 
Group  Dicussion  should  be  focused  are  given(Kodama). 
Then  a  general  table,  given  hereafter,  of  the  meth¬ 
ods  presented  during  the  meeting  is  briefly  dis- 
cussed(Piquet).  It  appears  that,  among  the  fourteen 
papers  presenting  numerical  solutions  of  Navier-Stokes 
equations,  only  three  methodologies  are  used;  an  unseg¬ 
regated  approach  (Hoekstra)  in  which  the  solenoidal- 
ity  of  the  flow'  is  enforced  at  each  iteration;  other 
contributions  satisfy  the  incompressibility  condition 
at  convergence  either  by  means  of  the  so-called  ar¬ 
tificial  compressibility  method(Yang,  Kodama)  or  by 
means  of  a  pressure  correction  technique-projection 
type  method(Zhu,  Hino,  Doi)  or  simple-like  meth- 
ods(Tzabiras,  Larsson,  Oh,  Masuko,  Piquet,  Stern). 

It  should  be  therefore  necessary  to  compare  in  a 
more  detailed  way  the  methods,  in  order  to  isolate  their 
differences  and  the  resulting  effects  (Stern).  As  a  first 
important  difference,  the  choice  of  independent  vari¬ 
ables  is  felt  significant(Tzabiras)  although  no  clear  evi¬ 
dence  of  optimal  choice  has  been  provided. 

Several  specific  aspects  are  then  addressed  in  the 
discussion:  geometric  singularities  created  by  the  curvi¬ 
linear  structured  grid,  averaging  procedures(Kodama); 
orthogonality  constraints  on  the  grid,  needed  regular¬ 
ity  of  the  control  functions  in  the  elliptic  grid  gen¬ 
eration  procedure(Ju),  convergence  problems  on  fine 
grids(Piquet)  The  question  of  accuracy  measures  is 
posed,  from  a  2D  e.xample,  for  an  inner  problem  where 
momentum  conservation  implies  strongly  different  re¬ 
sults  on  the  drag  forces  coefficients  Cpp  and  Cdm  when 
computed  from  the  integration  of  forces  and  from  the 
global  momentum  balance(Kubota).  The  problem  of 
conservation  of  mass,  close  to  the  boundaries  -  e.g.  the 
free  surfacc(Hino)  -as  well  as  that  of  momentum  is  dis¬ 
cussed. 

Problems  connected  to  the  turbulence  model  are 
then  addressed  Corrrectlons  for  the  free-surface  prob- 
loms(Hino)  and  existence  of  a  model  adequate  for  lift¬ 
ing  problems(Tzabiias)  are  questionned.  The  need  to 
avoid  the  ’’highly  convenient”  wall  function  approach  is 


emphasized(Hoekstra).  In  any  case,  it  appears  difficult 
to  check  the  influence  of  the  turbulence  model  on  the 
numerical  results  in  an  unbiased  way. 

The  discussion  is  then  displaced  towards  what 
should  be  done  now  (Tzabiras),  given  the  existence  of 
several  Navier-Stokes  codes  able  in  principle  to  deal 
with  complex  problems.  A  few  possibilities  are  putfor- 
ward  and,  among  the  noticed  fields  of  applications,  the 
impact  of  Navier-Stokes  codes  on  the  propeller  research 
is  not  considered  ’’too  optimistically”  (Hoekstra). 

Endly,  the  boundary  conditions  are  discussed 
mmnly  in  relation  with  the  numerical  scheme  consid- 
ered(Tzabiras,  Kodama)  although  the  natural  mathe¬ 
matical  character  of  the  Neumann  pressure  condition  is 
pointed  out  (Hoekstra). 

To  try  a  tentative  evaluation,  the  chairmen  of  the 
discussion  feel  that  the  brief  survey  of  technical  prob¬ 
lems  that  has  been  attempted  gives  a  good  picture  of 
collective  weaknesses,  given  the  rather  small  size  of  the 
community  working  on  Navier-Stokes  solvers  for  hydro- 
dynamic  problems. 

The  discussion  was  felt  either  too  specific  -  and  so 
could  be  considered  as  a  disappointing  specialist  discus- 
sion(Himeno)  -  or  not  detailed  enough  to  allow  an  ap¬ 
preciation  of  the  pros,  and  cons,  of  the  presented  works 
and  methodologies.  May  be,  this  can  be  attributed  to 
the  fact  that  not  only  our  mutual  work  is  not  known  in 
enough  details,  but  also  that  the  concerned  aspects  are 
so  numerous  that  a  complete  assessment  of  each  detail 
of  the  used  methods  is  difficult. 

The  weaknesses  of  the  discussions  appeared  also 
on  a  conceptual  level,  for  instance  in  the  treatment  of 
boundary  conditions  and  on  the  views  over  accuracy. 
Recognized  inadequacies  in  the  treatment  of  the  geom¬ 
etry  -  e.g.  the  HSVA  tanker  -  did  not  raised  the  ques¬ 
tion  of  the  use  of  partially  unstructured  girds.  Recog¬ 
nized  difficulties  in  enforcing  conservativity  (geometri¬ 
cal,  mass,  momentum)  did  not  raised  the  question  of  the 
use  of  Galerkin  -  type  methods.  May  be,  these  problems 
should  call  for  a  better  consideration  of  the  literature 
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issued  from  applied  mathematics. 

Because  a  lot  of  time  has  been  spent  on  the  tech¬ 
nical  aspects  of  the  work,  and  probably  also  because  of 
the  way  the  discussion  has  been  conducted,  the  practi¬ 
cal  importance  of  the  whole  set  of  aforementioned  prob¬ 


lems  was  not  evaluated.  A  fortiori,  the  ability  to  use 
Navier-Stokes  solvers  to  understand  flow  situations  was 
not  considered,  although  these  solvers  offer  a  unique 
opportunity  to  get  information  on  the  flow  at  a  level  of 
details  not  possible  with  experiments. 


Table  of  the  14  papers  related  to  Navier-Stokes  solvers  presented  during  INC-5  (Part  1). 


AUTHORS 

VARIABLES 

&  LAYOUT 

GRID 

GENERATION 

INCOMPRESS. 

CONSTRAINT 

PRESSURE 

SOLVER 

MOMENTUM 

SOLVER 

HOEKSTRA 

covariant  VW 

contravariant  U 

collocated 

Schwarz 

Christoffel 

transv.  ortho. 

Unsegregated 

multiple  relax, 
sweep 

CSIP 

YANG 

et  Al. 

UVWP 

collocated 

Algebraic 

artif.  comp. 

relaxation 
+  lAF 

relaxation 

-I-IAF 

KODAMA 

UVWP 

collocated 

Geometrical 
(interp.btw.) 
surface  grids 

artif.  comp. 

IAF(Implicit 

Approximate 

Factorization) 

lAF 

ZHU 

et  Al. 

contravariant 

Elliptic 

MAC 

relaxation 

explicit 

HINO 

UVWP  collocated 
node-centered 

Algebraic 

MAC 

relaxation 

explicit 

KINOSHITA 

et  Al. 

UVWP 

collocated 

Algebraic 

MAC 

relaxation 

explicit 

KUBOTA 
et  Al. 

UVWP 

collocated 

Geometrical 

compressible 

(cavitation) 

relaxation 

explicit 

DOI 

No 

(channel  flow) 

Projection 

TZABIRAS 

LOUKAKIS 

UVWP 

staggered 

Elliptic 

SIMPLE 

relaxation 

relaxation 

LARSSON 

et  Al. 

contravariant 

staggered 

Elliptic 

SIMPLER 

relaxation 

relaxation 

OH 

et  Al. 

phys.  polar 
staggered 

Elliptic 

SIMPLE 

relaxation 

relaxation 

MASUKO 

OGIVVARA 

UVWP 

staggered 

Elliptic 

SIMPLE 

relaxation 

relaxation 

PIQUET 

VISONNEAU 

UVWP 

collocated 

TYansfinite 
+  Elliptic 

PISO 

ILU-PBCG 

relaxation 

STERN 

KIM 

UVWP 

staggered 

Elliptic 

SIMPLER 

plane  ADI 

plane  ADI 
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Table  of  the  14  papers  related  to  Navier-Stokes  solvers  presented  during  INC-5  (Part  2). 


AUTHORS 

TURBULENCE 

WALL 

HOEKSTRA 

Mixing  length 
(CS) 

YANG 

et  Al. 

Baldwin-Lomcix 

damping 

factor 

KODAMA 

Baldwin-Lomax 

damping 

factor 

ZHU 

et  Al. 

SGS 

damping 

factor 

HINO 

Baldwin-Lomax 

wall 

function 

KINOSHITA 

et  Al. 

none 

no  slip 

KUBOTA 
et  Al. 

none 

no  slip 

DOI 

SGS 

damping 

factor 

TZABIRAS 

LOUKAKIS 

k-e 

wall  ftn. 

LARSSON 

et  Al. 

k-e 

wall  ftn. 

OH 

et  Al. 

k-€ 

wall  ftn. 

MASUKO 

OGIWARA 

k-e 

wall  ftn. 

PIQUET 

VISONNEAU 

k-e 

wall  ftn. 

STERN 

KIM 

laminar 

k-e 

wall  ftn. 

SPACE 

TIME 

FREE 

SURFACE 

pressure 

downstream 

2nd-order 

V  upstream 

implicit 

no 

TVD(Roe) 

implicit 
(A  form) 

no 

centered  2nd-order 
artif.dissipation 

implicit 
(A  form) 

no 

centered  4th-order 
artif.dissipation 

e.xplicit 

no 

2nd-order  P 
3rd-order  conv. 

explicit 

yes 

P„=0.25 

2nd-order  P 
3rd-order  conv. 

explicit 

no 

2nd-order  P 
3rd-order  conv. 

explicit 

cavitation 

3rd-order  conv. 
artif.dissipation 

Adams-Bashforth 

(explicit) 

no 

Hybrid 

implicit 

no 

Finite-Analytic 

implicit 

no 

Finite-Analytic 

implicit 

no 

Hybrid 

implicit 

no 

Finite-Analytic 

implicit 

no 

Finite-Analytic 

implicit 

no 

Table  of  the  14  papers  related  to  Navier-Slokes  solvers  presented  during  INC-5  (Part  3). 


AUTHORS 

START 

INLET 

PAR 

FIELD 

GRID 

NO.  of 

ITER. 

CPU  TIME 

TEST  CASES 

HOEKSTRA 

potential 

thin  B.L. 

potential 

45x49x29 

24 

.5-lh  Cray2 

HSVA  tanker 

midship 

10“^  resid 

YANG 

91x25x29 

220 

17’ 

Afterbodies  1,2,5 

et  Al. 

Cray  YMP 

Bodies  at  incidence 

40” /iter. 

Flat  platc,Wigley, 

KODAMA 

far 

uniform 

5000 

Stellar 

Series  60 

upstream 

GSIOOO 

(Cb=0.6,0.7,0.8) 

ZHU 

rest 

far 

uniform 

170x30x50 

20h 

Wigley  hull 

et  Al. 

upstream 

(255000  to 

Hitac 

340000  pts) 

S820/80 

HINO 

rest 

far 

uniform 

100.\20x38 

11000 

2h/1000stps 

Wigley  hull 

upstream 

ACOS  910 

Series  60  (Cb=0.6) 

KINOSHITA 

rest 

rest 

rest 

140x60 

!jU00 

70’ 

Oscillating 

et  Al. 

VP-lOO 

circular  cylinder 

KUBOTA 

uniform 

far 

uniform 

101x31x3 

Hitac 

NACA0015 

et  Al. 

upstream 

M-680H 

wing  section 

DOI 

mgm 

periodic 

no 

Channel  flow 

WM 

LES 

TZABIRAS 

rest 

thin  B.L. 

potential 

44x32x30 

35  (20% 

SSPA  ship  liner 

LOUKAKIS 

midship 

resi.red. 

/  iter) 

SSPA  ship  liner 

LARSSON 

rest 

thin  B.L. 

60x21x15 

et  Al. 

midship 

OH 

rest 

1/7  -f  eq. 

uniform 

54x32x25 

190 

1600” 

SSPA  ship  liner 

et  Al. 

midship 

VP-100 

MASUKO 

rest 

far 

uniform 

94x25x21 

Series  60  (Cb=0.6) 

OGIVVARA 

upstream 

IHI-BO  tanker 

PIQUET 

rest 

thin  B.L. 

uniform 

80x40x31 

i2hrs 

HSVA  tanker 

VISONNEAU 

midship 

Cray  2 

STERN 

rest 

thin  B.L. 

uniform 

80000 

Cray  XMP 

Propeller  shaft 

KIM 

+rot. 

(relative 

case 

frame) 
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Summary  of  the  Group  Discussion  on  Boundary  Integral  Method 
for  Radiation/Diffraction  Problems 


Chairman;  O.  M.  Faltinsen 
Norwegian  Institute  of  Technology 
Trondheim,  Norway 
Co-chairman:  M.  Takaki 
Hiroshima  University 
Hiroshima,  Japan 


More  than  40  participants  took  part  in  this 
group  discussions  and  actively  discussed  about 
the  following  topics. 

1.  Singularities  due  to  the  body 

Zhao  showed  the  behaviour  of  the  potential 
near  the  corner  of  a  rectangular  cylinder  by 
using  a  lower  order  panel  nethod  based  on 
Green's  second  identity.  The  method  assumes 
the  velocity  potential  and  its  normal  deriva¬ 
tive  are  constant  over  each  element.  By  com¬ 
paring  with  analytical  solutions  it  was 
demonstrated  that  the  velocity  potential  at 
the  element  closest  to  the  corner  will  always 
be  wrong. 

2.  Free-surface  intersection,  line  integral 

Zhao  showed  the  behaviour  of  the  wave 
elevation  near  the  intersection  between  the 
free-surface  and  the  body  surface  in  the  case 
of  a  plate  suddenly  starts  to  move  with  a  con¬ 
stant  velocity.  The  solution  is  based  on 
linear  free-surface  condition.  The  analytical 
solution  by  Roberts  shows  the  wave  amplitude 
is  finite  everywhere.  However,  the  wave 
elevation  near  the  intersection  point  between 
the  free-surface  and  the  body  has  infinite 
number  of  oscillations.  That  means  we  cannot 
numerically  solve  the  problem  by  using  a 
finite  number  of  elements  and  assuming  the 
velocity  potential  to  be  constant  over  each 
element. 

Regarding  the  latter  problem,  Coi nte. 
Pawloski,  and  Takagi  commented  that  the  linear 
theory  is  inconsistent,  we  should  treat  it  as 
a  nonlinear  problem. 

Kyouzuka  presented  2-D  second  order  forces 


by  the  perturbation  theory.  Singularities  oc¬ 
curred  in  the  2nd  order  theory  at  the  inter¬ 
section  between  the  free-surface  and  the  body. 
In  order  to  overcome  this  problem,  it  is  use¬ 
ful  to  integrate  analytically  the  potential  on 
a  few  free-surface  elements  which  are  close  to 
the  body. 

Higo  showed  that  the  line  integral  did  not 
effect  significantly  hydrodynamic  forces  on  a 
vertical  circular  cylinder.  Ohkusu  commented 
that  the  line  integral  effects  the  wave  field 
near  the  body  much  more  than  the  forces  on  a 
body,  therefore  the  effect  of  the  line  in¬ 
tegral  should  be  checked  by  the  values  of  wave 
field, 

Kashiwagi  investigated  the  validity  of  a 
linear  solution  for  an  oscillating  and  moving 
surface  piercing  body.  The  solution  is  based 
on  the  classical  free-surface  condition.  A 
singular  solution  occurs  at  the  intersection 
betwetr.  the  free-surface  and  the  body  surface. 
The  multiple  expansion  method  is  useful  for 
overcoming  that  problem.  It  was  found  that 
additional  contribution  to  the  rate  of  energy 
flux  arise  from  the  solution  around  an  inter¬ 
section  point. 

3.  Radiation  condition 

Takagi  and  Naito  investigated  the  linear- 
and  a  noniinear  radiation  condition  due  to  2-D 
BEH  (Boundary  Eiemental  Method).  They  ex¬ 
plained  that  the  idea  of  the  active  wave  ab¬ 
sorber  could  be  used  for  the  radiation  condi¬ 
tion  for  BEM.  Cointe  pointed  out  that  we 
should  not  use  the  word  wave  radiation  condi¬ 
tion.  It  is  better  to  cail  it  wave  absorption 
condition. 
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4.  Calculation  of  velocity  on  the  body  and  the 

111^- terns 

Kinnas  told  about  calculation  of  velocity 
near  the  body  by  using  a  lower  order  panel 
aethod.  There  will  always  be  nunerical 
problems  in  calculating  the  velocity  at  the 
body  boundary.  He  recommended  that  we  should 
use  a  higher  order  scheme.  2hao  mentioned 
that  a  similar  problem  occurred  In  the  cal¬ 
culation  of  the  mi{-terms. 

5.  Verification  proceduc.es 

The  following  items  were  addressed  hy  the 
chairman. 

a.  Convergence  by  increasing  panel  numbers. 

This  does  not  always  occur,  for  instance  near 
sharp  corners. 

b.  Importance  of  analytical  results. 

c.  How  to  qualify  errors. 

Ohkusu  talked  about  a  3-D  panel  method  with 
forward  speed.  He  carried  out  numerical  cal¬ 
culations  on  a  submerged  spheroid  to  exclude 
the  problem  of  the  line  integral.  A  conver¬ 
gence  by  3-D  panel  method  becomes  better  by 
increasing  number  of  panels.  1200  panels  on  a 
submerged  spheroid  are  good  enough.  So  we 
have  already  reached  to  the  confident  result 


from  a  practical  point  of  view.  However,  as 
the  body  is  close  to  a  free-surfaoe,  the  ac¬ 
curacy  of  results  becomes  worse.  This  means 
the  calculations  for  surface  piercing  bodies 
create  problems. 

Validations  of  numerical  results  about  3-D 
panel  aethod  have  still  the  following 
problems: 

a.  How  many  panels  do  we  have  to  use? 

b.  How  should  we  treat  the  wave  component 
with  a  shorter  wavelength? 

c.  Are  there  any  singularities  at  the  inter 
section  between  the  free-surface  and  the 
body  surface? 

Lee  commented  that  using  established  rela¬ 
tions  is  better  than  checking  the  convergence 
by  increasing  the  niinber  of  panels.  This 
means  we  should  check  the  mass  conservation 
and  the  body  boundary  condition  etc. 

6.  Iterative  solution  of  large  equation  system 

Hermans  told  that  there  are  a  lot  of 
references  in  the  literature  about  iterative 
solvers.  For  different  problems  we  should  use 
different  iterative  solvers.  It  is  difficult 
to  know  which  one  is  the  best  for  a  given 
numerical  problem. 
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